STABILITY, CATEGORICITY AND AXIOMATIZATION OF ABSTRACT
ELEMENTARY CLASSES

by

Samson Leung

Submitted in partial fulfillment of the requirements for the degree of
Doctor of Philosophy

Department of Mathematical Sciences
Carnegie Mellon University
November 15, 2022

Advisor:
Prof. Rami Grossberg, Carnegie Mellon University
Thesis commitee:
Prof. Clinton Conley, Carnegie Mellon University
Prof. James Cummings, Carnegie Mellon University

Prof. Andrés Villaveces, Universidad Nacional de Colombia



ABSTRACT

We extend current results on abstract elementary classes (AECs) in terms of stability,
categoricity and axiomatization theorems. In most cases, we assume the existence of a
monster model as well as tameness. The first two chapters introduce readers to the major
questions and basic notions of AECs. The subsequent four chapters are the author’s papers
written during his PhD program, each with its own abstract, introduction and results. The

last chapter uses known results to derive a new categoricity transfer.
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CHAPTER 1
INTRODUCTION

This dissertation investigates the stability theory, categoricity transfer and presen-
tation theorems of abstract elementary classes, building mainly on the work of Shelah,
Grossberg, VanDieren, Boney and Vasey. In this chapter, we go through the motivation,
major open questions and the main results in the author’s papers.

Model theory studies classes of mathematical structures that have the same underlying
forms, which include the same logic (first-order or higher-order logics), the same language
(vocabulary /similiarity types) and the same theory. For example, in first-order theories,
we work in first-order logic and study the models of some first-order theory 7. Since model
theory does not assume a specific form (say group theory), its foundation is usually the
Zermelo—Fraenkel set theory with the axiom of choice (ZFC). This allows the counting of
different objects: the sizes of the models, the number of types in a model (stability), the
number of nonisomorphic models (spectrum and categoricity)... Without looking into a
specific class, we would like to know how one number is related to another number. These
motivate a lot of developments in model theory.

For first-order theories, rich results have been produced in the past 60 years, in par-
ticular in Shelah’s book on classification theory [She90]. There he solved many problems
in stability and categoricity. Besides directly looking at other open questions in first-order
theories, one can generalize known results to higher-order contexts. One possibility is to
look at theories in L, , for some uncountable x or even in L, y where X is also uncountable.
Another approach due to Shelah [She87] is to provide an axiomatic framework that gener-
alizes the first-order theories. The framework is called abstract elementary classes (AECs)
which has fewer than ten axioms (see Chapter . We highlight some major obstacles of
studying AECs compared to first-order theories, and state relevant assumptions to simplify

the investigation.

1. Little relationship between the class and the underlying language: in a first-order

theory T', there is an underlying language L = L(T') which determines the Léwenheim-



Skolem number and the ordering (elementary substructure). In AECs, we only assume
that the ordering is a subclass of that of the L-substructure. The size of L can be
different from the Lowenheim-Skolem number. Only in the case of universal classes

do we assume that the ordering is by L-substructure.

. Lack of the compactness theorem: if a first-order theory 7' has an infinite model,
then it has models of any size > |L(T)|. Syntactic types that are consistent can
be realized in some models. In AECs, model sizes are closed downwards (by the
Loéwenheim-Skolem axiom) but not upwards. There are no natural syntactic types
associated to AECs, and their syntactic consistency does not guarantee they are
realized. If one orders the class by elementary substructure with respect to that
language, they have to check it gives rise to an AEC. To remedy this, one assumes
the class has the amalgamation property, the joint-embedding property, no maximal

models and arbitrarily large models.

. Lack of finite character of types: there is a notion of semantic types called the Galois
types (orbital types) that generalizes first-order syntactic types. While first-order
types are finitary and have good locality and continuity properties, they are not
inherent in AECs. For example, when checking syntactic type equality, one only
needs to compare the formulas in the types one by one; two Galois types can be
different even though their smaller restrictions are the same (failure of tameness and
shortness). To avoid this issue, one can assume tameness, shortness, continuity etc

to handle types more effectively.

. Lack of a set-monster model: in complete first-order theories, it is common to work
in a set-monster model: types are over subsets of the monster model while models are
elementary substructures of it. Even with the extra assumptions in (2) for AECs, one
can at most build a weaker monster model (closed under two-dimensional amalgams).
This causes difficulty in manipulating certain notions like splitting over sets and
(A, n)-uniqueness for independence relations. Certain classes allow the construction

of splitting over sets [SV18a] but in general one has to make an extra assumption of



amalgamation over sets.

The above assumptions are used in our papers to investigate different problems of AECs.

We give an overview of the main results and open questions related to each paper.

e In Chapter (3] we study the stability theory of AECs. There were numerous results
on this area but one missing part is the first stability cardinal for stable AECs. In
first-order theories, the first stability cardinal is bounded above by 2% (a precise
bound is in [She90, Chapter V]). Vasey used Morley’s method to show that under the
amalgamation property, an upper bound is 3(2Ls<x>)+ [Vas16c]. A natural question is
whether this bound could be improved, or whether amalgamation is necessary. Our
paper organized known stability results on AECs and provided examples of stable
AECs whose first stability cardinals and order property lengths can go up to any
cardinal below Jisao)+ (see also the table after this list). However, our examples

fail amalgamation so we ask the following open questions:

Question. 1. Assuming amalgamation and tameness, can we bound the first sta-

bility cardinal lower than 3 yusx)+, or even to 2LS(K) 7

2. Assuming tameness but not amalgamation, can we bound the first stability

cardinal by 3(2L3<K>)+? Or are there counterexamples?

3. Can we say anything about the order property length (in place of the first
stability cardinal) in (1) and (2)7

On the other hand, by assuming amalgamation over sets, we gave simpler proofs of
known stability results on AECs, with some using the method of Galois-Morleyization
in [Vasl6c]. We also showed that depending on the non-ZFC axioms, the joint-
embedding property might be necessary for [Bonl7, Proposition 2.7].

e In Chapter [ we study the presentation theorems of AECs. Shelah axiomatized

AECs and showed that they are PCg)oLsx), where 2LS(K) indicates that the PC-

2LS(K)

classes come from omitting at most -many types. The original proof told little

about the actual number of omitted types, or in what cases it could be lowered. On



the other hand, [SV21] had a technical proof of axiomatizing AECs in L

@2 )+ 2+

where A = LS(K). While we were not able to verify or simplify the proof there,

we made use of game quantification to axiomatize AECs in L+ y+(w - w) where

X = A+ I (\, K) < 2* (see [Definition 4.3.1)) and w-w denotes the length of the game.

With extra assumptions, we could tell when y = A. Also, by adapting this result,
we showed that AECs are PC,, which has a (potentially) fewer types omitted but a
bigger language size. By slightly changing the proof, we could also recover Shelah’s
original result. Although our focus was on AECs, we extended the results to u-AECs

(see [Definition 4.5.1)), showing the generality of our argument. Here are some open

questions:

Question. 1. Assuming stability or categoricity, is it possible to obtain a better
bound than I,(LS(K),K) < 215®)? A positive answer provides an alternative

way to lower the complexity of our presentation theorems.

2. For p > Wy, do u-AECs have Hanf numbers? A positive answer allows the

translation of some AEC techniques to the u-AEC context.

In Chapter [5, we study equivalent criteria for stable as well as for superstable AECs.
Throughout our paper, we assumed the existence of a monster model, tameness and
continuity of nonsplitting. The last assumption, which is implied by superstability,
allowed us to manipulate nonsplitting more easily while still in the strictly stable
context. There were a good amount of results on superstability and [GV17] estab-
lished equivalent criteria of superstability. However the criteria were eventual: one
statement implies another modulo moving up the cardinal by a great interval. There
were follow-up results but a clean picture was yet to be seen. We managed to organize
the important superstability results in one framework, and generalized them to the
strictly stable context. All but one of our equivalent criteria are local and require
moving up by at most a successor cardinal. Moreover, our results have a low cardinal
threshold (LS(K)™) so we can readily apply them in algebraic examples. While our

results work in the strictly stable context, we still need to assume a lot of stability



because we cannot control the length of the order property (see Question (3| for the

discussion on Chapter 3 above). We also have the following open questions:

Question. 1. Assuming the existence of a monster model, tameness and continuity

of nonsplitting, we showed in [Corollary 5.6.16| that if an increasing chain of

saturated models in K+ has a saturated union, then K has uniqueness of limit
models of size u. Can we replace u™ by a general £ > p? This will give more

flexibility to the equivalent superstability criteria.

2. In AECs, one of the superstability criteria is no-long splitting chains (instead
of nonsplitting over a small set). In the strictly stable context, the possible
lengths of splitting chains in one cardinal might be different from those in another
cardinal. Let X be the cardinal where the maximum length stabilizes and A be
the first stability cardinal. Is it possible to lower the bound of A < Jay+
by [Vasl8&c|? Our paper bypassed this problem by assuming the continuity of

nonsplitting and looking at an w-interval of cardinals.

e In Chapter [0, we study the categoricity results of AECs, assuming amalgamation over
sets and tameness. Vasey had many papers on this area with gradual improvements
in different aspects. This posed a problem of understanding the current progress
and how different papers are related to each other. One of the goals in our paper
was to organize results on the construction of an w-successful frame. [VasI6al built
such a frame using coheir with tons of machinery, and the threshold was quite high
(fixed points of the beth function). It turned out that [Vasl7e| (on universal classes)
had sketched a variation using nonsplitting with a better threshold, and this was
used in subsequent papers. We wrote out the details and bypassed the machinery
in [Vasl6al Sections 1-10]. On the other hand, [SV18b] showed that the eventual
categroicity conjecture is true assuming a (< w)-extendible frame (a strengthening of
an w-successful frame) and the weak general continuum hypothesis. We adapted their
proof and showed in ZFC that under amalgamation over sets (together with tameness
and arbitrarily large models), we can do the same categoricity transfer: if the AEC is

categorical in some p > LS(K), then it is categorical in all ' > p. This allows us to

5



reprove Morley and Shelah’s categoricity theorems for first-order theories, and also
Vasey’s categoricity theorem for homogeneous diagrams — there he used syntactic

results by Shelah; our result only has AEC techniques.

Question. 1. We ended up using amalgamation over sets because the following
is unknown: is it possible to build primes under the usual amalgamation and
shortness? Vasey [VasI7al constructed primes for saturated models but this begs

the question on when it applies to non-saturated models (if they exist).

2. Adapting the examples in Chapter [3] we can construct tame AECs where the
first categoricity cardinals can be higher than any p < :l(QLS(K))+. Those ex-
amples failed amalgamation (AP) and we also ruined joint-embedding in order
to guarantee arbitrarily large models (AL). As in Question [1] of the discussion
on Chapter 3 above, we ask: it is possible to give similar examples that satisfy

amalgamation, and perhaps also joint-embedding?

First stability cardinal / Order property length | AP + AL AL only
Upper Bound Jiorsay+ [Vasl6d] | ?
Counterexamples up to ? Jiarsay+ (Ch. |3

First categoricity cardinal | AP over sets +AL | AL only
Upper Bound Jiorsaxy+ (Ch. |6 ?

Counterexamples up to ? 3(2LS(K))+ (Ch. |6

In Chapter [7], we make use of Vasey’s and Espindola’s results to derive an additional
categoricity transfer. Since Espindola’s results involve heavy machinery in topos theory,
we separate the new result in that chapter.

We assume the readers to be familiar with notions in first-order model theory. Knowl-
edge of AECs would be ideal while Chapter [2| will provide the preliminaries. Readers can
also refer to [Gro21] which is a comprehensive guide for basic results in first-order theories

and AECs (and also a good source for historical comments).



CHAPTER 2
PRELIMINARIES

2.1 ABSTRACT ELEMENTARY CLASSES

The notion of Abstract Elementary Classes (AECs) was introduced by Shelah [She87]
to generalize certain classes of models in Ly, ,(Q), which includes elementary classes (classes
of models of complete first-order theories) and also EC(T,T") classes (models of a complete
first-order theory 7" omitting a set of types I'). We will follow |[Gro21, Chapter 2| in first

defining abstract classes (ACs) and then adding more requirements to form AECs.

Definition 2.1.1. Fix a finitary language L. An abstract class K = (K, <k) in L is such
that

1. K is a class of L-structures.

2. <x is a partial order on K. For any M, N € K, ift M <g N, then M C N as

substructure.
3. <k respects isomorphism:

(a) If M, N are L-structures, M € K, M = N, then N € K.

(b) If fz : Mz = Nz for i = 0, ]_, MO SK M1 and fo g fl, then NO SK Nl.

4. We write L(K) := L.

From now on, unless otherwise specified, we assume M, N (with superscripts or sub-
scripts) to be in K. We do not distinguish M and its domain/universe. We also abuse
notation and write K instead of K; < instead of <k if the context is clear (In [VaslTi],

more than one abstract class is considered and careful distinction would be necessary).



Notice that one might allow abstract classes in infinitary languages, but since the
latter only appear in Galois-Morleyization in Chapter [3|in this dissertation, we do not gen-
eralize them here. The following requirements further exclude certain classes in infinitary

languages.
Definition 2.1.2. Let K be an abstract class.

1. K is coherent if for any My, M1, My € K, My C My, My < M,, M; < M,, then
My < M;.

2. Lowenheim-Skolem axiom: we require LS(K) to be defined where LS(K) is the first
infinite cardinal A > |L(K)| such that for any M € K, A C M, there is N < M such
that A C N and ||N|| < A+ A|.

A (NV)

<

3. Chain axioms:

(a) For any ordinal e, any (M, : i < a) C K such that M; < M; for i < j < o, we

have M :=J,_, M; € K and M; < M for all i < av.

(b) In the above clause, if we have in addition N € K and M; < N for all i < a,
then M < N.

4. An abstract elementary class (AEC) is an abstract class satisfying clauses (1) to (3).

Remark 2.1.3. e Although AECs are our main objects of study here, some partial
versions are also useful. For example coherent abstract classes appear in independence

relations over saturated models because the latter might not be closed under unions.

e A typical counterexample to AECs is the class of well-orderings K ordered by initial
segments: it is not even a u-AEC (see Chapter {] or [BGLT16, Section 2] for more
discussions on u-AECs) because LS(K) does not exist. But if we restrict the models to

have order types up to a fixed ordinal a, then the class is an AEC with LS(K) < |a].

Sometimes it is useful to restrict models of certain cardinalities inside K.



Definition 2.1.4. Let S be a class of cardinals, A be a cardinal.

Kg:={M e K : ||M| € S}
KA = K{)\}

KZA = K[>\7OO)
and similarly for K-, K<) and K_,.

Besides the <k relation, it is useful to describe mappings between models that respect

<K:

Definition 2.1.5. Let K be an AEC. A mapping f : M — N is called a K-embedding if
M = f[M] < N. If f fixes some My < M pointwise, we write f : M - N.
0

Hence M < N is equivalent to id : M 7 N. Throughout this paper, functions
between models in K are assumed to be K-embedding, and we omit the label of an arrow

if it is the identity. We now look at some nice properties that an AEC may have:

Definition 2.1.6. 1. An AEC K satisfies the amalgamation property (AP) if for any
My < My, My < M, in K, there is M3 € K such that M; < M; and there is a
K-embedding g : M, ? Ms.

0

/I\
idT lid
I

MOTMI

2. An AEC K satisfies the joint embedding property (JEP) if for any My, M; € K,
there are M, € K and g : M; — M, with My < M.

3. An AEC K has no mazimal models (NM M) if for any M € K, there is N € K with
M < N.



4. An AEC K has arbitrarily large models (AL) if for any infinite cardinal A, there is
M € K such that ||M] > .

Remark 2.1.7. Notice that in the definition of AP, we can equivalently require f; : My —

M; for ¢+ = 1,2, using isomorphic models.

Some AECs do not satisfy NM M as in Some satisfy AP but not JEP,

for example the class of algebraically closed fields (without specifying the characteristic).

On the other hand, some satisfy JEP but not AP (adapted from [Bal09, Example 19.2]):

Example 2.1.8. Let L = (P, f,dy,dy), K be the class of models ordered by substructures
such that for each M € K,

1. dy and d; are constants.

2. f is a unary coloring function of range {dy, d; }.

3. P is an equivalence relation. Each class has no more than 2 members.
4. f(do) = do, f(dy) = dy and {dy,d,} is one of the classes of P.

We may take a € My, b € My— My, c € My— M, such that PM1(a,b), f*1(a) = f1(b) = d,
PM2(q,c), fM2(c) = dy. This is also a counterexample of AP for incomplete (universal)

first order theories.
Assuming JEP, AL is equivalent to NM M:
Proposition 2.1.9. Suppose K satisfies JEP. Then it satisfies AL iff it satisfies NMM .

Proof. Let M € K. If K satisfies AL, pick N € K. By JEP there are N' > M and
f: N — N'. Then N’ > M because | N'|| > || N]| > ||M]|.
If K satisfies NM M, let pu be an infinite cardinal. Applying NM M recursively, we

build (M; : i < p™) increasing and continuous (see [Definition 2.2.15) such that My := M.
Then || M,+| > p*. O

10



2.2 GALOIS TYPES

From now on, we assume AP, JEP and NMM for a fixed K.

Unlike first-order logic, we work on semantic types more than syntactic types. A type
still consists of elements realizing it, a domain (a set or a model) and an ambient model.

We first state the definition in [Gro21, Chapter 5.1]:
Definition 2.2.1. 1. For M < Ny, M < Ny, a € Ny, b € Ny, we define (a, M, Ny) ~

(b, M, Ny) iff there are Ny > Ny, f: Ny - Ny such that f(b) = a.

CLEN()—>N2

| Jr

M ——- Ny 2b

2. We take = to be the transitive closure of ~.

3. The Galois type of a over M in Ny, written as gtp(a/M, Ny), is the = equivalence
class of (a, M, Ny) (symmetry is guaranteed by isomorphism axioms). We call M the

domain of the type and N the ambient model.
4. A type p = gtp(a/M, N) is algebraic when a € M.

5. Let My < My, p = gtp(a/My, Ny) and g = gtp(b/M;, N1). We say q extends p, or
q2p,if p=q | M :=gtp(b/Mo, N1).

As in|[Remark 2.1.7, we may require in the second half of [Definition 2.2.1{(1) that there
are Ny, f: Ny - Ny and g : Ny — Ny such that f(b) = g(a). The above definition

also applies to (possibly infinite) tuples a and b (in which case “a € M is replaced by
“ran(a) C M” and similarly for b). We do not add the tuple sign if the context is clear.

Remark 2.2.2. The definition requires the second element in the triple (a, M, Ny) to be a
model (K-substructure of Ny), but it still makes sense if we replace M by any set A C Nj.

There are several advantage of doing so:

1. It allows a more general discussion of types over sets as in first-order logic. In par-
ticular, Galois types over sets coincide with syntactic types in a complete first-order

theory.

11



2. Non-splitting of types of (finite) sets is a key property in some AECs near Ry when

models are always infinite in size (see [SV18al, Section 5]). Also, we can better adapt

the notion of tameness (see [Definition 2.2.11J).

3. It extends the definition of independence relations to include sets as domains (see
[Vas16al). For clarity, we call the relation a nonforking relation if the types have model
domains and an independence relation if the types have set domains (unfortunately
there has been a confusion of terminology, for example [SV18b] used independence

relations in the multidimensional case even though the domains are models).

Moreover, under AP, the second clause of [Definition 2.2.1| can be omitted. Note that

we can replace M by a set A C Ny N Ny below:
Proposition 2.2.3. Let (a, M, Ny) = (b, M, Ny) then (a, M, Ny) ~ (b, M, Ny).

Proof. By induction, it suffices to show that if (a, M, Ny) ~ (¢, M, N3) ~ (b, M, N7) then
(a, M, Ny) ~ (b, M, N1). By the definition of ~, obtain

. N02ZN2,fiNovNo2,f(a):C
L] ngzNg,givang, g(b):C

By AP, obtain [’ : Ny N—> No1, ¢ : Nia T Ny for some Ng;. Then f o f and ¢’ og
2 2
witness (a, M, No) ~ (b, M, N7) because f'(f(a)) = f'(c) =c=¢'(c) = ¢'(g9(b)). O

CLEN()%N()Q

| [N

M ——- Ny>c¢ Noy

! |

bENléng

Under AP, types also enjoy monotonicity in the ambient model. Again we can replace

M by a set A C N below.

Proposition 2.2.4. Let M < N; < Ny and a € Ny. Then gtp(a/M, Ny) = gtp(a/M, Ns).

12



Proof. Assume gtp(b/M, N) = gtp(a/M, Ny). Then there are N’ > N, f: N; - N’ such
that f(a) = b. By AP, we can find N” > N’, f : Ny — N” such that the following diagram
commutes.

Ny — L N7

I |

aeN —L 5 N

| [

M — N3b

Then f D f which sends a to b, and so gtp(b/M, N) C gtp(a/M, N,).
Conversely, assume gtp(b/M, N) = gtp(a/M, Ny). Then obtain N’ > N, f : N, - N’
such that f(a) =b. Then f [ Ny witnesses that gtp(b/M, N) C gtp(a/M, Ny).

Ny, — L N

[

a € N1 &) f[Nl]

| I

M ——— N>b
[l

Remark 2.2.5. Along with Lowenheim-Skolem axiom, when we write gtp(a/M, N) we
may assume | N|| < || M| + |I(a)|.

Now with Galois types defined, we would like to count the number of types and define

stability.
Definition 2.2.6. Let « be a ordinal at least 2, A be an infinite cardinal, M € K.

1. The collection of (< a)-ary types over M is given by

gS~*(M) :={gtp(a/M,N) :a € N,l(a) < a, N > M}

2. K is (< «a)-stable in \ if [gS=Y(M)| = A for all ||M]| = .

3. K is (< «) stable if there exists an infinite u such that K is (< «)-stable in p.

13



When we omit «, we mean a = 2.

Remark 2.2.7. e In the first clause, we may extend the definition to types over sets.
For sets of cardinality above LS(K), it does not matter because we will have a monster
model (see Section and use Lowenheim-Skolem axiom. However, it will be useful
to count types over sets of cardinality below LS(K) (see [Vasl6d, Remark 3.4] or
Chapter {4| Section 7).

e In the second clause, we may equivalently require |gS<*(M)| < X because there are

at least A many algebraic types.

Type counting in AECs is generally difficult because the types may not be syntactic

or have finite character. Still, we have the usual upper bounds:

Proposition 2.2.8. Let A > |L(K)|, then I[(K,\) < 2*. That is, there are at most 2*

non-isomorphic models in K.

Proof. It M 2 N € K, then for any enumerations m = (m; : i < Ay of M, n = (n; : i < \)
of N, m % n. There are \* = 2* many enumerations.

If m 2 n, there are two cases (constants are treated as a 0-ary function in the follow-

ing):

1. There is a function f € L(K), a finite I C X, j € X such that f(m!) = m; (see
Definition 2.2.111)) but f(n') # n;, or vice versa. There are at most |L(K)| <

LS(K) < A-many choices for f, A<* = A-many for I and j. In total there are

2 -many choices to decide the (in)equalities of the functions.

2. There is a predicate R € L(K), a finite I C X such that RM[m!] but ~RN[a!], or
vice versa (here we assume that the first case does not occur and can substitute the
function values directly). There are at most |L(K)| < LS(K) < A-many choices for R,

A<¥ = A\-many for I. In total there are 2*-many choices for satisfaction of predicates.

Thus there are at most 2* possibilities to cause m % n.

We have showed (K, \) - 2* < 2* hence the result. O
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Proposition 2.2.9. Let K be an AEC in a finitary language, o be an ordinal. For any
Me K,
1gSY(M)| < QLS(K)+[[M||+[a|

Proof. By adding constants to each element in M, it suffices to show that
|gsa(@)| < 2LS(K)-H0¢|

By [Remark 2.2.5 we may assume the ambient models of the types in gS*(0)) to have size

A = LS(K) + |a]. Two types are equal if the ambient models are isomorphic and an
isomorphism maps the realizations of the types from one to another. Thus to give an

upper bound to |gS¥(@)], it suffices to count the number of non-isomorphic models (< 2*

by [Proposition 2.2.8)), and then count the number of a-sequences in a model (A% < M\ = 2*).

In total there are at most 2* many choices as desired. O

Remark 2.2.10. e In general if K does not have AP, we can still repeat the above
proof by more book-keeping.

e If K hasa (< p)-ary language (or more generally K is a u-AEC), then we can bound
T(K,\) <22 |gS<%(M)] < 20SEHIMI+e)™ hyt we have no use of these results in

this paper.

Grossberg and VanDieren isolated a nice property of types, called tameness, in
[GV0O6D, Section 3] and later Boney defined a dual version called shortness in [Bonl4bl

Definition 3.3]. These notions bring an AEC closer to a complete first-order theory.
Definition 2.2.11. Let s be an infinite cardinal.

1. Let p = gtp(a/M, N) where a = (a; : i < «) may be infinite, I C a, My < M. We
write p | My == gtp(a/My, N), a’ = (a; : i € I) and p' := gtp(a’ /M, N).

2. K is (< k)-tame for (< a)-types if for any M € K, any p # q € gS<*(M), there is
N <M, |N||<kwithp [ N#q]|N. Weomit (< «) if a =2.

3. K is (< k)-short if for any a > 2, M € K, p # q € gS~*(M), there is I C a, |I| < K
with p! # ¢'.
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4. k-tame means (< k1)-tame. Similarly for shortness.

Remark 2.2.12. e We should check that the first clause is well-defined (using the fact
that f[M] = M implies f[My] = My; f(a) = b implies f(a’) =0').

e As usual, we can require tameness and shortness to apply to types over sets.

e It is possible to define finer versions of tameness and shortness (see [Bal09, Chapter

11]), but we have no use of them here.

e (< k)-short implies (< )-tame for (< k)-types (using the fact that gtp(a/M, Ny) #
gtp(b/M, N1) implies gtp(aM/0, No) # gtp(aM/0, N1)).

e Fortunately the natural examples of AECs all have tameness (even X, or N;-tame).
Complete first-order theories are < Rp-tame. Readers may consult [BVI15b, Section

3.2] for more examples (and counterexamples).

A notion that is related to stability is the order property: there are several versions

and one has to be careful with the quantifiers involved.
Definition 2.2.13. Let p be an infinite cardinal, > 2 and 8 > 1 be ordinals.

1. K has -order property of length u if there exists some (a; : i < py) € M € K such
that I(a;) = 8, and for iy < iy < p, jo < j1 < p, gtp(aiyas, /0, M) # gtp(aj a;y /0, M).

2. K has (< «)-order property of length p if there is a § < o witnessing (1).

3. K has (< «)-order property if for all u, K has (< «)-order property of length p. In

other words, if we fix y, we can find a suitable (3, witnessing (1).

4. K satisfies no (< «a)-order property (N(< «)-OP) if (3) fails. In other words, for
each 8 < «, there is an upper bound to the length of S-order property. We omit

(<a)ifa=2.

Remark 2.2.14. If K has (< «)-order property, we can fix § < a such that K has f-order

property.
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Definition 2.2.15. K has weak order property of length k if there are M € K_,,, N > M,
(a;,b; 11 < k) C N, p#qegS™(M) such that

1. If i < j < &, then gtp(a;b;/M,N) = p.
2. If j <i < K, then gtp(a;b;/M,N) = q.

Notice that we fix the sequences to be of length « and the type-lengths and the domain
to be < k. The reason is that such property (along with other hypotheses) is already enough
to deduce symmetry in nonforking relations (see Chapter [5| Section 5).

2.3 SATURATED AND UNIVERSAL MODELS

From this section onwards, we will frequently use resolutions and chain arguments.

Definition 2.3.1. Let M € K, | M| = A > LS(K). A resolution of M is a chain of models
(M; i < A) such that M = J,_, M;, M; < M, ||M;|| < |i| + LS(K). Unless otherwise

<A
specified, we assume the chain is

e increasing: For all © < A\, M; < M;,1; and

e continuous: for any limit ordinal § < A\, |J,_s M; = M.

1<y T

As in first-order logic, a (Galois-)saturated model is a model which realizes all (Galois)

types over small domains.

Definition 2.3.2. Let A > LS(K). M € K is A-saturated if for any N < M, |[N| < A,
p € S(N), then M realizes p. M is saturated if it is || M||-saturated.

Related properties of saturated include universal and model homogeneous.
Definition 2.3.3. Let A > LS(K), N < M € K.

1. M is A-universal if for any M' € K_y, there is f : M’ — M. M is universal if it is

|| M||"-universal.

2. M is universal over N if for any N’ > N, ||[N'|| < ||M||, there is f : N’ - M.
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3. M is A-model homogeneous if it is universal over any M’ < M with ||M'|| < X. M is

model homogeneous if it is || M ||-model homogeneous.

Notice that when we omit the parameter A in (1) and (2), we allow models of the same
size. For (3), we consider models of smaller sizes. We can weaken the definition of model

homogeneous by restricting || N'|| < || M]]:
Proposition 2.3.4. The following are equivalent:

e M is model homogeneous.

e For any N < M with |[N| < [[M|, any N' > N with |N'|| < ||M||, there is
. !/
f:N VM'

Of course we cannot simply replace ||M|| by ||M]|" in the original definition of model
homogeneous, because we may take M’ = M and some M"” > M’ that cannot be embedded

to M fixing M’.

Proof. We prove the backward direction. Let ||M]| = A > LS(K). We only need to consider
the case where ||| = ||M]|. Take a resolution of N' = (N; : i < A\) with Ny = N. We
build an increasing continuous chain of embeddings (f; : N; - M | i < X). The desired
embedding will be f).

Suppose f; : N; 7 M is defined, we build f;1;. Let P; be the image of N;, and P,
be the isomorphic copy of N;;; witnessed by f/ O f;, which fixes N. By universality, there
is g P 7 M. Define fiy1:=go fl: Nipa 7 M.

N’ M
V’\ )
Niy1 —=— Pin s
N, —L . p
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At first glance, the difference between A-universal and A-model homogeneous is that
the latter always specifies a common model smaller than \. We show that under JEP,

A-model homogeneous is a stronger condition.
Proposition 2.3.5. If M € K is A-model homogeneous, then M is also \-universal.

Proof. Let N € K_y. Pick My < M with || M| = || N||. By JEP, there are N’ > M, and
f: N — N’ such that |N'|| = || N|| < A. By model homogeneity, there is g : N’ FYad M.
Hence go f : N — M as desired.

M

N —Z
/ '\
N M,
O

Remark 2.3.6. The converse does not hold, namely we can consider the first-order theory
of dense linear orders. Since countable dense linear orders are isomorphic, Q X w; is N;-
universal. But there is no embedding from Q x {—1, 0} fixing Q x {0}. Therefore one has to

be careful of embeddings with/without fixing a substructure. On the other hand, there are

two notions of uniqueness of limit models (Definition 2.3.9)), where one fixes a base while

the other does not. They turn out to be equivalent under a monster model and tameness

(see Chapter 5 Section 8).

We now show a classical result of Shelah [She09al IT 1.14] that a model is saturated
iff it is model homogeneous. We adapt the proof in [Gro21, Chapter 5.2] which is more

diagrammatic. It only uses AP.

Proposition 2.3.7. Let A > LS(K), M € K. M is A-saturated iff it is A\-model homoge-
neous.
Proof. <=: Let N < M with |N|| < ||M]|. Let p = gtp(a/N,N') € S(N). By Lowenheim-
Skolem axiom, we may assume || N'|| = || N||. By model homogeneity, there is f : N’ - M.
Then f(a) € M realizes p.

=: Let N < M, N < N’ both of size p < A. Enumerate N’ = (a; : i < ). We define
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o (NN NjeK,, fi: N — M:i< 1) increasing and continuous
o N):=N, N):=N', fy:=idy
e a; € NJ™
If done, f, : N§ 7 M with N" < Nf. We explain the construction of the successor stage:

1. Let M¢ = fi[N}] < M. Since N} < Ni, we can extend f; to g : Nj =y M{ > M¢. By
A-saturation of M, there is b; € M realizing gtp(a;/M{, M}). By Lowenheim-Skolem
axiom, obtain M{*" < M such that |[M{™| = p and {b} U M} C Mt

a; € Ni ——2—— M M
Mé—H S b
Ny —E

2. Since b; realizes gtp(a;/Mg, M{) (and AP), there are M{™' € K, and h : Mi —
Mg

Mt > M with h(g(a;)) = b.

a; €Nl — 2 M M

NG —L Mg

3. Since hog: N& < M+t we can extend it to an isomorphism m D NG =2y MY
where NiT' > Nit!. Define f;;; to be the restriction of h o g with codomain M.

Call its domain NJ™' which contains a; because b € M.
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Nit! hog y Mt
/ A /
a; € Ni - > Mi M
@ € NiHU T M sy,

A
\

O

Remark 2.3.8. In the proof we fixed N and built (M} : i < p) inside M such that
Mt realizes a specific type over M. Therefore, the same construction can take place if

M =J,., M" such that M° := N and M**! realizes all types of M".
A weaker version of saturated models is called limit models.

Definition 2.3.9. Let A > LS(K), N < M € K,, 6 < A" be a limit ordinal. M is (), d)-
limit over N if there is (M; € Ky : i < §), My = N, Ms = M and M;,; is universal over
M; for all i.

Sometimes we may not be able to construct a saturated model in a specific cardinality,

but under stability assumption, limit models exist.

Proposition 2.3.10. Let K be \-stable, N € Ky, § < A*. There is a (\,0)-limit model
M over N.

Proof. It suffices to show that there is a universal model M over N in K,. We define
(M; € Ky i < \), with My = N, M;,; realizing all types over M; (which is possible by
stability). Then M := M), is universal over N by [Remark 2.3.§ (replace p there by ). O

While saturated models of the same size are isomorphic by a back-and-forth argument,

a similar version can be said for limit models (over the same model) of the same length.

Proposition 2.3.11. Let § < A\T. Let M, M? be (), 6)-limit models over N, witnessed by
(M!:i<6),1=1,2. Then there are {f; : M3, ~ M3,y 1< 8) and (g; - M3, - My,
i < d) such that
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e Both f;, g; are increasing and continuous.

o i1 Cgiand g C fip1 (where we restrict the codomains of f; and g; to be isomor-

phic to their domains).
. 1~ 2 _ -1
o fn: M =y M and g\ = fx

Proof. The last point is guaranteed by the first two points. So it suffices to define the
successor stages. We assume f;, g; are defined and continue to build f;,;. The case for g;,
will be symmetric.

Consider g; : M3, =y g;[M3;,,] < M5, we can build an isomorphic copy of Mj, .,
over M3, ;. Namely, we extend ¢;~! to h: My, =xn M for some M > M3, . As M3, ; is
universal over M3, there is k : M ——— M3; 5. Define fip1 :=koh: My, - M3,

2i+1
which extends g;~! because h does so and k does not change M3, .

2
M2i+3

fiv1 T
My, M ?

7

T N

Gi [M22¢+1] <

1
M2i+1

R|S

2
MQH—I

]

In the above proof we require the subscripts of M! and M? to keep increasing under
fi and g;, but it is just for convenience (we could have required g; : M3, ~ My, ,, for
example). Also, the construction only depends on the cofinality of J, so we can state a

slightly stronger version:

Proposition 2.3.12. Let 61,0, < AT with cf(8;) = cf(8y). Let M' be (A, &;)-limit models
over N forl=1,2. Then M*' =y M?.

Proof. For | = 1,2, obtain witnesses of limit models (M} : i < §;) and reduce the chain to

(M! :i < cf(6;)). Then apply the previous proof. O
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2.4 MONSTER MODEL

In the definition of a Galois type, say p = gtp(a/M, N), we need to specify the bigger
model N which contains both a and M. It can get quite tedious to keep track of the bigger
models all the time when we discuss many types in a proof. The same can be said for the
ambient models in nonforking/independence relations. When we have a monster model, it

saves us a lot of book-keeping and shows the idea of the proof more clearly.

Definition 2.4.1. A monster model € € K is a sufficiently saturated and universal model

such that every model M € K considered in a proof satisfies | M| < ||€]|.

If we need to prove a statement P, for a proper class of cardinals p, we simply build
a proper class of monster models of increasing saturation. Then to prove a specific P,, we
work in a saturated and universal enough monster model.

The existence of monster models is guaranteed by AP + JEP + NMM, which we

always assume in this paper. We state a relevant result:

Proposition 2.4.2. Assume K satisfy AP. The following are equivalent:
1. For every k > LS(K), there is a k-saturated and k-universal model.
2. K satisfies JEP + NMM.

Proof. <: Pick any My € Ky, we extend M, to a s-saturated model: use
and AP recursively to define

o (M; € Ko : 2 <i < k") increasing and continuous.
e For 2 <i <k, for N < M; with |N| < k, M, realizes all types in S(V).

We show that M,+ is k-saturated. Pick any N < M,+ of size less than k. As
cf (k™) > K, we can find i < kT such that N < M; (using coherence axiom). But types in

S(N) are already realized in M; 1 < M,+.

By |[Proposition 2.3.7, M,+ is k-model homogeneous. By [Proposition 2.3.5] it is also

k-universal.
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=: Let My, My € K_,, for some k. Pick a x-saturated and x-universal model €. Then
there are g; : M; — € for i = 1,2. Fix a € € — g;[M;]. By Lowenheim-Skolem axiom, we
can find N € K_, such that N < €, {a} U g;[M1] U g2[M5] C N, which witnesses JEP.
Since a € ¢1[M], g1[M1] < N. Extend g¢; to an isomorphism ¢; of codomain N. Then

¢, '[N] is a proper extension of M. =

In the right-to-left direction, we could have replaced 2® and s by some A = A<®
(which guarantees cf(\) > k so we can still proceed with the cofinality argument).

If we do not assume AP, we need to be careful of the definition of saturation (whether

an element realizes a type by ~ or by = as in |Definition 2.2.1)). Also, the left-to-right

direction of the proof of [Proposition 2.3.7] breaks down if we do not assume AP. An

alternative is to replace “saturated” by “model homogeneous” in|Definition 2.4.1. We stick

to “saturated” because we will assume AP and the notion is closer to the first-order version.

When we work in a monster model, a good practice is to verify whether every
notion makes sense inside a monster model. For example, types work fine because
AP already implies the equality of types over different ambient models, which come
from a two-dimensional amalgam. If we want to consider multidimensional amalgama-
tions/independence relations, AP (over single models) is not sufficient (see [SV18b] or
Chapter @ Either one works harder (perhaps with non-ZFC axioms) to derive a higher
dimensional AP, or one simply assumes stronger forms of amalgamation in place of the

usual AP.

2.5 DIRECTED AND COHERENT SYSTEMS
When building a resolution of a model M, say (M; : i < ||M]|), we use Léwenheim-
Skolem axiom to get models of increasing sizes. One can also break down a model into

small models of the same size, via a directed system. Readers can also consult [She09al 1T

1.23] and [Gro21l, Chapter 2 Theorem 2.7].

Definition 2.5.1. Let (/, <) be a preorder. It is directed if for any r,s € I, thereis t € I

with ¢t > r and t > s.
Proposition 2.5.2. Let M < N € K. There is a directed system (I,<) and (M, :i € I)
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such that
1. M; € Kis) for allie 1.
2. Ifi < jin I, then M; < M; < N.
3. M= M
Conversely, if (I, <), and (M; : i € I) satisfy the above points, then M € K and M < N.

Proof. For the forward direction, let (A; : ¢ € I) list the finite subsets of M and order
them by inclusion: ¢ <; j iff A; € A;. We define M; inductively on the cardinality of A;.
When |A;| = 1, apply Léwenheim-Skolem axiom to obtain M; € Kygk), M; < M, M; 2 A,.
When |4;| > 1, we do the same with the additional requirement that AM; O (J{M, : j <; i}.
M; is still in Kyg(k) because there are finitely many j <; 7. Coherence guarantees M; < M;
for j <i. M C|J{M; : i € I} because each a € M is inside the singleton {a}, which is
listed as some A; C M;.

For the reverse direction, we prove by induction. If |I] is finite, then M = M.y < N
and is in Kpgk). If [/| = No, then we can write / = w (perhaps with a different ordering
than the usual one). Obtain a function f :w — I such that f(0) =0 and f(i) >; f(: — 1)
and f(i) >y for ¢ > 1. Then (Mjq) : i < w) is an increasing chain and the chain axioms
guarantee M € Kigk), M < N. Also M; < My < M.

Inductively assume the reverse direction is true for |I| < R, where o > 1. Let |I| = R,.

Build (I, : k < w,) such that
o |Ip| <Rq
e [, is increasing and continuous in k
e [, is directed suborder of [

b I = Uk‘<UJa [k

The construction is possible, for example, by applying first-order Léwenheim-Skolem The-

orem to (I,<). By inductive hypothesis, My = |J,., M; € K and M;, < N. When

i€ly,
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k < k' < w,, the same argument (by taking N = M) gives M, < M;,. Hence
(M, : k < w,) is increasing and continuous. By chain axioms, M" := (.., M € K

and M’ < N. It remains to check M = M’: both are the union of M; over all i € I. O
Remark 2.5.3.

1. Since for any k > LS(K), (Ks., <k) is still an AEC with LS((K>x, <k)) = Kk, we

could have broken down M into a directed system of models of size x instead.

2. The proposition also shows that Kygxk) determines K>ygk). In particular, M <
N € Kspg) iff there are directed systems (M; : ¢ € I) and (N; : j € J) for M, N

respectively such that for any M; there is some N; > M;.

In first-order theories, we can take the union of a chain of types, which is still consistent
by compactness. In AECs, as types are not syntactic, we need to build coherent systems
to extend types beyond the limit stage (for successor stage, we can simply use AP). We
follow the formulation in [Bonl4al, Section 5. See also [Bal09, Chapter 11] but the arrows

there point in backward directions.

Definition 2.5.4. Let a be an ordinal, (M; : i < a) and p = (p; € gS(M;) : i < a) be

increasing. We say p is coherent when
e For each i < a, there are some a; and N; such that p; = gtp(a;/M;, N;).
e There are (f;; : N; E) Nj i< j<a)with f;;(a;) = a; for i < j < a.
e Fori<j<k<a, firofij= fir
We say (a;, fij 11 < j < ) is a coherent system witnessing the coherence of p.
We first show that a type extension generates a coherent system.

Proposition 2.5.5. If there is p, € gS(M,) extending all p; € gS(M;) where M, >

Uica Mi, then it generates a coherent system (f;; i < j < a) for pU{pa}.

Proof. Let p; = gtp(a;/M;, N;) for i < a. Recursively build (g;, V] : i < «) such that
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1. N/ is increasing in ¢ (perhaps not continuous)

2. a, € N/ for all i < a.

3. gi: N’L gMi Nz,7 g<a’L> = Gq

N > N| > N e Yoy N ——— NI >
/ goT% 91Tg ngg ngg
ay € N, Ny 2 ag N1 3 a; Ny D as ]\/:YB(Ly
My, «— M, > M, > My o Y My >

For base stage and successor stage, we use type equality of a, and a;. Expand N; so

Ui<'y Nz,
and apply type equality to a, € N7 and a, € N,. Expand N, so that g, is an isomorphism.
O

that g; is an isomorphism. For limit stage, let v be a limit ordinal. We define N/ :=

We can read (f; ; : i < j < «) from the diagram: fori < j < o, let f;; := g; ' og;.

Remark 2.5.6. If we also want f; , or even f;; for j < i, it suffices to replace N, and all

N! in the above proof by | J._. N/. Then expand each N; to maintain g; be isomorphisms.

<a 1

It is always possible to extend an omega chain of types even without using coherent

systems:

Proposition 2.5.7. Let (p; € gS(M;) : i < w) be increasing. Then there is p, €

g5(U,;c, M) estending all p;. Moreover, we can define (f;; : 1 < j < w) to give a co-

herent system.

Proof. Let M, :==J,_., M;. We build the following (part (b)’s are optional):

<w

/92 g3 =
N{ = Ny Nio N3 N, > a,
h ~ h N ~
y ng / 2 U gi I M;
aoeN(l):No &1€N1 G/ZGNQ ageNg
MO > M1 > MQ EEEEEE— M3 """""""""" > Mw




1. N(/] = NO
2. (a) By type equality obtain g; : V; - Noy with No; > Nj and ¢1(a1) = ag. Set
0
N{ = N017 go ‘= id : N(/) — N{
(b) Expand Nj so that g; is an isomorphism.
For i > 1,
3. (a) By type equality obtain hi,i+1 . Nl 7 Ni,iJrl with Ni,i+1 Z Ni+1 and hmqu(ai) =
Aj41-

(b) Replace Ni+1 by Ni,i-l-l'

4. (a) By AP, obtain Giy1 - Ni’i+1 — N+1 with Nz/+1 > N/ and g; r Nz = §i+1 © hi’i+1 r
N;.

(b) Expand N;;i1(= Nit1) so that g;4q is an isomorphism.

ot

Let N, :=J,., N/. Define U,_, g; [ M; : M, — N/. Extend the embedding to an
isomorphism N, = N/,. Let a, = (U, g | M;) Y (ag) € N,,.

We verify that |, [ M; : is well-defined and p,, := gtp(a,/M,, N,) is the desired

<w gl
extension. Since the diagram commutes, go | My = g1 [ My. For i > 1, giy10hiip1 | Ny =
gi | N; by (4) and N; > M;, so it suffices to check h; ;41 fixes M;, which is true by (3).
Chasing the diagram via the northwest and southeast routes from each M;, we see that

Duw 2 Di.

By |Proposition 2.5.5| and the remark that follows, we can derive (f;; : i < j < w).

Alternatively, we could have included part (b)’s in the above steps, and set
o fiji=hjforl <i<j<uw.
e fo; =g, for0<j<w.
o fiw i =(Ujcp i | M) og, fori<w.

which gives a similar diagram as in the previous proposition. ]
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Remark 2.5.8. e The proof in [Bal09, Theorem 11.1] works in €, and define g; to be i-
many compositions of automorphisms of €. There one should be careful of restricting
gi; to M; before taking the union. Here we do not use any monster model to avoid
sending embeddings to automorphisms of € and then restricting them to smaller

models.

e We could have combined the last statement of the proposition and the next result to

find p,, but here the coherent system comes after p, is obtained.

Beyond omega stage, we need coherent systems to extend types.

Proposition 2.5.9. Let p be given as in |Definition 2.5.4. Then there is p, € gS(M,)

extending all p; for 1 < a. We can also extend the coherent system to the a-stage.

We call (aq, fia @ < a) the direct limit (or more accurately the directed colimit) of

the system.

Proof. If o is a successor, then we can apply AP to get a, € Ny > M, and fo_1,4 :

N, M—> N, which sends a,_1 to a,. Then p, := gtp(as/M,, N,) extends p,_1 which
a—1
extends the rest of the types. For ¢ < o — 1, we can define f; o := fa—1.0 © fia—1-

fa—l,a

cy Qa1 (= Nozf]. e Na > (™

I I

»»»»»»»»»»»»»»»»»» » Moy ————— M,

If o is a limit, there are two cases: M, = J._., M; or M, > |J.__ M;. In the first case,

we build

<o <o

e (N/:i < a) increasing, Nj := No, N' :=J,__, N/.

<a Tt

o (fio:N;= N/ :i<a). Write fy,; := fi70_1 which extends f;; o fo; coherently for

any 0 < j <.
N > N| > NG e > N —— N,
I
H fl,OT% fz,o]\% fo,il% fo,i+1 |22
fo,1 fi,2 fiit1 A
Ny > Ny > Nog oo > N; —— N1




Suppose stage i is finished, then we have f;o: N; = N/. Since N/ = N; = f;;11[N;] <
Niy1, we can extend this isomorphism to foi11: N/ 3 = Nip1. As fj; 0 fo; is extended by
Joi for j <iand fiiy10 foi = foirr [ Niyy, we obtain fji11 0 fo; = fisr10 (fiio foy) is
extended by fy,;+1. Coherence is also guaranteed by f; ;110 foi = foi+1 [ Niy.

Suppose stage j is finished for each j < ¢ where i < « is a limit ordinal. Consider

fiio foj o Ni = fii[Nj] < N; for j < i, we check that it is increasing in j. Let k < j <1,

we have

frio for | N = (fji0 frj)o for | N, by coherence of the original system
= fjio (frjo for) I NV

= fjio fo; I N by coherence in inductive hypothesis

Therefore the following is well-defined:

k= U(fj,z‘ o foj): UNJ/ = Ufj,i[Nj] < N;
j<i j<i j<i
Extend this isomorphism to fo,; : Nj & N;, where N; > [J,_; Nj. This completes the

recursive construction.

Nf —— N}y Uy N —— NPy
an
fokl fo,Jl X lfo,i
fr,j fii
Ny, > N > IN; f Ny 3 aq
T sz T /
Mk: N Mj .......................................... 5 Mz Gy Ma

Consider f :=J,, fio [ M; : My — N'. As in the limit step above, f is well-defined.
Extend f to an isomorphism f,o: Ny, — N’. Write fo, = fa70_1 and a, = foa(ag). The
type pa = gtp(an/M,, N, ) extends all p; because we can chase the diagram towards N'.

In the second case, reindex M, to M,.; and define new M, :=J._, M;. Then apply

i<«

the first case (to obtain N, and a,) and then the successor case. O

Remark 2.5.10. e In [Bal09, Theorem 11.3(1)], since the arrows are backward there,

one can skip to the last two paragraphs of the above proof. Here we have a forward
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coherent system and need to make sure that the backward direction constructed is

also coherent (even when working in €).

If we are given a chain of types (p; : ¢ < 0) where 6 > w, it is not clear that the
chain is witnessed by a coherent system. In other words, we do not know if p, is
generated by the coherent system (a;, f;; : i < j < w) constructed in
2.5.7 If we have a chain of non-forking types and the nonforking relation satisfies
continuity and uniqueness, then we can guarantee p, is generated by the coherent
system (a;, fij 1 @ < j < ~) where v is a limit ordinal [Bonl4a, Proposition 5.2]. In
Chapter [5| we make use of this idea to generalize superstability results by assuming

continuity of nonsplitting (nonsplitting is used to construct a nonforking relation).
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CHAPTER 3
HANF NUMBER OF THE FIRST STABILITY CARDINAL IN AECS

ABSTRACT

We show that 3(2Ls<K>)+ is the lower bound to the Hanf numbers for the length of
the order property and for stability in stable abstract elementary classes (AECs). Our
examples satisfy the joint embedding property, no maximal model, (< Ng)-tameness
but not necessarily the amalgamation property. We also define variations on the order
and syntactic order properties by allowing the index set to be linearly ordered rather
than well-ordered. Combining with Shelah’s stability theorem, we deduce that our
examples can have the order property up to any p < :(QLS(K))+. Boney conjectured
that the joint embedding property is needed for two type-counting lemmas. We solved
the conjecture by showing it is independent of ZFC. Using Galois Morleyization, we

give syntactic proofs to known stability results assuming a monster model.

3.1 INTRODUCTION

Semantic order properties (Definition 3.3.2) in abstract elementary classes (AECs)

are defined in terms of (semantic) Galois types instead of formulas. They are analogs to
syntactic order properties in first-order and infinitary logics. In [She72], Shelah showed
that in Ly+, the (syntactic) order property of length 3(2X)+ implies the order property
of arbitrary length. In [GS86], Grossberg and Shelah introduced the Hanf number of the
order property of Ly+, and later [GS98, Theorem 2.8] gave a lower bound as Jy+. These
bound the Hanf number of order property between Jy+ and Jx)+. However, the example
for the lower bound does not readily generalize to (semantic) order properties of AECs.

Shelah [She99, Claim 4.6] hinted that the upper bound of the order property in AECs is

:(2LS(K)>+ but it was not known whether it is tight. We present examples (]Corollary 3.6.8[)

that :(QLS(K))+ is exact. Our examples satisfy the joint embedding property, no maximal
model and (< Wg)-tameness but the amalgamation property fails. It is open whether the
bound can be lowered when one assumes the amalgamation property.

Vasey [Vas16c] extended Shelah [SheTl1], Grossberg and Lessmann’s [GL02| results to
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AECs and showed that assuming the amalgamation property and tameness, the first stabil-
ity cardinal is bounded above by :(QLS(K))+. It is open whether this bound can be lowered
under the amalgamation property. Our examples, which do not satisfy the amalgamation
property, show that the lower bound in general is at least :(QLS(K))+. From instability, we
can apply Vasey’s techniques (which are based on [She09bl V.A.]) to derive the order prop-
erty. This provides an alternative way other than finding the witnesses directly. It is open
whether the amalgamation property can lower the bound for the first stability cardinal.
Vasey’s result above relies on one direction of [Bonl7, Theorem 3.1], which does not
use the joint embedding property. The other direction involves lemmas that assume the

joint embedding property, which Boney suspected to be necessary. As a side product of our

construction, we show in [Corollary 3.4.4] that the need for the joint embedding property

is independent of ZFC; and we find an example and a counterexample under different set
theoretic assumptions.

In Section 2, we state our notations and definitions. We also give a shorter proof

to Boney’s result to motivate [Corollary 3.4.4] In Section 3, we review results concerning

stability and the order property. We give more details for the proof of [She99, Claim 4.6].

In Section 4, we construct our main examples in [Proposition 3.4.1| which set a lower bound

to stability and a variation of the order property for stable AECs. The variation of the

order property is slightly more general by allowing the index set to be linear ordered rather

than well-ordered. We will also show [Corollary 3.4.4] as a side product of our construction.

In Section 5, we apply the same variation to the syntactic order property which can be
combined with Galois Morleyization. We give analogs to Vasey’s results with our variation
on the order property. In Section 6, we write down the details of Vasey’s observation

[Vas16¢, Fact 4.10] that Shelah’s results in [She09bl V.A.] can be applied to AECs under

Galois Morleyization. It allows us to deduce (Corollary 3.6.8|) the order property up to

3(2L5<K))+ in our examples in [Proposition 3.4.1} without finding explicit witnesses. We

also apply such technique to bound the first stability cardinal under extra hypotheses. In
Section 7, we use Galois Morleyization to recover common stability results where types can

be over sets under LS(K). Vasey in [Vasl6c, Section 5] has done similarly for coheir while

we will work on splitting instead. In particular we prove[l'’heorem 3.2.10|syntactically which
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is needed for Vasey’s upper bound to the first stability cardinal, under the amalgamation
property and tameness.

This paper was written while the author was working on a Ph.D. under the direction of
Rami Grossberg at Carnegie Mellon University and we would like to thank Prof. Grossberg
for his guidance and assistance in my research in general and in this work in particular.
We also thank John Baldwin, Hanif Cheung, Marcos Mazari-Armida and Wentao Yang for

useful comments.

3.2 PRELIMINARIES

We assume some familiarity with AECs, for example [Bal09, Chapter 4]. We will use
K, A, i, X to denote cardinals, «, 3,7y to denote ordinals, n for natural numbers. We define
K~ to be the predecessor cardinal (if it exists) or & itself. When we write oz — n, we assume
a = 8 4+ n for some ordinal .

Let K = (K, <k) be an AEC. If the context is clear, we write < in place of <.
We abbreviate by AP the amalgamation property, by JEP the joint embedding property
and by NMM no mazimal model. For M € K, write |M| the universe of M and || M||
the cardinality of M. For the set of Galois types (orbital types) of length (< «), we
denote them by gS<®(-) where the argument can be a set A in some model M € K. In
general gS~*(A) := | J{gS““(4; M) : M € K,|M| 2 A} (under AP, the choice of M does
not matter). K is (< «)-stable in X if for any set A in some model M € K, |A| < A,
then [gS=*(A; M)| < A\. We omit “(< «a)” if @ = 2, while we omit “in \” if there exists
such a A > LS(K). Similarly K is a-stable in A if for any set A in some model M € K,

|gS*(A)| < A. Tameness will be defined in|Definition 3.5.1 We allow stability and tameness
under LS(K), especially in Section
Given a V3 theory T and a set of L(T)-types I', EC(T,T") is the class of models of T

such that T" is not realized by any elements. If we order EC(T,T") by L-substructures, it
forms an AEC with LS(K) = |L(T')|. d(\, k) is the least ordinal ¢ such that: for any 7', T"
with |L(T)| <\, |T'| < &, {P,<} C L(T) where P is a unary predicate, < is a linear order
on P, if there is a model M € EC(T,T') whose (P, <M) has order type > ¢, then there
is a model N € EC(T,T") whose (P, <) is not well-ordered.
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Given a theory T, a set of L(T')-types I' and a reduct L’ of L(T), PC(T,T",L') is the
class of L'-reducts of models of EC(T,T).
Recall the classical theorem: notice in the proof that X can be a linear order while

Y’ can be its suborder.
Theorem 3.2.1 (Erdés-Rado Theorem). Let A be an infinite cardinal. For n < w,
J(N)F = (AR

In other words, for any |X| > 3,(A\)T, any f : [X]"™" — X, there is X' C X such that
| X'| > Xt and f | [X']""! is constant.

Proof. We adapt the proof in [Mar02, Theorem 5.1.4] because it does not require the set
X to be well-ordered. We prove by induction: When n = 0, the statement is AT — (AT)}.
Let X be of size > A*. We need to color its elements with A-many colors. By pigeonhole
principle, it is possible to find X’ C X of size > A" such that f [ X’ is constant.

Assume the statement is true for n — 1. We need to show 3,(A)T — (A)}T!. Let
X be of size 3,(A\)F, f : [X]"™ — X\. For z € X, define f, : [X — {z}]* — X by
f:(Y) == f(Y U{x}). We build (X, : @ < 3,,_1(A\)T) increasing and continuous subsets of
X such that for a < 3, (A\)*, |X4| = 3.(N). For the base step, take any X, C X of size
3, (A). Suppose X, is constructed, we build X, satisfying:

1. on g Xa+1 g X
2. | Xoq1l =30V

3. For any Y C X, of size 3, 1(\), any z € X — Y, there is 2’ € X1 — Y such that

The above is possible by a counting argument: the number of possible Y is
[ Xaf771 = Z,(\) 1 = (271 W)Fen®) = 93 = 3 ().
Given Y, the number of possible h : [Y]™ — X is bounded by
ATt ) = 931 (V) — J.(\)
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Therefore, it suffices to add 3,()\) - 3,(\) = 3,,(A\)-many witnesses from X to X,. Define
X' = U{Xs : @ < 3,-1(N)T}. Notice that | X'| = 3,(A\) < |X|. For any Y C X’ of size
J,-1(N), by a cofinality argument Y C X, for some o < 3,,_1(A\)*. So for any x € X — Y,
there is ' € Xo11 — Y C X' —Y such that f, [ [Y]" = fo [ [Y]™

Pick any z € X — X’ and build Y = {y, : @ < J,_1(A\)"} C X' such that f, |
Hys : B < a} = fo | {ys : B < a}]” (yo € X' can be any element). By inductive
hypothesis on Y and f,, we can find Y’ C Y of size > AT such that f, | [Y’]™ is constant.
We check that Y’ is as desired: let A € [Y']"*! and write A = {yay,---, Yan,,} Where

o << Oopg1 < :n—l(/\)—i_‘

f(A) = fyanH (A - {yan+1}) = fa:(A - {yan+1}>

which is constant because f, is constant on [Y']" 3 A — {ya,,, }- O

The following [Theorem 3.2.2] and [Theorem 3.2.10] are only used in the proof of
lary 3.6.6(1). We will streamline Boney’s proof of [Lemma 3.2.9| by omitting the ambient

models (otherwise it would involve a lot of bookkeeping and direct limits). We will clarify

the relationship between [Lemma 3.2.9] and [Theorem 3.2.2| and show that JEP in

3.2.2|is not needed. If we work in a monster model €, we can also allow stability over sets

(of size < LS(K)), but we keep the original formulation to state [Remark 3.2.6/ more clearly.

Theorem 3.2.2. Let K be an AEC and A > LS(K). Suppose K has \-AP and is stable

in X. For any ordinal o > 1 with \*l = X\, K is a-stable in .

The requirement Al®l = X\ cannot be improved: let A > )\ take K be the well-
orderings of type at most A and <k by initial segments. Then it is stable in A because
there are only A-many elements in the unique maximal model (which witnesses AP). It is
not a-stable because each element has different types, so the number of a-types is exactly
Alel >\

We will prove the theorem through a series of lemmas. We may assume « to be
a cardinal k = |a|. Denote gS} := sup{|gS'(M)| : M € K,||M|| = A} and similarly
g8} = sup{| g8"(M)| : M € K, [|M]| = A}.
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Lemma 3.2.3. Suppose k > A, then (gS})" = gS§ = 2~.

Proof. 2% < (gS))" < (2M)® = 2*. Pick any ||M|| = A and two distinct elements {a, b} from

|M|. Form binary sequences from {a, b} of length #, which shows 2% < gS§ < 22% = 2% [J

Lemma 3.2.4. [Bonl7, Proposition 2.7] Suppose < X. If in addition K has A\-JEP and
cf(gS%) < A\, then there is M € K, ||M|| = X such that | gS*(M)| = gS5.

Proof. Pick (M; : i < p) (not necessarily increasing) witnessing p := cf(gS5) < A. By
A-AP and A-JEP, obtain M of size A such that M > M; for all M;. [gS"(M)| >
sup;,, | 88" (M;)| = gS5. 0

Lemma 3.2.5. [Bonl7, Theorem 3.2] Suppose k < \. If in addition K has \-JEP, then
(8S3)" < &S5

Proof. Given M € K of size \. We show that | gS"(M)| > | ¢S (M)|*, which does not use -
JEP. By \-AP, pick N > M (perhaps of size greater than \) such that NV realizes gS(M),

say by (a; : 1 < |gS(M)[). Form sequences of length « from the a;, there are | gS(M)|*-many
sequences. They realize distinct types in gS"(M) by checking each coordinate.

Suppose cf(gS}) < k, then cf(gS}) < A. Substitute x = 1 in [Lemma 3.2.4| (which
uses A-JEP), there is M* € K, such that |gS*(M*)| = gS5. Thus (gS3)" = | gS'(M*)|* <
| &5"(M")] < &S5

Now suppose cf(gS}) > &, then a cofinality argument shows the second equality below:

(88))" :=(sup{|gS"(M)| : M € K, | M| = A})"
=sup{|gS"(M)|" : M € K. ||M]| = A}

<sup{|gS"(M)|: M € K, ||[M]| = A} =: g5}
O

Remark 3.2.6. After [Bonl7, Proposition 2.7], Boney suggested that A-JFEP might be

necessary. We will show in [Corollary 3.4.4] that the need of \-JEP is independent of ZFC

for the above two lemmas.
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Question 3.2.7. In [Bonl7, Proposition 2.7], there is an alternative hypothesis to
where cf(gS%) < X is replaced by a stronger assumption I(K,\) < A\. Would \-JEP
be necessary in this case or is it again independent of ZFC? An answer would shed light

on the relationship between stability and the number of nonisomorphic models.
Lemma 3.2.8. [Bonl7, Theorem 3.5] Suppose k < X, then (g53)" > gS5.

Proof. First we describe the proof strategy: for a fixed model M, we show that gS"(M) is
bounded above by (g53)". To do so, we build a gS}-branching tree of models of height x and
list the possible 1-types of each model. For each k-type in gS®(M), we map it injectively
to a branch of the tree (which is a sequence in (gS})"), according to the I-types of the
elements from that sequence.

Let p := gS). Fix an arbitrary M € K with |M|| = \. Write gS"(M) = (px : k < x)
where py, are distinct. Fix ag := {af : @ < K} F pg. Construct a tree of models (M, € K :
v € u<") as follows: My := M, take union at limit stages. Suppose M, is built for some
v € u<*. Enumerate without repetition gS'(M,) = (¢” : i < x,) for some y, < u. For
1 < Xy, define M,~; € K, with M,~; > M, and containing some ¢, = ¢/. For x, <1 < p
(if there is any), give a default value to M, ~; := M,. Now we map each p, € gS"(M) to
e € " as follows: suppose v := 1 | « has been defined for some o < K, we set n;[a] to
be the minimum i < yx, (which is the same as requiring ¢ < p) such that af realizes ¢V.
In other words, we decide the a-th element of the branch based on the type of the a-th
element of a; over the current node (model).

It remains to check that the map is injective. Let k < y, we build (f, : @ < &)
increasing and continuous such that f, maps ai to 022% for all 5 < a while fixing |M|.
Take f_; := idj; and we handle the successor case: suppose f, has been constructed. There
is g :af — cZ’Z[Fz] fixing |M,, 1a| 2 {c:’]’;[rg] : B < a} by type equality. Let fo41 := go fo. Now
[ witnesses that a; and (cZ:[[S} . a < K) realize the same type over M. Since the latter

sequence only depends on the coordinates of 7, our map py —> 7 is injective. Therefore,

| gS"(M)| < p*. Since M is arbitrary, gS5 < u* = (gS3)". O

Lemma 3.2.9. [Bonl7, Theorem 3.1] Let K be an AEC with \-AP and \-JEP. Let k > 1
be a cardinal. Then (gS))" = gS5 where A-JEP is used in the “<” direction.
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Proof. Combine [Lemma 3.2.3, [Lemma 3.2.5[ and [Lemma 3.2.§| m

Proof of[Theorem 3.2.3. Let k = |a|. By [Lemma 3.2.9) A = \* = (gS})* > ¢S} which

shows that K is x-stable in A\. By reordering the index x, K is a-stable in \. O

Theorem 3.2.10. |[GVO6D, Corollary 6,4] Let p be an infinite cardinal and K be an AEC
with AP. If K is u-tame and stable in i, then K is stable in all X = \*.

The original proof proceeds semantically and we will give a syntactic proof in Section

3.7 allowing stability over sets which can be of size < LS(K).

3.3 STABILITY AND NO ORDER PROPERTY
To find the upper bound of the first stability cardinal in stable complete first-order

theories, one possible way is to establish:

Fact 3.3.1 (Shelah). Let T' be a complete first-order theory. The following are equivalent:
1. T is stable.
2. For all A = A"l T is stable in .
3. T has no (syntactic) order property of length w.

217 is an upper bound for the first stability cardinal. Notice that in showing (3),
compactness is used to stretch the order property to arbitrary length. In AECs, we can use
the Hanf number to bound the (Galois) order property length. The following definition is
based on [She99, Definition 4.3] and [Vasl6d, Definition 4.3]:

Definition 3.3.2. Let p be an infinite cardinal, « > 2 and § > 1 be ordinals.

1. K has the S-order property of length  if there exists some (a; : i < pu) € M € K such
that I(a;) = 8, and for iy < iy < p, jo < j1 < p, gtp(aiyas, /0, M) # gtp(aj a;y /0, M).

2. K has the (< «)-order property of length p if there is a f < « witnessing (1).

3. K has the (< «)-order property if for all u, K has the (< «)-order property of length

. In other words, if we fix p1, we can find a suitable 8, witnessing (1).
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4. K has the no (< a)-order property if (3) fails. In other words, for each § < «, there
is an upper bound to the length of the -order property. We omit (< «) if o = w.

The above definition works fine if one wants an abstract generalization of the order
property from the first-order version, in which case the length can be fixed at w. However,
in AECs, it is hard to construct long well-ordered sets without breaking stability or raising

LS(K). We propose the following definition instead:

Definition 3.3.3. In [Definition 3.3.2] we replace all occurences of “order property” by

“order property™*”

if we also allow sequences indexed by linear orders instead of well-
orderings. For example in (1), we say K has the S-order property* of length u if there
exist some linear order I, some (a; : i € I} C M € K such that |I| = p, l(a;) = (8, and
for ig < iy in I, jo < jy in I, gtp(asya;, /0, M) # gtp(aj,a;,/0, M). When p is omitted, we

mean for all u, there is a linear order I of cardinality p witnessing the [-order property*

of length p.

In the following proposition, item (1) applies Morley’s method [Mor65h] (see also
[Bal09, Theorem A.3(2)]). The statement we use is from [She99, Claim 4.6] which only
hinted at the proof of the Hanf number for arbitrarily large models [She90, VII.5]. We add
more details and explain how to adapt that proof. The proof of item (3) adapts the proof
from [BGKV16, Fact 5.13].

Proposition 3.3.4. Let K be an AEC, > 2 be an ordinal.

1. If for all p < :(2<(LS(K)++|5|))+7 K has the (< ()-order property of length p, then K
has the (< B)-order property (and the (< [3)-order property*).

2. If for all p < 3(2<(LS(K>++W|))+, K, K has the (< B)-order property™ of length p, then
K has the (< p)-order property* (and (< B)-order property).

5. If K is (< B)-stable (in some A = LS(K) + |B]), then there is p < Jycusuo++isny+
such that K has no (< ()-order property® (and thus no (< B)-order property) of
length .
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Proof sketch. 1. We adapt the usual Hanf number argument. Suppose K has the (< )-
order property and we fix v < f such that K has the ~-order property. By She-
lah’s Presentation Theorem, we may write K = PC(T,I'1, L(K)) for some first-order
theory 7" in L O L(K) and some sets of L-types I'y. Now we refer to the con-
struction of [She90, VII Theorem 5.3] or |Gro21l, Chapter 2 Theorem 6.35]. For each
a < (2ME)FN+ instead of defining F'®(a) to be some M € K of size J,, we demand
it to be the witness of the y-order property of length J, (we can also add another
function F7®(a, -) to enumerate the elements of F'®(a)). At the end of the construc-
tion (which uses Erdés-Rado Theorem), we obtain an L-indiscernible sequence (of 7-
tuples) (a; : i < w) such that forn < w, iy < iy < -+ <14, < w, the first-order type of
aj, .. .a;, isrealized by some d; ... d,, that witness the order property. This induces an
L-isomorphism between EM (a;, ...a;,) = EM(d; ...d,). Its reduct to L(K) is also
an isomorphism between EM (a;, ... a;,) [ L(K) = EM(d; ...d,) | L(K). Since the
right-hand-side witnesses the order property in K, so is the left-hand-side. The same
argument applies when the indiscernible sequence is stretched to arbitrary length (or

any linear order).

2. The same proof of (1) goes through because Erdés-Rado Theorem applies to linear

orders (actually any sets) besides well-orderings.

3. Otherwise by (1)(2), K has the (< §)-order property*. For any infinite cardinal A >
LS(K)+ 15|, let I be a linear order of size > A such that it has a dense suborder J) of
size . We stretch the indiscernible (a; : i < w) in (2) to be indexed by I. Pick i <’
in I, we can find k in J such that ¢ < j < ¢'. Then gtp(a;a;/0) # gtp(aya;/0) are
distinct by the order property, which means gtp(a;/a;) # gtp(a;/a;). This shows that
K is (< B)-unstable in A. As A is arbitrary, K is (< [3)-unstable above LS(K) + |3].

[

Remark 3.3.5. e If we have a specific K in mind, we may replace (2"S¥)* by

§(LS(K), k) where  := |I';| < 2"5() in Shelah’s Presentation Theorem.

e We used Galois types over the empty set in proving (2). The same proof goes through
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if we require the domain of the types to be some fixed (nonempty) model.

3.4 LOWER BOUND FOR STABILITY AND NO ORDER PROPERTY*

From [Proposition 3.3.4) we saw that a stable AEC cannot have the order property™

of length p for some pu < :(QLS(K))+. Our goal is to show that this is also a lower bound for

no order property* as well as stability.

Proposition 3.4.1. Let A be an infinite cardinal and « be an ordinal with X < o < (22)*.
Then there is a stable AEC K such that LS(K) = X, K has the order property™ of length
up to Jo(N) and is unstable anywhere below 3,(N\). Moreover, K has JEP, NMM and
(< Ng)-tameness but not AP.

The proof of [Proposition 3.4.1] will come after [Corollary 3.4.4] and use [Lemma 3.4.2

below.

Lemma 3.4.2. [She90, VII Theorem 5.5(6)] Let A be an infinite cardinal and o be an
ordinal with A < o < (2M)*. There is a stable AEC Ky such that LS(Ky) = X and for all
M € Ky, M is well-ordered of order type at most . Moreover, Ky has AP, JEP and is

(< Ng)-tame.

Proof. Let Ly := {<, P, : i < A\} where P, are unary predicates. T7 requires < to be a linear
order. For 8 < «, pick distinct subsets Sg C A. Given an element z, we define its type by
the set of indices ¢ such that P;(x). We require that each element is characterized by its
type and the only possible types are among {Ss : f < a}. If § < « and x,y have types Sj
and S, respectively, then we stipulate that < y. These will be coded in the collection of
types I';.

More precisely, for f < v < a, S C A,
py(,y) ={~(x <y)} U{Fi(x) : i € Sg} U{=Pi(x) : i & Sp}
U{Pi(y) i€ Sy U{Bi(y) -0 & 5y}
ps(x) ={Pi(x): 1€ SfU{-P(z):i ¢S}
Iy :={ps~(z,y) : B <y <a}U{ps : S5 C Asuch that for § < a, S’ # Sp}

Uiz #yAP(z) & By) i <A}
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Let Ky := EC(Ty,T) ordered by substructures. Notice that |L(T})| = A and I'; = 2.

By replacing K; by (K1)>», we may assume LS(K;) = A. Then M; = « is the maximal

model (every model can be extended to an isomorphic copy of it) where for 5 € My, i < A,

PM(3) iff i € Sz. Hence K satisfies AP, JEP (but not NMM). As K; has the maximal

model of size |a| < 2%, Kj is trivially stable in > (2))T. Tt is (< Ng)-tame because types
are decided by the P;’s they belong to.

[

Remark 3.4.3. By [She90, VII Theorem 5.5(2)], for any A and x < 2% 6(\, k) < (2M)7,
so the threshold (2*)* cannot be improved. If we restrict 1 < x < 2*, then for a < A\t
we can still define Ky to be well-orderings of type at most a, where models are ordered by
initial segments. Then we get a lower bound §(\, k) > AT. But the above proof does not

go through because it requires |T'| = 2.

Using we are able to answer Boney’s conjecture in We
will complete the proof of |[Proposition 3.4.1] after the proof of [Corollary 3.4.4]

Corollary 3.4.4. Under GCH, the A\-JEP assumption in|Lemma 3.2.4| and|Lemma 3.2.5|

is not necessary. If 2% = N, and X = Vg, then \-JEP is necessary in|[Lemma 3.2.4. If
2% =Ny =: X and 2% =N, then \-JEP is necessary in|Lemma 3.2.5

Proof. By [Lemma 3.2.3] we may assume x < A. Suppose K is k-stable in A, then [Lemma]
13.2.4] and [Lemma 3.2.5| are always true: for all [|[M|| = A, gS5 = X\ = |gS"(M)]|. Also, by

taking sequences of length x from |M| (which give the algebraic types), we have gSy >
| gS5(M)| > \* > (gS3)" where the last inequality is by stability.

Therefore, we may further assume k-instability in A, witnessed by M. Suppose GCH
holds, then | gS*(M)| > A\t = 2% = 225 > 085 > | gS*(M)]. Also, gS5 > | gS*(M)| > At =
2% = (21)% > (gS})". Hence it is consistent that the lemmas are always true (regardless of
A-JEP or cf(gS%)).

We show that can be false: let A\ = Wy, x = 1 and suppose 2% = R,

(which is consistent by Easton Theorem, see [JecO3, Theorem 15.18]). Define Ly, T} as in
Lemma 3.4.2] pick X, many distinct subsets of 8y, say {55 : § < N, }. Weallow f <y <R,
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when constructing ps . Now for n < w, define I'? to be the same as I'; except that o is
replaced by XN,,. Define K® := EC(T1,I"7) and K be the disjoint union of all K* (adding
No-many predicates and stipulate that no two elements belong to different predicates —
this destroys Wo-JEP). Notice that K is still a EC class where the language has size R
and whose models omit 2%-many types. For any M € K, M € K™ for some n < w. Since
the unique maximal model in K® has size N, |gS(M)| < R, < R, = sup,_,, R, = gSy,
where the last equality is due to the fact that distinct two elements in a model satisfy
distinct subsets of {P; : i < Ro}. Hence gSy, (and similarly all gS§ , n < w) is not attained
by any model. cf(gSy,) = No which satisfies the hypothesis.

We show that can also be false: let A = R, k = ¥, and suppose 2% = R,
and 2% = N, (which is consistent by Easton Theorem). This time we pick R, many distinct
subsets from N; rather than from Xy. Form K as above which is an FC' class whose language
has size N; and whose models omit 2% -many types. Now (gS})~ = (gSy,)™ = RN >R,
On the other hand, gS§ = gSSS < sup,,, sup{| gS™(M)| : M € (K")x,} < sup,,., N,"° =
sup,,, (2% - R,,) = sup,,, N; - R, = R, < (gS})* where the second equality is a speical case

of the Hausdorff formula [JecO3, Equation 5.22]. O

Proof of |Proposition 3.4.1. Fix « as in we use K7 to build K as follows: let

L:=LiU{E Q,R,f g,c} where E,(Q are binary predicates, R is a ternary predicate, f
is a unary function, ¢ is a symmetric binary function and ¢ is a constant. Thus we have
|L| = A. A model in K = (Ko, K;, K>) has three sorts (Mg, My, My). M is in Ky, My will
take care of NM M while M, is the iterated power sets of M;. In details, we require:

1. M, € EC(Ty,T'y) as in [Lemma 3.4.2l We identify it as an ordinal < a.
2. Ms> is an infinite model of the theory of pure equality.

3. If zFy, then x is in My U M; while y is in M,. E also satisfies the extensionality

axiom.

4. The first argument of @ is in M;. We write @Q;(-) := Q(i, ) and abbreviate by @; the

elements x in My with Q(4,x). For limit ordinal o in M, we require Q, = |J,_, Q-
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5. f is the rank function from M, to M; such that each z is sent to the smallest ¢ with

Qi(z). If v € y, then f(z) < f(y).
6. R, g and ¢ code the total order of My: we define R(S,z,y) and g(x,y) as follows:

(a) Bin My, z,y in M,
(b) If f(z) # f(y), then we say z is less than y when x has a smaller rank than y.

(c) If f(z) = f(y) = 0, then g(x,y) is the <-least element in the symmetric differ-
ence of z,y. R(0,z,y) if g(x,y)Fy, in which case we say x is less than y.

(d) If f(x) = f(y) = B8 > 0, then g(x,y) is the least element in the symmetric

difference of z,y. R(f5,z,y) if g(z,y)Ey, in which case we say x is less than y.

(e) c¢is the default value for g(x,y) when x,y are in My or Ms, or when z,y in M,

are equal or have different ranks.

(If we think of subsets as sequences, we are ordering My by rank, and then by lexicographical
order of each rank.)

We order (Mg, My, My) <k (No, N1, Ns) iff for i < 2, M;,N; € K; and M; C N;,.
Notice that we can describe K as some EC(T,I") where T is a V3 theory, |L(T)| = A and
IT| = 2*. Also, LS(K) = A because LS(K;) = X and we can close any set in My to a model
by adding witnesses for f, g in (5),(6) w-many times. Therefore K is an AEC.

The maximal model in (Ko,Kj) is M* = (Vy(a),a), where for § < a, Q" =
Vigp(a). M* witnesses that K have JEP. K is (< Rp)-tame because elements are deter-
mined either by the predicates P;; or their ranks and their own elements. With Ky, we
know that K has NM M. Since M* has size 3,()), (Ko, Kj) is trivially stable in > 3, (\).
As Ky is trivially stable everywhere, K is stable in > J,(\). We now show instability in
< Ja(A) and the order property of lengths up to 3, (\).

For instability, (P()\), \,w) witnesses that K is unstable between [\, 2%). Consider
the maximal model M* above, for each § < a, |Q}"| = Ji45()). By item (6) above,
Qg”* can distinguish all elements in Qgﬁl, so (Ko,Kj7), and hence K is unstable in

[3145(A), D11541(X)). Therefore, we have instability in [A, 3,())).
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For the order property®, we apply the order in (6) to V,(«) of the maximal model.
In details: let a less than b while ¢ less than d. If a,b is mapped to d,c respectively,
then f(d) = f(a) < f(b) = f(¢) < f(d). It cannot happen to rank 0 because their
elements are well-ordered in M;. Since a is less than b, g(a,b) € b. Then by mapping
g(d,c)(= g(e,d)) € ¢ which shows that d is less than ¢, contradiction. As |V, (a)] = 3,(N),
we have the order property* of length J,()\).

(Ko, K;) does not have AP: Pick an element z from (V,(«), ) which contains > A™
elements. Close z to a substructure N of size A, then there is yEx in (V,(«), ) but y is
not in N. N can be included in (V,(a), ) such that x is mapped to (x — {y}). Suppose
the following amalgam exists:

x € (Vo(a),ar) o »rreW
T
reEN —— 5z — {y} € (Vala),a)
Without loss of generality, we may assume the top dotted arrow is identity (hence we
can write the image of x to be x itself). Since (V,(«a),«) is maximal, W = (V,(«a), @).
Therefore, t € Aut((V,(a),«)). By an induction argument, ¢ must be the identity (which
boils down to the fact that «, the maximal model in Ky, is rigid). From the right dotted

arrow, © — {y} would be mapped to x, which is a contradiction. ]

Remark 3.4.5. 1. One way to save AP is to redefine <k by the FE-transitive closure,
but it raises LS(K) to V,_1(A). In this case, instability and the order property™
length are up to 245(K),

2. Our total order is ill-founded: o, — {0}, — {0,1},... form an infinite descending

sequence in Q). Tt is not clear how to extract a witness to the order property of

length > 2*. We will see in |[Corollary 3.6.8| that we can refine our example to have

the order property at least up to 3,_3()).

Corollary 3.4.6. 1. For stable AECs, the Hanf number for the order property™ length

is evactly Jrsac)« -
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2. The Hanf number for stability is at least :(2LS(K))+. In other words, let A > Ny and
p < ny+, there is a stable AEC K such that LS(K) = X and the first stability

cardinal 1s greater than .

Proof. Combine [Proposition 3.4.1| and [Proposition 3.3.4f and range « in [\, (2*)7). O

In the next two sections, we develop the machinery to show that the lower bound in
(2) is tight, based on the arguments in [Vasl6c|. Then we conclude: our example witnesses

that the bound for the order property is also tight.

3.5 GALOIS MORLEYIZATION AND SYNTACTIC ORDER PROPERTY

Galois Morleyization is a way to capture tameness syntactically by adding infinitary

predicates. First recall the definition of tameness:
Definition 3.5.1. Let s be an infinite cardinal.

1. Let p = gtp(a/A, N) where a = (a; : i < «) may be infinite, I C a, A9 C A. We
write I(p) :=l(a), p | Ao := gtp(a/Ao, N), a’ = {a; : i € I) and p' := gtp(a’/A, N).

2. K is (< k)-tame for (< «)-types if for any subset A in some model of K, any
p#q € gST(A), there is Ay C A, |Ag| < k with p | Ay # ¢ | Ag. We omit (< «) if

o= 2.

3. K is (< k)-short if for any « > 2, any subset A in some model of K, p # ¢ € gS~%(A),
there is I C a, |I| < k with p! # ¢!

4. k-tame means (< k1)-tame. Similarly for shortness.
Now we construct Galois Morleyization:

Definition 3.5.2. [Vasl6d, Definitions 3.3, 3.13] Let x be an infinite cardinal and K be
an AEC in a (finitary) language L. The (< k)-Galois Morleyization of K is a class K of

structures in a language L such that:

1. Lisa (< k)-ary language. For convenience we may require L C L.
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2. For each p € gS<*(), we add a predicate R, of length I(p) to L.

3. For each M € K, we define M € K with [M| = |M|. For p € gS<"(M), a € |M|'®,
M E R,[a] iff a F p in K. Extend the definition to quantifier-free formulas of [A/,W.

4. The (< k)-syntactic type of a € |M|<" over A C |M| is defined by tPys i, . (a/A; M),
namely the quantifier-free formulas of ﬁ,m over A that a satisfies. We will abbreviate

it by tp,(a/A; M).
5. For M, N € f(, we order M <k N iff M <k N. We will omit the subscripts.

Remark 3.5.3. 1. If we allow AECs to have infinitary languages, we can view K as an

AEC.

2. The above is well-defined even for AECs without AP, but readers can assume the

existence of a monster model € for convenience.
3. L] = |L] + [gS<5(0)] < 2501500,
The following justifies the definition of Galois Morleyization in tame AECs:

Proposition 3.5.4. [Vasi6d, Corollary 3.18(2)] Let K be an AEC and K be its (< k)-
Galois Morleyization. For each p = gtp(b/A; M) € gS(A), define p,, := tp,.(b/A; M) to be

its (< k)-syntactic version. Then K is (< k)-tame iff p — py is a 1-1 correspondence.

Proof. =: The map is well-defined because Galois types are finer than syntactic types. It
is a surjection by construction. Suppose p # ¢ € gS(A), by (< k)-tameness we may assume
the domain A has size < k. Let b F p and v/ E ¢. Then bA and b’ A satisfy different types
in gS<"((0), say r and s repsectively. Thus bA F R, A =R, while ¥ A E Ry A —R,..

<: Suppose p = gtp(b/A; M) # q = gtp(b//A; M'). Then p, # ¢, and we can
find r € gS*(0) and (a suitable enumeration of) Ay C A such that M E R,[b; Ag] but
M'E =R.[l; Ag]. This means bA, F r while b’ Ay # r. Hence gtp(b/Ao; M) # gtp(V' /Ag; M)

witnessing (< k)-tameness. O

Remark 3.5.5. There is a stronger version assuming (< x)-shortness in [Vasl6c, Corollary

3.18(1)] but we have no use of it here.
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We now define an infinitary version of the syntactic order property:

Definition 3.5.6. Let 2 < a < k and 1 < § < k be ordinals.

1. [Vasl6d, Definition 4.2] In [Definition 3.3.2] we replace all occurences of “order prop-

erty” by “syntactic order property” while requiring the condition in (1) there be:
there exist some (a; : i < ) € M € K and some quantifier-free L, , formula ¢(z, )
such that I(a;) = 3, and for i, j < u, i < j iff ME dlag, ajl.

2. As in[Definition 3.3.3] we define syntactic order property™ if in (1) we allow the index

set to be a linear order I with |I| = p, instead of being a well-ordering p.

The following links the (Galois) order property in K with the syntactic order property

~

in K.

Proposition 3.5.7. Let k be an infinite cardinal and K be (< k)-Galois Morleyization
of K. Let 1 < 8 < Kk be an ordinal and M € K. Let A\, u be infinite cardinals and
x = [5°T7(0).

1. [Vasl6d, Proposition 4.4]

(a) [fM has the syntactic the B-order property of length p, then M has the B-order
property of length p.

(b) If M has the B-order property of length u for some p > (2)*, then M has
the syntactic S-order property of length \*.

2. (a) If M has the syntactic S-order property* of length u, then M has the B-order

property® of length .

(b) If M has the B-order property* of length p for some p > (2X7X)*, then M has
the syntactic S-order property™ of length \*.

3. The following are equivalent:

(a) K has the B-order property.

(b) K has the 3-order property*.
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(c) K has the syntactic 3-order property.

(d) K has the syntactic B-order property*.

Proof. 1. (a) is true because Galois types are finer than syntactic types. For (b): suppose
(a; : © < p) witnesses the S-order property. By Erdés-Rado Theorem, we have
p — (A3 Apply this to (i < j) — gtp(a;a;/0; M) and then on (j < i) —
gtp(aja;/0; M). We can find (b; : i < AT) subsequence of (a; : i < p), p # q €
gSP*8(0) such that for i < j < A, gtp(bb;/0; M) = p and gtp(b;b;/0; M) = q. We

may choose R, (or R;) to witness the S-syntactic order property.

2. The same proof goes through, because Erdés-Rado Theorem applies to linear orders

too.

3. (1) gives (a)<(c) while (2) gives (b)<(d). (a)<(b) is by [Proposition 3.3.4{(1),(2).
[

Definition 3.5.8. Let s be an infinite cardinal, 2 < a < k and 1 < 8 < k be ordinals, K

be the (< k)-Galois Morleyization of K. Then
1. For u > LS(K) + 8|, K is B-syntactically stable in p if
{pe:p €S’ (A; M), AC|M|,|A < pu,Me K} <p.
2. For > LS(K) + |, K is (< «)-syntactically stable in p if
{pr: p €8S~ (A; M), A C [M,|A] < p, M € K}| < pu.

Corollary 3.5.9. Let 8 > 1 be an ordinal and p > LS(K) + |S] be a cardinal.

1. [Vasl6d, Fact 4.9] If K has the 3-order property, then K is not B-stable in p. If also
B < K, then K is not B-(syntactically) stable in p.

2. The same conclusion holds when K has the B-order property*.

Proof. By |Proposition 3.5.7, either assumption gives the syntactic S-order property. This

implies [-syntactic instability in p, using the proof of [Proposition 3.3.4| (in particular

replace F'®(a) by a witness of the syntactic S-order property of length J,). O
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3.6 SHELAH’S STABILITY THEOREM

We will connect syntactic stability with no syntactic order property. The original
result due to Shelah was in a more general context but only proof sketches were given.
Vasey [Vasl6d, Fact 4.10] applied it to AECs without a complete proof so we write out
all the details. We will also remove the requirement that the order property length be a

successor (which was hinted in [She09bl Exercise 1.22]).

Theorem 3.6.1. [She09b, V.A. Theorem 1.19] Let y > 2<+LS®)T) "y be an infinite
cardinal such that p = pX + 227, Suppose K does not have the (< k)-syntactic order
property of length x, then K is (< k)-syntactically stable in pu.

The proof will be given after |Lemma 3.6.5. Before that we state some relevant defini-

tions and lemmas.

Definition 3.6.2. Let x be an infinite cardinal, II be a set of quantifier-free formulas of
ZALH,,Q over A, and p, be a (< k)-syntactic type over A. We say p,, splits over II if there are
¢(x;b), ~é(x; ) € p, such that for any M containing b, ¢ and the parameters from II, any
Y(y;d) € I with I(y) = I(b) = I(c), we have M E [b;d] < M E [c;d] (the choice of M
does not matter because its interpretation of R, is external).

If we require the witnesses ¢(z;b), ~¢(z; ¢) to be from a fixed formula ¢(x;y), then we

say p, ¢-splits over II.

Lemma 3.6.3. [She09bl V.A. Fact 1.10(4)] Using the above notation,

H{pe | & : pe does not ¢-split over T} < 92"

H{px : pe does not split over 11} < 92Mx

where x = |L|<* = (|gS<"(0)])~" < 2<¢+S®T) s the size of the set of quantifier-free

formulas of [A/,w.

Proof. We count the number of combinations to build a p, [ ¢ that does not ¢-split over
I1. Partition the parameters of ¢ by their II-type. Namely, b, ¢ are equivalent iff for any
M containing b, ¢ and the parameters from II, any (y; d) € II with I(y) = I(b) = I(c), we
have M k 1[b;d] < M E [c;d]. Then there are 2M-many classes. Within each class, say
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containing b, it remains to choose whether ¢(z;b) or =¢(x;b) is in p, | ¢. Hence we have
22" _many choices.
The second part follows from the observation that a (< k)-syntactic type p, is deter-

mined by its restrictions p, | ¢ where ¢ is a quantifier-free formula of [Ajﬁ,n. O

Definition 3.6.4. A set A is (< x)-compact if for any M containing A, any cardinal
A < x, any quantifier-free formulas {¢;(x) : i < A} in fj,w with parameters from A, if
M E Ni<y @:[b] for some b € M, then M k Ni<y @ila] for some a € A.

Lemma 3.6.5. [She09b, V.A. Theorem 1.12] Let x be an infinite cardinal, A be (< x)-
compact with A C |M|, ¢(z;y) be a quantifier-free formula in L, . Either

1. For any m € |M|, there is a set II C {¢(x;a) : a € [A]<"} such that |II| < x and
tp.(m/A; M) | ¢ does not ¢-split over I1; or

2. AC |M| witnesses the (< k)-syntactic order property of length x.

Proof. Suppose (1) does not hold, then we can pick m € |M| such that tp, (m/A; M) | ¢

splits over any IT with |TII| < x. Thus we can recursively build
1. (my,b;,¢; i < x) inside A.
2. For j < x, M E ¢[m;b;] < =p[m; c;]
3. For i < j < x, M F ¢[mi;b] < ¢[mi; ;).
4. For j < x, m; F Nie; (8(a1b:) > =¢(5¢,)).

The construction is possible by the definition of ¢-splitting and by (< x)-compactness of
A. The sequence (m;b;c; : i < x) witnesses the (< k)-syntactic order property of length y

via the formula ¢(z;y) <> ¢(x; 2). ]

Proof of[Theorem 3.6.1. Let A be a set of size . As in[Lemma 3.6.3] x bounds the number

of quantifier-free formulas of f/,m. Also = p=X, so we may assume A is (< x)-compact

(see [Definition 3.6.4)). Since [Lemma 3.6.5(2) fails, (1) must hold for each quantifier-free

formula ¢ of [A/Wb.

52



Now we count the number of (< k)-syntactic types. Each type p, is determined by its
restrictions {p. | ¢ : ¢ is a quantifier-free formula in L, . }. Since = X, we may assume
Pr = P | ¢ for a fixed ¢ (this is where we need p = pX instead of y = pu<X). By
3.6.5(1), we can find some II,,_ of size < x such that p, does not ¢-split over II, . There are
[A]<X = p~X-many ways to choose II,, . For each fixed I = II,, , [Lemma 3.6.3| gives at most

22 — 22"*_many choices for p,. So in total there are ;<X 4+ 22~ = y-many choices. O]
Corollary 3.6.6. Let K be a stable AEC.

1. [Vasl6d, Theorem 4.13] If K is (< k)-tame, has AP and is stable in some cardinal

> K, then the first stability cardinal is bounded above by 3(2<(n+LS(K)+))+-

2. If K is (< k)-tame and does not have (< k)-order property of length y = 2<¢+LSE)T),

then the first stability cardinal is bounded above by 22~ .

3. If K is LS(K)-tame and does not have LS(K)-order property of length 2%5X)  then
the first stability cardinal is bounded above by J3(LS(K)).

4. Let |D(T)] :== | gS=(0)|. If K is (< Ng)-tame and does not have (< w)-order property
of length |D(T)|, then the first stability cardinal is bounded above by Ja(|D(T)]).

Proof. We prove (1): Since K is (< k)-tame, by [Proposition 3.5.4| (< k)-syntactic stability

in K is equivalent to (< k)-stability in K. Also, by the contrapositive of
3.5.7(1)(a), no (< k)-order property of length y in K implies no (< k)-syntactic order
property in K of length x.

Let K be stable in some A > k7. Since it is (< x)-tame, [Theorem 3.2.10| gives stability
in J,+ () and [Theorem 3.2.2|gives (< k)-stability in Jy+ (). By [Proposition 3.3.4(3), there

is y < 3(2<(N+LS(K)+>)+ such that K does not have (< k)-order property of length x. We may

assume y > 2<(-tLSOT) By the first paragraph and [Theorem 3.6.1) K is (< )-stable in

2<X
2 < :(2<(n+LS(K)+))+ . D

Remark 3.6.7. In particular (4) misses the actual lower bound by 3y [She90, 1T Theorem
5.15].

We now show the promised result in [Remark 3.4.5}
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Corollary 3.6.8. Let \ be an infinite cardinal and v be an ordinal with X\ < v < (2M)7.
Then there is a stable AEC K such that LS(K) = A\, K has the order property of length up
to 3,(X). Moreover, K has JEP, NMM, (< Ro)-tameness but not AP.

Proof. Let x :=3,(X). We use the example in [Proposition 3.4.1| with & = v + 3. Suppose

K has no (< w)-order property of length x. Since K is (< Ng)-tame, by
3.5.4] (< w)-syntactic stability in K is equivalent to (< w)-stability in K. Also, by the

contrapositive of [Proposition 3.5.7(1)(a), no (< w)-order property of length x in K implies

no (< w)-syntactic order property in K of length y. Since y > 2<% by [Theorem 3.6.1, K

is (< w)-stable in all = pX + 227, In particular, it is (< w)-stable in Jy(x) = Ja_1(A) =
Ja—1(A), contradicting the fact that M* € K is unstable in any cardinal < J,(\). O

Remark 3.6.9. In our example, where exactly is the witness to the (< w)-order property

of 3,(A\)? Tracing the proofs, the key is the recursive construction in [Lemma 3.6.5, where

a long splitting chain is utilized. Fix a cardinal x < 3, 1(\). For our K, we do not even
need the b; and can simply set (c¢;,m; : i < x) such that all elements are distinct and
m; contains exactly {c¢; : j < i}. Then (¢;m; : i < x) witnesses the 2-order property of
length x, via the formula ¢(x1y1; 22ys) := 21 Eys. Therefore, we have an explicit example
of the order property up to length 3, ;()) (the subscript cannot go further because most

elements on the top rank do not belong to any other elements).
We can conclude:
Corollary 3.6.10. 1. For stable AECs, the Hanf number for the order property length
is exactly 3(2LS(K))+.

2. For stable AECSs, the Hanf number for the order property™® length is exactly j(QLS(K))+.

3. The Hanf number for stability is at least :(QLS(K))+. In other words, let A > Ny and
p < Jay+, there is a stable AEC K such that LS(K) = X and the first stability

cardinal is greater than p.

4. With LS(K)-tameness and AP, the Hanf number for stability is at most :(QLS(K))+.
In other words, if K is a stable AEC with AP and LS(K)-tameness, then the first

stability cardinal is at most :(2LS(K))+.
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Proof. 1. Lower bound is by [Corollary 3.6.8{and upper bound is by [Proposition 3.3.4(3).

2. Lower bound is by |[Proposition 3.4.1] and upper bound is by [Proposition 3.3.4)3).

3. By |Proposition 3.4.1}

4. By |Corollary 3.6.6(1).

[]

We finish this section with the following question: are the bounds in (3) and (4)

optimal?

3.7 SYNTACTIC SPLITTING

We will give a syntactic proof to [I'heorem 3.2.10| using Galois Morleyization. The

advantage is that types are syntactic and can be over sets of size less than LS(K); the

disadvantage is that we have extra assumptions.

Assumption 3.7.1. We assume the existence of a monster model € (AP+JEP+NMM),
where each set is inside some model in K and each (set) embedding/isomorphism is
extended by a K-embedding/isomorphism. We also assume AP over set bases: if
A C |My| N |M;y| and My, My interpret A in the same way, then there are Mz > M,
and f: M, 7 Ms.

Definition 3.7.2. Let p be an infinite cardinal, A, B be sets in some models of K.

1. B is universal over A if A C B and for any |B'| < |B|, B' D A, thereis f : B’ - B.
We write A C,, B.

2. B is p-universal over A if B" in (1) must have size < p.
3. B is p-homogeneous if it is < p-universal over any C' C B of size < p.

4. Let AC B e K, pe gS(B). We say p u-splits over A if there exists A C By, By C B,
IBill =, f: By =4 By with f(p) | B2 # p | Bo.

[She09al, IT 1.16(1)(a)] shows that universal models of size u exist if K is stable in
> LS(K) (and has u-AP, p-NMM). We prove universal sets exist:
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Proposition 3.7.3. 1. For any A, if K is stable in |A|, there is |B| = |A|, B D, A.

2. For any infinite X\, u and any |A| < A If XSF = X, then there is a p-homogeneous
B D A of size \.

Proof. 1. Let u:=|A|. Build (B, : i < u) increasing and continuous such that By := A,
Biy1 F gS(B;). For any A’ O A, |A'| < p. We may assume |A" — A| = p and write
A= AU{a; i < p}. Define A; := AU{a; : j < i} and (f; : 4, jBi:iS,u)
increasing and continuous partial embeddings such that f;(a;) € B;. Set f_1 :=1idy
and suppose f; has been constructed, obtain A/, an isomorphic copy of A’ over ran( f;)
and denote by @;,; the copy of a;11. Now B;y1 E gS(B;) 2 gS(ran(f;)) so it realizes
the type of a;,1 over ran(f;), say by b, 1. By AP there is g : a;41 +— by fixing
ran(f;). Define f;yq1(ai1) := bit1.

A= A B

~ g
Ai+1 Air1 — bitq

7

A; L ran( f;)

2

A

2. By an exhaustive argument, we can build a (set) saturated B D A. We check that
it is p-homogeneous. Let C' C B, €' O C both of size < pu, the argument from the

previous item applies because B is saturated and |C'| < pu.

]

We notice a correspondence between p-Galois splitting and (< pt)-syntactic splitting

(see [Definition 3.6.2); a similar treatment for coheir has already been done in [Vasl6d,

Section 5]). We write ¢ p-syn-splits over A to mean ¢ (< p™*)-syntactically splits over the

quantifier-free formulas of fjumﬁ over A.

Proposition 3.7.4. Let p be an infinite cardinal, K be the (< pt)-Galois Morleyization
of K. For any AC B € K, p € gS(B), p p-splits over A iff p,+ p-syn-splits over A.
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Proof. Suppose d F p u-splits over A, obtain witness f : B; =4 B, as above. Enumerate
A = a and B; as b;. Since f(p) | Ba # p | Ba, 11 := gtp(f(d)by/0) # gtp(dby/0), so
¢ E R, [dbi] A R, [f(d)bs] A =R, [dbs]. by and by have the same syntactic type over a
because of f. Therefore, p,+ = tp,+(d/B) 2 tp,+(d/B1 U By) p-syn-splits over A.
Conversely, suppose p,+ p-syn-splits over A. There are ¢(x;b1), ~¢(z;bs) in p,+ such
that by, b, have the same syntactic type over a. Pick d F p,+, then ¢ E o[d; by] A —¢[d; bs],
gtp(dby /0) # gtp(dby /D) (actually ¢ might tell the exact Galois type of db;). On the other
hand, let r = gtp(bia/0) and consider R,.(x;a). As by, by have the same syntactic type over
A, € E R.[by;a] A R,[by; a], which means gtp(bya/0) = r. Thus there is f : by 2, bs. O

In the above proof, we did not use tameness simply because (< u*)-Galois Morleyiza-

tion is already large enough to code all types over domains of size pu.

Corollary 3.7.5. Let pu be an infinite cardinal and K be p-tame. Let A C B with |A| < p.
Then any p € S(B) (> w)-splits over A iff it p-splits over A.

Proof. We adopt the previous proof: suppose d F p (> p)-splits over A, obtain witness
f : By =24 By as above. Enumerate A = a and B; as b;. Since f(p) | By # p | B,
gtp(f(d)by/0) # gtp(dbe/0). By [Proposition 3.5.41 there is a quantifier-free formula ¢ in

L+ .+ 50 that ¢ E @[dby] A d[f(d)ba) A —[dby). by and by have the same syntactic type over
a because of f. Therefore, p,+ = tp,+(d/B) 2 tp,+(d/B1 U By) p-syn-splits over A. This

implies p p-splits over A by the second paragraph of the previous proof. O

We now prove a series of results syntactically. The original proofs in [Van06, Theorems

I 4.10,4.12], |[GVO6DL Section 6] are semantic.

Lemma 3.7.6. Let i be an infinite cardinal and K be p-tame. For any B C C' both of size
> pand p € g3(C), we have p,+ | B=(p | B),~+.

Proof. Let d F p,
pu+ | B=1tp,+(d/C) | B

= tp,+(d/B)
= (p | B),+ because dEp | B
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]

Lemma 3.7.7. Let u be an infinite cardinal, A C,, B C C all of size 1 and p,q € gS(C).
Suppose p,q do not p-split over A and p | B = q | B. Then p = q. We can allow

|B|, |C| > w if we assume p-tameness.

Proof. We comment the case |C| > p in square brackets. Let K be the (< pt)-Galois

Morleyization of K. Since p, g do not p-split over A, [Proposition 3.7.4] shows that p,+, g,+

do not p-syn-split over A [use p-tameness and [Corollary 3.7.5]. Suppose p,+ # q,+, [by

p-tameness|] there is d C C of size u, ¢(z;y) such that ¢(z;d) € p,+ —qu+. As B D, A, we
may pick b F tp,,+ (d/A). By non-syn-splitting, ¢(z;b) € p,+ — q,+ contradicting p,+ | B =

qu+ | B [use [Proposition 3.5.4| and [Lemma 3.7.6. O

Extension also holds but it is applicable to p-sized models.

Lemma 3.7.8. Let p be an infinite cardinal, A C,, B C C all of size pn. Let p € gS(B) do
not p-split over A. Then there is ¢ € gS(C) extending p and does not p-split over A. Also,

if p is non-algebraic, we can have q non-algebraic.

Proof. Let K be the (< pt)-Galois Morleyization of K. First we decide whether +¢(z;¢) €

qu+ for each quantifier-free formula in zu+7u+ over C. Since A C,, B, thereis a copy C' C B

of C. We want ¢ does not p-split over A, by [Proposition 3.7.4| we must set ¢(x;c) € q,+

iff ¢(x;0.) € pu+ where b, € C" and b, F tp,+(c/A). Such g,+ is realized because p,+, and
thus p,+ [ C" =4 q,+ is realized where C" C B is the copy of C.
If p is non-algebraic and we can modify the argument above by extending C' to a copy
of B. Then p,+ is realized/algebraic iff ¢+ is.
b 1

B———C53c

[ <

b. € C'

[

A
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]

Lemma 3.7.9. Let i be an infinite cardinal, K be pi-tame and stable in . For any |A| < p,
Ac,C,
X = |{p € gS(C) : p does not > p-split over A} < u

Proof. Pick B of size y with A C, B C C. By [Corollary 3.7.5] [Lemma 3.7.7] and [Lemma]
3.7.8 x = [{p € gS(B) : p does not u-split over A} < |gS(B)| < p. O

The following originates from [She99, Claim 3.3] and is extended to longer types in
[GVOG6D, Fact 4.6].

Lemma 3.7.10. Let p be an infinite cardinal and K be stable in p. For any p € gS(B),
there is A C B of size ju such that p does not u-splits over A.

Proof. Suppose the lemma is false, we can find d E p € gS(B), B of size > u such that p u-
splits over all A of size yu. Let K be the (< pt)-Galois Morleyization of K. By
, put+ p-syn-splits over all A of size pu. Pick any Ay C B of size p and choose minimum
x < p with 2% > p. By assumption we can build (a,~o, @y~1, ¢y, fr : 7 € 2<% — {()}) and
(A : a < K) such that

1. (A, : @ < k) is increasing and continuous. For o < K, A, C B has size p.
2. For n € 257, a, € Aoy, fy : an—~0 +— ay~1 and f, fixes Ay)).

3. For n € 2<%, ¢, (x5 ay~0), 2Py (x5 ap~1) € pu+

A o (3 ago) jol > ¢o(; aon) ¢1(z; aio) f‘ll > ¢1(z;an)

A1 agp

> Ay

For v € 2%, define q, := {¢,(x;a,~;) : n € 2<%, 171 C v;i = 1,2} U {=¢,(x;a,~1) :
n € 2" n0 C v} (g : v € 2%) are obviously pairwise contradictory. It remains

to show each of them is realized. For any v € 2 define g, to be the composition of
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via

( f”M : a < K) where each fg = id and f; = fy. gv is well-defined because for n €
2<%, f, fixes Ay,;). Extend g, to an isomorphism containing d. Inductively we can show
9,(d) F q,: let a < k. If v[a] = 0, then item (3) in the construction guarantees g(p;;) 2
g ({bva(@; avia=0), ~@uia(®; avia~1)}) = {Pv1a(; avia=0), 7Puia(@; avja~1}). I v[a] =1,
then g(p;i) 2 90 ({@v1a(; avia=0)}) = {dvia(w; avia1)}- O

Proof of [Theorem 3.2.10) Let C be of size A. By an exhaustive argument, we may extend

C to be pt-saturated. Let A C C of size p. By [Proposition 3.7.3(1) and (2), we can build
B of size pu such that A ¢, B C C. Thus applies. Also by |[Lemma 3.7.10}

each p € gS(C') does not p-split over some A, C C of size u. There are at most \* of such
A,. Thus

8S(C)] = | U{p € gS(C) : p does not p-split over A,}| < M- p= A
[

Corollary 3.7.11. If K is stable in some A < LS(K). Then the first stability cardinal
> LS(K) is bounded above by 2-5X),

Proof. Apply [Theorem 3.2.10| to (245())A = 2LS(K), O

Our final application is the upward transfer of stability. The original proof of (1)
below uses weak tameness (tameness over saturated models). [Vas16b, Lemma 5.5] proves
a stronger version of (2) with chain local character instead of set local character, but we

do not assume the former here.

Proposition 3.7.12. Let 1 < X be infinite cardinals. Assume K is p-tame and stable in

1L
1. [BKV06, Theorem 4.5] K is also stable in ™.

2. If in addition cf(\) > p and K is stable in unbounded many cardinals below A, then

it 1s stable in \.
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Proof. 1. Suppose |A| = p has g™ many types (p, : @ < p*F). Write A =J,_,+ Ai
increasing and continuous, with |[A4;] = p. We may assume A;;; F gS(A;) by the

following: define another chain (A} : i < p*) increasing and continuous such that

|A; | = |Ais1| = pand Al D, A; U A (using |[Proposition 3.7.3(1)). Replace A by

/
pt

By [Lemma 3.7.10] and cf u™* > p, we may assume all p, does not p-split over Ay.

By stability in g and pigeonhole principle, we may assume all p, has the same type

over A;. Together with [Lemma 3.7.7] all p,, are equal, contradiction.

2. We consider limit cardinal A. Pick a cofinal sequence (\; : i < cf(\)) to A such
that K is stable in all A. Repeat the same argument as (1) but with |A] = A and

A= Ui<cf(>\) A;.
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CHAPTER 4
AXIOMATIZING AECS AND APPLICATIONS

ABSTRACT

For any abstract elementary class (AEC) K with A = LS(K), the following holds:

1. K has an axiomatization in L(2/\)+7 \+, allowing game quantification. If K has
arbitrarily large models, the A-amalgamation property and is categorical both
in A and A", then it has an axiomatization in Ly+ y+ with game quantification.

These extend Kueker’s [Kue08] result which assumes finite character and A = 8.
2. If K is universal and categorical in A, then it is axiomatizable in Ly+ y+.

3. Shelah’s celebrated presentation theorem asserts that for any AEC K there is
a first-order theory in an expansion of L(K), and a set I of 2* many T-types
such that K = PC(T,T',L(K)). We provide a better bound on |I'| in terms of
L\ K).

4. We present additional applications which extend, simplify and generalize results
of Shelah [She87, [She01] and Shelah-Vasey [SV18a]. Some of our main results

generalize to pu-AECs.

4.1 INTRODUCTION

In the proof of Shelah’s presentation theorem [She(9a, I Lemma 1.9], functions are
added to capture isomorphism axioms and Léwenheim-Skolem axiom. [SV21, Theorem 2.1]
claimed that any abstract elementary class (AEC) K can be axiomatized by an La,x)+s x+

sentence where A is the Lowenheim-Skolem number, and such an axiomatization is in L(K).

Let x := A+ I3(\, K), where I5(A, K) is the number of pairs (M, N) that are noni-

somorphic where M, N € K, and M <x N. In|Main Theorem 4.3.7] we will axiomatize

an AEC K by a sentence ok in L,+ ,+, allowing game quantification. As x < 2*, we have
that ok is in L)+ y+, improving Shelah and Villaveces’ result. Modulo the use of game
quantification, our result is optimal for uncountable A as it is known that there is an AEC

that cannot be axiomatized by an L » sentence [Henl9]. Under extra assumptions, we

can axiomatize an AEC by a sentence in Ly+ y+ (Proposition 4.3.10| and [Theorem 4.3.12)).

62



By slightly modifying ok, we can encode the K-substructure relation (Proposition 4.3.16|

and [Proposition 4.3.18)) by a formula o< in L,+ +. As above, we can improve the results

under extra assumptions (Corollary 4.3.20)).

As an application of our axiomatization of AECs, we derive a variation on the presen-

tation theorem, where any AEC is a PC), class (Theorem 4.4.1)) and game quantification is

not used. Our presentation theorem is stronger than Shelah’s as the bound of |I'| in some

cases is smaller than 2X5®) Tt also lowers the threshold of the existence theorem from suc-

cessive categoricity (Theorem 4.4.8]). The axiomatization strategy is also applicable to the

pu-AEC analogs, giving a stronger presentation theorem (Theorem 4.5.6) than [BGL*16,
Theorem 3.2].

In the following, we provide two tables. The first table summarizes the known results in

literature. The definition of L(w) can be found in [Kue(8, Definition 1.12] and L+  +(w-w)

is defined in [Definition 4.2.6, The second table summarizes the main results in this paper.

We write AL = arbitrarily large models, AP = amalgamation property, JEP = joint
embedding property, NM M = no maximal models. Monster model means AP + JEP +

NM M. The entries of the second table link to the related theorems (see|Observation 4.3.15|

for cases where we do not assume \-categoricity).
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Known results

Assumptions on K

K is

References

None axiomatizable in L) [SV21, Theorem 2.1]
None PCyox [She87, Lemma 1.8]
None reducts of a theory in Lg{tA+ [BB16, Theorem 3.2.3]

where L' D L

A =Ny, Rg-AP, stable in Ny, PCy, [SV18al Theorem 4.2]
IRy, K) < N
A=, closed under =, Kue08, Theorem 2.5

A =R, Ix = kM (I(k,K) < k)

axiomatizable in Ly,

Kue08, Theorem 2.11]

A=, Ix = kM(I(< k,K) < k)

axiomatizable in L+ .,

Kue08, Theorem 2.11]

Finitary, A = N,

closed under =,

Kue08, Theorem 3.4]

Finitary

closed under =,

Finitary, A = N,

axiomatizable in L(w)

Kue08, Theorem 3.7]

Finitary, A = R, Ic({(r, K) < k)

axiomatizable in L,

Kue08, Theorem 3.10]

Finitary, 3x = k<*(I(k,K) < k)

axiomatizable in L \

Joh10, Theorem 3.10]

Finitary, A = N,
Ik(I(< k,K) < k)

axiomatizable in L+

[
[
[
[
[Joh10, Theorem 3.7]
[
[
[
[

Kue08, Theorem 3.10]

Finitary, 3k = kI (< K, K) < k)

axiomatizable in L+ »

Joh10, Theorem 3.10]

A=, Ic(I(k,K)=1)

K>, is closed under =,

Kue08, Theorem 5.1]

Finitary, A = R, Ic(/(k,K) = 1)

K>, axiomatizable in L, .,

Kue08, Theorem 5.2]

A=, v =k (I(k,K) = 1)

Models in K5, are Ly ,,-equivalent

Previous row + monster model

K>, axiomatizable in Lgwy+ o,

Kue08, Theorem 5.3¢]

A>N0

K is closed under =, +

Kue08, Theorem 7.2]

Monster model, A > N,
k(I(k,K) =1Acf(k) > N)

K>, axiomatizable in Lox+ .+

[
[
[
[Kue08, Theorem 5.3a]
[
[
[

Kue08, Theorem 7.4]

Finitary, monster model,

k(I(k,K) =1Acf(k) > N)

K>, axiomatizable in L x

[Joh10, Theorem 3.11]
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New results

Assumptions on K Axiomatization in | K is
None Lyt (w - w) PC,
Universal class, I(A\, K) < A L+ a+ PO,
AL, N-AP, IIMK) <A\ I(ATK) =1 L+t (w-w) PC)
2 <22 AL INK) =1, M K) =1 | Lyt (w - w) PC,
MAP, I(ALK) <\ I K) =1 L+t (w-w) PC,
stable in A

2 <2 TNK) =1, I\, K) =1, Lyt a+ (w - w) PCy
stable in A

Note that the last row is a significant improvement of [SV18a, Theorem 4.2], using

much simpler and general methods while covering the case when A is uncountable. We

highlight the differences between our result and [BB16, Theorem 3.2.3]:

1. They expand the base vocabulary to 7* by adding new predicates of arity A, and their
theory T in the expanded language is more semantic and longer; our axiomatization

keeps the original language L(K) and is purely syntactic.

. Their relational presentation theorem characterizes K as reducts of models of 7%, K-
substructure as reducts of 7*-substructure; our axiomatization is simply in L,+ y+(w-

w) and we pin down the formula that determines K-substructure.

. Their expanded language 7* has size y; our axiomatization uses the original language
so has size < A (but both approaches require taking x-conjunctions). We expand the

language to size x only when we derive a variation on Shelah’s presentation theorem.

. In [BB16, Theorem 3.2.3], they do not require types to be omitted because their theory
T* is in the infinitary logic. We omit types in our variation to Shelah’s presentation

theorem so as to represent K as a first-order PC' class.

Our approach in this paper was inspired by Villaveces’ question of the complexity of

the example in [Proposition 3.4.1) which has high instability but low complexity v = 1.
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Also, Grossberg suggested in May 2021 that [SV21] could have a significant improvement.
This motivated us to look for a simpler axiomatization of an AEC, without using trees or
other combinatorial machinery in [SV21, Theorem 2.4]. At the cost of game quantification,
we lower the complexity of junctions in their paper from Jy(A\)*3 to x .

This paper was written while the author was working on a Ph.D. under the direction of
Rami Grossberg at Carnegie Mellon University and we would like to thank Prof. Grossberg

for his guidance and assistance in my research in general and in this work in particular.

4.2 PRELIMINARIES

Let L be a finitary language, A\; > Ay be infinite cardinals. We write Ly, », the set of
formulas generated by L, allowing < A free variables and < Ay quantifiers, in addition to
conjunctions and disjunctions of < A\; subformulas. Given an L-structure M, we write |M |

the universe of M and ||M|| the cardinality of M.

Definition 4.2.1. Let L C L’ be two languages (they can be infinitary), 7" be an L’-theory

and I" be a set of L'-types. Let u be a regular cardinal. If L, L’ are (< p)-ary, we define

ECH(T,T) :=={M : M is an L'-structure, M E T | M omits I'}

PCHT,T,L) :=={M | L: M is an L'-structure, M E T , M omits I'}

When p = Ry, we omit the superscript Ny.

Let A, x be infinite cardinals, and assume |T] < X and |I'| < x. If K = ECH(T,T),
we call K an ECY  class. If K = PC*(T,T, L), we call K a PCY class. We omit the
superscript 8y when g = Ry. We omit A, y if the sizes of T" and I' are not specified. PC)
stands for PC) ».

Definition 4.2.2. Let L be a finitary language. An abstract elementary class K = (K, <g)

in L satisfies the following axioms:
1. K is a class of L-structures and <y is a partial order on K x K.
2. For My, M,y € K, My <k M, implies M; C M, (as L-substructures).
3. Isomorphism axioms:
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(a) If M € K, N is an L-structure, M = N, then N € K.
(b) Let My, My, N1, Ny € K. If f: My = My, g: N1 = No, g O f and My <k Ny,
then MQ SK NQ.

4. Coherence: Let My, My, M3 € K. If My <g Ms3, My <x M3z and M; C M, then
M, <x M.

5. Lowenheim-Skolem axiom: There exists an infinite cardinal A > |L(K)| such that:
for any M € K, A C |M]|, there is some N € K with A C |[N|, N <x M and
IN|| < A+ ]A|. We call the minimum such A the Léwenheim-Skolem number LS(K).

6. Chain axioms: Let a be an ordinal and (M; : i < a) C K such that for i < j < a,
M; <k M.

(a) Then M :=J,_, M; is in K and for all i < a, M; <k M.

<o

(b) Let N € K. If in addition for all 1 < a, M; <g N, then M <gx N.

Let A > LS(K) be a cardinal. We define K := {M € K : |M|| = A} and K, := (K, <k]|
Ky x K,). When the context is clear, we omit the subscript of <k and write <. We will

only consider K>rgk) in place of K, which is still an AEC.

Definition 4.2.3. 1. Let I be an index set. A directed system (M, : i € I) C K indexed
by I satisfies the following: for any i,j € I, there is k € I such that M; < M, and
M; < M.

2. Let p be an infinite cardinal. A p-directed system (M; : i € I) C K indexed by [
satisfies the following: for any J C I of size < u, there is k € I such that for all
Jj€J, M; < My, (thus a system is directed iff it is Ny-directed.)

Fact 4.2.4. [She09al I Observation 1.6] Let (M; : i € I) C K be a directed system. Then
L M=, M; € K
9. For alli € I, M; < M.
3. Let N € K. If in addition for all i € I, M; < N, then M < N.
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Fact 4.2.5. [She(09a, II Claim 1.8(2)] If M < N in K, then there are index sets I; and Iy,
directed systems (M; : i € I;) and (V; : i € I) of union M, N respectively, I; C I and
Mi = ]\/vZ for all 7 € Il.

Definition 4.2.6. Let L be a language, A, x be infinite cardinals and § be an ordinal.
Ly, (6) extends Ly, by allowing é-game quantification: if ¢ is a formula in Ly, (J) with
free variables (24, Ya)a<s and [(z4), l(ya) < X, then (Vz,3ys)a<s ¢ is a formula in Ly, (9).
An L-structure M satisfies (V243Yqa)a<s @ if Player IT has a winning strategy in the following
game of § rounds: in the a-th round, Player I chooses some tuple a, C M of length [(x,)
and Player II responds by choosing some tuple b, C M of length [(y,). Player II wins if
M E @lag, bala<cs where for a < §, z,, is substituted by a, and y, is substituted by b,.

If § above is finite, then Ly, (6) = Ly,. The use of game quantifiers in AECs can be
found in [Kue08, Theorems 2.9, 3.7] which handle the case LS(K) = Ry. Our version is
consistent with L(w) there and is called a closed game quantifier in [Kol85, Chapter X.2].

4.3 ENCODING AN AEC

In this section, we fix an AEC K in a language L.
Definition 4.3.1. 1. Let A > LS(K). I(\,K) := [{M/~: M € K,}|.

2. Let Ml S Nh MQ S NQ. We write (Ml,N1> = (MQ,NQ) if there exists f : N1 = N2
such that f er . M1 = Mg.

3. Let A > LS(K). L(\K) :=[{(M,N)/~: M < N in K,}|.
Example 4.3.2. Depending on A and K, I(A, K) and /5()\, K) may not be the same:

1. If K is the class of the L, . theory Vz \/,_ (# = ¢;) where ¢; are constants, then
I(No,K) == IQ(N(),K> = 1

2. If K is the class of the first-order theory of pure equality, then I(A\,K) = 1 but
I,(A\,K) = X for any infinite \.
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3. (The following argument is due to the referee.) If K is the class of the first-order
theory of dense linear orders without endpoints, then I(Xy, K) = 1 but I,(Rg, K) =
2% To see the latter, fix M = Q and countably many cuts of Q. Those cuts form a
countable order with respect to the usual ordering. We require a countable elementary
extension N to add either a single realization or infinitely many realizations to each
cut. Hence there are 2% such N. Since an order automorphism of Q extends uniquely

to an automorphism of the reals, pairs of the form (Q, N) are not isomorphic.
Proposition 4.3.3. I(\,K) < I,(\, K) < 2*.

Proof. For any M < Ny and M < Ny in K, if Ny 2 N,, then (M, N;) 2 (M, Ns) by
definition, hence the first inequality. Using the fact that I(\,K) < 2*, we can bound
LLK) < M-I\ K) < 2 O

Question 4.3.4. Assuming stability or categoricity, is it possible to obtain a better bound

than |Proposition 4.3.3[?

Until the end of this section, we write \ := LS(K).

Observation 4.3.5. List the representatives of {M/~ : M € K,} by (M; : i < I(\,K))
and those of {(M,N)/~: M < N in K} by ((M;,N;) : j < I,(A\,K)). For i < I(\ K),
let ¢;(z) be an Ly+ ,+ formula that encodes the isomorphism type of M; with a fixed

enumeration of the universe |M;| = {m} : k < A\}. For variables = = (z} : k < \),

¢i(x) == /\{9($a0, Ty )t MEEOML o oml ] s <w,ag,. .. a1 <A,

(&%)

6 is an atomic L-formula or its negation with s free variables}

Namely for any L-structure N and any a € |N| of length A, if N E ¢;[a] then a = M; (with
the fixed enumeration).

Similarly, for j < I,(A\,K), let ¢;(x,y) be an Ly+ ,+ formula that encodes the iso-
morphism type of (M, N;) with fixed enumerations, where |M;| = (m] : k < ),
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|N;| = {n] : k < A\}. For variables © = (z;, : k < \) and y = (g : k < \),

Vi(z;y) = /\{Q(xao,...,xasfl;ygo,...,yﬂtfl) :N; E Q[mfxo,...,mésil;néo,...,njﬂt_l],

s<w, t <w, a07~--,a5—1750,---,ﬂt—1 <)\7

0 is an atomic L-formula or its negation with s + ¢ free variables}

Namely for any L-structure N and any a,b € |N| both of length A, if N E 9;[a,b] then
a = M;, b= N, (with the fixed enumerations) and ran(a) C ran(b).

It is also possible to encode the re-enumerations of the isomorphism types in ¢; and

1;, but we will do that directly in the sentence ok in [Main Theorem 4.3.7] and o< in

[Proposition 4.3.18(1), so as to be more consistent with the format of [Theorem 4.4.1]

Definition 4.3.6. Let o, < AT, a = (a; : i < ) and b = (b; : i < ). a C b stands for
ran(a) C ran(b), which can be expressed by the Ly+ y+ formula

AV a=1

i<a j<p
a =~ b stands for ran(a) = ran(b), which can be expressed by the L)+ ,+ formula

(/\\/az:b])A(/\\/b]:CLl)
i<a j<f j<pi<a

Main Theorem 4.3.7. K is awiomatizable by an Lo, k))+a+(w - w) sentence ok. In

other words, for any L-structure M, M € K iff M F ok.

Proof. The following variables (4, Ya)a<ww are all of length A.

o= (aByodacws N\ [0 S o) AZza(am z) A\ i)

a<w-w 1<I(\K)
A Fusasa (s ~ usa) Aga ~vs) A\ Us(sa,050))|
B<a<w-w J<l2(AK)

In words, ok stipulates the iterated use of Lowenheim-Skolem and coherence axioms (w-w)
many times.
Suppose M € K, we show that Player II can win the associated game in ok. In the

a-th round, Player I provides some z, of length \. By Lowenheim-Skolem axiom, pick any
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Yo < M of size A such that ran(z,) Uz, ran(ys) C ran(y,). By inductive hypothesis,
for B < a, we have yz3 < M. By coherence axiom, yz < y, as desired.

Suppose M E ok. By [Fact 4.2.4[1), it suffices to build a directed system (M, € K :
a € I) of union M. We choose I to be the set of finite tuples a in M. Let a,b be finite
tuples in M, we pre-order a <; b iff ran(a) C ran(b). We will inductively build all M, in w

stages. At stage n we handle finite tuples of length n + 1.

e Stage 0: apply ok to each singleton s in M and substitute o = s. We obtain yy = M,

which is a K-structure. Only the 0-th round of the game is used for each singleton.

e Inductive hypothesis: for some n < w, M, has been constructed for each l(a) < n+1

with the following requirements:

1. For some k < w and some singleton s, M, is the union J where y,

a<1+w~k ya

comes from the game of s (i.e. 2y = s; the “14+” is to handle the k& = 0 case).

2. Let a,b both of length < n+ 1. If ran(b) C ran(a), then M, < M,.

Before we move onto the inductive step, we show that given M, and M, constructed
in previous stages, we can find M* such that M* > M, and M* > M,. By inductive
hypothesis, there is a singleton s in M, m, < w such that M, is the union {J, ;... Yo

from the game of s. Similarly, we can find some singleton ¢ in M and m; < w such that

M, is the union (J from the game of t. Using w more rounds in the games of s

a<ltwmy Jo

and of ¢, we recursively build (N : k < w) C-increasing such that
1. (Ng :l <w) and (Ngyq : | < w) are both <k-increasing.
2. N_y:= M, and Ny := M,.

3. If £ = 2]+ 1, then use the (1 + w - my + [)-th round in the game of s to obtain
Yi+wmetrt = Nk from z144m. 41 = Ng—1. Notice that if mg > 0, N_; < N; by the

second chain axiom.

4. If k = 20 + 2, then use the (1 + w - m; + [)-th round in the game of ¢ to obtain

Y1wmerl = Ng from 14 ., 11 = Ni_1. Notice that if m; > 0, Ny < Ny by the second
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chain axiom.

ch<1+w~ms Yo ml-}—w"ms y1+w~'rrL5 x1+w~m5+1 y1+w~ms+1
M, = N_, N - 2 N -
hN -7 Sy
M, = N, N, N,
Ua<1+w~’m¢ Ya x1+W'7fL{, y1+w~’mt ml-}—w"mt-&-l y1+w~’mt+1

In the above diagram, a solid arrow stands for K-substructure while a dashed arrow stands
for L-substructure. The first row represents the game of s while the last row represents the
game of t. Each vertical column contains identical K-structures.

Define M* := J,_, Ni. By requirements (1), (2) and chain axioms, M* > M, and
M* > M,. Also, s has used the first w- (ms+1) rounds while ¢ has used the first w- (m;+1)

rounds. This finishes the construction of M*.

e Stage n + 1: Now for tuples ¢ of length n 4+ 2, we build M,.. Break down ¢ as the
union of two tuples of length < n+ 1 (there might be more than one way), say a and
b. As above assume M, is generated by some singleton s and M, by some singleton
t. Then we can find M* with M* > M,, M* > M, and M* is the union of bounded
many ¥,’s of the game of some singleton s. We cannot immediately define M, := M*
because M* depends on the choice of the decomposition a, b. Since there are finitely
many possible decompositions of a finite tuple ¢, we can continue the game of s and
extend M* to M. which includes all M* from other decompositions of ¢ (M. might
not be unique but it is a K-superstructure to all those M, with ran(a) C ran(c); M.

is also generated by other games of singletons but we just need one representative s

for M,).

After the construction is completed, (M, € K : a € I) is directed by our inductive step.

Their union is M because for each element u in M, u € My,y. O

Remark 4.3.8. Our theorem generalizes [Kue08, Theorems 2.9, 3.7] which use the w-game
quantification. Modulo the (w - w)-game quantification, our result also generalizes [Kue08|

Theorems 5.3, 7.4] which assumes a monster model and categoricity in a higher cardinal.
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We will encode the K-substructure relation in [Proposition 4.3.18. Before that we

investigate possible improvements of [Main Theorem 4.3.7, The following questions were

suggested by Grossberg:

Question 4.3.9. Is it possible to axiomatize an AEC K in Ly+ )+ instead of Lixir,(xx))+ .+

(with or without game quantification), assuming
1. stability?
2. categoricity in A and A*?

For (2), Grossberg also suggested that [MAV1S] should allow improvements of

[Theorem 4.3.7] Indeed it is possible when K is a universal class. A partial converse can be

found in [MAV1S8, Theorem 3.5].

Proposition 4.3.10. If K s a universal class, then it is axiomatizable by an Lxi o Kk))+ +
sentence ox. In particular if K is categorical in N, then it is axiomatizable by an Ly+ y+

sentence.

Proof. Since models are ordered by L-substructures, we can avoid game quantification and

replace the 1;’s by subset relations when defining ok in [Main Theorem 4.3.7| Namely,

ok = Va Im, (a C mg A \/ qbi(ma))/\

i<I(M\K)
Vmb Vmc [( \/ le (mb) VAN \/ (bj (mc))
i<I(A\K) J<I(\K)
S 3ma(\ Gulma) A (my S ma) A (me € my)) ]

k<I(\K)

O

We also have some approximations to [Question 4.3.9(2), using game quantification.

In the following we abbreviate amalgamation property as AP and arbitrarily large models

as AL.

Fact 4.3.11. 1. If K has AL, \-AP, is categorical in AT, then it is stable in A\. Hence
for any M € K, there is N € K which is a (A, w)-limit model over M.
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2. Let K have »-AP and M, My, M5 € K. If M7 < M, and Mj is a (A, w)-limit model

over My, then Mj is also a (A, w)-limit model over M;.
3. Let M, N, N’ € K,. If N, N’ are both (A, w)-limit models over M, then N =,, N’

Theorem 4.3.12. If K has AL, \-AP and is categorical in X\ and T, then it is axioma-

tizable by an Ly+ y+(w - w) sentence o. AL can be replaced by stability in .

Proof. By |Fact 4.3.11(1), fix M, N € K, such that N is (\, w)-limit over M. Let ¢(x) code
the isomorphism type of M and ) (z,y) code the isomorphism type of (M, N). From the

proof of |Main Theorem 4.3.7], it suffices to replace vi<1(/\,K) ¢; and \/j<12(A7K) 1, there by

some A-junctions. Since K is A-categorical, we can replace the first disjunction by ¢. We
also replace the second disjunction by a coherence formula involving . Finally we add a

disjunction to ok specifying models of size \:

o = Jw(p(w) AVz(z Cw)) V {

(VZoTYa ) a<cww /\ [(xa C Yo) A Elza<(ya R Zy) N ¢(za)) A /\ Jug Ivg o FwW3z

a<w-w f<a<w-w

(w0 € v30) A (95~ 130) A (Yo & V5) A (w0 2) A (t3.000) A(03.0:2))) | |

Suppose M* is an L-structure and M* F o. By coherence, the last line of o implies
ys < Yo. Then either M* € K, or it can build a directed system (M, € K, : a € I) of
union M* as in [Main Theorem 4.3.7, By [Fact 4.2.4(1) M* € K.

Suppose M* € K, then it satisfies the first disjunct of o. Otherwise M* € K.,. We
need to verify that for any My, My € K, if My < My < M* then there is M3 < M* such
that (M, M3) = (My, M3) = (M, N). By AL and categoricity in A™, M* is A*-saturated,

so we can build M3 € K, which is (A, w)-limit over Ms.

o

Ms ; » N —— N
()\,w)T (Aw)
M2 (Aw)
M1 = s M
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By [Fact 4.3.11)(2), Mj is (), w)-limit to both M. Since K is categorical in A, M; = M and
we can extend this isomorphism to M3 = N’ for some N’ > M. Then N’ is a (A, w)-limit
over M. By[Fact 4.3.11)(3), N’ =, N so (M, M3) = (M, N). Similarly (M, M3) = (M, N).
Therefore, M* E o as desired. [

Using a well-known result of Shelah, we can replace the assumption by AP by a

set-theoretic one.

Fact 4.3.13. [SheS87, Theorem 3.5] Assume 2* < 22", If I(\,K) = 1 and 1 < I(A\*,K) <
2" then K has \-AP.

Corollary 4.3.14. Assume 2* < 2)". If K has AL and is categorical in X and AT, then it

is aziomatizable by an Ly+ y+(w - w) sentence o’. AL can be replaced by stability in \.

Proof. Combine |[Fact 4.3.13| and [Theorem 4.3.12] O

In other words, under WGCH |Question 4.3.9 has a positive answer when we assume

both (1) and (2) of the hypotheses there and use game quantification.

Observation 4.3.15. 1. As in [Proposition 4.3.10, we can replace categoricity in A by

I(A\, K) < A. We keep the original format of the theorem statements to better answer
[Question 4.3.9]

2. Let k > AT. In[Theorem 4.3.12, if we replace categoricity in A* by &, and further
assume (< k)-AP, then models in K, are saturated [Vas17d, Corollary 4.11(3)]. The

same argument allows us to axiomatize K>, by an Ly+ y+(w - w) sentence. If k is

regular, then we can replace AL by stability in [\, k).

3. John Baldwin pointed out that [She99] can reduce the successive categoricity assump-
tion to a single categoricity. Indeed, assuming AP and categoricity in a successor
above Hj (the second Hanf number), we have categoricity in Hy and AL. Thus we

can axiomatize K>p, by a sentence in Ly p+(w - w).

4. Marcos Mazari-Armida observed that [She01] provides another variation on|Corollary|
- if we assume categoricity in A, AT, AT as well as 28 < 227 < 227 then
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we have stability in A and A-AP. Hence we can axiomatize K by a sentence in

Ly+ +(w-w).

We now encode the K-substructure relation. First we handle the case when the smaller
model has size X. In [Vas18al, Section 6], the language is expanded by adding a new predicate
for the substructure relation. In [BB16, Theorem 3.2.3], I(A, K) many new predicates are
added. Here we explicitly define the predicates in Lxip, k))+ .+ (w-w) without expanding

the language.

Proposition 4.3.16. There is an Liinok))ra+ (W - w) formula o<(x) that encodes the
K-substructure relation: for any M € K, a C |M| of size \, M E o<[a] iff a < M (the

enumeration of a does not matter).

Proof. Our definition o<(z) will be similar to that of oxk:

o<(x) = (VT0Ta)acww <3u§|v(m ~u) A (Yo = v) A \/ zpj(u,v))/\

j<I2(A\K)

/\ [(xa C Ya) A Elza<(ya R Z) A \/ qbi(za)>/\

a<w-w i<I(AK)

N\ FusaIvsa ((yﬂ Ruga) A (Yo mv5a) A \/ %’(uﬁ,mvaa)ﬂ

B<a<w-w j<I2(\K)
The enumeration of a does not matter by our definition of ~. If a € K and a < M,
then M F o<[a] by Léwenheim-Skolem and coherence axioms. In particular, given xq in

o<la], we choose yo < M that contains both zy and a. Then coherence guarantees that

a < yo. Conversely suppose a C |M]| of size A and M F o<[a]. As in [Main Theorem|

4.3.7, we can build a directed system (M, € K, : a € I) of union M with the additional
requirement that for any « € I, M,, > a. By |Fact 4.2.4(1)(2), M € K and M, < M for all

a € I. By transitivity of < |, a < M as desired. O]

Remark 4.3.17. Using the terminology in [SV21, Theorem 2.1], we only used the first
two levels of the canonical tree because a K-substructure relation only concerns two levels.

The price to pay is game quantification.

Since our infinitary language only allows A\ many free variables, it cannot directly

encode substructures of size greater than A\. We propose two solutions: the first solution
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is a substructure relation whose underlying language is the singleton {o<}. The second

solution involves relativizing o< to a new predicate.

Proposition 4.3.18. Let M, N € K and o< be defined as in|Proposition 4.5.16,

1. M <N iff M Cioy N (if a € |M] is of size A, then M F o<[a] iff N F o<[a]).

2. Let R be a new predicate where N® = |M| closed under permutations. M < N iff
(N,R) E Vb (c2(b) — o<(b)) where o% is the relativized version of o< inside R.

Namely,

of(@) = (FzaTyadacow (N RBlza)) = {( A R)A

a<lw-w a<w-w

<3u§|v(m ~u) A (Yo = v) A \/ %(u,v))/\

j<[2 (AvK)

A CR AV N (TN VR VARIEN A

a<w-w 1<I(\K)

/\ Eluf;,aflvg,a((yg R uga) N (Yo = Vga) A \/ Vi(ug.a; U’B’o‘)ﬂ }

B<La<w-w j<I2(A\K)

Proof. 1. If M < N and let « C M. Using [Proposition 4.3.16, if M F o<[a], then
a < M < N showing N F o<[a]. If N F o<[a], then @ < N. By coherence, a < M
and so M F o<[a]. Conversely, build a directed system (M, € K, : a € I) inside M
such that for all o € I, M, < M. Then M F o<[M,]. Since M Cy,_y N, we have
N E 0<[M,] and M, < N. The result follows from [Fact 4.2.4]3).

2. If M < N and N E oZ[b] for some b C |N|, we need to show that N F o<[b].
By assumption we can build a directed system of union M and have b < M. By
transitivity of <, b < N and the conclusion follows. Conversely, by (3) it
suffices to build a directed system (M, € K, : « € I) of union M such that for all
o€ I, M, < N. Since (N, R) £ Vb (62(b) — 5<(b)), we can require M, < M instead
of M, < N. Such construction is possible by Léwenheim-Skolem and coherence

axioms.
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Using game quantification, we derive a simple proof to [KueO8, Theorem 7.2], which
uses back-and-forth arguments. [Vasi8a, Theorem 6.21] proved similarly by transfering the
AEC to its substructure expansion and translating results between = y+ and A* back-

and-forth systems.

Corollary 4.3.19. Let M, N be L-structures. If either M or N isin K and M =<p,__
N, then M < N (and both are in K ).

At ("J"’J)

Proof. Since M =, _ N, M QL(HIQM K+t (@) N. In particular M F ok iff N F ok.

By [Main Theorem 4.3.7, either M, N is in K implies both are in K. On the other hand,

AT (ww)

the assumption implies M Cy,_y N. By |Proposition 4.3.18(1), M < N. ]

One can ask the same [Question 4.3.9| for K-substructure relation instead of models of

K. The following are variations on |Proposition 4.3.16}

Corollary 4.3.20. There is a formula o<(x) in Ly« +(w - w) that encodes the K-
substructure relation (for any M € K, a C |M]| of size \, M E o<[a] iff a < M), assuming

one of the following:

1. K is a universal class, in which case o<(x) is in Ly+ y+ (categoricity is not needed).

2. K has AL, \-AP and is categorical in \, \T and we restrict the use of o< to models
of size > A\T. AL can be replaced by stability in X.

3. 2% < 22" K has AL and is categorical in A\, AT and we restrict the use of o< to

models of size > AT. AL can be replaced by stability in \.

Proof. 1. o<(x) requires that z is closed under functions.

2. Combine the proofs of [Theorem 4.3.12] and [Proposition 4.3.16; from

4.3.16], it suffices to encode a < b where both have length A (then we can replace
Vicnox ¥ila, ). Fix M,N € K, such that N is (A, w)-limit over M. Let ¢(x)
code the isomorphism type of M and v (z,y) code the isomorphism type of (M, N).

From the proof of [T'heorem 4.3.12} v is the only isomorphism type of pairs inside a

M -saturated model. Thus a < b can be encoded as
a CbATz 3z 3d W ((am d) AN bRY)A (2~ 21) AN, 20) ANV, 21)).
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3. Combine (2) and |[Fact 4.3.13]

With the exact same proof as in |Proposition 4.3.18] we can show:

Corollary 4.3.21. Let M, N € K and o< be defined as in|Corollary 4.5.20

1. M <N iff M Coy N (if a C |[M] is of size A, then M F o<la] iff N F o<[a]).

2. Let R be a new predicate where N® = |M| closed under permutations. M < N iff

(N,R) EVb (c2(b) — 0<(b)) where 0% is the relativized version of o< inside R.

4.4 A VARIATION ON SHELAH’S PRESENTATION THEOREM
We will give a variation to Shelah’s presentation theorem via our encoding of AECs.
The presentation theorem statement is adapted from [Bal09, Theorem 4.15] (see also

[Gro02, Theorem 3.4]).

Theorem 4.4.1. Let K be an AEC in L and with Léwenheim-Skolem number LS(K).
Define x := LS(K) + L(LS(K),K). There exists an expansion L' O L of size x, an
L'-theory T and a set of L'-types ' of size x such that

1. K = PC(T,T, L).
2. If M',N" € EC(T,T') and M’ C;» N, then M' | L <g N' | L.
3. If M <x N, there are L'-expansions of M, N to M', N’ such that M’ C;, N'.

Remark 4.4.2. When I,(LS(K), K) < 2"®)_our result is stronger than Shelah’s presen-
tation theorem as his encoding totally ignores the model theoretic complexity of K and is

using 2"5¥) many types in I

Proof. We will adapt ok in [Main Theorem 4.3.7|to the first-order language. For a tuple of

variables a and n < w, we write a™ to emphasize a has length n. For k < n, we write a" (k)
the k-th coordinate of a”.
As in the original presentation theorem, expand L to L’ which includes {f : k <

LS(K),n < w} where for each n < w, k < LS(K), f{ is an n-ary function. For n < w,
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we will require that {f : k¥ < LS(K)} maps an n-tuple to a K-structure of size LS(K)
containing that tuple. This will be achieved by
o =va" NN () =ar0)a N a{ff(a) k< LS(K)})
1<n k<LS(K) i<I(A\K)
In the above definition, although ¢,’s have LS(K) many free variables, it is just an LS(K)-
conjunction of (negation of) atomic formulas with n free variables (from a™). So each ¢; is
inside L/LS(K)+,w'

Also, we want to require that the K-structures generated are directed with respect
to the tuple input. However, {f} : k < LS(K),n < w} might not be compatible with the
enumerations of pairs of models, say M; < N;. Hence we expand L’ further to include

gt Rk < LS(K),m + | < w} where for m + 1 < w, k < LS(K), g/ and A" are
(m + [)-ary functions and correctly enumerate a pair of models. The following will take

care of the re-enumerations of {f}' : k < LS(K)} for each n < w.

o™l = BT e [ran(bm) Uran(c™) C ran(d') —
(L7 0™) k< LS(K)} ~ {g (0" d) « k < LS(K) b
(i) -k < LS(K)} = {h (5™ d') - k < LS(K)}A
{F2(e") k< LS(K)} ~ {gp" (¢ d')  k < LS(K)}A
{fi(d) - k <LS(K)} = {hi(¢";d') : k < LS(K)}A
Vo e{g omd) sk < TS}, (07 d') sk < LS(K)})A

i<I(LS(K),K)

Voo uaresd) k< LS} (e d) k< IS(K)})) |

j<I(LS(K),K)
Similar to the case of ¢”, the formulas ¢;,1; and the connective ~ are simply LS(K)-
junctions of (negation of) atomic formulas, which are inside LlLS(K)tw'

To convert {o" : n < w} U {o™™ : m,n,l < w} into first-order sentences, we use
Chang’s presentation theorem (see [Gro2l, Chapter 1 Theorem 8.16]) which adds y-many
new predicates to L’ to represent the y-conjunctions and disjunctions, and y-many L’-types
to omit. This gives our final 7', " and L'.

It remains to check the three items in the theorem statement.
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1. K C PC(T,T', L) by Lowenheim-Skolem and coherence axioms. Let M € PC(T,T, L)
and M' € EC(T,T) such that M’ | L = M. Then M’ | L is the union of a
directed system of K-structures of size LS(K). By [Fact 4.2.4[(1) M € K. Hence
PC(T,T,L) C K.

2. By [Fact 4.2.4(3).
3. By [Fact 4.2.5]

Another question raised by Grossberg is the following:

Question 4.4.3. Is it possible to lower the bound of |T'| below LS(K) + I,(LS(K), K) in

general? What if we also assume tameness or stability?

Remark 4.4.4. 1. In the above proof, we did not use o< because {f' : k£ < LS(K),n <

w} already plays its role. We could have done the same in [Proposition 4.3.18 but the

approach via o< is cleaner and does not add new function symbols.

2. One might want to encode \/;_j, k) ¥ etc by omitting types without raising |T'|
above LS(K). However, it amounts to list all pairs of isomorphism types that are
not any of the 1;’s. This will raise |I'| to 2"3®) which is equivalent to the original

presentation theorem.

3. In [BB16l Theorem 3.2.3], new predicates are essentially added for our ¢; and ;.
Also, the requirement in [BB16, Definition 3.2.1(4)] encodes our {o™™! : m,n, | < w}
to build a directed system, but our version is purely syntactic and more direct. We
used Chang’s representation theorem to bring down the infinitary logic to first-order
with omitting types. In [BB16], their theory T* is still in the infinitary logic and thus

does not need to omit types.

We derive the known results in the following corollary. Item (1) appeared for the first

time in [Gro21] while (2) and (3) were undoubtedly known to Chang [ChaG8].
Corollary 4.4.5. Let K be an AEC and x := LS(K) + I,(LS(K), K).
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1. K is a PC\ (= PC,,) class.
2. The Hanf number of K is bounded above by s, 1)-

3. If x = Vg or x is a strong limit with cf(y) = Ng, then the Hanf number of K is
bounded above by 3, +.

Proof. 1. Combine [Theorem 4.4.1] and Shelah’s 1-type coding [She90, VII Lemma
5.1(4)].

2. Combine (1) and [She90l, VII Theorem 5.3].

3. Combine (2) and the fact that d(x,1) = x* [She90, VII Theorem 5.5(5)].

We finish this section with one more application.

Definition 4.4.6. Let K be an AEC. K< := {{|M|,|N]) : N < M} is a class of structures

whose language consists of a single unary predicate.

In 1994, motivated by [She87, Theorem 3.8], Grossberg suggested the following con-
jecture (see Problem (5) in [She0l, Introduction]):

Conjecture 4.4.7. Let K be an AEC, A > LS(K). If I(\,K) = I(A",K) = 1, then
Ky++ # 0.

[She87, Theorem 3.8] has two additional hypotheses:
1. Both K and K< are PCy; and
2. (A1) = AT,

Much of [She01] is dedicated to the special cases of Grossberg’s conjecture under various
strong assumptions (including non-ZFC axioms).

Here we delete hypothesis (1) above and work in ZFC. In addition to hypothesis (2),
we assume that A > LS(K) + I,(LS(K), K).
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Theorem 4.4.8. Let K be an AEC, x := LS(K)+ I,(LS(K),K), A > x with 6(\, 1) = AT.
If K is categorical in A and X\, then K has a model of cardinality \™.

Remark 4.4.9. Our theorem applies to the case LS(K) = N;, A = 3, while [She87,
Theorem 3.8] cannot handle uncountable L(K) or LS(K).

Proof. We check that hypothesis (1) above is satisfied. Since A > ¥, it suffices to show
that both K and K< are PC), classes. K is a PC), class by [Corollary 4.4.5| To show that

K=< is also a PC,, class, we will use the proof of [Theorem 4.4.1] add a new predicate R in

L’ and encode [Proposition 4.3.18(2) by the new functions {f}' : k¥ < LS(K),n < w} (to

lighten the notation, we omit the encoding of re-enumerations, but it is the same strategy

as in [Theorem 4.4.1). At the end, we will only leave R in the reduct of the language.

The details are as follows: we expand the language L to L’ which includes a new

predicate R and the functions {f' : & < LS(K),n < w} as in [Theorem 4.4.1] For n < w,

we abbreviate {f' : k < LS(K)} as f™ and require that it maps an n-tuple to a model of
size LS(K) containing the tuple. This can be achieved by

o =va" N\ (fia) =ar@)n \ ai(F@)

I<n k<LS(K) i<I(\K)

We also require that given an n-tuple inside R, the model generated is within R:
o :=Va" C R(f"(a") C R)
Next, we want to require that the models generated are directed with respect to the tuple

input. For m,n,l < w,
o_m,n,l — VO le [ran(bm) U I‘an(cn) C ran(dl) —

Voow(em, @) a N (e, Fid))|
i<Ia(\K) J<I2(AK)
The final requirement is that R is a proper subset of the model:

op = dz(—R(x))

nlare y-junctions of (negation of)

Notice that for m,n,l < w, the sentences 0", 0%, o™
atomic formulas, so we can use Chang’s presentation theorem to convert them to first-
order formulas, by adding x-many new predicates to L’ to represent the y-conjunctions

and disjunctions, and y-many L’-types to omit. This gives our 7', I" and L'.
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We check that K< = PC(T,T",{R}). If (|M],|N]) is in K<, then N < M are in K.
Expand the language to L’ and define RM := N. Inside N, build a directed system of
K-substructures of size LS(K), indexed by the finite tuples of N. This determines f* | R"
for n < w. Now inside M, we extend the directed system to be indexed by the finite
tuples of M. This determines f™ completely for n < w. Also, M satisfies o™, o’y and g™
for m,n,l < w. Hence M under the expanded language is in EC(T,I") and its reduct to
{R} is in PC(T,I',{R}). Conversely, if M € PC(T,I',{R}), expand M to M’ such that
M' € EC(T,T) and define N’ := RM'. By {o", 0%, ™™ : m,n,l <w}, N’ | L is the union
of the directed system of K-structures of size LS(K). By [Fact 4.2.4[(1), N’ | L € K. By
{o", ™™ m,n,l < w}, the directed system can be extended to union M’ | L. By
4.2.4(1) again, M’ | L € K. By [Fact 4.2.4(2), each K-structure of the directed system
is a K-substructure M’ | L. But then the models of the original system that generates
N' | L are all K-substructures of M’ | L. By (3), N | L <M | L. Byop,
N' | L < M'] L. In other words, (|M'|,|N']) = (M|, RM) = M € K~. O

As in Section 3, we can add extra assumptions to improve our results:

Corollary 4.4.10. 1. If K is a universal class, then x = LS(K) + IL(LS(K),K) in
|Theorem 4.4.1], |Corollary 4.4.5 and|Theorem 4.4.8 can be replaced by x := LS(K).

2. If K is categorical in LS(K) and LS(K)", has AL and either

(a) K has LS(K)-AP; or

(b) ILS(K) 2LS(K)+

then K and K< are both PCygk) classes when restricted to models of size > LS(K)™.

In either case, AL can be replaced by stability in LS(K).

3. In (2), K can be made to a PCrgk) class.

Proof sketch. 1. Combine the proof of [I'heorem 4.4.1] |Corollary 4.4.5|and [T'heorem 4.4.8)

with |Proposition 4.3.10, The point is that we do not need to encode K-substructure

relation.
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2. In [Theorem 4.3.12| and [Corollary 4.3.14] we used coherence to encode a < b in the

infinitary language: a C b and there is ¢ which is (LS(K), w)-limit over a and b. Thus
we can add two more sets of functions {d]"', e/ : k < LS(K),m + 1 < w} (which

represent ¢) in addition to the original {g;, hi"' : k < LS(K),m + [ < w} (which

represent a and b) in [Theorem 4.4.1}

3. It remains to handle the case when the models are of size LS(K): add a disjunct to

the theory T in [I'heorem 4.4.1| which stipulates that the model is generated by an

element a':

At (vt (@) =2 Ao({fi(a)) k< LS(K)})),

k<LS(K)

]

Remark 4.4.11. 1. [Observation 4.3.15| also applies to the above corollary. If LS(K) =
Ng in (3), then we obtain: if K is stable in Ny, has Np-AP, I(Xy,K) < Ny and

Iy, K) = 1, then K is PCy,. This special case (with the extra assumption of
categoricity in W) provides an alternative proof to [SV18a, Theorem 4.2] which uses

results from descriptive set theory.

2. We do not know if (3) also applies to K<, for a similar reason in
13.20(2),(3).

4.5 GENERALIZATION TO pu-AECS
Our strategy of encoding AECs is also applicable to pu-AECs.

Definition 4.5.1. [BGLT16| Definitions 2.1,3.1] Let L be a (< u)-ary language. A pu-AEC

K = (K, <k) in L satisfies the axioms (1)(2)(3)(4) in [Definition 4.2.2|in addition to

a. Directed system axioms: if (M; € K : i € I) is a p-directed system, then M :=
Uie; M; € K and for all i € I, M; <x M. If in addition N € K with M; <g N for
all i € I, then M <g N.
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b. Lowenheim-Skolem axiom: there exists a cardinal A = A<# > | L(K)| + p such that
for any M € K, A C |M|, thereis N <g M such that A C |N| with | V|| < |A]<*4 .

We call the minimum such cardinal the Lowenheim-Skolem number LS(K).

The analogs of [Main Theorem 4.3.7] |Proposition 4.3.16| and |Proposition 4.3.18| hold
in u-AECs.

Proposition 4.5.2. Let K be a p-AEC in L and X := LS(K). K is axiomatizable by an
Lixy k) e+ (i - i) sentence ox. In other words, for any L-structure M, M € K iff
ME oK.

Proof. Similar to the proof in [Main Theorem 4.3.7, The difference is that we allow the

iterated use of Lowenheim-Skolem and coherence axioms (u - p)-many times instead of
(w - w)-many. We give the details below:

As usual, list the isomorphism types {M/~ : M € K,} by (M; : i < I(A,K)) and those
of {(M,N)/~: M < Nin K,} by (M;,N;) : j < I(\,K)). For i < I(\,K), let ¢;(x) be
an Ly+ y+ formula that encodes the isomorphism type of M; with a fixed enumeration of

the universe |M| = (m} : k < \). For variables = = (z;, : k < \),

0i(x) = N\{0(Tag, - Tag) « My O[m, ... ,mb]; €< py ag,... e <A,
0 is an atomic L-formula or its negation with s free variables}
Notice that ¢; is a conjunction of A** = X many formulas so it is inside Ly+ y+. Similarly
for j < Iy(\,K), let ¥;(z,y) be an Ly+ ,+ formula that encodes the isomorphism type of
(M, N;) with fixed enumerations, where |M;| = {m] : k < \}, |N;| = {n] : k < \}. For
variables = (x 1 k < A) and y = (yp : k < \),
Yi(zsy) = /\{9(9{;%, e Tag Y - - - ,ygg,) N E H[méo, . ,mzyg;néo, . ,nég/],
§7€/ < W (Xo,...,@g,ﬂo,...,ﬁg/ < )\7

0 is an atomic L-formula or its negation with & + £ free variables}

1; is also a conjunction of A** = X many formulas so it is inside Ly+ y+. The axiomatization

86



ok consists of two components (the variables all have length \):

ok = (VT0IYa)a<pn /\ [(xa C Ya) A Elza<(ya R Z) A \/ gbi(za))/\

a<pp i<I(MK)

/\ Elu,@,azlvﬁ,a(<y,8 ~ Uga) A (Yo = Vga) A \/ Vi (Up.a; U,B,oz)>:|

B<a<pp J<I2(AK)

Suppose M € K, we show that Player II can win the associated game in k. In the
a-th round, Player I provides some z,, of length A\. By Lowenheim-Skolem axiom, pick any
Yo < M of size A such that ran(z.) Uz, ran(ys) C ran(y,). By inductive hypothesis,
for f < a, we have yg < M. By coherence axiom, yz < y, as desired.

Suppose M E ox. We will build a p-directed system (M, € K, : a € I) of union
M, with I being the set of tuples of length (< p) in M, ordered by inclusion. By directed

system axioms, M € K. In the proof of [Main Theorem 4.3.7, we showed that given M, and

M, generated by the games of the singletons s and t, it is possible to find M* > M,, M,
by extending those games by w-many rounds. In the y-AEC case, without the usual chain
axioms we do not know if M* € K, so we extend those games by p-many rounds instead
to obtain an increasing (but not necessarily continuous) chain (N, : k < p) and define
M* = Uk<u N, € K. A similar argument shows: let § < p and if for a < 9§, M, is
generated by the game of some tuple a, of length < p, then we can extend the games by
p-many rounds to obtain M* that extends all M,. This allows us to get past the limit
stages which were absent in the original proof, and continue to build M, for l(a) < pu.
Given a tuple c of length < p, there are less than g-many ways to decompose ¢ into a union
of a singleton and a tuple of length < p. Thus we can still combine all copies of M* from

the decompositions of M, as in the original proof. n

Proposition 4.5.3. Let K be a u-AEC in L and \ := LS(K). There is a formula in
Lixsr,ok))yr o+ (- o) that encodes the K-substructure relation: for any M € K, a C |M|

of size \, M E o<la] iff a < M (the enumeration of a does not matter).

Proof. Define o<(x) as in [Proposition 4.3.16| but replace w - w by p - p. The enumeration

of a does not matter by our definition of ~. If @ € K, and a < M, then M F o<[a]

by Léwenheim-Skolem and coherence axioms. Conversely suppose a C |M| of size A and
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M E o<[a]. As in |Proposition 4.5.2) we can build a p-directed system (M, € K, : a € I)

of union M such that for any o € I, M, > a. By directed system axioms, M € K and
M, < M for all « € I. By transitivity of <, a < M as desired. O

Proposition 4.5.4. Let K be a p-AEC in L and \ :== LS(K). Let M,N € K.
1. M <N iff M Co_y N (if a C [M] is of size A, then M F o<[a] iff N F o<a]).

2. Let R be a new predicate where N® = |M| closed under permutations. M < N iff
(N,R) F Vb (cB(b) — 0<(b)) where of is the relativized version of o< inside R

(replace (w-w) by (- p) in the definition of 02 in |Proposition 4.3.18).

Proof. Similar to the proof in |[Proposition 4.3.18. The difference is that instead of building

No-directed systems, we build p-directed systems. We give details below:

1. f M < Nandleta C M. If M¥Eo<la], then a < M < N showing N F o<[a]. If
N E o<[a], then a < N. By coherence, a < M and so M E o<[a]. Conversely, build
a p-directed system (M, € K, : « € I) inside M such that for all & € I, M, < M.
Then M F o<[M,]. Since M Cy,_y N, we have N F 0<[M,] and M, < N. The

result follows from directed system axioms.

2. If M < N and N F oZ[p] for some b C |N|, we need to show that N & o<[b]. By
assumption we can build a pu-directed system of union M and have b < M. By
transitivity of <, b < N and the conclusion follows. Conversely, by directed system
axioms, it suffices to build a p-directed system (M, € K : a € I) of union M such
that for all & € I, M, < N. Since (N,R) E Vb (0%(b) — o<(b)), we can require
M, < M instead of M, < N. Such construction is possible by Lowenheim-Skolem

and coherence axioms.

]

As an application of [Proposition 4.5.2] and [Proposition 4.5.4, we generalize
4.3, 19k
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Corollary 4.5.5. Let K be a u-AEC in L, A := LS(K) and M, N be L-structures. If either
M or N isin K and M 21, (uuy N, then M < N (and both are in K ).

Proof. Same proof as in |Corollary 4.3.19|: Since M =L+ N, M QL( y N. In

particular M F ok iff N F ok. By |[Proposition 4.5.2] either M, N is in K implies both are

A >\+12()\,K))+,)\+(M'M

in K. On the other hand, the assumption implies M C,_y N. By [Proposition 4.5.4(1),
M < N. O

We now state the u-AEC version of [Theorem 4.4.1] which is a variation to [BGL™16)

Theorem 3.2].

Theorem 4.5.6. Let K be a p-AEC in L and with Léwenheim-Skolem number LS(K).
Define x := LS(K) + L(LS(K), K). There ezists a (< p)-ary expansion L' O L of size x,
an L'-theory T and a set of L'-types I of size x such that

1. K = PCMT,T,L).
2. If M',N" € EC(T,T') and M' Cy, N’, then M’ | L <x N' | L.

3. If M <x N, there are L'-expansions of M, N to M', N’ such that M’ Cr, N'.

Proof sketch. Repeat the same argument in [[’heorem 4.4.1| by replacing w by g, in partic-

ular:
1. Superscripts of f, g, h will be a, 8,7 < p instead of m,n,l < w.

2. We require that the K-substructures generated by {ff : k£ < LS(K),a < w} are

p~directed instead of Ng-directed.
3. The sentences {0® : a < p} U {o*P7 : a, B,y < u} are in Ly .

4. For i < I(LS(K),K) and j < I(LS(K),K), the formulas ¢;,; are still LS(K)-
conjunctions because LS(K)** = LS(K).

5. Chang’s presentation theorem generalizes to u-AECs and converts a L;( - theory of

size x into a PCY.
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6. When checking the items of the theorem statement, notice that by definition of a
pu-AEC, directed system axioms (instead of chain axioms) are built-in. Meanwhile,

generalizes to p-directed systems.

]

Unlike [Corollary 4.4.5| the above result does not lead to the Hanf number computation

because the languages are not finitary while well-ordering is definable. In particular there
is no reasonable bound to the Hanf number of Ly, x, [Dic75, Chapter 5.1B|. As asked in
[BGL"16, Remark 3.3]:

Question 4.5.7. Let ;1 > Ny. Does the Hanf number exist for p-AECs?
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CHAPTER 5
STABILITY RESULTS ASSUMING TAMENESS, MONSTER MODEL
AND CONTINUITY OF NONSPLITTING

ABSTRACT

Assuming the existence of a monster model, tameness and continuity of nonsplit-
ting in an abstract elementary class (AEC), we extend known superstability results:
let © > LS(K) be a regular stability cardinal and let x be the local character of
p-nonsplitting. The following holds:

1. When p-nonforking is restricted to (u, > x)-limit models ordered by universal
extensions, it enjoys invariance, monotonicity, uniqueness, existence, extension
and continuity. It also has local character y. This generalizes Vasey’s result
[Vas18al, Corollary 13.16] which assumed p-superstability to obtain same prop-

erties but with local character X.

2. There is X € [u, h(n)) such that if K is stable in every cardinal between p and
A, then K has p-symmetry while g-nonforking in (1) has symmetry. In this case

(a) K has the uniqueness of (u, > x)-limit models: if M;, My are both (u, > x)-
limit over some My € K, then My =), Mo;
(b) any increasing chain of pu*-saturated models of length > x has a p*-

saturated union. These generalize [VV17] and remove the symmetry as-

sumption in [BV15al Vas18d| .

Under (< p)-tameness, the conclusions of (1), (2)(a)(b) are equivalent to K having
the x-local character of p-nonsplitting.

Grossberg and Vasey [GV17, Vas18c| gave eventual superstability criteria for tame
AECs with a monster model. We remove the high cardinal threshold and reduce
the cardinal jump between equivalent superstability criteria. We also add two new
superstability criteria to the list: a weaker version of solvability and the boundedness

of the U-rank.
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5.1 INTRODUCTION

Good frames in abstract elementary classes (AECs) were constructed in [She09al IV
Theorem 4.10], assuming categoricity and non-ZFC axioms. Later Boney and Grossberg
[BG17] built a good frame from coheir with the assumption of tameness and extension
property of coheir in ZFC. Vasey [Vasl6c, Section 5] further developed on coheir and
[Vas16a] managed to construct a good frame at a high categoricity cardinal (categoricity
can be replaced by superstability and type locality, but the initial cardinal of the good
frame is still high).

Another approach to building a good frame is via nonsplitting. It is in general not
clear whether uniqueness or transitivity hold for nonsplitting (where models are ordered
by universal extensions). To resolve this problem, Vasey [Vas16b] constructed nonforking
from nonsplitting, which has nicer properties: assuming superstability in K, tameness
and a monster model, nonforking gives rise to a good frame over the limit models in K+
[VV17, Corollary 6.14]. Later it was found that uniqueness of nonforking also holds for
limit models in K, [Vas1T7d].

We will generalize the nonforking results by replacing the superstability assumption by
continuity of nonsplitting. A key observation is that the extension property of nonforking
still holds if we have continuity of nonsplitting and stability. This allows us to replicate
extension, uniqueness and transitivity properties. Since the assumption of continuity of
nonsplitting applies to universal extensions only, we only get continuity and local character

for universal extensions. Hence we can build an approximation of a good frame which is

over the skeleton (see [Definition 5.2.4) of long enough limit models ordered by universal

extensions. We state the known result and our result for comparison:

Theorem 5.1.1. Let p > LS(K), K have a monster model, be p-tame and stable in . Let

X be the local character of p-nonsplitting.

1. [Vasi8d, Corollary 13.16] If K is p-superstable, then there exists a good frame over

the skeleton of limit models in K, ordered by <,, except for symmetry;

2. (Corollary 5.4.15) If i is reqular and K has continuity of p-nonsplitting, then there

exists a good p-frame over the skeleton of (u, > x)-limit models ordered by <,, except
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for symmetry. The local character is x in place of Ng.

We assumed that p is regular to guarantee that y < p. In the superstable case,
X = Ng < i by the definition of p-superstability.

To obtain symmetry for our frame, we look at the argument in [VV17]. In [Vanl6al
Van16b], VanDieren defined a stronger version of symmetry called p-symmetry and proved
its equivalence with the continuity of reduced towers. [VVI17, Lemma 4.6] noticed that a
weaker version of symmetry is sufficient in one direction and deduced the weaker version
of symmetry via superstability. To generalize these arguments, in Section [5.5| we replace

superstability by continuity of nonsplitting and stability in a range of cardinals (the range

depends on the no-order-property of K, see [Proposition 5.5.9). Then we can obtain a

local version of p-symmetry, which implies symmetry of our frame for long enough limit
models. Notice that in the superstable case, x = Ry while (1, x)-symmetry is the same as

p-symmetry.

Theorem 5.1.2. Let u > LS(K), K be p-tame and stable in p. Let x be the local character

of p-nonsplitting.

1. [VVTT, Corollary 6.9] If K is p-superstable, then it has p-symmetry;

2. (Corollary 5.5.15) If n is reqular and K has continuity of u-nonsplitting. There is

A < h(p) such that if K is stable in every cardinal between p and X, then K has
(1, x)-symmetry.
Continuity of nonsplitting and the localization of symmetry were already exploited in

[BV15a, Theorem 20] to obtain the uniqueness of long enough limit models (see [Fact 5.6.1)).
They simply assumed the local symmetry while we used the argument in [VV17] to deduce

it from extra stability and continuity of nonsplitting (Corollary 5.6.2)). On the other hand,

[Vas18c, Section 11] used continuity of nonsplitting to deduce that a long enough chain
of saturated models of the same cardinality is saturated. There he assumed saturation of
limit models and managed to satisfy this assumption using his earlier result with Boney
[BV1T7al, which has a high cardinal threshold. Since we already have local symmetry under

continuity of nonsplitting and extra stability, we immediately have uniqueness of long limit
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models, and hence Vasey’s argument can be applied to obtain the above result of saturated
models (see[Proposition 5.6.6; a comparison table of the approaches can be found in
5.6.8(2)).

Vasey [Vasl8d, Lemma 11.6] observed that a localization of VanDieren’s result
[Vani6a] can give: if the union of a long enough chain of u*-saturated models is u*-

saturated, then local symmetry is satisfied. Assuming more tameness, we use this obser-

vation to obtain converses of our results (see [Main Theorem 5.8.1(4)=-(3)). In particular

local symmetry will lead to uniqueness of long limit models, which implies local character of

nonsplitting (Main Theorem 5.8.1(3)=-(1)). Despite the important observation by Vasey,

he did not derive these corollaries.

Theorem 5.1.3. Let pp > LS(K), § < p be regular, K have a monster model, be (< p)-
tame, stable in p and has continuity of p-nonsplitting. If any increasing chain of pu*-
saturated models of cofinality > & has a pt-saturated union, then K has d-local character

of p-nonsplitting.

The equivalent properties of a stable AEC with continuity of nonsplitting can be spe-
cialized to a superstable AEC, because superstability implies stability and continuity of
nonsplitting. In |[GV17], equivalent superstability properties were listed using the machin-
ery of averages, leading to a high cardinal threshold for the equivalences to take place,

and a high cardinal jump when moving from one property to another. In comparison, the

equivalent properties we obtained in [Main Theorem 5.8.1| and [Main Theorem 5.8.2| do not

require a high cardinal threshold (simply p > LS(K) to make sense of saturated models)
but we do need extra stability assumptions above p. Such stability assumption can be re-
placed by a smaller range of stability plus more no-order-property. Except for transferring
stability in a cardinal to superstability, all other properties are equivalent to each other up
to a jump to the successor cardinal.

In the original list inside [GV17], (A, &)-solvability was considered for A > &, which
they showed to be an equivalent definition of superstability, with a huge jump of cardinal
from no long splitting chains to solvability. Further developments in [Vasl7d] indicate

that such solvability has downward transfer properties which seem too strong to be called
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superstability. We propose a variation where A = £ and will prove its equivalence with no
long splitting chains in the same cardinal above p (under continuity of nonsplitting and
stability). At K, we demand (< p)-tameness for the equivalence to hold, up to a jump to

the successor cardinal.
Theorem 5.1.4. Let u > LS(K), K have a monster model, be (< p)-tame, stable in p.
1. [SV99] If there is X\ > p such that K is (X, u)-solvable, then it is p-superstable;

2. |GV17, Corollary 5.5] If p is high enough and K is pu-superstable, then there is some
A > poand some N < X such that K is (A, X')-solvable;

3. (Proposition 5.6.24)) If K has continuity of u-nonsplitting, then it is p-superstable iff

it is (u*, p™)-solvable.

Meanwhile, [Vas18d, Corollary 4.24] showed that stability in a tail is also an equivalent
definition of superstability, but the starting cardinal of superstability (X (K))™ + x; is only
bounded by the Hanf number of p. Since we assume continuity of nonsplitting, we can
obtain p-superstability by assuming stability in unboundedly many cardinals below p, and

enough stability above p.

Theorem 5.1.5. Let u > LS(K) with cofinality o, K have a monster model, be p-tame,

stable in both p and unboundedly many cardinals below .

1. [Vasi8d, Corollary 4.14] If n > (N (K))" + x1, then K is p-superstable;

2. (Proposition 5.7.9) If K has continuity of u-nonsplitting, then there is A < h(u) such

that if K is stable in [, \), then it is p-superstable.

As the final item of the list, we prove that the boundedness of the U-rank (with

respect to p-nonforking for limit models in K, ordered by universal extensions) is equivalent

to p-superstability (Corollary 5.7.14). We will need to extend our nonforking to longer

types, using results from [BV17b]. Then we can quote a lot of known results from [BG17],
[BGKV16] and [GMA21]. Our strategy of extending frames contrasts with [Vasl6a] which

used a complicated axiomatic framework and drew technical results from [She09al III].
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Here we directly construct a type-full good p-frame from nonforking and the known results

apply (which are independent of the technical ones in [VasI6al [She09al).

Theorem 5.1.6. Let u > LS(K) be reqular, K have a monster model, be u-tame, stable in
w and have continuity of p-nonsplitting. Let U(-) be the U-rank induced by p-nonforking

restricted to limit models in K, ordered by <,. The following are equivalent:
1. K is p-superstable;
2. U(p) < oo for all p € gS(M) and limit model M € K,,.

In Section 5.2 we will state our global assumptions; define limit models, skeletons
and good frames. In Section [5.3, we will review useful properties of nonsplitting with
miscellaneous improvements. In Section [5.4] we will use p-nonforking to construct our good
frame over the skeleton of (i, > x)-limit models ordered by <,, except for two changes:
the local character of the frame will be x in place of Xy, while symmetry properties will be
proven in Section [5.5| under extra stability assumptions. In Section [5.6] we will generalize
known superstability results using the symmetry properties. In particular we guarantee
that the union of p*-saturated models is saturated, provided that we have extra stability,
continuity of nonsplitting and the chain being long enough. In Section we will consider
two characterizations of superstability, stability in a tail and the boundedness of the U-rank.
We will prove the main theorems in Section [5.8 and state two applications there.

This paper was written while the author was working on a Ph.D. under the direction of
Rami Grossberg at Carnegie Mellon University and we would like to thank Prof. Grossberg
for his guidance and assistance in my research in general and in this work in particular.

We also thank John Baldwin and Marcos Mazari-Armida for useful comments.

5.2 PRELIMINARIES

Throughout this paper, we assume the following;:
Assumption 5.2.1. 1. Kis an AEC with AP, JEP and NM M.

2. K is stable in some p > LS(K).
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3. K is u-tame.
4. K satisfies continuity of u-nonsplitting.

5. x < p where x is the minimum local character cardinal of p-nonsplitting (see

tion 5.3.10)).

AP stands for amalgamation property, JE P for joint embedding property and N M M
for no maximal model. They allow the construction of a monster model. Given a model
M € K, we write gS(M) the set of Galois types over M (the ambient model does not
matter because of AP).

Definition 5.2.2. Let A\ be an infinite cardinal.

1. @ > 2 be an ordinal, K is (< a)-stable in X if for any || M| = A, |gS~(M)] < \. We

omit o if o = 2.

2. K is A-tame if for any N € K, any p # q € gS(N), there is M < N of size A such
that p [ M #q | M.

We will define continuity of p-nonsplitting in [Definition 5.3.5]

Definition 5.2.3. Let A > LS(K) be a cardinal and a, f < A" be regular. Let M < N
and || M| = .

1. N is universal over M (M <, N) if M < N and for any ||N'|| = ||N||, there is
. !/
f:N 7 N.

2. N is (A, «)-limit over M if ||[N|| = X and there exists (M; : i < a) C K, increasing
and continuous such that My = M, M, = N and M, is universal over M; for i < a.

We call a the length of N.
3. N is (A, a)-limit if there exists ||M'|| = A such that N is (A, «)-limit over M.
4. N is (A, > B)-limit (over M) if there exists o > 8 such that (2) (resp. (3)) holds.
5. N is (A, AT)-limit (over M) if ||N|| = A" and we replace a by A" in (2) (resp. (3)).
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6. Let Ay < Ao, then N is ([A1, \o], > B)-limit (over M) if there exists A € [\, Ao such
that N is (A, > f)-limit (over M).

7. If A > LS(K), we say M is A-saturated if for any M’ < M, |M'|| < X\, M E gS(M’).
8. M is saturated if it is || M ||-saturated.

In general, we do not know limit models or saturated models are closed under chains,
so they do not necessary form an AEC. We adapt [Vasl6al, Definition 5.3] to capture such

behaviours.

Definition 5.2.4. An abstract class Ky is a p-skeleton of K if the following is satisfied:
1. Kyisasub-ACof K,: Ky C K, and forany M, N € K, M <k, N implies M <g N.
2. For any M € K,,, there is M’ € K; such that M <g M’

3. Let a be an ordinal and (M; : i < a) be <k-increasing in K;. There exists N € K;
such that for all i < a, M; <k, N (the original definition requires strict inequality
but it is immaterial under N M M).

We say Ky is a (> p)-skeleton of K if the above items hold for K>, in place of K,,.

By [She094, IT Claim 1.16], limit models in p with <k form a p-skeleton of K. Similarly
let @ < u™ be regular, then (> p, > «)-limits form a (> p)-skeleton of K.

On the other hand, good frames were developed by Shelah [She09a] for AECs in a range
of cardinals. [Vasl6a] defined good frames over a coherent abstract class. We specialize

the abstract class to a skeleton of an AEC.

Definition 5.2.5. Let K be an AEC and K; be a u-skeleton of K. We say a nonforking

relation is a good p-frame over the skeleton of K if the following holds:

1. The nonforking relation is a binary relation between a type p € gS(N) and a model
M <k, N. We say p does not fork over M if the relation holds between p and M.

Otherwise we say p forks over M.
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10.

. Invariance: if f € Aut(€) and p does not fork over M, then f(p) does not fork over

fIM].

. Monotonicity: if p € gS(N) does not fork over M and M <k, M’ <k, N for some

M' € Ky, then p [ M’ does not fork over M while p itself does not fork over M’.
Existence: if M € K; and p € gS(M), then p does not fork over M.

Extension: if M <k, N <k, N’ and p € gS(N) does not fork over M, then there is
q € gS(N’) such that ¢ O p and ¢ does not fork over M.

Uniqueness: if p,q € gS(N) do not fork over M and p [ M = ¢ [ M, then p = q.

Transitivity: if My <k, M) <k, Ms, p € gS(Ms) does not fork over My, p [ M; does

not fork over My, then p does not fork over M,.

Local character Xg: if 0 is an ordinal of cofinality > Wy, (M; : i < §) is <k, -increasing

and continuous, then there is ¢ < § such that p does not fork over M;.

Continuity: Let d is a limit ordinal and (M; : ¢ < §) be <k,-increasing and continuous.
If for all 1 < i < 4, p; € gS(M;) does not fork over My and p; 11 2 p;, then ps does

not fork over Mj.

Symmetry: let M <k, N, b € |N|, gtp(b/M) do not fork over M, gtp(a/N) do not
fork over M. There is N, >k, M such that gtp(b/N,) do not fork over M.

If the above holds for a (> p)-skeleton Ky, then we say the nonforking relation is a good

(> p)-frame over the skeleton Ky. If Ky is itself an AEC (in u), then we omit “skeleton”.

Let o < pu™ be regular. We say a nonforking relation has local character « if we replace

“Ny” in item (8) by a.

Remark 5.2.6. 1. In this paper, K; will be the (i, > «)-limit models for some o < pt,

2.

with <g,=<, (the latter is in K).

In|Fact 5.7.20 we will draw results of a good frame over longer types, where we allow
the types in the above definition to be of arbitrary length. Extension property will

99



have an extra clause that allows extension of a shorter type to a longer one that still

does not fork over the same base.

3. Some of the properties of a good frame imply or simply one another. Instead of using
a minimalistic formulation (for example in [VasI8a, Definition 17.1]), we keep all the

properties because sometimes it is easier to deduce a certain property first.

5.3 PROPERTIES OF NONSPLITTING
Let p € gS(N), f: N — N', we write f(p) := gtp(fT(d)/f(N)) where f* extends f

to include some d F p in its domain.
Proposition 5.3.1. Such T exists by AP and f(p) is independent of the choice of f+.

Proof. Pick a € Ny > realizing p, use AP to obtain f;' : a — ¢ extending f (enlarge N; if
necessary so that f;"(N;) contains f(N)).

be Ny bEAN2 i > dEf,;\r(NZ)
a €& N{ .................. gl 1++ .............................. = f1++<N{)
\
aeN a e fLNl)
\ \
N : » F()

Suppose b € N, realizes p and there is f,7 : b — d extending f. Extend N, so that f
is an isomorphism. We need to find h : d — ¢ which fixes f(N). Since a,b E p, by
AP there is N3 > b and g : Ny 7 N3 that maps a to b. Extend g to an isomorphism
N/ =y N3 > N,. By AP again, obtain f;7" of domain N| extending f;". Therefore,
d € f(NS) and f;7" o g toidy,o(fy ) 1(d) = c. Hence we can take h := ftog™to

o o)+ 15 (V) = (V) 0

Definition 5.3.2. Let M, N € K, p € gS(N). p u-splits over M if there exists Ny, Ny of
size p such that M < Ny, Ny < N and f: Ny =), Ny such that f(p) | Na #p | No.
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Proposition 5.3.3 (Monotonicity of nonsplitting). Let M, N € K,, p € gS(N) do not
u-split over M. For any My, Ny with M < M; < Ny < N, we have p | Ny does not p-split

over M.

Proposition 5.3.4. Let M\N € K, M € K, and p € gS(N). p p-splits over M iff p
(> p)-splits over M (the witnesses Ny, Ny can be in K,,).

Proof. We sketch the backward direction: pick Ny, Ny € K>, witnessing p (> p)-splits over

M. By p-tameness and Lowenheim-Skolem axiom, we may assume Ny, Ny € K. O
Definition 5.3.5. Let x be a regular cardinal.
1. A chain (M; : i < 0) is u-increasing if M;,; >, M; for all i < §.

2. K satisfies continuity of p-nonsplitting if for any limit ordinal 0, (M; : i < 0) C K,

u-increasing and continuous, p € gS(Ms),

p | M; does not pu-split over M for i < o = p does not u-split over M.

3. K has y-weak local character of p-nonsplitting if for any limit ordinal § > v, (M; : i <
§) C K, u-increasing and continuous, p € gS(Mjs), there is ¢ < ¢ such that p [ M; 44

does not p-split over M;.

4. K has x-local character of pu-nonsplitting if the conclusion in (3) becomes: p does not

pu-split over M,;.
We call any § that satisfies (3) or (4) a (weak) local character cardinal.

Remark 5.3.6. When defining the continuity of nonsplitting, we can weaken the statement
by removing the assumption that p exists and replacing p [ M; by p; increasing. This is

because we can use [Bonl4al, Proposition 5.2] to recover p. In details, we can use the weaker

version of continuity and weak uniqueness (Proposition 5.3.12)) to argue that the p;’s form

a coherent sequence. p can be defined as the direct limit of the p;’s.

The following lemma connects the three properties of p-nonsplitting:
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Lemma 5.3.7. [BGVVI17, Lemma 11(1)] If u is reqular, K satisfies continuity of -
nonsplitting and has x-weak local character of p-nonsplitting, then it has x-local character

of p-nonsplitting.

Proof. Let ¢ be a limit ordinal of cofinality > x, (M; : i < §) u-increasing and continuous.
Suppose p € gS(Ms) splits over M; for all i < §. Define iy := 0. By ¢ regular and continuity
of p-nonsplitting, build an increasing and continuous sequence of indices (ix : k < ¢) such

that p [ M;, ., p-splits over M;, . Notice that M,

Tk+1

>, M;,. Then applying y-weak local
character to (M;, : k < ) yields a contradiction. O

From stability (even without continuity of nonsplitting), it is always possible to obtain
weak local character of nonsplitting. Shelah sketched the proof and alluded to the first-order

analog, so we give details here.

Lemma 5.3.8. [She99, Claim 3.3(2)] If K is stable in u (which is in|Assumption 5.2.1),

then for some x < u, it has weak x-local character of p-nonsplitting.

Proof. Pick x < p minimum such that 2X > p. Suppose we have (M; : i < x) u-increasing
and continuous and d F p € gS(M, ) such that for all ¢ < x, p [ M;1q p-splits over p | M;.
Then for i < yx, we have N} and N? of size u, M; < N}, N? < My, fi: N} 25, N? and
filp) I N2 # p | N2, We build (M} : i < x) and (h, : My, — Mj,yn € 25X) both
0

increasing and continuous with the following requirements:

1. hy :=idy, and M} = M.

2. Forn e 2<% h,~ | NlQ(n) =h,~ | le(n)

thz —> Mz,-i-l

z+1 \ M**
N} i\ N? e M
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We specify the successor step: suppose [(v) = ¢ and h,, has been constructed. By AP,

obtain
1. h: N} = M* > M/ with h D h,,.
2. hy~o: My — M* > M* with h,~¢ 2 h.
3. go: Mit1 — Myy, > M* with go 2 ho f;.
4. g1: My, — M | > M** with g; 0 go = hy—o.

Define h,~1 := g1 0 go : Miy1 — M, ,. By diagram chasing, h,~1 [ M; = giogo | M; =
giohofi | M; =gioh | M; =h | M; = h, | M;. On the other hand, h,~¢ [ M; = h | M; =
h, | M;. Therefore the maps are increasing. Now h,~; | N> = gj0gy | N> = h,~ | N?
by item (4) in our construction.

For 1 € 2X, extend h,, so that its range includes M, and its domain includes d. We
show that {gtp(h,(d)/M,) : n € 2X} are pairwise distinct. For any n # v € 2X, pick the

minimum ¢ < x such that n[i] # v[i]. Without loss of generality, assume 7n[i| = 0, v[i] = 1.

Using the diagram above (see the comment before [Proposition 5.3.1),

gtp(hy(d)/M}) 2 gtp(h,(d)/h(N?))
= h(gtp(d/N}))
# ho fi(gtp(d/N}))
= g1oho fi(gtp(d/N}))
C gtp(hw(d) /M)

This contradicts the stability in pu. O

Proposition 5.3.9. If u is reqular, then for some x < u, K has the x-local character of
p-nonsplitting.

Proof. By [Lemma 5.3.8 K has p-weak local character of pu-nonsplitting. By
(together with continuity of p-nonsplitting in [Assumption 5.2.1)), K has p-local character

of p-nonsplitting. Hence y exists and x < pu. O]
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From now on, we fix

Definition 5.3.10. yx is the minimum local character cardinal of py-nonsplitting. y < pu if

either p is regular (by the previous proposition), or p is greater than some regular stability

cardinal £ where K has continuity of £&-nonsplitting and is {-tame (by [Lemma 5.6.7)).

Remark 5.3.11. Without continuity of nonsplitting, it is not clear whether there can be

gaps between the local character cardinals: |Definition 5.3.5(4) might hold for § = Ry and

0 = Ny but not 6 = N;. In that case defining y as the minimum local character cardinal
might not be useful. Similar obstacles form when we only know a particular A is a local
character cardinal but not necessary those above .

Meanwhile, weak local character cardinals close upwards and we can eliminate the
above situation by assuming continuity of nonsplitting: if we know y is the minimum local
character cardinal, then it is also a weak local character cardinal, so are all regular cardinals

between [y, u). By the proof of [Lemma 5.3.7, the regular cardinals between [y, u*) are

all local character cardinals.

We now state the existence, extension, weak uniqueness and weak transitivity proper-
ties of p-nonsplitting. The original proof for weak uniqueness assumes ||[M|| = p but it is
not necessary; while that for extension and for weak transitivity assume all models are in

K,,; but under tameness we can just require ||[M| = || N]|.
Proposition 5.3.12. Let My <, M < N where | My|| = .

1. [She99, Claim 3.3(1)] (Ewistence) If p € gS(N), there is No < N of size p such that
p does not p-split over Ny.

2. |[GVO6D, Theorem 6.2] (Weak uniqueness) If p,q € gS(N) both do not u-split over
My, andp | M =q | M, then p = q.

3. |[GVO6D, Theorem 6.1] (Extension) Suppose ||M| = ||N||. For any p € gS(M) that
does not p-split over My, there is g € gS(N) extending p such that q does not p-split

over M.
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4. [Vasl6bl Proposition 3.7] (Weak transitivity) Suppose ||M|| = |N||. Let M* < M,
and p € gS(N). If p does not p-split over My while p [ M does not u-split over M*,
then p does not p-split over M*.

Proof. 1. We skip the proof, which has the same spirit as that of [Lemma 5.3.8|

2. By stability in p, we may assume that ||M|| = p. Suppose p # g, by tameness in 1 we
may find M’ € K, such that M < M' < Nandp | M #q | M'. By My <, M and
My < N, we can find f: M’ ﬁ M. Using nonsplitting twice, we have p [ f(M') =
f(p) and ¢ | f(M') = f(q). But f(M') < M implies p [ f(M') =q | f(M'). Hence
f(p) = f(q) and p=gq.

3. By universality of M, find f: N - M. We can set ¢ :== f~*(p | f(IN)).
0

4. Let ¢ := p | M. By extension, obtain ¢' 2 ¢ in gS(N) such that ¢’ does not p-split
over M*. Now p [ M =¢q | M =¢ | M and both p, ¢ do not p-split over My (for ¢

use monotonicity, see [Proposition 5.3.3). By weak uniqueness, p = ¢’ and the latter

does not u-split over M*.
O

Transitivity does not hold in general for p-nonsplitting. The following example is

sketched in [Bal09, Example 19.3].

Example 5.3.13. Let T be the first-order theory of a single equivalence relation £ with
infinitely many equivalence classes and each class is infinite. Let M < N where N contains
(representatives of) two more classes than M. Let d be an element. Then tp(d/N) splits
over M iff dFEa for some element a € N but ~dEb for any b € M. Meanwhile, suppose
My < M both of size u, then My <, M iff M contains p-many new classes and each class
extends p many elements. Now require My <, M while N contains only an extra class
than M, say witnessed by d, then tp(d/N) cannot split over M. Also tp(d/M) does not
split over M, because d is not equivalent to any elements from M. Finally tp(d/N) splits

over My because it contains two more classes than My (one must be from M).
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The same argument does not work if also M <, N because N would contain two more
classes than M and they will witness tp(d/N) splits over M. Baldwin originally assigned
it as [Bal09, Exercise 12.9] but later [Ball§| retracted the claim.

Question 5.3.14. When models are ordered by <,,

1. does uniqueness of p-nonsplitting hold? Namely, let M <, N both in K, p,q €
gS(N) both do not p-split over M, p | M = q [ M, then p = q.

2. does transitivity of p-nonsplitting hold? Namely, let M, <, M <, N all in K,
p € gS(IN) does not p-split over M and p [ M does not p-split over My, then p does
not p-split over M.

In [Assumption 5.2.1) we assumed continuity of py-nonsplitting. One way to obtain it

is to assume superstability which is stronger. Another way is to assume w-type locality.

Definition 5.3.15. 1. [Gro02, Definition 7.12] Let A > LS(K), K is A-superstable if it

is stable in A and has Ny-local character of A-nonsplitting.

2. [Bal09l Definition 11.4] Types in K are w-local if: for any limit ordinal o, (M; : i < )

increasing and continuous, p,q € gS(M,) and p [ M; = q | M; for all i < «, then

p=gq.

Proposition 5.3.16. Let K satisfy [Assumplion 5.2.1 except for the continuilty of -

nonsplitting. It will satisfy the continuity of p-nonsplitting if either
1. K is p-superstable; or

2. Types in K are w-local.

Proof. For (1), it suffices to prove that for any regular A > Ry, A-local character implies
continuity of pg-nonsplitting over chains of cofinality > A. Let (M; : i < \) be u-increasing
and continuous. Suppose p € gS(M,) satisfies p | M; does not p-split over My for all i < .
By A-local character, p does not pu-split over some M;. If i = 0 we are done. Otherwise,

we have M, <, M; <, M;., <, M,. By assmption, p [ M;,; does not u-split over M. By

weak transitivity (Proposition 5.3.12)), p does not p-split over M; as desired.
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For (2), let (M; : i < \) and p as above. By assumption p | M; does not u-split over

My and M; >, My. By extension (Proposition 5.3.12)), there is ¢ O p [ M; in gS(M,) such

that ¢ does not p-split over My. By monotonicity, for 2 < ¢ < A, ¢ [ M; does not p-split
over My. Now (¢ [ M) [ My =p | My = (p | M;) | My, we can use weak uniqueness

(Proposition 5.3.12)) to inductively show that ¢ [ M; = p | M; for all i < A\. By w-locality,

p = ¢ and the latter does not p-split over M, as desired. O
Once we have continuity of p-nonsplitting in K, it automatically works for K> ,:

Proposition 5.3.17. Let 0 be a limit ordinal, (M; : i < 0) C K>, be u-increasing and
continuous, p € gS(Ms). If for all i < §, p | M; does not p-split over My, then p also does
not p-split over M.

Proof. The statement is vacuous when M, € K, so we assume M, € K,. By cofinality
argument we may also assume cf(d) < pu. Suppose p p-splits over My and pick witnesses
N and N’ of size u. Using stability, define another u-increasing and continuous chain

(N; 11 <6) C K, such that:
1. For i <46, N; < M;.
2. Nj contains N* and N°.
3. Ny := M,.
4. For i <6, |[N;| D |M;| N (|[N¢| U |N?|).

By assumption each p | M; does not u-split over My, so by monotonicity p [ N; does not
pu-split over Ny = M. By continuity of p-nonsplitting, p | Ns does not pu-split over N,

contradicting item (2) above. O

5.4 GOOD FRAME OVER (> x)-LIMIT MODELS EXCEPT SYMMETRY

As seen in [Proposition 5.3.12] p-nonsplitting only satisfies weak transitivity but not

transitivity, which is a key property of a good frame. We will adapt [Vas16b, Definitions

3.8, 4.2] to define nonforking from nonsplitting to solve this problem.

107



Definition 5.4.1. Let M < N in K>, and p € gS(N).

1. p (explicitly) does not p-fork over (Mo, M) if My € K,, My <, M and p does not

pu-split over Mj.
2. p does not p-fork over M if there exists M, satisfying (1).
We call Mj the witness to p-nonforking over M.

The main difficulty of the above definition is that different py-nonforkings over M may
have different witnesses. For extension, the original approach in [Vasl6b] was to work in
pt-saturated models. Later [VVIT, Proposition 5.1] replaced it by superstability in an
interval, which works for K-,. We weaken the assumption to stability in an interval and
continuity of p-nonsplitting, and use a direct limit argument similar to that of [Bonl4al

Theorem 5.3].

Proposition 5.4.2 (Extension). Let M < N < N’ in K>,. If K is stable in [|N||, | N'||]
and p € gS(N) does not p-fork over M, then there is ¢ 2 p in gS(N') such that q does not
u-fork over M.

Proof. Since p does not p-fork over M, we can find witness M, € K, such that M, <, M

and p does not p-split over My. If |[N|| = ||N'||, we can use extension of nonsplitting

(Proposition 5.3.12)) to obtain (the unique) ¢ € gS(/N’) extending p which does not p-split

over My. By definition ¢ does not pu-fork over M.

If | N] < ||N']|, first we assume N’ = [J{N; : i < a} u-increasing and continuous
where Ng = N, N, = N’ for some a. We will define a coherent sequence (p; : i < «) such
that p; is a nonsplitting extension of p in gS(N;). The first paragraph gives the successor

step. For limit step § < «, we take the direct limit to obtain an extension ps of (p; : i < ¢).

Since all previous p; does not p-split over M, by [Proposition 5.3.17], ps also does not p-split

over My. After the construction has finished, we obtain ¢ := p,, a nonsplitting extension of
p in gS(N'). Since My <, M < N’ we still have ¢ does not p-fork over M.
In the general case where N < N’| extend N’ < N” so that ||[N"|| = || N’'|| and N”

contains a limit model over N of size |N’||. The construction is possible by stability in
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IV, [IN']|]. Then we can extend p to a nonforking ¢” € gS(N”) and use monotonicity to
obtain the desired gq. O

Corollary 5.4.3. Let My <, M < N" with M, € K,,. If K is stable in [|M||, ||N'||] and
p € gS(M) does not p-split over My, then there is ¢ 2 p in gS(N') such that q does not
p-split over M.

Proof. Run through the exact same proof as in [Proposition 5.4.2] where M = N and M,

is given in the hypothesis. [

For continuity, the original approach in [VasI6b, Lemma 4.12] was to deduce it from
superstability (which we do not assume) and transitivity. Transitivity there was obtained
from extension and uniqueness, and uniqueness was proved in [Vasl6b, Lemma 5.3] for
pt-saturated models only (or assuming superstability in [Vasl7d, Lemma 2.12]). Our new
argument uses weak transitivity and continuity of p-nonsplitting to show that continuity
of p-nonforking holds for a universally increasing chain in K. The case in K>, will be

proved after we have developed transitivity and local character of nonforking.

Proposition 5.4.4 (Continuity 1). Let § < p* be a limit ordinal and (M; :i < 0) C K,
be u-increasing and continuous. Let p € gS(Ms) satisfy p | M; does not u-fork over My for
all 1 <i < 6. Then p also does not u-fork over My.

Proof. For 1 < i < 6, since p | M; does not u-fork over My, we can find M* <, M, of size
i such that p | M; does not p-split over M*. By monotonicity of nonsplitting, p | M; does
not p-split over My. By continuity of p-nonsplitting, p does not u-split over M,. Since

M' <, My <, My <, Ms, by weak transitivity (Proposition 5.3.12) p does not p-split over

M. (By a similar argument, it does not u-split over other M?".) By definition p does not
p-fork over M. O

We now show uniqueness of nonforking in K, by generalizing the argument in

[Vas17c]. Instead of superstability, we stick to our [Assumption 5.2.1f Fact 2.9 in that

paper will be replaced by our [Proposition 5.4.2l The requirement that My, M; be limit

models is removed.
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Proposition 5.4.5 (Uniqueness 1). Let My < M, in K, and po, p1 € gS(M;) both do not

p-fork over My. If in addition py = po | My = p1 | My, then py = p;.

Proof. Suppose the proposition is false. Let Ny <, My and Ny <, M, such that py does not
p~split over Ny while p; does not p-split over N; (necessarily Ny # N by weak uniqueness
of nonsplitting). We will build a u-increasing and continuous (M; : i < p) C K, and a
coherent (p, € gS(M.)) : n € 25#) such that for all v € 2<#, p,~q and p,~; are distinct
nonforking extensions of p,. If done {p, : n € 2#} will contradict stability in p.

The base case is given by the assumption. For successor case, suppose M; and {p, :
n € 2'} have been constructed for some 1 < i < p. Define M/, to be a (p1, w)-limit over M;.
Fix n € 2, we will define p,~o,p,~1 € gS(M/,,) nonforking extensions of p, (nonsplitting
will be witnessed by different models; otherwise weak uniqueness of nonsplitting applies).
Since p, does not p-fork over My, we can find N, <, M, such that p, does not p-split
over N,. Pick p} € gS(M],,) a nonsplitting extension of p,. On the other hand, obtain
N{7 <y N* <, My such that N* is a (p,w)-limit over N;] and ]\71’7 >,, N,. By uniqueness of

limit models over IV, of the same length, there is f : M;,, =Ny N™.

Po Pn—o
U / (H?w)\ U N (1“'7) ! :
N, > IV, ,N*r > My > M, M; —— M, —— M;
\\\‘~\\\‘1 /,/f’/’/ Pn—~1
_f__

By invariance of nonsplitting, f (p;r) does not p-split over NN,. By monotonicity of
nonsplitting, p,, and hence p, | N* does not pu-split over IV,. f(pj{) | N, = pj{ [Ny = (py |
N*) I N;. By weak uniqueness of y-nonsplitting, f(p;r) = p, [ N*. Since p, [ N* has two
nonforking extensions py # p; € gS(M;) where M; >, N*, we can obtain their isomorphic
copies py~o # Pp~1 € g85(M;41) for some M,y >, M;, ;. They still do not p-fork over M
because M is fixed (actually p,~; does not u-split over N; <, M;). Ensure coherence at

the end.
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For limit case, let n € 2° for some limit ordinal § < p. Define p, € gS(Ms) to be the

direct limit of (p,}; : ¢ < §). By [Proposition 5.4.4) p, does not p-fork over Mj.

O

Corollary 5.4.6 (Uniqueness 2). Let M < N in K>, and p,q € gS(N) both do not p-fork
over M. If in addition p | M =q | M, then p =q.

Proof. |Proposition 5.4.5| takes care of the case M, N € K,. Suppose the corollary is false,

then p # ¢ and there exist NP, N7 <, M such that p does not u-fork over N? and ¢ does

not p-fork over N?. We have two cases:

1. Suppose M € K, but N € K,. By tameness obtain N’ € K, such that M < N' < N
and p [ N' #£ q | N'. Together with p | M = ¢ [ M, it contradicts [Proposition 5.4.5|

2. Suppose M € K-,. Obtain MP?, M9 < M of size v that are universal over N? and
N1 respectively. By Lowenheim-Skolem axiom, pick M’ < M of size p containing
MP and M?. Thus M’ is universal over both N? and N?, and p | M' = ¢ | M'. Since
p # q, tameness gives some N' € K, M’ < N’ < N such that p [ N’ # ¢ | N’, which

contradicts |Proposition 5.4.5|

]

Remark 5.4.7. The strategy of case (2) cannot be applied to [Proposition 5.4.5 because

M’ might coincide with M and we do not have enough room to invoke weak uniqueness

of nonsplitting. This calls for a specific proof in [Proposition 5.4.5, Similarly, we cannot

simply invoke weak uniqueness of nonsplitting to prove case (2) because we do not know if

M is also universal over M'.

Corollary 5.4.8 (Transitivity). Let My < My < My be in K>, p € gS(Ms). If K is stable
in [||Mi|l, || Ma]l], p does not p-fork over My and p | My does not p-fork over My, then p
does not p-fork over M.

Proof. By |Proposition 5.4.2) obtain ¢ O p [ M; a nonforking extension in gS(Ms). Both ¢

and p do not fork over M; and q [ My, = p | M;. By |Corollary 5.4.6, p = ¢, but ¢ does not
pu-fork over M. m
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For local character, we imitate [Vas16b, Lemma 4.11] which handled the case of p*-
saturated models ordered by <k instead of <,. That proof originates from [She(9al IT
Claim 2.11(5)].

Proposition 5.4.9 (Local character). Let 6 > x be reqular, (M; : i < 0) C K>, u-
increasing and continuous, p € gS(Ms). There is i < § such that p does not u-fork over

M;.

Proof. 1t 6 > u™, then by existence of nonsplitting (Proposition 5.3.12)) and monotonicity,

there is j < ¢ such thtat p does not p-split over M;. As M;,; is universal over M;, p does
not u-fork over M;;.

If x <6 < p and suppose the conclusion fails, then we can build
1. (N;:i <90) C K, u-increasing and continuous;
2. (N!:i <) C K, increasing and continuous;
3. Ny = Nj < My be any model in K,;
4. For alli <4, N; < M; and N; < N] < Mj.
5. For all i <0, U,;;(INj| N [Mig1]) C [Nija|
6. For all j <4, p | Nj,; p-splits over Nj.

We specify the successor step of IV/: suppose NNV; has been constructed. Since p p-forks over
M;, hence over N;. Thus (NV;_1, N;) cannot witness nonforking, so there is N/ € K, with
N; < N] < Mj such that p [ N} p-splits over N;_;. After the construction, by monotonicity
p | Ns O p | N/ p-splits over N;_; for each successor i, contradicting x-local character of

p-nonsplitting. O]

In Section 6, we will need the original form of [Vas16b, Lemma 4.11], whose proof is

similar to |Proposition 5.4.9. We write the statement here for comparison.

Fact 5.4.10. Let § > x be regular, (M; : i < ) be an increasing and continuous chain of

pt-saturated models, p € gS(Ms). There is i < § such that p does not pu-fork over M;.
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We now show the promised continuity of nonforking. In [Vas16bl Lemma 4.12], the

chain must be of length > x. We do not have the restriction here because we have continuity

of nonsplitting in [Assumption 5.2.1|

Proposition 5.4.11 (Continuity 2). Let § < pt be reqular, (M; : i < §) C K>, u-
increasing and continuous, and K is stable in [||M;]|, || Ms||). Let p € gS(Ms) satisfy p | M;
does not p-fork over My for all 1 < i < 9. Then p also does not u-fork over M.

Proof. If § > x, by |Proposition 5.4.9| there is ¢ < ¢ such that p does not u-fork over M,;.

By [Corollary 5.4.8] p does not u-fork over Mj.

If § < x < p, we have two cases: (1) My € K,: then for 1 <i < 9, p [ M; does not

pu-split over Mj. By |[Proposition 5.3.17, p does not pu-split over My, so p does not u-fork

over M;. By [Corollary 5.4.8 p does not p-fork over M. (2) My € Ks,: for 1 <i <4, let

N; <, My witness p | M; does not u-fork over My. By Lowenheim-Skolem axiom, there is
N € K,, (here we need 0 < p) such that NV; <, N < M, for all <. Apply case (1) with N
replacing M. [

Existence is more tricky because nonforking requires the base to be universal over the

witness of nonsplitting. The second part of the proof is based on [Vas16b, Lemma 4.9].

Proposition 5.4.12 (Existence). Let M be a (> u, > x)-limit model, p € gS(M). Then p

does not p-fork over M. Alternatively M can be a u*-saturated model.

Proof. The first part is immediate from |[Proposition 5.4.9, For the second part, apply

existence of nonsplitting [Proposition 5.3.12[ to obtain N € K,, N < M such that p does

not p-split over N. By model-homogeneity, M is universal over /N, hence p does not u-fork

over M. O

Corollary 5.4.13. There exists a good p-frame over the p-skeleton of (j, > x)-limit models

ordered by <,, except for symmetry and local character x in place of V.

Proof. Define nonforking as in|Definition 5.4.1)(2). Invariance and monotonicity are immedi-

ate. Existence is by |Proposition 5.4.12] y-local character is by [Proposition 5.4.9| extension

is by [Proposition 5.4.2] uniqueness is by [Proposition 5.4.5 continuity is by
b.44 O
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Remark 5.4.14. 1. We do not expect Ny-local character because there are strictly sta-
ble AECs. For the same reason we restrict models to be (u, > x)-limit to guarantee

existence property.

2. Let A > u. Our frame extends to ([, A], > x)-limit models if we assume stability in

(11, A]. However [Vas16b] has already developed p-nonforking for pt-saturated models

ordered by <, and we will see in [Corollary 5.6.2(2) that under extra stability assump-

tions, (> u, > x)-limit models are automatically p*-saturated, so the interesting part

is K, here.

3. We will see in|Corollary 5.5.13(2) that symmetry also holds if we have enough stability.

Since we have built an approximation of a good frame in [Corollary 5.4.13] one might

ask if it is canonical. We first observe the following fact (Assumption 5.2.1|is not needed):

Fact 5.4.15. [VasI8al Theorem 14.1] Let A > LS(K). Suppose K is A-superstable and
there is an independence relation over the limit models (ordered by <) in K, satisfying
invariance, monotonicity, universal local character, uniqueness and extension. Let M < N
be limit models in K, and p € gS(/V). Then p is independent over M iff p does not A-fork

over M.

Its proof has the advantage that it does not require the independence relation to be
for longer types as in [BGKV16, Corollary 5.19]. However, it still uses the following lemma
from [BGKV106, Lemma 4.2

Lemma 5.4.16. Suppose there is an independence relation over models in K, ordered by
<. If it satisfies invariance, monotonicity and uniqueness, then the relation is extended by

u-nonsplitting.

Proof. Suppose M < N in K,, p € gS(N) is independent over M. For any Ny, N, € K,
with M < Nj, Ny < N, and any f : N; = No. We need to show that f(p) [ No =p [ Na.
By monotonicity, p | N; and p [ Ny do not depend on M. By invariance, f(p) [ No is
independent over M. By uniqueness and the fact that f fixes M, we have f(p) | No=p |
No. O
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In the above proof, it utilizes the assumption that the independence relation is for
models ordered by <, so it makes sense to talk about p [ V; is independent over M for

1 = 1,2. To generalize [Fact 5.4.15 to our frame in [Corollary 5.4.13| one way is to assume

the independence relation to be for models ordered by <, and with universal local character
X. But since we defined our frame to be for models ordered by <,, we want to keep the

weaker assumption that the arbitrary independence relation is also for models ordered by

<u- Thus we cannot directly invoke [Lemma 5.4.16| where the N;’s are not necessarily

universal over M. To circumvent this, we adapt the lemma by allowing more room:

Lemma 5.4.17. Let M <, N <, N" allin K,,, p € gS(N'). If p | N p-splits over M, then
p also p-splits over M with witnesses universal over M. Namely, there are Ni, Nj < N’

such that Ni >, M, Ny >, M and there is f': N{ =y N3 with f(p) [ Ny #p [ Nj.

Proof. By assumption, there are Ny, Ny € K, such that M < N;, No < N and there
is f: Ny = Ny such that f(p | N) | Ny # p | No. Extend f to an isomorphism f of
codomain N, and let N* > Ny be the domain of f Since N >, M, by invariance N* >, M.
On the other hand, N’ >, N, then N’ >, N; and there is g : N* N—1> N’. Let the image of
g be N**

In the diagram below, we use dashed arrows to indicate isomorphisms. Solid arrows

indicate <.
N*
/ : \\\\9
i Ty
Ny : > N**
| i 7
:f : ///~ \
/ < \ v o7 fog™?t
M s N, s N s N/
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Since fog™': N* 2, N and M <, N*, N < N', we consider fog ' (p) | N and p | N.

fog ' ) IN=[fog (]I Ny
=f(lg7 @] T N) I Ny as fHNe] = Ny
Fp TN T Na  as g fixes N,
= f(p [ Ny) [ Ny as f extends f
f(p I N) I Ny as f7[Ny] =Ny < N
p

Since f(p [ N) [ No # p | Na, fog‘l(p) I N # p | N and we can take Ny := N** N} := N,
f':= fog ! in the statement of the lemma. O

Now we can prove a canonicity result for our frame. In order to apply [Lemma 5.4.17],

we will need to enlarge N to a universal extension in order to have more room. This
procedure is absent in the original forward direction of [Fact 5.4.15| but is similar to the
backward direction (to get ¢ below).

Proposition 5.4.18. Suppose there is an independence relation over the (u,> x)-limit
models ordered by <,, satisfying invariance, monotonicity, local character x, uniqueness and
extension. Let M <, N be (u, > x)-limit models and p € gS(N). Then p is independent
over M iff p does not u-fork over M.

Proof. Suppose p is independent over M. By assumption M is a (u,d)-limit for some

regular 0 € [y,u"). Resolve M = |J,_; M; such that all M; are also (u,d)-limit. By

1<d

local character, p [ M is independent over M; for some ¢ < . Since the independence

relation satisfies uniqueness and extension, by the proof of (Corollary 5.4.8| it also satisfies

transitivity. Therefore p is independent over M;. Let N’ >, N. By extension, there is
p’ € gS(N’) independent over M; and p’ O p. Now suppose p p-splits over M;, by
5.4.17| p’ p-splits over M; with universal witnesses, contradicting [Lemma 5.4.16| (where <

is replaced by <, where). As a result, p does not p-split over M;. Since M; <, M, p does
not p-fork over M.
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Conversely suppose p does not u-fork over M. By local character and monotonicity,

p | M is independent over M. By extension, obtain ¢ € gS(/N) independent over M and

q 2 p. From the forward direction, ¢ does not u-fork over M. By |Proposition 5.4.5) p = ¢

so invariance gives ¢ independent over M. O]

To conclude this section, we show that the existence of a frame similar to

5.4.13| is sufficient to obtain local character of nonsplitting. Continuity of p-nonsplitting

and p-tameness in [Assumption 5.2.1| are not needed.

Proposition 5.4.19. Let 6 < u* be reqular. Suppose there is an independence relation over
the (1, > 0)-limit models ordered by <, satisfying invariance, monotonicity, local character

0, uniqueness and extension. Then K has d-local character of p-nonsplitting.

Proof. Let (M; : i < §) be u-increasing and continuous, p € gS(Ms). There is i < 0

such that p is independent over M;. By the forward direction of [Proposition 5.4.18| (local

character of nonsplitting is not used), p does not p-split over M;. O

5.5 LOCAL SYMMETRY

Tower analysis was used in [Vanl6a, Theorem 3] to connect a notion of p-symmetry
and reduced towers. Combining with [GVV16], superstability and p-symmetry imply the
uniqueness of limit models. [VV17, Lemma 4.6] observed that a weaker form of py-symmetry
is sufficient to deduce one direction of [Vanl6a, Theorem 3|, and enough superstability
implies the weaker form of p-symmetry. Therefore enough superstability already implies
the uniqueness of limit models [VV17, Corollary 1.4]. Meanwhile, [BV15a] localized the
notion of p-symmetry and deduced the uniqueness of limit models of length > x. We
will imitate the above argument and replace the hypothesis of local symmetry by sufficient
stability. As a corollary we will obtain symmetry property of nonforking. The uniqueness
of limit models will be discussed in the next section.

The following is based on [BV15al, Definition 10]. They restricted My to be exactly
(i, 9)-limit over N but they should mean (u, > §) for the proofs to go through. We will
use 0 := y in this paper.
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Definition 5.5.1. Let 6 < u™ be a limit ordinal. K has (u, §)-symmetry for u-nonsplitting
if for any M, My, N € K, elements a, b with

1. a e M — My;

2. My <, M and M, is (u, > 6)-limit over N;
3. gtp(a/My) does not p-split over N

4. gtp(b/M) does not p-split over My,

then there is M® € K, universal over M, and containing b such that gtp(a/M?®) does not
p-split over N. We will abbreviate (u, §)-symmetry for p-nonsplitting as (u, d)-symmetry.

Now we localize the hierarchy of symmetry properties in [VV17, Definition 4.3]. The

first two items will be important in our improvement of [BV15a].

Definition 5.5.2. Let 6 < p* be a limit ordinal. In the following items, we always let
a € M—M,, My <, M, Mybe (u,> 0)-limit over N and b be an element. In the conclusion,

M?" € K, universal over M and containing b is guaranteed to exist.

1. K has uniform (p,0)-symmetry: If gtp(b/M) does not u-split over My, gtp(a/My)
does not pu-fork over (N, My), then gtp(a/M?) does not u-fork over (N, My).

2. K has weak uniform (u,0)-symmetry: If gtp(b/M) does not pu-fork over My,
gtp(a/My) does not p-fork over (N, M), then gtp(a/M®) does not pu-fork over
(N, My).

3. K has nonuniform (u,d)-symmetry: If gtp(b/M) does not p-split over My, gtp(a/M,)
does not p-fork over My, then gtp(a/M?) does not u-fork over M.

4. K has weak nonuniform (u,d)-symmetry: If gtp(b/M) does not p-fork over My,
gtp(a/My) does not p-fork over My, then gtp(a/M?®) does not p-fork over M.

The following results generalize [VV1T7, Section 4] which assumes superstability and

works with full symmetry properties.
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Proposition 5.5.3. Let 6 < u™ be a limit ordinal. (p,0)-symmetry is equivalent to uni-
form (u,d)-symmetry. Both imply nonuniform (u,d)-symmetry and weak uniform (u,0)-

symmetry. Nonuniform (p,0)-symmetry implies weak nonuniform (u,d)-symmetry.

Proof. In the definition of the symmetry properties, we always have N <, My, so the

following are equivalent:
e gtp(a/My) does not p-fork over (N, My);
e gtp(a/My) does not p-split over N.
Similarly, the following are equivalent:
e gtp(a/M?) does not u-fork over (N, My);
e gtp(a/M?) does not p-split over N.

Therefore, (i, d)-symmetry is equivalent to uniform (g, d)-symmetry.

Uniform (p, 0)-symmetry implies weak uniform (u, d)-symmetry because nonforking
over My is a stronger assumption than nonsplitting over My. Uniform (u,d)-symmetry
implies nonuniform (u,d)-symmetry because the latter does not require the witness to
nonforking be the same, so its conclusion is weaker. Nonuniform (u,d)-symmetry implies
weak nonuniform (u,d)-symmetry because nonforking over M, is a stronger assumption

than nonsplitting over Mj. O]

The following result modifies the proof of [BV15a] which involves a lot of tower anal-

ysis. We will only mention the modifications and refer the readers to the original proof.

Proposition 5.5.4. Let 0 < p* be a limit ordinal. If 6 > x, then weak uniform (u,0)-

symmetry implies uniform (u,0)-symmetry.

Proof sketch. [BV15a, Theorems 18, Proposition 19] establish that (u,d)-symmetry is
equivalent to continuity of reduced towers at > §. We will show that the backward di-
rection only requires weak uniform (y,d)-symmetry. Then using the equivalence twice
we deduce that weak uniform (u,d)-symmetry implies (p,d)-symmetry. By the previous

proposition, it is equivalent to uniform (u, d)-symmetry.
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There are three places in [BVI15al Theorems 18] which use (u,d)-symmetry. In the
first two paragraphs of page 11:

1. By x-local character, there is a successor i* < § such that gtp(b/M¢) does not p-split

over MY .
2. For any j < &, M} is universal over ij
3. For any j < 4§, gtp(aj/]\/[j) does not p-split over Nj;.
4. For any successor j < 6, M]] is (u, > 6)-limit over Mj:ll and over N;.

Let j* := i* + 1 which is still a successor ordinal less than . Combining (1) and (4), we
have gtp(b/M¢) does not p-fork over MJ] Combining (3) and (4), gtp(aj*/M;:) does not
p-fork over MJJ ). Moreover, (2) gives M} is universal over MJJ . Together with (4) and
weak uniform (u,d)-symmetry, we can find M® (u,> §)-limit over M ]J* and containing b
such that gtp(a/M®) does not p-fork over (N, Mj) In other words, gtp(a/M?®) does not
p-split over IV« and so the original argument goes through with ¢* replaced by j*.

In “Case 2”7 on page 12:

a. gtp(b/ U, M/) does not p-split over M .

b. i +2 < k < o and gtp(ax/M}™) does not p-split over Nj.

c. MF is universal over M} .

d. U, M} is universal over M. M7 is (u, > 0)-limit over Nj.

Combining (a) and (c), gtp(b/ U,-,, M}) does not p-fork over M. (b) gives gtp(ar/MF™)
does not p-fork over (Ni, M), Together with (d) and weak uniform (s, §)-symmetry,
we can find M} (u1, > §)-limit over M;*! and containing b such that gtp(ay/M}?) does not
p-fork over (Nj, M) so the proof goes through (we do not change index this time).
Before “Case 17 on page 11, they refer the successor case to the original proof of
[Van16al Theorem 3] which also uses (u, §)-symmetry. But the idea from the previous case

applies equally. O
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In [Vas17d, Corollary 2.18], it was shown that under superstability, weak nonuniform

p-symmetry implies weak uniform p-symmetry. We generalize this as:

Proposition 5.5.5. Let 0 < ut be a limit ordinal. Weak nonuniform (u,0)-symmetry

implies weak uniform (p,6)-symmetry.

Proof. Using the notation in [Definition 5.5.2) we assume gtp(b/M) does not p-fork over

My and gtp(a/My) does not p-fork over (N, My). By weak nonuniform (u,d)-symmetry,
we can find M? such that gtp(a/M?®) does not u-fork over M. Since gtp(a/My) does not

p-fork over (N, My), by extension of nonsplitting (Proposition 5.3.12)), there is a’ such that
gtp(a/My) = gtp(a’/My) and gtp(a’/M?) does not p-split over N. Now both gtp(a/M?) and

gtp(a’/M?) do not u-fork over My and they agree on the restriction of M. By uniqueness

of nonforking (Proposition 5.4.5)), gtp(a/M?) = gtp(a’/M®) and hence gtp(a/M®) does not

p~split over N. In other words, it does not u-fork over (N, My) as desired. O
Corollary 5.5.6. The following are equivalent:

0. (w, x)-symmetry for u-nonsplitting,

1. Uniform (u, x)-symmetry;

2. Weak uniform (u, x)-symmetry;

3. Nonuniform (u, x)-symmetry;

4. Weak nonuniform (p, x)-symmetry.

Proof. By |Proposition 5.5.3, (0) and (1) are equivalent, (1) implies (2) and (3) while (3

)
)

implies (4). By [Proposition 5.5.4| (this is where we need x instead of a general §), (2

implies (1). By |[Proposition 5.5.5 (4) implies (2). O

The following adapts [VV17, Lemma 5.6] and fills in some gaps. In particular we need

p-tameness (in [Assumption 5.2.1)) and stability in ||V, ]| for the proof to go through. It is

not clear how to remove p-tameness which they do not assume.

121



Lemma 5.5.7. Let My € K,, N, € K>, with My < N,, b,bg € |N,|, an be an element.
If K is stable in || Ny||, gtp(aa/Na) does not p-fork over My and gtp(b/My) = gtp(bg/Mo),
then gtp(aab/MO) = gtp(aabﬁ/MO)'

Proof. Let M* <, My witness that gtp(a./N,) does not p-fork over (M*, My). By exten-

sion (Corollary 5.4.3) and weak uniqueness of nonsplitting (Proposition 5.3.12(2)), we can

extend N, to N* >, N, such that gtp(a,/N*) does not p-split over M*. As gtp(b/M,) =
gtp(bs/My) and N* >, N,, there is f : N, Vo) N* such that f(b) = bg. As gtp(a,/N*)
does not p-split over M*, by [Proposition 5.3.4 gtp(f(aa)/f(Na)) = gtp(aa/f(Na)). Hence
there is g € Auty(y,)(€) such that g(f(as)) = aa. Then

gtp(aab/Mo) = gtp(f(aa)f(b)/Mo) = gtp(9(f(aa))f(b)/My) = gtp(aabs/My).
0

Remark 5.5.8. By swapping the dummy variables, we have the following formulation:
Let My € K,, Ny € K5, with My < Nj, a,a, € |Ng|, bg be an element. If K is
stable in || Ngl|, gtp(bs/Nj) does not u-fork over My and gtp(a/My) = gtp(aa/Mo), then
gtp(abs/Mo) = gtp(aabs/Mo).

The following adapts [VV17, Lemma 5.7] which assumes superstability in [, A). When

we write the p-order property, we mean tuples that witness order property have length pu.

Proposition 5.5.9. Let A\ > p be a cardinal. If K is stable in [, ) and fails (p, x)-
symmetry, then it has the p-order property of length X.

Proof. By [Corollary 5.5.6(2)=-(0), K fails weak uniform (u, x)-symmetry. So there are
N, My, M € K, and elements a, b such that

e a € M — My, My <, M and My is (p, > x)-limit over N;
e gtp(b/M) does not p-fork over My;
e gtp(a/My) does not p-fork over (N, My);

e There is no M* € K, universal over Mj containing b such that gtp(a/M®) does not
p-fork over (N, My).
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Build (aq, boy Noy, N. - o < A) such that:
1. No, N;, € Kyyjal;
2. b € |Ng| and N, is universal over M;
3. Ny <y N! <y Noya;
4. a, € |N!| and gtp(an/My) = gtp(a/My);
5. bo € |Nay1| and gtp(ba/M) = gtp(b/M);

6. gtp(aa/N,) does not u-fork over (N, My);

J

. gtp(ba/N.) does not u-fork over M,.

Ny is specified in (2). We specify the successor step: suppose N, has been constructed

, by [Corollary 5.4.3| there is a, such that gtp(a,/N,) extends gtp(a/My) and does not

p-fork over (N, My). Build any N/ universal over N, containing a,. By [Proposition 5.4.2|

again, there is b, such that gtp(b,/N/) extends gtp(b/M) and does not u-fork over Mj.
Build N, universal over N/ containing b,. Notice that stability is used to guarantee the
existence of NV,, V), and the extension of types.

After the construction, we have the following properties for a, 8 < \:
a. gtp(aab/Mo) # gtp(ab/Mo);
b. gtp(abs/Mo) = gtp(ab/Mo);
c. If § < a, gtp(ab/Mo) # gtp(aabs/Mo);
d. If > a, gtp(ab/My) = gtp(aabs/Mo).

Suppose (a) is false. By invariance and the choice of a,b, My, N there is no M’ € K,
universal over M, containing b such that gtp(a,/M’) does not p-fork over (N, My). This

contradicts M’ := N, and item (6) in the construction. (b) is true because of item (5) of

the construction and a € |M|. For (c), items (5), (6) and [Lemma 5.5.7 (with the exact

same notations) imply gtp(anbs/Moy) = gtp(anb/My) which is not equal to gtp(ab/M) by
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(a). For (d), items (4), (7) and [Remark 5.5.8/imply gtp(aabs/Mo) = gtp(abs/My) which is
equal to gtp(ab/My) by (b).

To finish the proof, let d enumerate My, and for a < A, ¢, 1= anbad. By (c) and (d)
above, (¢, : o < \) witnesses the p-order property of length A. O

Remark 5.5.10. When proving (d), we used which requires gtp(bs/Nj)
nonforking over M, and this is from extending gtp(b/M) nonforking over My. This called
for the failure of weak uniform (u, x)-symmetry instead of just (u,y)-symmetry. (In the
original proof, they claimed the same for (c¢) in place of (d), which should be a typo.)

Question 5.5.11. Is it possible to weaken the stability assumption in [Proposition 5.5.9]

Fact 5.5.12. For any infinite cardinal X, h()) := Jiga)+. When we write the p-stable, we

mean stability of tuples of length p.

1. [She99, Claim 4.6] If K does not have the p-order property, then there is A < h(u)
such that K does not have the p-order property of length .

2. [BGKV16, Fact 5.13] If K is u-stable (in some cardinal > p), then it does not have

the p-order property.

3. If K is stable in some A = A\, then K is p-stable in A.

4. [GV06D, Corollary 6.4] If K is stable and tame in p (these are in [Assumption 5.2.1)),

then it is stable in all A = M. In particular it is stable in 2*.

5. For some A < h(u), K does not have the u-order property of length A.

Proof. For (1) and (2), see also [Proposition 3.3.4| for a proof sketch. (3) is an immediate

corollary of [Bonl7, Theorem 3.1], see [Theorem 3.2.2| for a proof. We show (5): by (4)

K is stable in 2#. By (3) it is p-stable in 2#. Combining with (2) and (1) gives the

conclusion. ]
Corollary 5.5.13. There is A < h(u) such that if K is stable in [u, \), then

1. K has (i, x)-symmetry;
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2. the frame in|Corollary 5.4.15 satisfies symmetry.

Proof. 1. By |Fact 5.5.12(5), there is A < h(u) such that K does not have the p-order
property of length A. By the contrapositive of [Proposition 5.5.9, K has (u, x)-

symmetry.

2. By (1) and [Proposition 5.5.3] K has weak nonuniform (u, x)-symmetry. Compared to

symmetry in a good frame, weak nonuniform (y, y)-symmetry has the extra assump-
tion that gtp(a/My) does not p-fork over My, but this is always true by
b4T12

O

Remark 5.5.14. From the proof of|Corollary 5.5.13{(2), we see that if the frame in

5.4.13| (which is defined for (p, > x)-limits) has symmetry, then weak nonuniform (u, x)-

symmetry, and hence all the other ones in [Corollary 5.5.6| hold.

5.6 SYMMETRY AND SATURATED MODELS
As mentioned in the previous section, [VV17, Corollary 1.4] deduced symmetry from
superstability and obtained the uniqueness of limit models. It is natural to localize such

argument, which was partially done in

Fact 5.6.1. [BVI5al Theorem 20] Assume K has (u, x)-symmetry (together with [Assump-|
tion 5.2.1). Then it has the uniqueness of (u, > x)-limit models: let My, My, M, € K,,. If
both M; and My are (p, > x)-limit over My, then M; =, M.

In the original proof of the above fact, they did not assume tameness. However, we will

need tameness when we remove the symmetry assumption (see also the discussion before

Lemma 5.5.7)).

Corollary 5.6.2. There is A < h(u) such that if K is stable in [, N), then
1. K has the uniqueness of (u, > x)-limit models.

2. if also p > LS(K), any (u, > x)-limit model is saturated.
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Proof. 1. By |Corollary 5.5.13|(1), K has (u, x)-symmetry. Apply [Fact 5.6.1]

2. Suppose p is regular. Since y < p, any (u, > x)-limit is isomorphic to a (u, p)-limit,
which is saturated. Suppose p is singular. Let M be a (u, > x)-limit model. We
show that it is d-saturated for any regular 6 < u. Since 6 + y is a regular cardinal in
[x, ), M is also (i, 6 + x)-limit, which implies it is (0 + x)-saturated.

O

Before stating a remark, we quote a fact in order to compare Vasey’s results with ours

(but we will not use that fact in our paper). Continuity of p-nonsplitting in
[(5.2.7]is not needed.

Fact 5.6.3. [BV17a, Theorems 5.15] Let xo > 2* be such that K does not have the p-order
property of length x¢, define x; := (22°)™3, and let £ > ;. If K is stable in unboundedly
many cardinals < &, then any increasing chain of ¢-saturated models of length > y is

&-saturated.

Remark 5.6.4. We assumed enough stability to get a local result: the same p was con-
sidered throughout. In contrast, [VasI8d, Theorems 6.3, 11.7] are eventual: [Fact 5.6.3| was
heavily used. Some of the hypotheses there require unboundedly many (H;-closed) stability

cardinals.

Now we turn to an AEC version of Harnik’s Theorem. [Vas18c, Lemma 11.9] improved

[Van16b, Theorem 1] and showed that:
Fact 5.6.5. Let K be p-tame with a monster model. Let £ > p*. Suppose
1. K is stable in y and &;
2. (M; : i < J) is an increasing chain of ¢-saturated models;
3. cf(9) > x;
4. (&,0)-limit models are saturated,

then (J,_s M; is -saturated.
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We remove the assumption of (4) by assuming more stability and continuity of non-
splitting. Our proof is based on [Vasl8c, Lemma 11.9] which have some omissions. For

comparison, we write down all the assumptions.

Proposition 5.6.6. Let K be an AEC with a monster model. Assume K is u-tame, stable
in 1 and has x-local charcter of u-nonsplitting. Let £ > u™. There is X < h(&) such that if

1. K is stable in [£,\),

2. (M; :i < ) is an increasing chain of &-saturated models;
3. cf(8) > x;

4. Continuity of pu-nonsplitting and of &-nonsplitting holds,

then |J,_s M; is &-saturated.

i<s
Before proving the proposition, we need to justify that the local character x (Definition
5.3.10]), which was defined for K, also applies to K. In other words, we need to show

that K¢ has local character of nonsplitting (at most) x. (Vasey usually cited this fact as
[Vas16bl, Section 4], by which he should mean an adaptation of [Vasl6bl Lemma 4.11].)

Lemma 5.6.7 (Local character transfer). If K is stable in some & > p, then it has x-local

character of &-nonsplitting.

Proof. Let (M, : i < ) be u-increasing and continuous in K¢, p € gS(Ms). By
[5.4.9] there is i < 0 such that p does not p-fork over M;. By definition of nonforking, there
is N <, M; of size p such that p does not p-split over N. Suppose p &-splits over M; then

it also &-splits over N. By p-tameness, it u-splits over N, contradiction. O]

Proof of |[Proposition 5.6.6. Let 6 > x be regular. If § > £ we can use a cofinality argument.
M; and N € K¢, N < Mjs, p € gS(N). Without loss

So we assume § < &. Let Ms = J,_;

of generality, we may assume for i < 9, M; € K,: given a saturated M* € K>¢+ and some

N < M* of size < €, we can close N into a (&, x)-limit N*. By £-model-homogeneity of M*,

we may assume N* < M*. By |Lemma 5.6.7| and [Corollary 5.6.2(2), any (£, > x)-limits are
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saturated, so N* is saturated. Therefore we can recursively shrink each M; to a saturated

model in K¢ while still containing the same intersection with N.

Extend p to a type in gS(Ms). By |Fact 5.4.10} there is i < ¢ such that p does not

p-fork over M;. By reindexing assume ¢ = 0 and let M € K, witness the nonforking.
Obtain Ny € K, such that M <, Ny < M,. Define i/ := p+ 4, we build (N; : 1 < i < 0)
increasing and continuous in K, such that Ny < Ny < N < Nj and for i <9, N; < M,.

Now we construct
1. (M7, fi; :1 < j < 6) an increasing and continuous directed system;
2. Fori <o, M} € K¢, N; < M} < M;;
3. For i <4, fiix1: M} ? My

4. Mg = M. For i < (5, fi’l’+1|:MZ'*] <u M*+1

)

K¢ M, > My > o > Ms s M
« fo,1 T* f1.8 T*

Kf MO - A]\f1 ...................................................... 5 M§

K;L N, o s Ns

K, MY <, Ny

At limit stage ¢ < ¢, take direct limit M; which contains N;. Since ||N;|| < £ and M;
is model-homogeneous, we may assume M is inside M;. Suppose M is constructed for
some i < 0, obtain the amalgam M}, of M; and N;i; over N;. Since ||[Ny1] < & and
M, is model-homogeneous, we may embed the amalgam into M, ;. Call the image of the
amalgam M, . After the construction, take one more direct limit to obtain (Mg, f;s)ics
(but this time we do not know if M} < M;). By item (4) above, we have that M} is a
(&, 9)-limit, hence saturated.

We will work in a local monster model, namely we find a saturated MeK ¢ such that

a. M contains Ms and Mj;
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b. For i <4, fi5 can be extended to f;5 € Aut(M);
c. Fori <4, f5[Ns] < M.

(c) is possible because Mj is universal over f; 5[M/]. Finally, we define N* < M of size p/
containing | J,_s fi'5[Vs]. By model-homogeneity of My, we build M** € K saturated such
that N* < M** <, Mj.

By [Proposition 5.4.2, extend p to ¢ € gS(M) nonforking over Ny (here we need

Ny € K, or else we have to assume more stability). Since Mj >, M™*, we can find
bs € My such that bs F ¢ [ M**. Since My is a direct limit of the M’s, there is ¢ < § such
that fis(0) = bs. As b € My C M; < Ms, it suffices to show that b F ¢ [ (f;5) ' [M*],
because N < N5 < (f5) ' [N*] < (fi5) "' [M**]. In the following diagram, dotted arrows

refer to < or <, between models, while the dashed equal sign is our goal.

q€ gE(M) ¢ p € gS(Ms)
q ! M; /b5 eng G beM;
q fL** = gtp(;g/M**) G gtp(b/(fis) T [M**]) s===== q | (i)' [M**]
q JNO gtp(b[/No) ——— gtp(b/No) pIN

Since ¢ [ M™ = gtp(bs/M™) does not p-fork over Ny and f/s fixes N; > Ny, by
invariance gtp(b/(f;;)~'[M**]) does not p-fork Ny. By monotonicity, ¢ and hence ¢ |
(fi5) "' IM**] does not p-fork over Ny. By invariance again, gtp(b/No) = gtp(bs/No) = q |
No. By [Corollary 5.4.6, q | (fs)~'[M**] = gtp(b/(f;5) ' [M**]) as desired. O

Remark 5.6.8. 1. In|Proposition 5.6.6 the assumption of stability in [¢, A) is to guar-

antee local symmetry from no £-order property of length A\. We can relax the stability
assumption if we have the stronger assumption of no &-order property. Namely, if K
does not have &-order property of length ¢ where ¢ > £, then we can simply assume

stability in [, ().
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2. We compare our approach with Vasey’s. To satisfy hypothesis (4) in , he
used [Fact 5.6.1] which requires (£, x)-symmetry and continuity of nonsplitting [Vas18c,
Theorem 11.11(1)]. Meanwhile he obtained the equivalence of (&, x)-symmetry <
the increasing union of saturated models of length > y in K¢+ is saturated (see

[5.6.15)). By |Fact 5.6.3| the latter is true for large enough &. In short, he raised the

cardinal threshold while we assumed more stability. More curiously, both our stability

assumption and his cardinal threshold are linked to no order property.

A comparison table can be found below. For £ > u, we abbreviate the increasing

union of saturated models of length > x in K¢ is saturated by “Union(&)”.

Our approach Vasey’s approach

For £ > u* and For large enough &,

Enough stability ([x, h(£)) suffices) = Union(¢™) (Fact 5.6.3

= (&, x)-symmetry (Corollary 5.5.13(1)) || = (&, x)-symmetry (Fact 5.6.15
=Saturation of (£, > x)-limits =-Saturation of (£, > x)-limits
Corollary 5.6.2(2)) Fact 5.6.1

=Union({) (Proposition 5.6.6 =Union(§) (Fact 5.6.5

Observation 5.6.9. The [¢, \) stability assumption in [Proposition 5.6.6/ can be replaced

by (&, x)-symmetry, because we can directly apply [Fact 5.6.1|instead of using extra stability
to invoke |[Corollary 5.6.2. This applies to other results in the paper.

We now recover two known results with different proofs. The original proof for [Vas16al,
Proposition 10.10] is extremely abstract so we supplement a direct argument. (Here we
already assumed a monster model which implies no maximal models everywhere. Alter-
natively, one can adapt the proof of [Bonl4al Theorem 7.1] without using symmetry to
transfer no maximal models upward.) On the other hand, since we have generalized the
arguments in [VV1T7], we can specialize them to y = X, and recover [VV17, Corollary 6.10]
(see below). In their approach, [Vanl6b, Theorem 22] was cited for the successor case of A

and the limit case was proven by inductive hypothesis. We provide a uniform argument to
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both cases for closure under chains, and fill in the computation of the Lowenheim-Skolem
number for the successor case, which they glossed over.

The following facts do not require continuity of nonsplitting.

Fact 5.6.10. 1. [BKV06, Theorem 1] Let & > u. If K is stable in £, then it is also

stable in £ for all n < w.

2. [Vas16b, Theorem 5.5] Let {, > p while § be regular, (&; : i < ) be strictly increasing
stability cardinals. If K has d-local character of {-nonsplitting, then sup,_;&; is also

a stability cardinal. In particular, if K is &-superstable for some & > p, then it is
stable in all A > &.

Corollary 5.6.11. 1. [Vasl6al, Proposition 10.10] Let & > p. If K is &-superstable, then

it 15 superstable in all ¢ > &.

2. [VV17, Corollary 6.10] Let K be u-superstable and & > u't, then K2 the class of

&-saturated models in K forms an AEC with Lowenheim-Skolem number €.

Proof. 1. Combine [Fact 5.6.10[2) and [Lemma 5.6.7}

2. By (1) and [Proposition 5.3.16| we have continuity of {-nonsplitting and stability

in [£,00). By [Proposition 5.6.6, K52 is closed under chains. We show that the

Lowenheim-Skolem number is &: let A be a subset of a £-saturated model M. We

need to find a &-saturated N < M of size £ + |A| containing A.
Consider the case where £ is regular : then we construct (IV; : i < &) increasing and
continuous such that for 1 <17 < &,
e N, contains A;
o N; € K¢y is &-saturated;
o If N* < N, is of size less than &, then N, realizes all types over N*.
The construction is possible by stability in £ + |A| (implied by p-superstability): M is

&-saturated so it has witnesses to all types over N*, but those types can be extended

to be over N; € K¢y (4. By stability we can restrict to (§ 4 |A|)-many witnesses that
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work for all such N*. Now N < M is {-saturated by a cofinality argument. Also, it
has size £ + |A|.

For the singular case, write £ = |J © & where the &’s form an increasing chain of

i<cf
regular cardinals with 4= < & < €. By the inductive hypothesis that LS(K&52%) = &,
we can build (N; : i < cf(€)) increasing and continuous such that Ny contains A,
Ni € Kgqa) is -saturated. Since each K&s2t is closed under chains, Ne is &-
saturated and has size £ + | A|.

[]

It is natural to ask if there are converses to our results. In particular what are the
sufficient conditions to K having the x-local character in K¢ for some £ > u. [Vasi8
Lemma 4.12] gave one useful criterion which we adapt below. The original statement did
not cover the case 6 = £ below and such omission affects the rest of his results. In particular
[Vas18c, Theorem 4.11] should only apply to singular p there. Our result covers regular
cardinals because we assume stability and continuity of nonsplitting. Only in [Vas18c,
Section 11] did he start to assume continuity of nonsplitting and in [VasI8c, Theorem 12.1]
did he take care of the regular case by under extra assumptions.

We state the full assumptions in the following proposition.

Proposition 5.6.12. Let p > LS(K). Suppose K has a monster model, is p-tame and
stable in some & > pt. Let 6 < &1 be reqular, (M; : i < 0) be u-increasing and continuous
in K¢ and p € gS(Ms). There is i < § such that p does not &-split over M, if one of the
following holds:

1. § =& (so & is reqular), K has continuity of &-nonsplitting;

2.0 <& and M; is (u+ 0)"-saturated.

Proof. The first case is by [Proposition 5.3.9) (with & in place of ). We consider the second

case § < £. Suppose the conclusion is false, then for i < ¢, there exist
1. N}, N? € K¢ with M; < N}, N? < Mg;
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3. M! < N} and M? < N? such that f;[M}!] = M? and f;(p | M}') #p | MZ.

Let N < Mj of size u + & containing M} and M? for all i < §. Since My is (u + 6)*-
saturated, there is b € |Mj| realizing p [ N. Then there is i < § such that b € |M;|. Since
fi fixes M;, it also fixes b. Thus

filp | M) = gtp(fi(b) /M) = gtp(b/M;) = p | M,
contradicting item (3) above. O

Corollary 5.6.13. Suppose & > ut and § < £ be reqular. If K is stable in &, has con-
tinuity of -nonsplitting and has unique (&, > §)-limit models, then it has -local character

in Ke. If in addition K¢ has unique limit models, then it is §-superstable.

Proof. Let §' > ¢ be regular and (M; : i < ¢§') C K, be u-increasing and continuous,

p € gS(My). By the proof of [Corollary 5.6.2(2), My is saturated. By [Proposition 5.6.12]

there is ¢ < 0’ such that p does not &-split over M;. O

Remark 5.6.14. As before, our result is local. [GV17, Theorem 3.18] proved a similar
result which is eventual: they managed to guarantee superstability after 3,(xo) where K

has no order property of length xj.

Vasey [Vas18c, Fact 11.6] also made another observation that connects saturated mod-
els and symmetry. In the original statement, he omitted writing continuity of nonsplitting
in the hypothesis and did not give a proof sketch, so we give more details here
applies). As in the discussion before [Definition 5.5.1) we consider the tail of regular

cardinals &' > ¢ in place of a fixed 0’ = § to match our notations.

Fact 5.6.15. Let 0 < pt be regular. If for any ¢’ € [, ut) regular, any (M; : i < ¢')
increasing chain of saturated models in K+ has a saturated union, then K has (u,0)-

symmetry.

Proof. In [Vanl6a, Theorem 2], it was shown that if the above fact holds for any § < p™,
then any reduced tower is continuous at all § < p+. We can localize this argument to show
that if the above fact holds for a specific 6 < p*, then any reduced tower is continuous at

> 0. By [BV15al, Proposition 19], K has (u, d)-symmetry. O
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Corollary 5.6.16. Let 0 < u™ be reqular. If for any 0" € [0, u™) regular, any (M; : i < 0')
increasing chain of saturated models in K+ has a saturated union, then K has uniqueness

of (p, > 0)-limit models.

Proof. Combine [Fact 5.6.15| and [Fact 5.6.1. n

Question 5.6.17. Is there an analog of [Fact 5.6.15 and [Corollary 5.6.16( where “u*” is

replaced by a general £ > pt?

We look at superlimits and solvability before ending this section. The following local-

izes [SV18a), Definition 2.1], which is more natural than [Vasl8c, Definition 6.2].

Definition 5.6.18. Let £ > u. M € K¢ is a x-superlimit if M is universal in K¢, not
maximal, and for any regular § with x < 6 < £, (M; : i < §) increasing such that M; = M

for all i < 6, then (J, s M; = M. M is called a superlimit if it is a Np-superlimit.

Proposition 5.6.19. Let K have continuity of &-nonsplitting for some € > u*. There is
A < h(§) such that if K is stable in [§, \), then it has a saturated x-superlimit in K.

Proof. By |Corollary 5.6.2(2) and [Lemma 5.6.7 any (£,> x)-limit M is saturated (hence
universal in K¢). Let § be regular, x < ¢ < &%, (M; : i < 0) increasing such that M; = M

for all i < 0. Then all M; are saturated in K. By |Proposition 5.6.6, |J,_; M; is also

1<d

saturated, hence isomorphic to M. O]

Remark 5.6.20. The specific y-superlimit built above is saturated. Under the same

assumptions, it is true for all y-superlimits (Lemma 5.6.23)).

The following connects superlimit models with solvability (see [GV17, Definition 2.17]

for a definition).
Fact 5.6.21. |[GV1T7, Lemma 2.19] Let A > £. The following are equivalent:
1. Kis (A, &)-solvable.

2. There exists an AEC K’ in L(K’) O L(K) such that LS(K’) < ¢, K’ has arbitarily
large models and for any M € K, M [ L(K) is a superlimit in K.
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In [GV17, Theorem 4.9], they showed that (), §)-solvability is eventually (in \) equiv-
alent to other criteria of superstability (modulo a jump of 3,,5). Also, A is required to be
greater than £&. We propose that a better formulation of superstability which has A = &.
The case A > £ should be a stronger condition because it allows downward transfer (see
[Vas17dl, Corollary 5.1] for more development on this). Our result proceeds with a series of

lemmas.

The next lemma generalizes [GV17, Fact 2.8(5)] (which is based on [Drul3]).

Lemma 5.6.22. Let £ > p* and M be a saturated model in K¢. M is a x-superlimit iff
for any regular § with x <6 < &*, any increasing chain of saturated models in K¢ of length

0 has a saturated union.

Proof. Immediate from the definition of a y-superlimit. Notice that we need § < £ to

make sure that the chain of saturated models have a union in K. O]
The following lemma generalizes [Drul3, Theorem 2.3.11].
Lemma 5.6.23. Let £ > LS(K). If M is a x-superlimit in K¢, then M is saturated.

Proof. We show that M is a (&, d)-limit for regular 6 € [y,&"). If done, the argument in

|Corollary 5.6.2(2) shows that it is saturated. Construct (M;, N; : i < §) in K¢ such that

My =M = M,; <, N; < M;;; for i« < 6. Suppose N; is constructed, by universality N;
embeds inside M so we can build M;,,, an isomorphic copy of M over N;. To construct
M; for limit i, we embed the union of previous NNV; inside M and repeat the above process.

By the property of a x-superlimit, M = |J,_s M; = |J,_s N; which is a (£, 6)-limit. O

Proposition 5.6.24. If u > LS(K) and K is (< p)-tame, then it is p-superstable iff it is

(u™, pt)-solvable.

Proof. Suppose K is p-superstable. By [Lemma 5.6.23| with { = p*, superlimits in K¢

are saturated. By |Corollary 5.6.11|(2), &-saturated models are closed under chains. By

|[Lemma 5.6.22| saturated models in K¢ are superlimits. Therefore, saturated models and
superlimits coincide in K. By |[Fact 5.6.21} we can define L(K') := L(K) and K’ to be the
class of ¢-saturated models. By |Corollary 5.6.11|(2) again, it is an AEC with LS(K') = &.

135



Suppose K is (u*, u™)-solvable. By [Lemma 5.6.23| there is a saturated superlimit in
K+, which witnesses the union of saturated models in K+ is u*-saturated. By |Corollary

5.6.16, it has uniqueness of limit models in K,. By (< p)-tameness and the proof of

ICorollary 5.6.13| (replace “€” there by p and “ut” there by LS(K)™), it is p-superstable. [

Remark 5.6.25. One might want to generalize the argument to strictly stable AECs. In
that case the statement of [Fact 5.6.21)2) should naturally be for a x-AEC instead of an
AEC, but we do not know how to prove that saturated models are closed under y-directed
systems (a similar obstacle is in [BGLT16, Remark 2.3(4)]). On top of that, the equivalence
in is not clear in that case because we do not have a first-order presentation

theorem on x-AECs to extract an Ehrenfeucht-Mostowski blueprint (but we do have a

(< p)-ary presentation theorem, see [BGLT16, Theorem 3.2] or [Theorem 4.5.6)).

5.7 STABILITY IN A TAIL AND U-RANK
In this section we look at two characterizations of superstability. For convenience we

follow [Vas18d, Section 4] to define some cardinals:
Definition 5.7.1. 1. A(K) stands for the first stability cardinal above LS(K).

2. x(K) stands for the least regular cardinal ¢ such that K has d-local character of
&-nonsplitting for some stability cardinal £ > LS(K).

3. N(K) stands for the minimum stability cardinal £ such that for any stability cardinal
¢ > ¢, K has x(K)-local character of ¢’-nonsplitting.

Observation 5.7.2. 1. By |Assumption 5.2.1) AM(K) < p.

2. By |Definition 5.3.10] (see also the remark after it), y(K) < x.

3. By[Lemma 5.6.7| we can equivalently define \'(K) as the minimum stability cardinal
¢ such that K has y(K)-local character of £&-nonsplitting.

4. K is eventually superstable ({-superstable for large enough &) iff x(K) = R,.
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Currently we do not have a nice bound of XN (K) so the cardinal threshold might be
very high if we invoke X' (K) or x(K). Vasey built upon [She99] and spent several sections

to derive:

Fact 5.7.3. [Vasl8c, Theorem 11.3(2)] Suppose K has continuity of &-nonsplitting for all
stability cardinal £, then N (K) < h(A(K)).

We can now state Vasey’s characterization that superstability is equivalent to stability
in a tail of cardinals. Since continuity of g-nonsplitting is not assumed there, item (1) only
holds for singular €. Also, the original formulation wrote ' (K) instead of (X (K))™ but

the proof did not go through.

Fact 5.7.4. Let K be LS(K)-tame with a monster model.

1. [Vas18&d, Corollary 4.14] Let x; as in [Fact 5.6.3} £ > (N (K))* + x1 be singular, K be
stable in unboundedly many cardinal < ¢. K is stable in £ iff cf(£) > x(K).

2. [Vasl8&d, Corollary 4.24] x(K) = Ny iff K is stable in a tail of cardinals.

We prove a simpler and local analog to [Fact 5.7.4] Rather than looking at the whole
tail of cardinals (more accurately the class of singular cardinals with all possible cofinalities)
after a potentially high threshold, we directly look for the next w + 1 many cardinals of
and verify that K has enough stability, continuity of nonsplitting and symmetry in those

cardinals. Symmetry will be guaranteed by more stability.

Proposition 5.7.5. There is A < h(u™) such that if K is stable in [, \) and has conti-

nuity of ut-nonsplitting, then it is ™ -superstable.

Proof. Obtain A from |Corollary 5.6.2(2) and suppose K is stable in [i, \) and has continuity

of pt*. The conclusion of [Corollary 5.6.2(2) (which uses stability in p** and continuity of

t_nonsplitting) gives a saturated model M of size u*. We show that is a (4™, w)-limit:

1
by stability in [p, p**), build (M,, : n < w) C K_,+» u-increasing and continuous such
that for n < w, M,, € K,+» and M,, = M. On the other hand, by stability in £, build

(N; 1i <w) C K+ u-increasing and continuous such that M, < N,. By a back-and-forth

137



argument, M =, N, and the latter is a (g, w)-limit. By uniqueness of limit models of
the same cofinality, any (u™*,w)-limit is saturated.

By [Proposition 5.6.12(2) where { = p™, § = Xy, K has Nj-local character of pt*-

nonsplitting. Together with stability in x4+, we know that K is superstable in g™, O
We state a more general form of the above proposition:

Corollary 5.7.6. Let 6 be a reqular cardinal. There is A < h(u™®) such that if K is
stable in [p, \) and has continuity of u*°-nonsplitting, then it has §-local character of u*°-
nonsplitting. Stability in [u, \) can be replaced by stability in [0, \) and unboundedly

many cardinals below pto.

Proof. Replace “w” by ¢ in [Proposition 5.7.5. Notice that unboundedly stability many

cardinals below u*° are sufficient to build (M; :i < §) C K <u+s U-increasing. ]

Remark 5.7.7. 1. A missing case of [Proposition 5.7.5| is perhaps the regular cardinal

No. In [BKV06, Theorem 2], it was shown that if K has w-locality, Xo-tameness and
stability in Ny, then K is stable everywhere. The original proof used a tree argument

of height w. We provide an alternative proof using our general tools: by w-locality

and [Proposition 5.3.16(2), K has continuity of Ro-nonsplitting. By [Proposition 5.3.9|

K has Ny-local character of Xp-nonsplitting. By |Corollary 5.6.11)(1), it is (super)stable

everywhere.

2. Our proof strategy of [Proposition 5.7.5|is similar to that of [Vasl8c, Theorem 4.11]

but we use different tools. Both assume stability in g™ and unboundedly many
cardinals in . To obtain a saturated model, Vasey raised the threshold of u so
that the union of p™"-saturated models is p™-saturated (see . Then he
used [Vasl8c, Theorem 4.13] that models in K,+. can be closed to a pu*"-saturated
model. These two give a saturated model in K,+.. In contrast, we bypass such gap
by using the uniqueness of long enough limit models in K+, this immediately gives

us a saturated model in K,+.. After that, Vasey and our approaches converge: the

saturated model is a (u**, w)-limit and [Proposition 5.6.12| gives Rg-local character of

w¥-nonsplitting,.
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Question 5.7.8. 1. Perhaps under extra assumptions, is it possible to obtain a tighter

bound of X(K) in terms of A\(K) than in [Fact 5.7.3]:

2. Let &, & be stability cardinals. Is there any relationship between continuity of &;-
nonsplitting and continuity of &;-nonsplitting? Similarly, can one say anything about

continuity of &;-nonsplitting if for unboundedly many stability cardinal ¢ < &, K

has continuity of £&-nonsplitting? A positive answer might help improve
0. (.0l

In [BGI17, Section 7], Boney and Grossberg developed a U-rank for an independence
relation over types of arbitrary length. Until [Fact 5.7.16, we specify that we only need an

independence relation over 1-types for the proofs to go through.

Definition 5.7.9. [BG17, Definition 7.2] Let K have a monster model and an independence
relation over types of length one. U is a class function that maps each Galois type (of length

one) in the monster model to an ordinal or co, such that for any M € K, p € gS(M),

1. U(p) > 0;

2. For limit ordinal a, U(p) > «v iff U(p) > B for all f < a;

3. For an ordinal 8, U(p) >  + 1 iff there is M' > M, |M'|| = || M| and p’ € gS(M’)
such that p’ is a forking (in the sense of the given independence relation) extension

of p and U(p) > 5
4. For an ordinal «, U(p) = a iff U(p) > a but U(p) 2 a + 1;
5. U(p) = o0 iff U(p) > « for all ordinals «a.

Through a series of lemmas, they managed to obtain the following fact ((Assumption
is not needed).

Fact 5.7.10. [BG17, Theorem 7.9] Let K have a monster model and an independence
relation over types of length one. Suppose the independence relation satisfies invariance

and monotonicity. Let M € K and p € gS(M). The following are equivalent:
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1. U(p) = oo;

2. There is (p, : n < w) such that py = p and for n < w, the domain of p, has size || M|,

and p,,1 is a forking extension of p,.

The original proof proceeds with a lemma followed by the theorem statement. Since
the proof of the lemma omitted some details, and that the lemma and the theorem made

reference to each other, we straighten the proof as follows:

Lemma 5.7.11. (2)=(1) holds in|Fact 5.7.10,

Proof. By induction on each ordinal «, we show that for each «, for each n < w, U(p,) > «.
The base case a = 0 is by the definition of U. The limit case follows from the inductive
hypothesis. Suppose we have proven the case «, then for each n < w, inductive hypothesis

gives U(py11) > a. By the definition of U, U(p,) > a + 1. O

Lemma 5.7.12. Let K have a monster model and an independence relation over types
of length one. Suppose the independence relation satisfies invariance and monotonicity.
Let A > LS(K). There is an ordinal ay < (2M) such that for M € Ky, p € gS(M), if
U(p) > ay then U(p) = oc.

Proof. By invariance, there are at most 2 many U-ranks of types over models of size \. It
suffices to show that there is no gap in the U-rank: if § is an ordinal, N € K}, ¢ € gS(N)
with 8 < U(q) < oo, then there is a forking extension ¢’ of ¢ (with domain of size \) such
that U(¢") = . Otherwise pick a counterexample ¢ € gS(NV). Since U(q) > S+1, there is a
forking extension ¢; of ¢ such that U(q;) > 8. As U(qy) cannot be 5, U(q;) > 5+ 1. Using

monotonicity of forking, we can inductively build (g, : n < w) with ¢y := ¢ and for n < w,

qn+1 1s a forking extension of g,,. By [Lemma 5.7.11} U(qy) = U(q) = oo, contradicting the

assumption on U(q). O

Lemma 5.7.13. Let K have a monster model and an independence relation over types of

length one. Suppose the independence relation satisfies invariance and monotonicity. Then

(1)=(2) in|Fact 5.7.10 holds.
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Proof. Let A = ||[M]||, a as in|[Lemma 5.7.12| and py := p. Define (p, : n < w) inductively

such that U(p,) = co. The base case is by assumption on p. Suppose p, is constructed

with U(p,) = oo, then in particular U(p,) > a, + 1. By definition of U, there is a forking

extension p,41 of p, (with domain of size \) such that U(pp+1) > a,. By [Lemma 5.7.12|

again, U(pn41) = oo. O
Proof of |[Fact 5.7.100 Combine [Lemma 5.7.11| and [Lemma 5.7.13| O

We have now arrived at an alternative characterization of superstability. At the end
of [GV17, Section 6], they suggested the use of coheir and show that superstability implies
bounded U-rank. Since we cannot verify the claim, we use instead p-nonforking as the

independence relation to characterize superstability as bounded U-rank for limit models in

K

e

Corollary 5.7.14. Under |Assumption 5.2.1| restrict p-nonforking to limit models in K,

ordered by <,. Then K is p-superstable iff U(p) < oo for all p € gS(M) and limit model
MeK,.

Proof. By [Fact 5.7.10, we need to show u-superstability is equivalent to the negation of

criterion (2) there. By continuity of p-nonforking (Proposition 5.4.4) and the proof of
[Lemma 5.3.7] it suffices to prove that pu-superstability is equivalent to u-nonforking having

local character Yo (under AP it is always possible to extend an omega-chain of types).

The forward direction is given by [Proposition 5.4.9 and the backward direction is given by

[Proposition 5.4.2| [Proposition 5.4.5 and [Proposition 5.4.19, O

We look at one more result of U-rank, which shows the equivalence of being a non-
forking extension and having the same U-rank . The extra assumption of
LS(K)-witness property for singletons was pointed out by [GMA21 Lemma 8.8] to allow
the proof of monotonicity of U-rank [BG17, Lemma 7.3] to go through. We will adapt their
definition of LS(K)-witness property for singletons because our nonforking is originally de-

fined for model-domains while their independence relations assume set-domains (another

approach is perhaps to work in the closure (Definition 5.7.17)) of nonforking, but we will

not pursue it here).
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Definition 5.7.15. 1. Let A be a cardinal. An independence relation | has the \-
witness property if the following holds: let a be a singleton and M, N € K. If for

any M’ with M < M' < N, |[M'|| < ||M]| + A, we have a | M’ thena | N.
M M

2. An independence relation satisfies left transitivity if the following holds: let A be a
set, Mo < M; < N with A | N and M; | N, then A | N.
Mo

My Mo
Fact 5.7.16. [BG17, Theorem 7.7] Let K have a monster model and an independence
relation over types of arbitrary length. Suppose the independence relation satisfies: in-
variance, monotonicity, left transitivity, existence, extension, uniqueness, symmetry and
LS(K)-witness property for singletons. For any p € gS(M,), any g € gS(M;) extending p
such that both U(p),U(q) < oo, then

U(p) = U(q) < q is a nonforking extension of p

We notice a gap in [BG17, Lemma 7.6] which [Fact 5.7.16|depends on (readers can skip
to [Fact 5.7.20]if they simply use [Fact 5.7.16| as a blackbox; we will also give an alternative
proof that does not depend on the lemma). As usual, their definition of independence

relations assume that the domain contains the base: if we write A | N, we assume M <

M
N. In the proof of [BG17, Lemma 7.6], they applied monotonicity to obtain Noc | Nj.
However, Ny £ Nj because ¢ € Ny — N; might happen. We will rewrite the proof in

[Proposition 5.7.19 using the idea of a closure of an independence relation, and drawing

results from [BGKVI6].

Definition 5.7.17. [BGKVI6, Definition 3.4] | is a closure of an independence relation

L if it satisfies the following properties:

1. l is defined on triples of the form (A, M, B) where M € K, A and B are sets of
elements. We allow M ¢ B.

2. Invariance: if f € Aut(¢) and A B, then f[A] | f[B];
M fIM]

3. Monotonicity: if ALB, A" C A, B' C B, then A’lB’;
M M
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4. Base monotonicity: if ALB and M < M' C M U B, then AJ_/B.
M M/

The minimal closure of | (which is the smallest closure of | ) is defined by: ALC’ iff there
M
is N> M, N D C such that A | N.
M

We quote the following lemma without proof.

Lemma 5.7.18. [BGKV16, Lemmas 5.1, 5.3, 5.4] Let | be an independence relation for
types of arbitrary length, l be the minimal closure of | .

1. | has symmetry zﬁl has symmetry.
2. Suppose | has extension. Then | has left transitivity szi does.

3. | has extension iﬁl has extension.

Proposition 5.7.19. Under the same hypothesis as |Fact 5.7.10, let Ny < Ny < Ni;
No < No < Ni; Ny < Nojc € |No|. If

NlJ_/NO andNQJ/]\_fl

NO No

then there is some N3 extending both Ny and Ny such that
C J_/ N3.
Ny

Proof. We write J_/ to mean the minmal closure of the given independence relation | . By

symmetry twice on Ny | Nj, there is N, containing ¢ and extending Ny, No such that
N, | N,. By definition of the minimal closure,
No
No

On the other hand, by symmetry (and monotonicity) on N; | Ny, Ng [ N;. Then

No LM Applying [Lemma 5.7.18(2) to the last two closurejrv 0independejlz(():e, we have

NQJCViNl. By [Lemma 5.7.18(1), there is Nj > N, and containing ¢ such that NliNé.

By (Jiveoﬁnition of the minimal closure, Ny | Nj. (Here we return to the original proof].\;0 By

base monotonicity, N; | Nj. By symm]evié)ry, there is N3 extending N; and N, such that

Nj L N;. By monotonij(\:f?ty, ¢ | Nj as desired. O
No Na
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Back to[Fact 5.7.16] we would like to know if there are any examples of independence
relations that satisfy its hypotheses. The approach in [BGI17] is to consider coheir [BGI17,
Definition 3.2|, assuming tameness, shortness, no weak order property and that coheir
satisfies extension. More developments of coheir can be found in [Vas16al] but the framework
there is too abstract to handle.

Another natural candidate is p-nonforking. One obstacle is that the hypotheses in
require the independence relation to be over types of arbitrary length, while
we have defined it for singletons only. Another obstacles is that if we extend our frame
to longer types, we might not necessarily guarantee type-fullness (existence holds for all
nonalgebraic types), so we cannot invoke To resolve these, we use the following
fact to extend our frame to types of arbitrary length, while acknowledging that the new
frame might not be type-full. Then we give an alternative proof to that does
not use existence.

We state the full assumptions of the following facts.
Fact 5.7.20. Let K have a monster model, A > LS(K).

1. [BV17Dbl Theorem 1.1] Suppose K is Ad-tame and there is a good (> \)-frame perhaps
except the symmetry property. Then the frame can be extended to a (perhaps non-

type-full) good frame for types of arbitrary length and satisfying symmetry.

2. [BGKV16, Lemma 5.9] Let | be an independence relation for types of arbitrary
length. Suppose | satisfies symmetry and right transitivity, then it satisfies left

transitivity.

Remark 5.7.21. 1. [Fact 5.7.20(1) is achieved by independent sequences. If we simply
build nonforking from nonsplitting for longer types, then some of the results in this
paper do not generalize (for example stability of p-types in K, immediately fails).
One would need extra assumptions (say shortness) and to build the frame in higher

cardinals. See also [Vas1T7e, Appendix A].

2. Another known approach to get a type-full frame for longer types is via Shelah’s NF.

Vasey [Vasl6al Sections 11, 12] showed that with shortness (which we do not assume
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in this paper), one can extend a nice enough frame by NF, which is type-full.

Under p-superstability, we can derive an independence relation that satisfies all the

hypotheses of [Fact 5.7.16] except for existence for longer types. We will use
B2l

Proposition 5.7.22. Let K be p-superstable. Let K' be the AEC of the limit models in
K, ordered by <,. Then p-nonforking restricted to K' can be extended to a (perhaps
non-type-full) good frame for types of arbitrary length. Also it satisfies left transitivity and

u-witness property for singletons.

Proof. By |Corollary 5.4.13] and |Remark 5.4.14)(2), p-nonforking restricted to K’ forms a

good (> p)-frame perhaps except symmetry (it actually satisfies symmetry by |Corollary

5.5.13(2) but we do not need this result here). K’ is also py-tame because K is u-tame under

|Assumption 5.2.1| and we can extend a model in K, to a limit model which is in K’. By

Fact 5.7.20)(1), p-nonforking can be extended to a good (> p)-frame for types of arbitrary
length.

Since the extended frame enjoys symmetry and right transitivity, by (2)
it satisfies left transitivity. We check the p-witness property for singletons: let M <, N
both in K’, p € gS(N). Suppose for any M’ with M <, M' <, N, |M'|| < | M| + p =
||M]|, we have p [ M’ does not u-fork over M. We need to show that p does not u-fork
over M. Without loss of generality assume || N|| > ||M]|. By existence of p-nonsplitting

(Proposition 5.3.12)), there is N’ € K,,, N’ < N such that p does not p-split over N’. As

N is saturated (replace “u” by || V|| in|Corollary 5.6.2(2)), we can obtain N” € K|, such

that N’ <, N” <, N and M <, N”. By definition p does not u-fork over N”. Since p [ N”

does not p-fork over M by assumption, [Corollary 5.4.8| guaratees that p does not pu-fork
over M. O

For comparison purposes, we reproduce the original proof of [Fact 5.7.16| that uses

existence for longer types. Then we give an alternative proof that bypasses it, so that we

can utilize the frame in [Proposition 5.7.22|
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Original proof of [Fact 5.7.16. The forward direction is by definition of U-rank. For the
backward direction, we show that for any ordinal o, U(p) > « iff U(q) > a. It suffices to
consider the successor case: if U(q) > a+ 1, then it has a forking extension ¢’ € gS(Ms) of
rank > «, with || Ms|| = || M;]|. By monotonicity of nonforking, ¢’ is also a forking extension
of p. However, ||M]| might not be the same as ||M|| (this was pointed out by [GMAZ21]).
We claim that there must be some p’ € gS(M’) such that

o [[M]| = [[M];
e p<p <¢;and
e P is a forking extension of p.

Otherwise, every such p’ satisfying the first two requirements must be a nonforking exten-
sion of p. By LS(K)-witness property, ¢ is also a nonforking extension of p, contradiction.
Since U(q') > a, by inductive hypothesis U(p') > «, and hence U(p) > a + 1.

If U(p) > a+ 1, by definition there is p" € gS(M>) such that |[|[M;|| = [[M]|| and p’ is a
forking extension of p of rank > a. We claim that we can choose p’ and M; so that there

is ¢’ € gS(M3) with
e ¢ extends p and p/;
e M5 extends M; and Mo;
e ¢ is a nonforking extension of p'.

Assume that such p’ and M, are chosen, we show that ¢’ is a forking extension of ¢:
otherwise by transitivity, ¢’ is a nonforking extension of p, and by monotonicity p’ is also
a nonforking extension of p, contradiction. Now ¢’ is a nonforking extension of p’, so by
inductive hypothesis U(q") = U(p) > «. On the other hand, ¢ is a forking extension of ¢,
so by definition U(q) > U(¢') + 1 > a+ 1 as desired.

It remains to guarantee such p’ and M, above exist. Let d realizes ¢ and d’ realizes
p’. Since both p’ and ¢ extends p, there is f € Auty,(€) such that f(d') = d. Since
gtp(d/M,) does not fork over My, by symmetry there is M, containing My and d such that
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gtp(M,; /M) does not fork over My. Let M; extends both My and M, (possible because
we work in €). By ezistence gtp(f[Ms]/ M) does not fork over My. By extension there
is M such that gtp(M; /M) does not fork over My and gtp(M;/My) = gtp(f[Ms]/My).
Hence there is g € Auty (€) with g[f[M]] = M;. We now invoke [Proposition 5.7.19
where we substitute No, N1, No, N1, Ny, ¢ by My, My, My, My, M, d respectively. Then we
obtain some Mj extending M; and M such that gtp(d/Ms) does not fork over Mj. p' :=

gtp(d/My) satisfies the requirements. O

Alternative proof of [Fact 5.7.16] In the original proof, the only place that uses existence
for longer types is to guarantee gtp(f[Ms]/My) does not fork over My. Pick any My < €
that extends both f[Ms] and M;. We will work in the minimal closure of the independence

relation and use [Lemma 5.7.18] From the original proof, we have obtained gtp(M;/My)

does not fork over My. By monotonicity gtp(M;/M,) does not fork over My. By symmetry
(for the minimal clsoure), gtp(My/M;) does not fork over My. By extension (see [BGKV16)
Definition 3.5]), there is M* and f € Autz,y, (€) such that gtp(M*/My) does not fork over
My and f[Mo] = M*. Since f fixes My, M* = M,. Therefore, gtp(My/M,) does not fork
over My. By monotonicity, gtp(My/f[Ma]) does not fork over M. Symmetry gives the
desired result. ]

Corollary 5.7.23. Let K be p-superstable and K' be the AEC of the limit models in K>,

ordered by <,. Let | be the extended frame from|Proposition 5.7.29 and define the U-rank
for L. For any M <, M; € K', p € gS(M), any q € gS(M,) extending p such that both
U(p),U(q) < oo, then

U(p) = Ul(q) & q is a nonforking extension of p

Proof. Combine [Fact 5.7.16] and [Proposition 5.7.22. The alternative proof of [Fact 5.7.16

(given before [Proposition 5.7.22|) shows that existence is not necessary. ]

5.8 THE MAIN THEOREMS AND APPLICATIONS
We summarize our results in two main theorems. The first one concerns stable AECs

while the second one concerns superstable ones. Some of the following items allow p >
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LS(K) but we assume g > LS(K) for a uniform statement. The proofs will come after the

main theorems.

Main Theorem 5.8.1. Let K be an AEC with a monster model, i > LS(K), § < u both
be regular. Suppose K is p-tame, stable in p and has continuity of p-nonsplitting. The

following statements are equivalent under extra assumptions specified after the list:
1. K has §-local character of p-nonsplitting;

2. There is a good frame over the skeleton of (u, > 0)-limit models ordered by <., except

for symmetry and local character ¢ in place of Rg. In this case the frame is canonical;
3. K has uniqueness of (u, > 0)-limit models;

4. For any increasing chain of pu*-saturated models, if the length of the chain has cofi-

nality > 0, then the union is also u*-saturated;
5. K+ has a o-superlimit.

(1) and (2) are equivalent. If K is (< p)-tame, then (3) implies (1). There is Ay < h(u)
such that if K is stable in [u, \1), then (1) implies (3). Given any ¢ > u*, stability in
(1, A1) can be replaced by stability in i, ) plus no p-order property of length C.

There is Ay < h(u™) such that if K is stable in [u™, o) and has continuity of u*-
nonsplitting, then (1) implies (4). Given any ¢ > u*™, stability in [u™, \2) can be replaced
by stability in [u", ) plus no pt-order property of length ¢. Always (4) and (5) are equiv-
alent and they imply (3).

The following diagram summarizes the implications in [Main Theorem 5.8.1] Labels

on the arrows indicate the extra assumptions needed, in addition to a monster model, u-
tameness, stability in g and continuity of p-nonsplitting. As in the theorem statement,
whenever we require stability in the form [£, \), we can replace it by stability in [£, () plus

no &-order property of length (.
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stable in [u,A1)
(<p)-tame

stable in [u,A\1)

> (4) < (5)

cont. of uT-nonsplitting
Main Theorem 5.8.2. Let K be an AEC with a monster model, u > LS(K) be regular.
Suppose K s p-tame, stable in p and has continuity of p-nonsplitting. The following
statements are equivalent modulo (< p)-tameness and a jump in cardinal (specified after

the list):

1. K has Xg-local character of pu-nonsplitting;

2. There is a good frame over the limit models in K, ordered by <,,, except for symmetry.

In this case the frame is canonical;
3. K, has uniqueness of limit models;

4. For any increasing chain of p*-saturated models, the union of the chain is also ™ -

saturated;
5. K+ has a superlimit;
6. K is (ut, u")-solvable;
7. K is stable in > p and has continuity of u*-nonsplitting;

8. U-rank is bounded when p-nonforking is restricted to the limit models in K, ordered

by <,.

(1), (2) and (8) are equivalent and each of them implies (3) and (4). If K is (< p)-
tame, then (3) implies (1). Always (4) and (5) are equivalent and they imply (3). (1)
implies (6) and (7) while (6) implies (4). (7) implies (1),+.: K has Ro-local character of
+w

ur-nonsplitting.

The jump in cardinal is due to the lack of a precise bound on X' (K) in deducing (7)=-(1) (see

[Question 5.7.8(1)). The following diagram summarizes the implications in [Main Theorem|

5.8.2, “u™” indicates the jump in cardinal.
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NAY

(i\ /

Proof of [Main Theorem 5.8.1. (1) and (2) are equivalent by [Corollary 5.4.13| and [Proposi-|
tion 5.4.19] The canonicity of the frame is by [Proposition 5.4.18] Suppose (3) holds. Then
the proof of |Corollary 5.6.2(2) and |[Proposition 5.6.12{1) give (1).

Suppose (1) holds. Obtain A; = A from |[Corollary 5.6.2) and take x = §. If K is stable

in [u, A1), then it has uniqueness of (u, > §)-limit models, so (3) holds. The alternative
hypotheses of stability and no-order-property work because we can replace \ in the proof

of |Proposition 5.5.9| by (.

The direction of (1) to (4) is by |[Proposition 5.6.6, The alternative hypotheses work

because we can replace A in the proof of [Proposition 5.5.9/ by (. (4) and (5) are equivalent

by [Lemma 5.6.22| and [Lemma 5.6.23] They imply (3) by |Corollary 5.6.16] O

For the proof of [Main Theorem 5.8.2) we show the additional directions and refer the

readers to the proof of [Main Theorem 5.8.1| for the original directions.

Proof of [Main Theorem 5.8.2. Compared to[Main Theorem 5.8.1} we do not need the extra

stability and continuity of nonsplitting assumptions because superstability already implies
them (Corollary 5.6.11](1) and [Proposition 5.3.16{(1)). (1) and (8) are equivalent by [Corol
lary 5.7.14] (1) implies (7) by |Corollary 5.6.11)(1) while (1) implies (6) by the forward

direction of [Proposition 5.6.241 (6) plus (< p)-tameness implies (4) by the proof of the

backward direction of [Proposition 5.6.24] (7) implies (1),+~ by [Proposition 5.7.5 O

Remark 5.8.3. In |[GV17, Corollary 5.5], they did not assume continuity of nonsplitting

and showed that: if item (4) in [Main Theorem 5.8.2| holds in some & > 3, (xo + 1) (see
Fact 5.6.3| for the definition of xg), then every limit model in K is 3, (xo + p)-saturated.
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This implies Yg-local character of &-nonsplitting. Using [BV17b, Theorem 7.1], there is a
A < h(§) such that (3) holds with p replaced by A. From hindsight, the last argument can

be improved by quoting |Corollary 5.6.11{(3) instead and having A = £*. In comparison,

our (4)=(3) allows (3) to still be in K, and does not have the high cardinal threshold.

Corollary 5.8.4. Let £ > LS(K) and K have a monster model, continuity of {-nonsplitting

and be (< &)-tame. Then the following are equivalent:

1. K has uniqueness of limit models in K¢: for any My, My, My € Ky, if both M, and
My are limit over My, then My =y, Ms;

2. K has uniqueness of limit models without base in K¢: any limit models in K¢ are

isomorphic.

Proof. The forward direction is immediate and only requires JEP. For the backward

direction, the proof of (3)=(1) in [Main Theorem 5.8.2| goes through (JEP is needed) and

we have &-superstability. By (1)=>(3) in [Main Theorem 5.8.2] it has uniqueness of limit
models in K. ]

As applications, we present alternative proofs to the results in [MA20] and [SV18a]

with stronger assumptions. In [MA20], limit models of abelian groups are studied.

Fact 5.8.5. 1. [MA20, Definition 3.1, Fact 3.2] Let K% be the class of abelian groups
ordered by subgroup relation. Then K% is an AEC with LS(K%) = X, has a monster

model and is (< Rg)-tame.
2. [MA20] Fact 3.3(2)] K is stable in all infinite cardinals.

3. [MA20, Corollary 3.8] K% has uniqueness of limit models in all infinite cardinals.

In the original proof of (3), an explicit algebraic expression of limit models
was obtained, so that limit models of the same cardinality are isomorphic to each other.
In [MA20, Remark 3.9], it was remarked that [Vasl8c| could be used to obtain uniqueness
of limit models for high enough cardinals (above > Jng)+). We write down the exact
argument using known results. Then we present another proof that covers lower cardinals

using results in this paper (but not any algebraic description of limit models).

151



First proof of |[Fact 5.8.5(3). In|Fact 5.7.4{(1), pick & > (N(K))" + x1 with c¢f(§) = N,. By
Fact 5.8.5(2), K is stable in . So the conclusion of [Fact 5.7.4(1) gives superstability
in > XN(K%). By [VV17, Corollary 1.4] (which combines [VVI7, Fact 2.16, Corollary

6.9]), K% has uniqueness of limit models in K%, Notice that by [Fact 5.7.3 N (K®) <

2N (Kab):
h(A(K™)) = h(Rg) = Jiaxey+, S0 We can guarantee uniqueness of limit models above Jgrg)+.

O

Second proof of[Fact 5.8.5(3). By [Fact 5.8.5(1)(2), K% is stable in Ny and is (< Ng)-

tame. The latter implies w-locality. By [Proposition 5.3.16(2), K% has continuity of

No-nonsplitting. By |[Remark 5.7.7|(1), it is superstable in > W,. By |Corollary 5.6.2(1) (or
simply [VV17, Corollary 1.4]), it has uniqueness of limit models in all infinite cardinals. [

We turn to look at a strictly stable AEC.

Fact 5.8.6. 1. [MA20, Definition 4.1, Facts 4.2, 4.5] Let K* be the class of torsion-
free abelian groups ordered by pure subgroup relation. Then K! is an AEC with

LS(K') = Ny, has a monster model and is (< Rg)-tame.
2. [MA20] Fact 4.7] K/ is stable in X iff \¥ = \. In particular K!/ is strictly stable.
3. [MA20, Corollary 4.18] Let A > N;. K* has uniqueness of (A, > R;)-limit models.

4. [MA20, Theorem 4.22] Let A > Ry. Any (), Xg)-limit model in K*/ is not algebraically

compact.

5. [MA20, Lemmas 4.10, 4.14] Let A > X;. Any (\,> R;)-limit model in K/ is alge-

braically compact. Any two algebraically compact limit models in K if are isomorphic.

The original proof of the second part of [Fact 5.8.6{(3) uses an explicit algebraic expres-
sion of algebraically compact groups [MA20l, Fact 4.13]. Using the results of this paper, we
give a weaker version but without using any algebraic expression of algebraically compact

groups.

Proposition 5.8.7. Assume CH. If for all stability cardinal X > X, K/ does not have
the \-order property of length X%, then for all such A, it has uniqueness of (X, > Ny )-limit

models.
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Proof. By CH and [Fact 5.8.6/2), K!/ is stable in N;. Bym , K is (< Ry)-tame,
hence it has w-locality. By [Proposition 5.3.16(2), K*/ has continuity of N;-nonsplitting.

[Proposition 5.3.9 and [Lemma 5.6.7] give X;-local character of A-nonsplitting for all stability
cardinals \. By [Fact 5.6.10|(1), K%/ is stable in [\, \**). By |Corollary 5.6.2(1) and
5.6.8(1), K has uniqueness of (), > N;)-limit models for all A > N;. O

Question 5.8.8. Is it true that K% does not have N;-order property of length R,,?

For |[Fact 5.8.6(4), the original proof argued that uniqueness of limit models eventually
leads to superstability for large enough A (from an older result in [GV17]). Then a specific
construction deals with small A. In [MA20, Remark 4.23], it was noted that [VasI8d|,
Lemma 4.12] could deal with both cases of \. We give a full proof here (the algebraic

description of limit models is needed):

Proof of [Fact 5.8.6/(4). Let A > Ry and M be a (A, Ng)-limit model. Then K* is stable

in A and by [Fact 5.8.6(2) A > N,. Suppose M is algebraically compact, by [Fact 5.8.6(5)
and |Corollary 5.6.2(2) M is isomorphic to (A, > N;)-limit models and is saturated. By

[Proposition 5.6.12(2) (where (M; : i < Ny) witnesses that M is (A, Ng)-limit), Re-local

character of A\-nonsplitting applies to M. Since M is arbitrary, K/ has Xy-local character
of A-nonsplitting, which implies stability in > A by [Fact 5.6.10(2), contradicting
5.8.6(2). ]

Remark 5.8.9. [Vas18d Lemma 4.12] happened to work because we do not care about

the case Ry (which is not stable) and we can always apply item (2) in [Proposition 5.6.12]

n [SV18a], Ry-stable AECs with Ro-AP, Ro-JEP and No-NM M were studied. They
built a superlimit model in Ry by connecting limit models with sequentially homogeneous
models [SV18al Theorem 4.4]. Then they defined splitting over finite sets where types have
countable domains and obtained finite character assuming categoricity in Yo [SV18al, Fact
5.3]. This allowed them to build a good Ry-frame over models generated by the superlimit.
These methods are absent in our paper because we studied AECs with a general LS(K),

and our splitting is defined for types over model-domains.
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In [SV18al Corollary 5.9], they showed the existence of a superlimit in N; assuming
weak (< N, Ng)-locality among other assumptions. We will strengthen the locality assump-
tion to w-locality, and work in a monster model to give an alternative proof. This allows us
to bypass the machinery in [SV18a] that are sensitive to the cardinal ¥y, and the technical

manipulation of symmetry in [SVI8al Section 3]. Also, our result extends to a general

LS(K).

Proposition 5.8.10. Let K is an Xy-stable AEC with a monster model and has w-locality.
Then there is a superlimit in Ry. In general, let A > LS(K), and if K is stable in A instead

of Ng, then it has a superlimit in \T.

Proof. Apply [Main Theorem 5.8.2(1)=-(5) where p = LS(K) (that direction does not

require 1 > LS(K)). Notice that w-locality implies LS(K)-tameness. O

Tracing our proof, we require global assumptions of a monster model and w-locality in

order to use our symmetry results, especially |[Proposition 5.5.9. We end this section with

the following:

Question 5.8.11. Instead of global assumptions like monster model and no-order-property,
is it possible to obtain local symmetry properties in Section [5.5| using more local assump-

tions?
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CHAPTER 6
CATEGORICITY TRANSFER FOR TAME AECS WITH
AMALGAMATION OVER SETS

ABSTRACT

Let K be an LS(K)-tame abstract elementary class and assume amalgamation
over sets and arbitrarily large models. Suppose K is categorical in some p > LS(K),
then it is categorical in all i/ > p. At the cost of using amalgamation over sets
instead of over models, our result removes the successor requirement of y made by
Grossberg-VanDieren [GV06a], and the primes requirement by Vasey [Vasl7h]. As
a corollary, we obtain an alternative proof of the upward categoricity transfer for
first-order theories [Mor65al, [She74]. In our construction, we simplify Vasey’s results
[Vas16al, Vas17e] to build a weakly successful frame. This allows us to use Shelah-
Vasey’s argument [SV18b|] to obtain primes for sufficiently saturated models. If we
replace the categoricity assumption by LS(K)-superstability, K is already excellent
for sufficiently saturated models. This sheds light on the investigation of the main

gap theorem for uncountable first-order theories within ZFC.

6.1 INTRODUCTION

For first-order theories, we have the following categoricity theorems:

Theorem 6.1.1. 1. [Mor65a] Let T' be a countable first-order theory. If T is categorical

in some uncountable cardinal, then it is categorical in all uncountable cardinals.

2. [SheT4] Let T be a first-order theory. If T is categorical in some cardinal > |T|, then

it is categorical in all cardinals > |T|.

In the late seventies after Shelah completed his book [She90], he came up with a far
reaching program: develop classification theory for non-elementary classes. Thus he titled
his papers [She83al, [She83D., [She87] “Classification theory for non-elementary classes”. In
the summer of 1976, Shelah proposed as a test question for such a theory (which appeared

in [She83a, Conjecture 2]):
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Conjecture 6.1.2 (Categoricity conjecture for L, ). Let ¢ be a sentence of L, ., in a

countable language. If ¢ is categorical in some p > 3, , then 1) is categorical in all > 3,
In the second edition of his book [She90], the conjecture was generalized to:

Conjecture 6.1.3 (Categoricity conjecture for Ly+,). Let ¢ be a sentence of Ly+, in
a language of size A. If ¢ is categorical in some p > Jisx)+, then 1 is categorical in all

12 Z :(QA)+ .

In [She00, Section 6], Shelah stated that classification theory for abstract elementary

classes (AECs) is the most important direction of model theory. He conjectured:

Conjecture 6.1.4 (Categoricity conjecture for AECs). Let K be an AEC and A = LS(K).

The threshold for categoricity transfer is Jpx+ (the Hanf number).

The importance of these conjectures is the structural theory that needs to be devel-
oped. The main concept of the previously-developed structural theory for first-order the-
ories is forking: a canonical notion that generalizes combinatorial geometries (also called
matroids when they are finitely generated).

In about 3000 pages of publications towards these conjectures indeed such a theory
evolved (see the at the end of this section for a partial list of results). We can divide

the approaches into three types:

a. Assuming tameness and other model theoretic properties: Grossberg and VanDieren
[GV06al, [GV06¢] extracted the notion of tameness from [She99] and derived categoric-
ity transfer from a successor cardinal for tame AECs with a monster model. Many
subsequent results were obtained by Boney and Vasey but the successor assumption
from [GV06al still could not be removed. Vasey [Vasl8b] building upon Shelah’s
results, showed that categoricity transfer holds for AECs with amalgamation and
primes (without starting from a successor cardinal) and managed to prove that the

eventual categoricity conjecture is true for universal classes [Vas17el [Vas17f].

b. Assuming non-ZFC axioms and model theoretic properties: Shelah [She83al [She83b]
showed that under WGCH, if a countable theory in L, . is excellent and has few
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models in N, for n < w, then categoricity transfers up from an uncountable cardinal.
[She09a] also developed heavy machinery such as good frames to derive categoricity
transfers. However many of his results have technical assumptions which are not easy
to verify. Later Shelah and Vasey [SV18b|] generalized the notion of excellence to
AECs and derived categoricity transfers assuming WGCH and restricting the spec-
trum in an interval of cardinals. A few variations were given in [SVI8b, Vas19] where

they replaced the spectrum requirements by other model theoretic properties.

Meanwhile, Makkai and Shelah [MS90] proved that the eventual categoricity conjec-
ture is true for an L, , theory starting at successor cardinals, where x is strongly
compact. Boney [Bonl4b] showed that tameness holds for compact AECs (assuming
the existence of strongly compact cardinals), thus by [GV064a, (GV06c] the eventual
categoricity is true starting at successor cardinals. Eventually [SVI8b] used the ex-

cellence argument to remove the successor assumption.

c. Using specific constructions: Cheung [Che21] showed that given a free notion of
amalgamation and the existence of prime models, the AEC behaves like strongly

minimal theories, which allows one to manipulate the AEC algebraically.

Mazari-Armida [MA22] combined decomposition results from algebra and categoricity
transfer from [Vas17h| to characterize algebraically the property of being categorical
in a tail. In particular, let R be an associative ring with unity, he proved that the
threshold of categoricity transfer is (|R| + Ng)™ for the class of locally pure-injective

modules, flat modules and absolutely pure modules.

Espindola [Esp22] used topos-theoretic argument to show that the eventual categoric-

ity conjecture holds. However, there is no explicit bound to the threshold cardinal

L.

In this paper we follow approach (a) above and focus on AECs that have a monster
model, satisfy amalgamtion over sets and tameness. In doing so we can remove the successor
assumption in (2) in the [table, In our proof, we rely heavily on many recent papers and

replace the use of WGCH in (8) by amalgamation over sets to obtain excellence. Then
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using [SVI8b] that excellence implies primes, we can invoke the categoricity transfer in
(3). A main application of this result is the removal of the successor requirement in the
categorical transfer in [MS90] (see also [She00), Question 6.14] for the problem statement).

Our work was motivated by a simple question: using the common model theoretic
assumptions and techniques, can we recover the upward! categoricity transfer in
6.1.17 [Les00] and [HK11] have relevant results but they require LS(K) = R, and sev-
eral additional assumptions (say simplicity: there is a strong example by Shelah that in
the context of homogeneous model theory, simplicity is not a consequence of Ny-stability
[HLO2]). Such results might not be easy to check and generalize to uncountable LS(K).
Meanwhile, Vasey [Vas18b, Section 4] adopted a hybrid approach where he quoted syntac-
tic results from [She71l [HS00] to conclude that a homogeneous diagram has primes and a
nonforking relation over sets, and then combined it with the categoricity transfer for AECs
with amalgamation and primes. In comparison, our result is cleaner because we do not
invoke primeness or stability results from [She71l [HS00]. The assumptions of tameness and
amalgamation over sets are immediate to check.

When we show excellence, we only require tameness, amalgamation over sets, arbi-
trarily large models and superstability. This way of obtaining excellence does not use any
non-ZFC axioms and might shed light on the main gap theorem for uncountable first-order
theories: |GLO5| used an axiomatic framework to obtain the abstract decomposition the-
orem, a key step to the main gap theorem. The results from [SV18b] provide us with a
multidimensional independence relation, which satisfies some of the axioms in [GL05]. For
future work, one may look at the axioms on regular types (see [GLO5L Axioms 8-10]).

We now list some of the known results on categoricity transfer for AECs. The number-
ing is for reference only and is not chronological. We strengthen some of the assumptions to
a monster model “€” for readability (unless they assumed a local frame). Here a monster

model means amalgamation, joint embedding and no maximal models. We write “Cg.”

! Downward transfer is a much harder problem for AECs: the currently known transfer with common
assumptions is down to the first Hanf number. [Example 6.6.15| shows that the first categoricity cardinal

can go up to the first Hanf number, but such example fails amalgamation and joint-embedding.
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if we also require amalgamation over sets. We strengthen instances of WGCH in an in-
terval of cardinals to full WGCH. Throughout we let A = LS(K). Except for (5)(12), we
assume that the categoricity cardinal g < h(\) (so we can omit the downward transfer
to the first Hanf number h(\)). Some of the results can be combined but we highlight
the new parts. The key results of categoricity transfers within ZFC are (2), (3) and (4).
By assuming amalgamation over sets, we remove the successor assumption in (2) and (4),
while removing the prime triples assumption in (3).

This paper was written while the author was working on a Ph.D. under the direction of
Rami Grossberg at Carnegie Mellon University and we would like to thank Prof. Grossberg

for his guidance and assistance in my research in general and in this work in particular.
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Assumptions on K

If I(p, K) =1 for some

Then I(p/, K) =1 for all

Mtame, €y > At i > g (Theorem 6.6.13
1. | Homogeneous diagram with € w> T p' > p [Vasi8b, Theorem 4.22]
2. | Atame, € successor i, > AT p' > p [GV06a, Theorem 5.3]
3. | A-tame, €, has primes > At p' > p [Vas17b, Theorem 10.9]
4. | Has a type-full good [p1, ua]- [i1, f12 as on the left w e [, po]

frame where s is a successor > p; > A [Vas17bl Theorem 6.14]
5. | A < k for some strongly compact k successor > kT p' > p [Bonl4bl Theorem 7.4]
6. | Compact > At p' > p [SV18b, Theorem 14.5]
7. | Excellent > At p' > p [SVI8h, Theorem 14.2]
8. | WGCH, has a (< w)-extendible to > i o>t

categorical good p-frame [SV18bl, Corollary 14.4]
9. | WGCH, Ky++ # () and for n < w, =Mt p' > X\ [SVI8D, Theorem 14.11]

T K) < prgnie (AT, 22777)
10. | WGCH, ¢ 1, fo > A p' € [pr, po] [Vasl9l Lemma 9.5]
11. | WGCH, ¢ > At p' > p [Vas19, Lemma 9.6]
12. | Universal class > Jpen p' > p [Vasl7f, Theorem 7.3]
13. | PCy,, No-tame, has primes, 2% < 2% =N p > p [MAVTS|, Theorem 4.4]
14. | WGCH, PCy,, 1 < I(X,K) < 281 >Ny and g =N 1w >N

and few models in X, [SV18b, Theorem 14.12]
15. | Atomic models of a countable first-order >Ny [She83al, [She83b]

theory, WGCH, few models in N,
16. | Universal L,, ., sentence Tail of [LS(K),3,) p' > 3, [Vas20, Corollary 5.10]
17. | Has prime and small models > p(K) 4+ A > u(K)+ A+ I K)T

and a free notion of amalgamation [Che21l, Theorem 5.7
18. | The class of locally pure-injective modules/ | u > (|R| + Ro)™* [MA22]

flat modules/absolutely pure modules
19. | None (no explicit bound) [Esp22]
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6.2 PRELIMINARIES

In this section, we will define the main notions used in this paper (see [Definition 4.2.2|

for the definition of AECs). Relevant results will be discussed in the subsequent sections.

Definition 6.2.1. Let K be an AEC and A > LS(K). The functions f mentioned below
will be K-embeddings.

1. K has the A-amalgamation property (A-AP) if for any My, My, My € Ky, My <k M;,
My <g Ms, there is M3 € K, and f : M, 7 M;5 such that My <x M;. K has the
0

amalgamation property (AP) when the above is true without the cardinal restriction.

2. K has the amalgamation property over set bases (AP over sets) if for any My, My € K,
any A C |My| N |Ms|, there is M3 € K and f : M, j Ms such that My <g Ms.

3. K has the A-joint embedding property (A»-JEP) if for any My, My € K, there is
M; € K, and f : My — M; such that My <g M;s. K has the joint embedding

property (JEP) when the above is true without the cardinal restriction.

4. K has no mazimal models (NMM) if for any M € K, there is N € K such that
M <x N but M # N.

5. K has arbitrarily large models (AL) if for any cardinal ¢ > LS(K), there is M € K>,,.
6. K has a monster model € if it has AP, JEP and NM M.
7. K has €y if it has AP over sets (which implies JEP) and NMM.

Remark 6.2.2. All the properties except for (2)(7) in the above definition hold in complete
first-order theories because of the compactness theorem. (2)(7) hold if we also fix a monster
model and they will only be used in Section [6.6] See also the discussions around [Bal09)
Definition 4.34, Lemma 18.8].

Definition 6.2.3. Let o > 2 be an ordinal.

1. We denote Galois types (orbital types) of length (< ) as gS~(+) (see [Vasl6d, Def-

inition 2.16]; we will not need the precise definition in this paper). The argument
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can be a set A in some model M € K. In general gS<*(A) := [ J{gS““(4A; M) : M €
K,|M| 2> A} (under AP, the choice of M does not matter).

2. K is (< a)-stable in X\ if for any set A in some model M € K, |A| < A, then
|gS=*(A; M)| < A\. We omit “(< «)” if @ = 2, while we omit “in \” if there exists
such a A > LS(K). Similarly K is a-stable in X if for any such A and M above, we
have |gS?(A)] < A

The notion of tameness was introduced by Grossberg and VanDieren [GV06a|] as an
extra assumption to an AEC. Later Boney [Bonl4b| introduced a dual property named
shortness. Tameness is a locality property on the domain of types while shortness is a

locality property on the tuples that realize the types.
Definition 6.2.4. Let x be an infinite cardinal.

1. Let p = gtp(a/A, N) where a = (a; : i < &) may be infinite, I C «a, A9 C A. We
write I(p) :=l(a), p | Ao := gtp(a/Ap, N), a' = {a; : i € I) and p’ := gtp(a’/A, N).

2. K is (< k)-tame for (< «a)-types if for any subset A in some model of K, any
p # q € gST(A), there is Ag C A, |Ag| < k with p | Ag # q | Ag. We omit (< «) if

o= 2.

3. K is (< k)-short if for any « > 2, any subset A in some model of K, p # ¢ € gS~*(A),
there is I C a, |I| < k with p! # ¢!

4. k-tame means (< kT)-tame. Similarly for shortness.

Remark 6.2.5. By [Vasl6d, Corollary 3.18], (< r)-shortness implies (< r)-tameness.
First-order theories are trivially (< Rg)-short, while a theorem due to Boney shows that

universal classes are also (< Ng)-short [Vas17e, Theorem 3.7].

The notion of a good frame was introduced in [She09al, Chapter II]. The definition was
extended for domains of sizes from an interval of cardinals (instead of a single cardinal)
in [Vasl6b] while for longer types in [BV17h]. We follow the notation in [BVI7h] but

specialize it in our context, where the types are always type-full (basic types coincide with
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nonalgebraic types) and we work inside a monster model. [Vas16al, building on numerous

papers, defined many more properties of a frame which cater for his coheir construction,

which will not be considered here.

Definition 6.2.6. Let K be an AEC with a monster model €, ;1 > LS(K) be a cardinal

and o > 2 be an ordinal or co. A (< a, > p)-good frame is a ternary relation | such that:

1.

10.

If (a, My, M) € L, then a € |M;|<*, My <k M, and My, M; € K>,. We write

a | M, and say gtp(a/M,) does not fork over My (well-defined by invariance below).
Mo

. (Invariance) If f € Aut(¢) and a | M, then f(a) L f(M).

Mo f(Mo)
(Monotonicity) If a | M;, My <k Ny <x N1 <k M, ¢’ C a and a’ € |N'|, then
a | N. "
No
(Stability) For M € K>, |gS(M)| < || M]].

Existence) For M € K-, and a € |[M|<*, a | M.
( >u
M

(Extension) If p € gS<%(M;) does not fork over My, M; <x M, and l(p) < B < «,
then there is ¢ € gSB(Mg) such that ¢® | M = p and ¢ does not fork over M,.

(Uniqueness) If p,q € gS**(M;) do not fork over My and p [ My = ¢ | My, then

p=gq.

(Transitivity) If a | M; and a | Ms, then a | M.
My My My

(Local character) If ¢ is regular, (M; € K>, : i < ¢§) is increasing and continuous,

p € gS<°(Mjy), then there is i < § such that p does not fork over M;.

(Continuity) If ¢ is a limit ordinal, both (M; € K>, : i < 6) and (o < av 1 7 < 0)
both increasing and continuous, p; € gS* (M;) increasing in ¢ < 4, then there is some
p € g5 (Ms) such that for all i < §, p* [ M; = p;. If each p; does not fork over My,
then neither does p.
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11. (Symmetry) If an | M, and a; € |[M;|<%, then there is M, containing ay such that
Mo
a1 L M.

Mo

b

We define (< a, p)-frame similarly when the models must have size u. We omit “(< «)

when o = 2. We call | an independence relation if it only has invariance and monotonicity.

Remark 6.2.7. There are weaker versions of a good frame which still have nice properties
(for example [JS13, IMAT9] and Chapter [3), which will not be discussed here because we

will focus on the full strength of a good frame (and more under categoricity).

6.3 A (<oo,> (25K)H).NONFORKING RELATION

Assuming superstability and shortness, we will build a (< oo, > (2M5®))+)_nonforking
relation with nice properties. This will allow us to use [Vasl6al, Section 11] to conclude
that the underlying good frame is weakly successful. The result was sketched in [Vas1Tel,
Lemma A.14] but it drew technical results from [Vasl6al, Sections 1-10]. In this section,

we will construct the nonforking relation and derive its properties directly. Readers can

blackbox this section and skip to Section [6.4]
Definition 6.3.1. Let K be an AEC with a monster model, A > LS(K).
1. Let M <x N, we say that N is an universal extension of M if for any N’ € Ky

with M <y N’, thereis f : N’ - N. We say a chain (M; € K : i <) is universally

increasing if for each ¢ < 0, M, is a universal extension of M;.

2. Let N € K and p € gS(NV), we say that p A-splits over M if there exists Ny, Ny € K,
such that M SK Nl,NQ SK N, f : Nl 7 NQ with f(p) [ N2 #p rNg

3. K is superstable in X if K is stable in A and the following holds: for any limit ordinal
d < AT, any universally increasing and continuous (M; € K) : i < §), p € gS(Ms),
there is ¢ < d such that p does not A-split over M.

Remark 6.3.2. In item (1), if M < N and N is ||[M||*-saturated, then N is a universal

extension over M. In addition, N realizes all (< [[M]|")-types over M. In item (3),

by [Vasl6al, Proposition 10.10] or [Corollary 5.6.11) A-tameness and A-superstability imply

N-superstability for A > \.
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Under tameness and superstability, we can build a good frame in the successor cardinal.
We remark that the original item (2) did not show whether the p*-saturated models form
an AEC (in particular whether they are closed under unions). It was only later in item (1)

that the question was fully settled.

Fact 6.3.3. Let K be an AEC with a monster model and p > LS(K). Suppose K is

p-tame and superstable in .

1. [VV17, Corollary 6.10] For A > p, K* is an AEC with LS(K*®) = ).

2. [Vas16b, Theorem 7.1] The relation defined by: p € gS(N) does not fork over M < N
if there is My € K, such that M is a universal extension over M, and p does not

p-split over My, induces a good (> pt)-frame for K# =2 (by (1) the pt-saturated
models form a sub-AEC of K).

Remark 6.3.4. e Coheir in [BG17] is another candidate for a good frame, but one
has to assume in addition the no weak order property and the extension property of
coheir. To remove these assumptions, one has to raise the starting cardinal very high,
so the threshold cardinal of categoricity transfer is way above put. See also item 2(a)

after this remark.

e One might wonder if it is possible to define the frame for K. [Vasl8a, Corollary
13.16] gave a weaker version where the underlying models are limit models while
local character and continuity are for universally increasing chains (this argument
was generalized to the strictly stable context in . Alternatively, [Vas19, Section 6]
built a good p-frame by assuming WGCH and drawing heavily from [JS13] (WGCH

is used to establish that the frame is weakly successful, see [Definition 6.4.4)).

Now we have a good (> p)-frame and would like to extend it to longer types. However,
there are difficulties in terms of proving extension and local character. Besides the use of

WGCH as in the above remark, we list three main approaches in literature:

1. Using independent sequences and tameness, [BV17b] developed on [She09al, Exercise
[11.9.4.1] to extend the frame to longer types. But such frame is not necessarily

type-full, which is assumed in other results.
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2. Extend the good (> p)-frame to a (< o0o,> p)-nonforking relation, which might
not be a good frame itself. [Vasl6al, Section 11| gave sufficient conditions of the
nonforking relation in order for the original frame to be weakly successful. Then one
can quote [JS13|] to extend the original frame by NF, which is a good frame. To build

the nonforking relation, there are two ways:

(a) [Vasl6a, Sections 1-10] built an axiomatic framework that allows one to use
coheir to produce a good (> p)-frame (instead of using nonsplitting). To obtain
the sufficient conditions above, he went on with a highly convoluted construction,
which also uses canonicity to obtain properties from nonsplitting. Moreover, the
threshold cardinal u is very high (fixed points of the beth function) in order to

use the no-order property.

(b) Using nonsplitting (Fact 6.3.3), [VasITe, Lemma A.14] sketched that it can be
extended to a nonforking relation that satisfies the sufficient conditions. How-
ever, the details were sparse (about two paragraphs) and he invoked technical
results from [Vasl6a, Sections 1-10], which have numerous definitions and go

back and forth between coheir and nonsplitting.

We will adopt approach 2(b), but give an alternative proof that such nonforking relation
satisfies the desired properties. In particular we do not need [Vasl6a)] in this section but
refer to the simple construction in (2) Our starting cardinal is u* for the same
reason as the successor cardinal in [Fact 6.3.3(2). Meanwhile [VasI7e, Lemma A.14] starts

at u, but we cannot verify the claims there. At the end it does not affect the categoricity

transfer by virtue of [Fact 6.6.12(2).

Definition 6.3.5. Let K be an AEC with a monster model, ; = 2"5®) and assume K is
LS(K)-short and superstable in LS(K).

1. Since shortness implies tameness (Remark 6.2.5), we can define the nonforking re-

lation as in [Fact 6.3.3(2) but for < (LS(K)™*)-types (instead of 1-types). This is a
(< LS(K)*, > p*)-nonforking relation | over the put-saturated models.
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2. Extend | to a (< oo,> u')-nonforking relation J_/ by coheir : alMl iff for any
Mo

subsequence a’ C a of length < LS(K)™, we have a/ | M;.
Mo

The following collection of facts helps us establish local character properties. The sec-

ond item below is from [Bonl7, Theorem 3.5], which was usually cited as [Bonl7, Theorem

3.1] (the issue was clarified in [Theorem 3.2.2). The statement of the third item can be

found in [Vasl7¢, Lemma A.12] and is essentially [GV06b, Fact 4.6].
Fact 6.3.6. Let K be an AEC with a monster model, ¢ > LS(K) and a > 1.

1. [She99, Lemma 3.3] If K is stable in y, M € K>, and p € gS(M), then there is
My <k M, ||M]| = u such that p does not u-split over M,.

2. If K is stable in p and p = p®, then it is a-stable in pu.
3. If k satisfies p = p=*, then item (1) is still true for p € gS<*(M).

Proof. We sketch (3): by stability and (2), K is (< k)-stable in . The proof of (1) shows
that if the conclusion of (1) fails, one can build a tree of types and models to contradict
1-stability in p, where “1” comes from I(p). The same proof goes through for (3) because

we now have (< k)-stability in p. O

We now state the nice properties of | we constructed. Items (c) and (d) can be
strengthened but they are sufficient for the next section. Notice that shortness is the key

to obtain uniqueness in item (e) below.

9LS(K

Proposition 6.3.7. Let K be an AEC with a monster model, 1 = ) and assume K

is LS(K)-short and LS(K)-superstable. The relation | defined in \Definition 6.3.3 satisfies

the following:
a. | isa (< o0, > ph)-nonforking relation over the u*-saturated models.
b. When restricted to 1-types, | is a good (> pt)-frame.

c. Forn>2, KF"% js an AEC with LS(K# ") = pt.
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d. Forn > 2, l restricted to (< pt™)-types has local character for chains of length

n+1)

> pt D Namely, for any a of length (< ™), any reqular § > pt™) | any

increasing and continuous chain (M; : 1 < §) C K“+'Sat, there is i < & such that

alM(;.

M;
e. | has uniqueness.

f. L has the left (< p™)-witness property: al M, iff for any @’ C a of length < u™, we
My

have a’l]\/[l.

Mo

g. J/ has the right (< p™)-model witness property: aJ_/M iff for any My € K+ 59 with
Mo

My <x My <x M, |My]| < pt, we have aiMl'
Mo

Proof. Ttems (a) and (b) follow from the construction of | which extends the original
frame. Item (c) is by [Fact 6.3.3(1).

For item (d), we first assume that a has length < LS(K)". Since p = p<5®)" by
Fact 6.3.6{3) there is M* <x Ms, ||M*|| = p such that gtp(a/Ms) does not u-split over M*.
Since 0 > p™ > p, there is i < ¢ such that M* <g M. Since M; is || M*||*-saturated, by

Remark 6.3.2| M, is universal over M*. By definition, a | Mj as desired. Now for general a
M

of length (< p*™), there are at most (u+")*®) which is 4+ many subsequences of length

< LS(K)™, therefore we can take the maximum i from the previous case, which is still less
than ¢ by a cofinality argument.

For item (e), let M <g N € K+ p g € gS<®(N) both do not fork over M
and p | M = q | M. By shortness we may assume that p,q € gS<LS(K)+(N). Then
the uniqueness proof for the case of 1-types in (2) goes through, because it uses
universal extensions only and our types p, ¢ have length < LS(K)™ less than the sizes of
the models.

Item (f) is true by coheir in the construction, in particular we have (< LS(K))-witness
property which is stronger. We show the backward direction of item (g): by coheir and
monotonicity, it suffices to consider the case {(a) < LS(K)". By [Fact 6.3.6(3), there is
M* <g M, ||[M*|| = p such that gtp(a/M) does not u-split over M*. Pick Ny € K# -2t
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such that My <x Ny <x M and Ny is a universal extension over M*. By definition,
gtp(a/M) does not fork over Ny. Since || Ny|| = pt, by assumption gtp(a/Ny) does not fork
over My. Now we can quote the transitivity proof for the case of 1-types in (2),
which generalizes to < LS(K)+—types for the same reason as in the previous paragraph.

Thus we have gtp(a/M) does not fork over My as desired. O

6.4 A WEAKLY SUCCESSFUL FRAME

By |[Proposition 6.3.7, we will show that the nonforking relation in [Definition 6.3.5|

satisfies [Vasl6a, Hypothesis 11.1]. This allows us to quote results from [Vasl6al, Sections
11, 12] and conclude that the underlying good (> (2X5¥))*)-frame is weakly successful, can
be extended by NF, is w-successful and has full model continuity (in the third successor
cardinal). This will allow us to do categoricity transfer in Section On the other
hand, we compare our extended frame with the results in [Vasl6al Section 15], which was

constructed from coheir (instead of nonsplitting).
Proposition 6.4.1. Let K be an AEC with a monster model, 11 = 2"5%) and assume K

is LS(K)-short and LS(K)-superstable. The relation | defined in |Deﬁm’tz’0n 6. 35| satisfies
[Vasi6d, Hypothesis 11.1].

Proof. The hypothesis is a list of requirements on the nonforking relation J/ By substi-
tuting “\” and “u” there by p*™+ and u™ respectively. We check the items in the same

numbering as in the hypothesis.

1. This is exactly [Proposition 6.3.7(a). There they use the term “independence relation”

to allow the right hand side of L to be sets (instead of models), which is just a

generalization and does not affect the rest of the proof.

2. This is |Proposition 6.3.7(b).

3. By the substitution above, clearly u*t+ > u™.

4. This is [Proposition 6.3.7(c)(d).

5. Base monotonicity is built in our definition of nonforking relation. Uniqueness is by

[Proposition 6.3.7|(e).
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6. This is [Proposition 6.3.7(f)(g).

]

Under [Vas16a, Hypothesis 11.1], Vasey imitated the proofs in [MS90] and showed that

the underlying good (> p**)-frame has domination triples (see [Definition 6.4.2)). Then he

connected domination triples with uniqueness triples, which allowed him to conclude that
the frame is weakly successful. In the following we state the relevant definitions and results.

The term “domination triples” came from the later [Vasl7e, Definition A.17] and
[Vas1T7a, Definition 2.9] even though [Vasl6al Definition 11.5] had already investigated the

idea of domination.

Definition 6.4.2. Let A > LS(K) and | be a (< oo, > A)-nonforking relation over the

A-saturated models.

1. A triple (a, M, N) is a domination triple if M <x N both A-saturated, a € |N|\|M|
and for any A-saturated N’, a | N’ implies N | N'.
M M

2. | has the \-existence property for domination triples if for any M saturated in K,
any nonalgebraic p € gS(M), there exists a domination triple (a, M, N) such that

p = gtp(a/M; N).

The following fact [Vasl6al Lemma 11.12] shows the existence property for domination

triples. It will be applied to [Corollary 6.5.3| to show that the sufficiently saturated models

have primes.

Fact 6.4.3. In |Proposition 6.4.1L for A > ut, l has the A-existence property for domina-

tion triples.
Now we look at uniqueness triples and weak successfulness.

Definition 6.4.4. [VasI6al Definition 11.4]. Let A > LS(K) and | be a good A-frame
over the saturated models in K. Let My < M; and My <x M, all A-saturated.

1. An amalgam of My and M, over M, is a triple (f1, f2, V) such that N is A-saturated,
fi: M; — N fori=1,2.
My
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2. Two amalgams (f2, f3, N%), (f°, f2, N®) of M, and M, over My are equivalent if there
are N € K3 fa@: N* — N and f®: N® — N such that the following diagram

commutes:
b
Nb 7 s N
e T )
£b \ a
M]_ fil Ep) 7 N
| 4

M0—>M2

3. A triple (a, M, N) is a uniqueness triple if M, N are saturated models in K, a €
IN|\|M| and for any M; saturated in K, there exists an amalgam (fi, fo, N7) of
N and M; over M such that gtp(fi(a)/fo[Mi]; N1) does not fork over M and the

amalgam is unique up to equivalence (see item (2)).

4. | is weakly successful if it has the existence property for uniqueness triples: for any

M saturated in K, any nonalgebraic p € gS(M), we can find a uniqueness triple

(a, M, N) such that p = gtp(a/M; N).

The following fact translates [Vasl6a, Theorem 11.13] into our context.

Fact 6.4.5. Under [Vasl6a, Hypothesis 11.1], the relation | defined in |Deﬁnition 6.3.5

(when restricted to 1-types and p**-saturated models) induces a weakly successful good

wT-frame over the ™ *-saturated models.

Corollary 6.4.6. Let K be an AEC with a monster model and p = 2" Suppose K
is LS(K)-short and superstable in LS(K). Then the good (> p*)-frame defined in
[6.3.9(2) induces a weakly successful good p**-frame over the p**-saturated models.

Proof. Since K is LS(K)-short and superstable in LS(K), it is also u-short and superstable
in  and we can use (2) to build a good (> p*)-frame | . By [Definition 6.3.5,
|Pr0position 6.3.7 | and |Proposition 6.4.1L we can extend | to a nonforking relation J_/ that
satisfies [Vas16a, Hypothesis 11.1]. By L induces a weakly successful good p* -

frame over the p*+-saturated models. But this frame is just | restricted to ut*-saturated

models. O
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One more ingredient for categoricity transfer is the property of full model continuity.
Vasey drew results from [She09al [JS13) [Jar16] and showed that the weakly successful frame
we obtained is w-successful. And if we move up by three successors (so we consider p7>-

saturated models), then it can be extended to a good frame with full model continuity.

Definition 6.4.7. Let K be an AEC with a monster model, A\ > LS(K) and | be a
(< o0, > A)-nonforking relation on K>y. | has full model continuity if the following holds:
for any limit ordinal 6, any (M} : i < §) increasing and continuous in K> where k = 0, 1,2,

if M} | M? for each i < &, then M} | M3Z.

MO M2
We sum up the previous paragraph in the following fact. The original results were

from [Vasl6a, Sections 11, 12] but applied them to our context (in the same spirit as

|Corollary 6.4.6)). In particular item (1) is from [Vasl6a, Theorem 11.21]; item (2) is from

[Vas16a, Theorem 12.16]. We will not define w-successfulness because under amalgamation
and tameness, it coincides with weak successfulness [Vasl6a, Facts 11.15, 11.19]. Also,
good+ will be automatically satisfied by the new frame [Vasl6al, Fact 11.17] so we skip its

definition.

Fact 6.4.8. Let K be an AEC with a monster model and p = 2"®) Suppose K is
LS(K)-short and superstable in LS(K).

1. The weakly successful good pu*+-frame from [Corollary 6.4.6]is also w-successful.

2. Let A = (u™)™ = 5. The frame can be extended by NF (defined for quadruples
of models) and then closed to a good (< A, > A)-frame over the A-saturated models.

Moreover, the new frame is good+ and has full model continuity.

The rest of this section discusses what happens if we combine our results with [Vas16al,
Sections 13-15]. Readers only interested in categoricity transfer can skip to which
will be used in Section [6.6

After obtaining a good (< A, > A)-frame with full model continuity, Vasey [VasI6al,
Sections 13,14] went on extending the right hand side of | to arbitrary sets, and then the

left hand side to arbitrary lengths. Such results still apply to our construction because
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we have shortness and amalgamation in our background assumptions (see also [VasI6al,

Hypotheses 13.1, 14.1]). We first state what Vasey had obtain in [Vasl6al, Theorem 15.6].

Fact 6.4.9. Let K be a (< k)-short AEC with a monster model. Suppose there are A, 6
such that

1. LIS(K) < k=3, < A=13, <6,
2. cf(A) > k;
3. K is categorical in ;

then there is a (< 0o, > A™)-good frame over the A™-saturated models except that exten-

sion holds over saturated models only. Moreover it has full model continuity.

We state one more fact from [She99] about categoricity. A complete proof can be

found in [BGVV1T].

Fact 6.4.10. Let K be an AEC with a monster model. Suppose K is categorical in some
A > LS(K), then K is superstable in LS(K).

To compare [Fact 6.4.9 with our results, we replace our assumptions of LS(K)-shortness
by k-shortness, and superstability in LS(K) by superstability in k.

Corollary 6.4.11. Let K be a k-short AEC with a monster model where r > LS(K).
Suppose K is categorical in some 0 > k (superstability in k is sufficient), then there is a
(< 00,> (2%)™)-good frame over the (27)*°-saturated models models except that extension

holds over saturated models only. Moreover it has full model continuity.

Proof sketch. By categoricity and [Fact 6.4.10, K is superstable in . By [Fact 6.4.8| (replac-
ing LS(K) there by k), there is a (< (2%)™, > (27)*%)-good frame over the (27)™-saturated

models. Extend the frame to arbitrarily long types as in [Vasl6al, Sections 13,14]. O]

As we can see, using nonsplitting to build a good frame has a much lower threshold
than using coheir in obtaining[Fact 6.4.9, The fixed points of beth function are to guarantee
no order property (see [Vasl6a, Fact 2.21]), which currently lacks a good upper bound
(under amalgamation and stability). [Vasl7e, Corollary A.16] claimed a result similar to

our corollary and we highlight the differences here:
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1. The threshold he obtained is (LS(K)~")*® while ours is (2%)*°.

2. He used (< k)-shortness directly but we weakened it to x-shortness. We did so both
for convenience and to readily apply [Fact 6.4.8|

3. In verifying [Vasl6al, Hypothesis 11.1], he drew heavy machinery from [Vasl6a, Sec-

tions 1-10] but we proved them directly in [Proposition 6.4.1}

6.5 PRIMES FOR SATURATED MODELS

We will combine the results from the previous section and below to conclude
that K has primes for saturated models. However, it is not clear whether this implies primes
for models in general, so we cannot invoke categoricity transfer of AECs with primes and
amalgamation. Readers only interested in categoricity transfer can skip to which

will be used in the next section.
Definition 6.5.1. [Vasli7al, Definition 2.13] Let K be an AEC.

1. A triple (a, M, N) is a prime triple if M <k N, a € |[N|\|M]|, and the following holds:
for any N’ € K with o’ € |[N'| and gtp(a/M; N) = gtp(a’/M; N') then there exists
f:N — N’ such that f(a) =d'.

2. K has primes if for each M € K and each nonalgebraic p € gS(M), there exists a
prime triple (a, M, N) such that p = gtp(a/M; N).

The original statement of the following fact is about K* only but we strengthen the

monster model assumption to K. Vasey allowed the right hand side of | to be sets (and

had extra axioms) but we stick to models (see also the proof of [Proposition 6.4.1{(1)).

Fact 6.5.2. [Vasl7a, Theorem 3.6] Let K be an AEC with a monster model. Suppose
there is Ao > LS(K) and K* such that:

1. K* C K is a sub-AEC of K;
2. K* is categorical in Ag;

3. There is a good (< 0o, > Ag)-frame with full model continuity over K*;
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4. K3, has the \o-existence property for domination triples (see [Definition 6.4.2));

Then for any A > A, the saturated models of K3 has primes.

Corollary 6.5.3. Let K be an AEC with a monster model and Ny = (2"5EN5 . Suppose
K is LS(K)-short and superstable in LS(K), then for A > Ao, K3 has primes.

Proof. Let K* = K% K* is a sub-AEC of K by [Fact 6.3.3(1) and is categorical in g

by a back-and-forth argument. Substituting £ = LS(K) in|Corollary 6.4.11} there is a good
(< 00, > Ag)-frame with full model continuity over K*. We would like to invoke [Fact 6.4.3

(substituting A there by \g) and say that the good frame has Ag-existence property for

domination triples. While the good frame might not agree with the nonforking relation in

Fact 6.4.3| for longer types, they both extend the good (< 2, > \g)-frame from [Fact 6.3.3(2).

Since domination triples are about 1-types only, we can conclude that the nonforking

relation from and hence the good frame from|Corollary 6.4.11/has the A\g-existence

property for domination triples. By [Fact 6.5.2 for A > ), (K*)3®% = K3% has primes.
]

Remark 6.5.4. The above proof went back to the notion of domination triples (instead of
uniqueness triples) to quote because it was used in the assumptions of [Vasl7al.
We suspect that one can derive a version of [Fact 6.5.2(4) with uniqueness triples, which
can simplify the proof because we have the existence property of the latter (see .
In the original construction, [Vasl6al, Section 11] built domination triples and showed that
they are also uniqueness triples. [Vasl6al Remark 11.8] claimed that if the nonforking
relation has extension (to longer types), then uniqueness triples are domination triples.
[Vas17e, Fact A.18] cited [Vasl6a, Lemma 11.7] without proof that it is true in general
(without assuming extension). We cannot verify those claims so we follow the longer route

to obtain the existence property for domination triples.

It would be ideal if [Corollary 6.5.3| concluded that K, instead of K3 has primes,

because we have the following fact:
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Fact 6.5.5. [Vasl7hbl, Corollary 10.9] Let K* be an LS(K*)-tame AEC with primes and
arbitrarily large models. If K* is categorical in some A > LS(K*), then it categorical in all

N > min(), h(LS(K*))).

The main component of the proof came from [Vas17e] (or see [Vas18al for a written-up
version). The idea is that K to show categoricity A’ > A, one can pick a bigger categorical
cardinal A" (guaranteed by [Vasl7h, Theorem 9.8]). Suppose K7}, is not categorical, then
one can use primes to transfer non-saturation from X to A”. Since we cannot assume K7,
is categorical in the first place, we need primes for K3, rather than the saturated models

of K3,.

Question 6.5.6. Using the assumptions in [Corollary 6.5.3) (or more), is it possible to

obtain primeness for sufficiently saturated models? A positive answer will simplify the rest
of the proof and remove the assumption of amalgamation over sets to obtain categoricity

transfer.

6.6 AP OVER SETS AND MULTIDIMENSIONAL DIAGRAMS

In this section, we will add the extra assumption of amalgamation over sets
to obtain excellence (Definition 6.6.8)) over sufficiently saturated models. This allows
us to use [SV18b] and show that those models have primes. Then we can invoke

to do categoricity transfer.
In [SVI8D, Section 7], given a categorical good A-frame (for example a good frame
over the A-saturated models), they defined when a frame reflects down, is extendible, very

good etc. We do not need the precise definitions but only the following fact:

Fact 6.6.1. Let K be a LS(K)-short AEC with a monster model. Suppose K is superstable
in LS(K) and let A = (27)*, then there is a (< w)-extendible categorical good (> \)-frame

over the A-saturated models.

Proof sketch. Readers familiar with [SVI8b] and Vasey’s papers can consult [SV18h, Fact
7.21], which applied the same idea on compact AECs. Notice that “LS(K)M’7 there should

be k9.
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Alternatively, we use the frame from|Corollary 6.4.11{and verify directly the extra conditions

(see [SV18h, Section 7] for relevant definitions):

1.

There is a two-dimensional nonforking relation that extends our frame: this is wit-

nessed by NF in [Fact 6.4.8(2).

The two-dimensional nonforking relation is good: namely the frame it extends is a
good frame; the nonforking relation has long transitivity and local character. Our

NF satisfies these by [Vasl6a, Facts 12.2, 12.10].

The two-dimensional nonforking relation reflects down: by [SV18b, Remark 7.8] it
suffices to check that it is good and extends to A™. This is true again by [Fact 6.4.8(2).

The two-dimensional nonforking relation has full model continuity (which makes the

relation very good). This is true by [Fact 6.4.8(2).

The frame is (< w)-extendible: by [SVI8b, Fact 7.20], it suffices to show that it is

w-successful and good+, which is true by [Fact 6.4.8(1)(2).

]

Given a (< w)-extendible good frame, [SVI8b], Sections 8-11] went on to build mul-

tidimensional independence relations from the two-dimensional nonforking relation (which

extends the good frame). Basically a multidimensional independence relation takes in mod-

els indexed by a general partial order instead of P(2) as in a two-dimensional nonforking

relation (see [SVI8D, Definition 8.11] for a precise definition). We state some relevant

definitions:

Definition 6.6.2. Let K be an abstract class and (I, <) be a partial order.

1.

2.

[SV18b, Definition 8.1] An (I, K)-system is a sequence m = (M, : u € I) such that
u<v= M, <k M,, We omit K if the context is clear. Usually I = P(n) or

I =P(n)\{n} for some n < w.

[SVI8h, Definition 8.8] The language of (I, K)-systems is 7/ := L(K) U{P, : i € I}

where each P, is a unary predicate. The abstract class of (I,K)-systems is K =
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(KT, <g1) where for each m € K, ((P,)™ : 4 € I) forms a disjoint system and the

models in K are ordered by disjoint extensions (see [SVISD, Definition 8.6]).

m .

Remark 6.6.3. For our purpose, we only need to know that if m € K7 then ((P;)

i € P(n)) is an P(n)-system whose models are at least ordered by <k.

We now define a generalized version of amalgamation as well as higher-dimensional

uniqueness properties. These were key to establish excellence and to build primes.

Definition 6.6.4. 1. [SVI8b| Definition 5.6] Let K be an abstract class in 7 and let ¢

be a first-order quantifier-free formula in 7.

(a) M,N € K are ¢-equal if (M) = ¢(N) and the induced partial 7-structures
by ¢ on M, N are equal: for each relation and function symbol R € 7, RM |
¢(M) = RY [ (N).

(b) A ¢-span is a triple (Mo, My, My) such that My <x My, My <k Ms; and My, M,
are ¢-equal.

(¢) A ¢-amalgam of a ¢-span (Mo, My, Ms) is a triple (N, fi, f2) such that N € K,
fi: M; v N fori=1,2and f; | (M) = fo | &(Ms).

(d) M € K is a ¢p-amalgamation base if every ¢-span of the form (M, My, Ms) has

a ¢-amalgam.

2. [SV18bl Definition 10.14] For n < w, let ¢,, be the formula in the language of (n, K)-

systems such that for any m = (M, : v € P(n)), a € |m|, we have m F ¢,[a] iff

@ € Uueppy fny M-
3. [SV18bl Definition 10.2]

(a) For n < w, let Z,, be the class of all partial orders isomorphic to an initial

segment of P(n) and let Z., = U, __ Zy.

n<w
(b) Let i be a multidimensional independence relation and P be either existence,
extension or uniqueness (see [SV18b] Definitions 8.11, 8.16]; we do not need the

precise descriptions here). Let I C Z_, be a partial order and A > LS(K).
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i. i has n-P if I is defined on P(n)-systems and i [ Z, has P.
ii. i has (A,n)-Pifi | K, has n-P.

We will adapt the proof of item (2) below to transfer uniqueness to higher dimensions.

They used WGCH and we will replace it by amalgamation over sets. The construction of

proper,*
Ki,i* JP(n)

sub-abstract class of KP™),

is very complicated and spans several sections. We only need to know that it is a

Fact 6.6.5. Let n < w, i be a very good (see [SV18b| Definition 11.2]) multidimensional
independence relation defined on P(n + 1)-systems, i* be its restriction to limit models

ordered by universal extensions. Write K* = KP: ‘;f(r;s.

1. [SVI8h, Lemma 10.15(5)] Let (m°, m?!, m?) be a ¢,-span in K* and write m’ = (M} :
u € P(n)) for i =0,1,2. Then (m°, m', m?) has a ¢,-amalgam in K* iff there exists

NeK,f: ]\/[7@(”) — N for i = 1,2 such that f, I MY = fy | M? for u € P(n)\{n}.

2. [SVI8H, Lemma 11.16(2)] Let A, A* be in the domain of i. Suppose 2* < 2*" and for
=X\ AT,i* has (p, n)-existence and (u, n)-uniqueness. Then i* also has (A\,n + 1)-

uniqueness.

Corollary 6.6.6. Let n < w, i be a very good multidimensional independence relation
defined on P(n + 1)-systems, i* be its restriction to limit models ordered by universal ex-
tensions. Let A\, At be in the domain of i. Suppose K has amalgamation over sets and
for p = X\ AT, i has (u,n)-ezistence and (u,n)-uniqueness. Then i* also has (A\,n + 1)-

UNIqUENESS.

Proof. WGCH was used in the proof of [Fact 6.6.5(2) to show that there is a ¢,-
amalgamation base K3. It suffices to show that the second part of [Fact 6.6.5(1) is always
true under amalgamation over sets, which will imply that any m° is a ¢,-amalgamation

base.

Let (m° m' m?) as in|Fact 6.6.5(1). We observe the following:

1. The models in m° are K-substructures of Mg(n) < M;;(n) for i = 1,2. In particular

m is a common subset of the latter two.
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1 2

2. Since (m° m!, m?) is a ¢,-span, m! and m? agree on ¢,, which means that for

u € P(n)\{n}, M!= M2

Now take A be the union of the models in m° as well as M for u € P(n)\{n}, i = 1,2.
Then we can invoke amalgamation over sets to obtain f; : M;D(n) X) N for some N € K.

By (2), fi | M}=id=fo | M. 0

Remark 6.6.7. 1. In the above proof, we can relax amalgamation over sets to amalga-
mation over multiple models. Namely, let (M, : u € I) be a finite set of models in

K. Suppose each M, is a K-substructure of Ny and N,, then there are N € K and

fi: N; U—M> N for ¢ = 1,2. The point in the original proof of [Fact 6.6.5(2) is to
u€el u

restrict the class to a nice enough K* so that WGCH is sufficient.

2. A natural question is whether we can simply work in a usual monster model to
dispense with amalgamation over sets. One difficulty is in the proof of [SVI8b, Lemma
12.4] where they claimed to be “similar” to that of [Vasl7al Theorem 3.6]. The latter
makes use of saturated models being model-homogeneous. If we generalize this to
higher-dimensional systems, we need to justify the notion of saturation over sets or
set-homogeneity (the set comes from a system of models). While we are not able to
infer how they close this gap, a strong enough monster model (with amalgamation

over sets) is sufficient for the proof to proceed.

We will show that the frame in guarantees that the AEC of sufficiently

saturated models is excellent, has primes and hence allows categoricity transfer.
Definition 6.6.8. [SV18D, Definition 13.1]
1. Let i be a multidimensional independence relation. i is excellent if
(a) iis defined on an AEC K*;

(b) i1is very good [SV18bl Definition 11.2];

(c) i has extension and uniqueness [SV18bl Definitions 8.11, 8.16].

2. An AEC K* is excellent if there is an excellent multidimensional independence rela-

tion defined on K*.

180



Fact 6.6.9. 1. [SVI8b, Theorem 13.6] Let K be an AEC. Suppose there is a (< w)-
extendible categorical very good A-frame s defined on some K,. Let K* be the AEC
generated by K. If WGCH holds, then K* is excellent.

2. [SVI8D, Theorem 13.9] Let K* be an AEC. If K* is excellent, then KK -sat |aq

primes.

Corollary 6.6.10. Let K be a LS(K)-short AEC with amalgamation over sets and arbi-
trarily large models. Suppose K is superstable in LS(K) and let A = (225F))F6  then KA -sat

18 excellent and has primes.

Proof. Let A\~ be the predecessor cardinal of A\. By there is a (< w)-extendible
categorical very good (> A7)-frame s defined on K* := K* -3 (which is also the AEC
generated by K3 see (1)) In the proof of (1), the only usage of
WGCH is to show (2), which can be replaced by amalgamation over sets due to
[Corollary 6.6.6] Hence K* is excellent. By [Fact 6.6.9/(2), K*** has primes. Restart the

whole proof with A~ replaced by A to obtain excellence for K st n

Remark 6.6.11. Excellence (a nice enough multidimensional independence relation) is an
important tool to generalize the main gap theorem to uncountable theories. [SV18b] Section
1.3] already hinted that their result (with non-ZFC assumptions) satisfies (part of) the
axioms of [GLO5|]. Here we obtain a ZFC version of excellence by assuming amalgamation
over sets. This is perhaps not a strong assumption because we still do not have a proof of
the main gap theorem for uncountable first-order theories. Future work in this direction
could be verifying [GL05, Axioms 8-10] on regular types. Relevant results can be found in
[She09al, TTT] but the definitions are different from those in [GL05].

We state three last facts before proving the categoricity transfer in the abstract. The
proof of the first fact uses orthogonality calculus while the proof of the second fact uses

Shelah’s omitting type theorem in [MS90] (see also [Bon20]).

Fact 6.6.12. 1. [Vas17b, Theorem 0.1] Let K be an AEC and LS(K) < X\ < 6. Suppose
K has a (type-full) good [\, 8]-frame and is categorical in A, 0", then it is categorical
in all u € [\, 0.
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2. [Vas17h, Theorem 9.8] Let K be an LS(K)-tame AEC with amalgamation and ar-
bitrarily large models. If it is categorical in some A > LS(K), then the categoricity
spectrum contains h(LS(K)) and is unbounded.

3. If an AEC K is LS(K)-tame and has amalgamation over sets, then it is LS(K)-short.

Proof sketch of (3). Let @ = {(a; : i < ) and b = (b; : i < «) such that gtp(a'/0) =
gtp(b'/0) for small @ C a and small &' C b. It suffices to define (f; : j < a) increasing and
continuous such that f;(a;) = b; for ¢ < j < a. We handle the successor case: Suppose
f; is defined. Extend it to an automorphism of €. Observe that gtp(f;(aj1)/f;jl{ai : i <
J1) = gtp(fj(aj+1)/{b; : i < j}) so it remains to check that gtp(fj(a;+1)/{b; 1 i < j}) =
gtp(bjs1/{b; : i < j}). By tameness, we can replace {b; : i < j} by a small subsequence ¢.

Apply o = (ajH)Afj’l[E] and b’ = (b;+1)" ¢ in the assumption. O

Theorem 6.6.13. Let K be an AEC which is LS(K)-tame, has amalgamation over sets and
arbitrarily large models. Suppose K is categorical in some § > LS(K), then it is categorical

in all £ > min(¢, h(LS(K))).

Proof. By [Fact 6.6.12|3), we have LS(K)-shortness. We follow the same idea in [Vas17h)
SV18b], where we obtain primes for sufficiently saturated models by the results in this
section, then transfer categoricity by Section [6.5] and the above fact. Categoricity also
bootstraps the original AEC to be eventually categorical.

1. By [Fact 6.4.10, K is superstable in LS(K). Let A = (2"5(X))+6_ By |Corollary 6.6.10]

K* := K" has primes.

2. By |Fact 6.6.12(2), we may assume that K (hence K*) is categorical in some 6 >
A = LS(K*). By |Fact 6.5.5] K* is categorical in all ' > min(0, h(LS(K*))) =

min(#, h(LS(K))). In particular it is categroical in 6.

3. Since K* is categorical in A (by saturation) and 6%, by [Fact 6.6.12(1) it is categorical
in all A" € [\, 6]. Combining with (2), it is categorical in all A’ > A.

4. By [Fact 6.6.12(2), we may assume £ < h(LS(K)). We consider two cases:
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(a) £ > A: the models in K, are saturated, in particular A-saturated. Hence K5, =

K%, is totally categorical as desired.

(b) € < X: by [Fact 6.3.3(2), there is a good (> &)-frame over K** := K&5at, K** is
categorical in & by saturation. By substituting £ by h(LS(K)) in (a), we have

K, and hence K™ is categorical in all ¢ > h(LS(K)). In particular K** is
categorical in h(LS(K))*. By the same argument as (3), K** is categorical in
all ¢ > £ Now we end up in the scenario of (a) with the new “\” being £ so

K> = K%, which is totally categorical.

We apply our theorem to prove known results:

Example 6.6.14. 1. Complete first-order theories: by compactness the models of a
complete first-order theory T' satisfy amalgamation over sets, joint-embedding and

no maximal models. It has Lowenheim-Skolem number |7'| and is (< Ny)-short.

Therefore, we can use [Theorem 6.6.13| transfer categoricity in any u > |T| to all

i > . However, we cannot conclude categoricity down to all ' > |T| as in [Mor65al,

She74] which used syntactic proofs.

2. Homogeneous diagrams with a monster model: let 7" be a first-order theory and D be
a subset of syntactic T-types over the empty set. Let Kp be the class of models of T’
such that the only types over the empty set they realize are from D, where the models
are ordered by elementary substructures. Assuming the existence of a monster model
(see the precise statements in [GL02, Hypothesis 2.5] or [Vas18bl Definition 4.2]), we
have the same properties as those in (1). Hence we can transfer categoricity in any
> |T) to all i/ > u. [Vasl8bl Theorem 4.22] proved the same result using [Fact 6.5.5

but also syntactic results from [She71]. Our approach is purely semantic.

3. Classes with intersections, assuming tameness, amalgamation and arbitrarily large
models: we need to justify amalgamation over sets. Work in a monster model €, let

M,N <x €and A C |M|N|N|. By [Vasl7e, Proposition 2.14(4)], the closure of A is
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the same among M, N and €. Hence amalgamation over A amounts to amalgamation
over the closure of A, which is a model. Although this approach is more convoluted
than [Vas17e, Remark 5.3] (classes with intersections immediately have primes), we
can show the extra property of excellence which [Vas17e] could not. In the special
case of universal classes, tameness is for free [Vasl7¢, Theorem 3.7]. Hence we can
conclude that universal classes with amalgamation and arbitrarily large models can
transfer categoricity upwards, recovering [Vas17h, Corollary 10.11] ([Vas17f] removed
the assumption of amalgamation and arbitrarily large models, but at the expense of

a high categoricity threshold).

Our theorem does not exclude the possibility that the first categoricity cardinal to be
arbitrarily close to A(LS(K)). The following example shows such categoricity behavior but

unfortunately it fails amalgamation and joint-embedding.

Example 6.6.15. Let A > Ry and A < a < (2))*. By the construction of Ky and K; in

[Proposition 3.4.1, there is K% an AEC that encodes the cumulative hierarchy V,(«). K

is ordered by L(K®)-substructures, LS(K®) = X and the models have sizes up to J,(\).
Also, K* has joint-embedding but not amalgamation. Taking the disjoint union of K with
a totally categorical AEC, we obtain an AEC K whose first categoricity cardinal is J,(\),

but it fails amalgamation and joint-embedding.

Remark 6.6.16. [Vas19, Example 9.10(2)] claimed that by encoding the cumulative hier-
archy, one could get such an example with amalgamation (which would provide a complete
list of examples for his categoricity spectra). However, he did not provide the exact en-
coding or the ordering (which amalgamation is sensitive to), so we cannot verify his claim.
A similar problem occurs in [Vas19, Example 9.10(3)] when he encoded an AEC K cate-
gorical only in [LS(K)™™, LS(K)*"] where m,n < w. If we use L(K)-substructures as the
ordering, amalgamation again fails because the functions (see F in [Vasl9, Fact 9.8]) might

be computed differently.

Question 6.6.17. Let k > X. For u < h(k), is there an AEC K with LS(K) = s which

is k-short, has amalgamation over sets and arbitrarily large models such that the first
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categoricity cardinal (exists and) is greater than p? What if we replace amalgamation over

sets by the usual amalgamation property (see also [fable[10)(11))?
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CHAPTER 7
ADDITIONAL RESULTS ON CATEGORICITY TRANSFER

Using topos theory, Espindola proved:
Fact 7.0.1. [Esp22, Theorems 8.3, 9.1, 10.1] Let K be an AEC.

1. Suppose K has amalgamation everywhere and is categorical in some p > £ > LS(K).

Then it is categorical in all cardinals between x and pu.
2. Suppose p > 2% and K is categorical in both x and p. Then K, has amalgamation.

In [Esp22, Corollary 9.6], he obtained the threshold of categoricity transfer to be the
maximum of the Hanf numbers for categoricity and for non-categoricity. Amalgamation
and tameness were not assumed. Here we give a variation on his result by assuming
amalgamation and tameness.

Recall the following result by Vasey (it was cited in Chapter [6] but in a weaker form):

Fact 7.0.2. [Vasl7bl Theorem 9.8] Let K be an LS(K)-tame AEC with amalgamation
and arbitrarily large models. If it is categorical in some A > LS(K), then it is categorical

in all Js where ¢ is divisible by (2US®)+,
Combining Espindola’s and Vasey’s results, we obtain:

Corollary 7.0.3. Let K be an LS(K)-tame AEC with amalgamation and arbitrarily large

models. Suppose K is categorical in some p > LS(K), then it is categorical in all p' >
min (s, h(LS(K))).

Proof. By [Fact 7.0.2, K is categorical in all J5 where § is divisible by (2"5¥))* including
h(LS(K)). Apply [Fact 7.0.1{ to any two categoricity cardinals. We obtain categoricity for
cardinals greater than or equal to min(u, h(LS(K))). O

This corollary is stronger than [['heorem 6.6.13| because it assumes amalgamation over

models but not amalgamation over sets. The price is to borrow powerful results from topos

theory and tell little about the good frames and primes of the AECs.
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We look at an application of the above corollary. Mazari-Armida [MA22] used alge-

braic techniques to obtain categoricity transfer for several classes of modules:
Fact 7.0.4. Let R be an associative ring with unity.

1. [MA22, Theorem 3.4] Let K be the class of locally pure-injective modules ordered by
pure submodule. The following are equivalent:
(a) K is categorical in all A > |R| + Ro;
(b) K is categorical in some A\ > 21Fl+Ro,
2. [MA22| Theorem 3.11] Let K be the class of absolutely pure modules ordered by pure
submodule. The following are equivalent:
(a) K is categorical in all A > |R| + Ro;
(b) K is categorical in some A > |R| + N,.

3. [MA22, Theorem 3.19] Let K be the class of locally injective modules ordered by pure

submodule. The following are equivalent:

(a) K is categorical in all A > |R| + Ro;

(b) K is categorical in some A\ > 21Fl+¥o,

He asked [MA22, Question 4.3] whether the above results could be achieved by model-
theoretic techniques only. We give a positive answer to the upward transfers if we are also

allowed to use |[Fact 7.0.1) which is topos-theoretic.

Corollary 7.0.5. Let K be one of the three classes in|Fact 7.0.4. If K is categorical in

some A > 2BFR0 then it is categorical in all X' > \.

Proof. Using [MA22] Facts 3.3, 3.10] and the proof of [MA22] Theorem 3.19], each of the
class K in [Fact 7.0.4] is an LS(K)-tame AEC with amalgamation and arbitrarily large
models. Also, |R| 4+ Ry < LS(K) < 2/fl+%0 - Apply [Corollary 7.0.3| O
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