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Abstract—The problems of stability and optimal control for stochastic difference equations are
receiving important attention now (see, for example, [1-3]). In this paper, the optimal control in final
form is obtained for optimal control problem of stochastic linear difference equation with unknown
parameters and square cost functional. For stochastic functional differential equations, analogous
result are obtained in [4].
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1. THE STATEMENT OF THE PROBLEM

Consider the optimal control problem for the stochastic difference equation

i
Tiy1 = ZAi—ﬂIj + Din + Biu; + 06t (1)
=0
and the cost functional
N-1
J(u) =E |zyFzy + Z (wjGju; + 3 Hjz;) | (2)
=0
Here, E is the mathematical expectation, &;,...,&n are Gaussian mutually independent random

vectors £; € R™, E¢;, = 0, E&¢) = I, I is identity matrix, n is unknown Gaussian vector,
z; € R*, n € R", u; € R' matrices F, G;, H; are positive semidefinite, A;_;, D;, B;, o; are
arbitrary matrices with corresponding dimensions.

In this paper, our concern with respect to the optimal control problem (1),(2) is to find a
control v for which the cost functional J(u) is minimal: J(v) = inf,cy J(u), U is the set of
admissible controls.
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Let f¥ = o{zo,1,...,2;} be a o-algebra, induced by the values of z;, 7 = 0,1,...,i. Tt is
known [5] that the optimal, in the mean square sense, estimate of the unknown parameter 7 is
given by the conditional expectation m; = E{n/fF}. This estimate m; is determined by the
system of equations

i
Miy1 = My + ’)’;’Dé [U,'O’é + Di’yiD£]+ Tit1 — ZA,;_]':BJ' — D;m; — Bju; | , 3)
Jj=0

Yir1 =% — nD} [oi0} + Divi D))" Dyyi, (4)
where v; = E{(n — m;)(n —m;)’/fF}, AT is the pseudoinverse of the matrix A. We remark that

if the matrix A has the inverse matrix A~1, then At = A~1.
In this way, the optimal control problem (1),(2) reduces to the optimal control problem (1)-(4).

THEOREM 1. Let there exist a nonnegative functional V; = Vi(zo,...,i,1;), and a control
v; = v3(Zo,. .., Ti, ¥:) Such that

inf B[AVi (2, ..., 2}, m}) + uiGius + (ai)’ Hiz]
=E[AV; (2§, .., 2}, m]) + viGivi + (27) Hiz}] = 0, (5)
VN (z0,---,ZN,YN) = Ty FN, (6)
where ¥ and m} is the solution of the system (1),(3),(4) with the control u = u;,
AV (z},...,z¢,m¥) = Vi (2§, ...zt 1, miyy) — Vi(zh, ..., a¥,m¥).

Then v; is the optimal control of the problem (1),(2), and J(v) = EVy(zo, myp).
ProOF. From (5), it follows that

N-1
> E[AV;(z},...,z¥,m¥) + Gy + () Hiz}] > 0,
=0

N-1
> E[AV;(af,...,2¥,m}) + vjGv; + (z}) Hizl] = 0.
i=0

From this, and by virtue of (2),(6), we obtain J(u) > EVs{xo, mo) = J(v). This completes the
proof.

In the following sections, we will construct the functional V; = V(=o,...,z;,%;), and the
optimal control v; = v;(zo,. .., i, ¥:) in final form.

2. THE OPTIMAL CONTROL CONSTRUCTION

We will construct the functional V; = V;(zo,...,z:, y;) satisfying the conditions (5),(6) in the

form
Vi = ziPy(i)x; + Py (i)ys + yiP{(8)zs + y; Pa(i)y: + Ps(i)

i—1 i-1 i—1 i—1
+Y > TR, 5 k)T + Y wiQo(i )es + Y 25 Qo(i, d)z
3=0 k=0 j=0 i=0 (7
i—1 -1
+ ) Qi A)e + Y Q4G 1)y
i=0 =0

Here it is assumed that Py(3), Py (i), and Px(¢) are matrices of dimensions n xn, nx r, and r x r,
respectively, P;3(i) > 0, the matrix
(Po(i) Pl(i)>

Pi(3) Pa(i)



Linear Square Optimal Control Problem 5
is positive semidefinite, and P§(i) = Po(i), P3(i) = Pa(3), R'(i,4,k) = R(i, k, 7). We shall follow
the convention that ):];10 =0,

Fy(N)=F, P (N)=0, Py(N) =0, P3(N) =0, g
R(N.j,K) =0,  QN.j)=0,  Qi(N.5)=0. ®)

On substituting (7) in (5), we can calculate EAV;. For this, setting z¥ = =z; for the first
summand of V;, we obtain

E [zi11Po(i + 1)zip1 — i Po(i)z:]

) ’
=E |:<Z Ai_jl‘j + D,(T] - 'rn,') + Dim; + Byu; + Ui{H-I) Po('t + 1)

=0

i
x (Z Ai_rzr + Di(n — m;) + Dym; + Biu; + 0i§i+1) - $§P0(i)$i}
k=0

=K l:z Z (B;Ag_jpo(i + 1)Ai-—k$k +2 Z m;D:Po(z + I)Ai_kl‘k

j=0 k=0 k=0

+ 2Zu ' Po(i + 1) Ai_gx + m)DiPo(i + 1) Dym; + w, BiPy(i + 1) Bju,

+ Tr [D,PO ’L + 1)D,’)’, + 0, P()(Z + 1)0’,] + 2u B! Po(’L + l)DlmZ - III{LP()(Z).I‘,,

i-11-1 i—1
=K [Z Z!L’;A P() 'L + 1)Az—kxk + 22.’13 A Po(’l, -+ l)Aom,-

=0 k=0 7=0
+ 117; (AGP()(’L + 1)A0 - Po(l)) z; + miDiPo(z + I)D',,mz
i—1
+ 2miD:P0(z + 1)A0!l):,; +2 Zm;D;P()(Z + I)Ai_kmk + U:B;P()(’L + 1)Biui
k=0

7

+2u;B{Po(i +1) (Dimi +>° Ai-kxk> + Tr [DiPo(i + 1) Dyyi + 03 Po(i + 1)os]
k=0

From (1),(3) it follows that

miy1 = m; + Wi [Di(n — ma) + 03], W; = D} 030} + Dyy; D}]*
Therefore, for the second and third summands, we obtain

E [z}, Pi(i + Dmig1 — 2 Py(i)m,]

) ’
=E [(Z Ai_jxj + D,(?] — m,') + D;m; + B;u; + 0'16,4,1) Pl(l + 1)

=0

X (mi + Wi [D; (n — my) + 0iita]) — ngl(i)mz]

i—1
=E [Z i Ai_;P1(i + 1)m; + miD}Py(i + 1)m; + u}B{P1(i + 1)m,
=0

+ Tr [D;Pl('l, + 1)WiDz"7'i + O':P].(’L + l)Wiai] + l‘; (A6P1 (’L + 1) — Pl(z)) m,} .
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Analogously, for the fourth summand, we get

E [mi 1 P2(i + 1)miyy — miPy(i)m]
= E [(m; + Wi[Di(n — ms) + 0i€ita])’ Pa(i + 1)(my
+W; [Di(n — ms) + 0:€i1]) — miPa(i)my]
= E [m;APy(i)m; + Tr [DiW]P3(i + 1)W; Dyy; + o} W/ Py (i + 1) Wiaj]] .

Let AR(i, j,k) = R(i +1,,k) — R(3, j, k). Then,

) i—-1i-1
I:ZZJ:R2+1], xk—ZZmsz, :l

j=0 k=0 j=0 k=0

i-1 /i—-1
=E [Z (Z iR(i +1,5,k)a + 23 R(E + 1,4, i)ﬂn)

7=0 \k=0

k=0 j=0 k=0

i—1 i—1i-—-1
+Zsz+1zk)xk+zR(z+lzz ZZx;Rzg,k)ka

i-1i-1 i—1
=E [ T;AR(G, 5, k)zy, + 2 Zz;-R(i +1,7,4)z; + ziR(i + l,i,i)x,} .
7=0 k=0 =0

Similarly, we obtain

{Z zi41Qo(i +1,5)z Z:v Qo(%])m]]

=0 \k=0

-

K i !
=E Z (ZAz kxk+D,n,+Buz+a,§,+1) Qoli + 1,7z Zz Qo(i,5)x :l

i i i
=B |} 2hAiQoli + 1,5)z;+ ) miDiQo(i +1,5);

| =0 k=0 j=0

ZuB’Qo(z+lJ Zz,Qon }

i—1i-1
=E [Z Z:z:ch'i_on(i + 1, )x;

=0 k=0
i-1

+> 2} (ApQoli + 1,5) + Q4 + 1,0 Ai_j — Qo(5, 5)) z;

=0
i~1

+ZmDQ0(z+1 Nz +miDiQo(i + 1,1)x; + u) B’ZQO i+1,7)z;
j=0 j=0

Let AQI(’L’]) = Ql(l + 1’.7) - Ql(zaJ) Thena

meQx(z +1,5)e Zszx(z 5)z;
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i

i—1
=E | (mi + WilDi(n — mi) + 0:&i]) Qui + 1, 5)z5 — Y m;Ql(iaj)sz

| =0 =0
[ i—1

=E |miQu(i + 1,0z + Y mjAQi(i, j)z;
I i=0

As a result from (5), we have

i—1 1—1
7=0 k=0
i—1
+23 7, (ApPo(i + 1) Aij + R+ 1,4,5) + A5Qo(i + 1,5) + Qi + 1,9) Ai—; — Qo(é, 7))
j=0

+ i (AgPo(i + 1)Ag + H; + R(¢ + 1,4,3) — Py(3)) s
+m} (AP (3) + D, Py(i + 1)D; + D;Py(i + 1) + P{(i + 1) D;) m;

+ 2z} (ApPo(i + 1)D; + Q4 (i + 1,4)D; + Q1 (i + 1,4) + APy (i + 1) — P1(3)) m, (9)
i—1

+2Y  m} (DjPo(i + 1) Aiek + AQ1(i, k) + DiQo(i + 1,k) + P{(i + 1) Ai_k) s
k=0

+uiZ(i)u; + 2u; B] (Zo(i)m,- + Z Zl(i,j)xJ)

i=0
+ Tr [D:P()(l + l)Dz"Yi + U;PO('I: + l)ai] + 2Tr [D:Pl(’L + 1)W;D;v; + U;Pl(i + l)Wia,-]

+ Tt [DiW] Py (i + 1)W; Dyy; + o{W Pa(i + 1)Wiai] + AP3(3) | =0,

where
Z(i) = G; + BiPy(i + 1) B;, Zo(i) = Po(i + 1)D; + Py(i + 1), 10)
Z1(3,5) = Po(i + 1)Ai—j + Qo(i + 1, 7).
From this, it follows that the optimal control v; has the form
v; = —Z+(’L)B; (Zo(z)ml + Z Z](Z,])IL']) . (11)
j=0

Substituting (11),(10) into (9), we obtain the equations for Py(z), Pi(3), P2(i), Ps(4), R(4, 7, k),
Qo(4,7), and Q1(4, 7).

3. THE OPTIMAL COST CONSTRUCTION

Let B? = B;Z+(i)B!,i=0,1,...,N — 1. Substituting the control (11) into the expression

j=0
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we obtain

- (Zo(i)mz‘ +Zl:Zl(i,j)$j) B} (Zo(i)m,- +21:Z1(i,j)$j) = —m;Z4(i) B} Zo(i)m

j=0 =0
i—1
— 2m}Z4 () B Zy (i, i)z — 2 ) m}Z4(4)BY 21 (i, 5)z; — 12} (4,5) B Z4 (3, §) (12)
Jj=0
i~1 i—11i-1
-2 2,21(5,9)B) Z1(5, §)x; — > Y 7521 (3, ) B Z1(s, k).
=0 =0k=0

Combining (12) with (9), we get

i—14-1
E [E > " a (Aj_;Po(i+ 1)Aix + ARG, 5, k)

j=0k=0
+A]_;Qoli + 1,k) + Q4(i + 1,5)Ai—k — Z1(4,5)BY 21 (3, k))
i—1
+2 Z z; (AgPo(i + 1)Ai—j + R(i + 1,4,5) + AgQo(i + 1,5) + Q46 + 1,4) A,
=0
_Qo(i,j) - Z{('L,Z)B?ZI(Z,])) T
+ 2 (AgPo(i + 1) Ao + H; + R(i + 1,1,1) — Po(i) — Z1(5,9)BY Z1(4,4)) s
+m; (APy(3) + DiPy(i + 1)D; + D;Py(i + 1) + Py (i + 1) D; — Z§(3) B Z(3)) m;
+ 2z (AgPo(t + 1)D; + Qo (i + 1,4)D; + Q1 (5 + 1,4) + AgPy (3 + 1) — Py(4)
i~1
~Z1(i,4) B Zo(8)) ms + 2 _ mj (DiPo(i + 1) Ai—i + AQ1 (5, k)
k=0
+ DjQo(i + 1,k) + P{(i + 1) As_k — Z{(i) BY Z1(i, k)) z
+ Tr [D{Po(i + 1) Divyi + i Fo(i + 1)as] + 2Tr [D; Py (i + 1)W; Dyy; + o{P1 (i + 1) W;0;]

+Tr [D.:VV,Z.Pz(Z + l)WiDi’)’i + O':WZ,PQ(Z + I)W,-ai] + AP3(Z) = 0.

Hence, we obtain the following recurrence relations for Py(i), Pi(2), Pa(%), Ps(%), R(i, ], k),
Qo(4,J), and Q1 (3, j):
Py(i) = AgPo(i + 1)Ao + R(i + 1,4,i) + H; — Z1(4,3) B Z, (i, 1), (13)
Py(i) = APi(i+1)+ApPo(i+1) Di+Qh(i+1,9) Di+Q (i+1,8) - Z,(3,8) B’ Zo(3),  (14)
Py(i) = Pp(i+ 1)+ D;Po(i + 1)D; + D;P,(i + 1) + P{(i + 1) D; ~ Z[')('i)B?ZO(i), (15)
Ps(3) = Ps(i + 1) + Te[DiW] Pa(i + 1)W; Dyy; + o'W} Py(i + 1)Wio; + D}Py(i + 1) Dy

+ 0iPo(i + 1)o; + 2D} P, (i + 1)W; Dyy; + 20} P (i + 1)W;04], (16)
R(i,j, k) = R(i + 1,5,k) + Aj_; Po(i + 1) A;_y
+ Qo(i + 1, ) Ai-k + Ai_;Qo(i + 1, k) — Z1(4,5)B) Z1(i, k), (17)
Qo(4,5) = ApPo(i + 1)Ai-j + AgQo(i + 1,5) + Qp(i + 1,4) A,
+ R(i + 1,1, 5) — Z{(4,4) B Z1(4, 7), (18)

Q1(3,k) = Qu(i + 1, k) + DiPy(i + 1) Ai_x + DjQo(i + 1, k)
+ P{(i + 1) Aik — Zy(3) B Z1(i, k). (19)
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Here,
i=N-1,N-2,...,1,0, 4 k=0,1,...,i—1.

By virtue of (8), (10), and (13)~(19), the functions Py(i), P1(3), Pa(%), Ps(3), R(3, j, k), Qa(3,J),
and Q;(i,j) can be calculated for all i =0,1,...,N, 5,k =0,1,...,i— 1. From this the optimal
control and the optimal cost of the optimal control problem (1),(2) can be obtained by virtue of
(11), (10), and (7).

4. THE SPECIAL CASE

Let D; = 0. This means that unknown parameter is absent in the system (1). It is easy to see
that in this case P1(1) = 0, P2(i) = 0, @Q1(%,5) = 0, and the system (13)-(19) takes the form

Po(i) = AyPo(i +1)Ag + R(i + 1,4,4) + H; — Z1(4,4) B2 Z1 (4, 1), (20)
P3(i) = P3(i + 1) + Tr[o} By (i + 1)ai], (21)
R(i,j,k) = R(i + 1,5,k) + A;_;Po(i + 1) Aig + Qoli + 1,/) Ais
+ AL ;Qoli + L k) — Z1(4,5) BY Z:1 (3, k), (22)
Qo(4,7) = AgPo(i + 1) Ai—j + AgQo(i + 1,5) + Qo(i + 1,4) A
+ R(i +1,4,7) — Z}(i,4)BYZ,(4, 5), (23)

i=N-1,N—2,...,1,0, 4,k=0,1,...i~1.
EXAMPLE. Let us consider the scalar optimal control problem

Tiy1 = & +az;—1 +bu; + 0€i41,
N-1
Jw)=E [zX + 1> u?
=0

It is the special case of the problem (1),(2) with Ao =1, 41 =@, 4, =0,i>1, B;=b, D; =0,
O’iZU,F=1,Gj=)\,Hj=0‘

Solving the system (20)—(23) numerically with the values of the parameters a = 0.5, b = 0.01,
oc=20.1, N =10, A = 1, we obtain the optimal control

vy = —0.079zxg, vy = —0.019z¢ — 0.065zx,
—0.016z; — 0.054z5, vg = —0.013z2 — 0.045z3,
vg = —0.011z3 — 0.037z4, vs = —0.009z4 — 0.031zs5,
—0.007z5 — 0.025z¢, vy = —0.006z¢ — 0.020z7,
—0.005z7 — 0.01524, vg = —0.0052g — 0.010x9,

U2

Il

Il

Ve

Ug

and the minimal cost
J(v) = inf J(u) = 5.579Ez2 + 0.230.
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