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Abstract-The problems of stability and optimal control for stochastic difference equations are 
receiving important attention now (see, for example, [l-3]). In this paper, the optimal control in final 
form is obtained for optimal control problem of stochastic linear difference equation with unknown 
parameters and square cost functional. For stochastic functional differential equations, analogous 
result are obtained in [4]. 
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1. THE STATEMENT OF THE PROBLEM 

Consider the optimal control problem for the stochastic difference equation 

i 
xi+1 = c Ai-jxj + Div + Biui + gicii+l, (1) 

j=O 

and the cost functional 

[ 

N-l 

J(U) = E X~FXN + C (u$Gjuj + X!jHjXj) 1 . (2) 
j=O 

Here, E is the mathematical expectation, &, . . . , <N are Gaussian mutually independent random 
vectors ti E R”, E<i = 0, E<if,: = I, I is identity matrix, q is unknown Gaussian vector, 
xi E Rn, 17 E RT, ui E R’ matrices F, Gj, Hj are positive semidefinite, Ai-j, Di, Bi, gi are 
arbitrary matrices with corresponding dimensions. 

In this paper, our concern with respect to the optimal control problem (l),(2) is to find a 
control v for which the cost, functional J(u) is minimal: J(V) = inf,,u J(u), U is the set of 
admissible controls. 

3 
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Let f? = ~7{20,21,. . . , xi} be a a-algebra, induced by the values of xj, j = 0, 1, . . . , i. It is 
known [5] that the optimal, in the mean square sense, estimate of the unknown parameter 7 is 
given by the conditional expectation mi = E{q/fT}. This estimate mi is determined by the 
system of equations 

mi+l = rni + Y~D: [gig: + DiriD:]+ xi+1 - 2 Ai-jXj - Dimi - Biui 1 , (3) 
j=O 

yi+l = Ti - ?iD: [gig; + DiriDl]+ Diyi, (4) 

where Ti = E{(q - mi)(q - mi)‘/ff}, A + is the pseudoinverse of the matrix A. We remark that 
if the matrix A has the inverse matrix A-‘, then A+ = A-‘. 

In this way, the optimal control problem (l),(2) re d uces to the optimal control problem (l)-(4). 

THEOREM 1. Let there exist a nonnegative functional Vi = L$(xo, . . . , xi, yi), and a control 
Vi = Vi(xO,.. . ,Xi,yi) SUCh that 

i&E[AVi(&..., zY, my) + u:Giui + (xy)'Hi~y] 

= E [A& (z;, . . . , zy, my) + v:Givi + (Xy)‘Hixy] = 0, (5) 

Vn@o,... ,XN,YN)=x&FxN, (6) 

where xp and rn: is the solution of the system (l),(3),(4) with the control u = ui, 

Av, (x;, . . . , xr,my) = I/+1 (x:,U,. . . ,xy+l,my+;,) - Vi (Xs,. . . , X~,m~). 

Then vj is the optimal control of the problem (l),(2), and J(v) = EVi(xo, mo). 

PROOF. From (5), it follows that 

N-l 

c E [AK (x;, . . . , x:, my) f u:G~u~ + (x~)‘Hix~] 2 0, 
i=o 
N-l 

c E[A&(x&... , xY, my) -t v:GiVi + (xy)‘Hixy] = 0. 
i=o 

From this, and by virtue of (2),(6), we obtain J(u) 2 E&(x0, mo) = J(v). This completes the 
proof. 

In the following sections, we will construct the functional Vi = K(xo, . . . , xi, yi), and the 
optimal control Vi = Vi(XO, , . . , Xi, yi) in final form. 

2. THE OPTIMAL CONTROL 

We will construct the functional & = %(x0,. . . , Xi, pi) 

CONSTRUCTION 

satisfying the conditions (5),(6) in the 
form 

q = X:PO(i)Xi + XiPl(i)yi + yiP{(i)Xi + yiPz(i)yj + Ps(i) 
i-l i-l i-l i-l 

+ xxXiR(i,j,k)xk +CX:QO(i,j)xj + CX~Q~(i,j)Xi 
j=Ok=O j=O j=O 

i-l i-l 

+ CdQl(i,j)xj + Cx~Q:(i,j)Yi* 
j=O j=Cl 

(7) 

Here it is assumed that PO(~), 9 (i), and Pz(i) are matrices of dimensions n x n, n x T, and T x r 
respectively, Ps(i) 2 0, the matrix 

PO(i) PI(i) 
Pi(i) Pz(i) > 
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is positive semidefinite, and Pi(i) = PO(~), Pi(i) = Pz(i), R’(i,j, k) = R(i, k,j). We shall follow 
the convention that Cy_!, = 0, 

POW) = F, Pi(N) = 0, Pz(N) = 0, P3(W = 0, 

R(N,j, k) = 0, Qo(N,A = 0, Ql(N,.i) = 0. (8) 

On substituting (7) in (5), we can calculate EAVi. For this, setting 5: = 2, for the first 
summand of Vi, we obtain 

E [x:+,Po(i + l)xi+l - x:Po(i)xi] 

[( 
I 

i 

=E C Ai-jxj + Di(ll - mi) + Dimi + BiQ + f~~&+~ Po(i + 1) 
j=O 

= E 919 XiAi_jPo(i + l)Ai_kxk + 2 km:D:Po(i + l)Ai_kxk 
j=O k=O k=O 

+ 2 2 @;Po(i + l)A._ 2 kxk + m:D$PO(i + I)Dimi + uiB:Po(i + l)Bi~,, 
k=O 

+ l3 [DipO(i + l)DiYi + OiPO(i + l)Oi] + 2U~B~Po(i + 1)Dimi - xiPo(i)xi 1 
i-l i-l i-l 

= E c c x;A:_jPo( i $_ I)&-kXk f 2 C xlA:_jPo(i + l)Aozi 
j=O k=O j=o 

+ XL (A;Po(i + 1)Ao - PO(i)) xi + m:D;Po(i + l)Dim, 
i-l 

+ 2m:DlPo(i + l)Aoxi + 2 C miD:Po(i + I)Ai-kXk $ ~:BlPo(i + l)Bi~g 
k=O 

+ 221:BiPo(i + 1) Dimi + 2 Ai-_kxk + Tr [DiPo(i + l)Diyi + giPo(i + l)ai] . 
k=O 1 

From (l),(3) it follows that 

mi+l = mi + wi [D~(Q - mi) + ai<i+l], Wi = YiDi [CiO: + DiriD:]+ , 

Therefore, for the second and third summands, we obtain 

E [~;+1Pl(i + l)mi+l - x:Pl(i)mi] 

[( 

I 
i 

=E C Ai-jxj + D~(Q - mi) + Dimi + Biui + o~C+I Pl(i + 1) 
j=O 

x (mi + W [Di (77 - mi) + a&+~]) - x:Pl(i)mi 1 
[ i-l 

= E xx;A;_jPl (i + l)mi + miDi Pl(i + l)mi + U:B:Pl(i + l)mi 
j=O 

+ n (D:p~(i + l)wiDiyi + ~iPl(i + l)wi~] + X: (AbPl(i + 1) - PI(i)) mi 1 
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Analogously, for the fourth summand, we get 

Let AR(i,j, k) = R(i + l,j, k) - R(i,j, k). Then, 

=E 

i-l 

+ c ziR(i + 
k=O 

+l,j,k)xk+xiR(i+l,j,i)xi 
) 

1, i, k)xk -i- ziR(i + l,i,i)xi - 
i-l i-l 

~~~$R(&j,kbk 
j=O k=O 1 

i-l i-l i-l 

=E ~J+R( iyj7k)G + zxx;R(i + l,j,i)xi +s:R(i + l,i,i)zi . 

j=O k=O j=O 

Similarly, we obtain 

= E 9 k X;&kQO(i + l,j)Xj + ~m~L$Qo(i + l,j)xj 
j=O 

+ 2 uiB:Qo(i + 1,j)x.j - 2 siQo(i, j)xj 
j=O j=O I 

i-l i-1 

= E 71 y4 ZiAi-kQo(i + l,_i)Zj 
j=O k=O 

i-l 

+~r~(AbQo(i+l,j)+Q&(i+l,i)A+j -Qo(i,d)zj 
j=O 

i-l i 

+ C m~D~Qo(i + l,j)Sj + m:D~Qo(i + 1, i)zi + u:B~ 2 Qo(i + l,j)xj 
j=O j=O I* 

Let AQl(i,j) = Ql(i + 1,j) - Ql(i,j). Then, 
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= E &I, + Wi[Di(q - [’ i-l 

mi + ~&+ll)‘&~(~ + l,.dsj - xmlQl(i,j)zj ) 1 
j=o j=o 1 

i-l 

= E m!,Ql(i + l,i)zi + xm:AQl(i,j)ej j=o 1 
As a result from (5), we have 

i-l i-1 

h&E C XX/~ (A:_jPo(i + l)Ai-k + AR(i,j, k) + A:_jQo(i + 1, k) + Qb(i + l,j)Ai-k) ok 
j=o k=O 

i-l 

+ 2 CX~ (Abf’o(i + l)Ai-j + R(i + l,iyj) + AbQo(i + l,j) + Qb(i + l,i)Ai_j 
j=o 

+ x: (AbPo(i + l)Ao + Hi + R(i + 1, i, i) - PO(i)) X~ 

+ rni (A&(i) + D:Po(i + l)Di + DiPl(i + 1) + Pi(i + l)&) rni 

+ 2x1 (AhPo(i + l)Di + Qb(i + 1, i)Di + Q:(i + 1, i) + AbPl(i + 1) - PI(i)) m, 
i-l 

+ 2 C rn: (D:Po(i + l)Ai-/c + AQl(i, k) $ DIQo(i + 1, k) + Pl(i + l)Ai_k) xk 
k=O 

+u:Z(i)~i + 2u:BI zo(i)mi + 2 &(i,j)x, 
j=o 

- Qo(C d) xi 

(9) 

+ l-r [D:W;P& + l)WDiyi + o:W,!P& + l)Wi~i] + AP3(i) 1 = 0, 

where 
Z(i) = Gi + BiPo(i + 1)Biy 20(i) = Po(i + lpi + Pl(i + l), 

&(i,j) = Po(i + l)A,+ + Qo(i + 1,j). 

From this, it follows that the optimal control Iii has the form 

vi = -Z+(i)Bi zo(i)mi + 2 z~(i,j)Xj . 
j=o 

(10) 

01) 

Substituting (ll),(lO) into (9), we obtain the equations for PO(~), PI(~), Pz(i), Ps(i), R(i,j, k), 
Qo(&_?), and Ql(6.d. 

3. THE OPTIMAL COST CONSTRUCTION 

Let BP = BJ+(i)Bi, i = 0, l,... , N - 1. Substituting the control (11) into the expression 

~iZ(i)~i + 24Bi Zo(i)mi + 2 Z'l(i,j)~j , 
j=o 
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we obtain 

- Zo(i)mi + 2 &(i,j)xj Zo(i)mi + 2 Z&j)sj = -m;z;(i)B,PZo(i)mi 
j=O j=O 

(12) 

i-l i-l i-l 

-2C2;Z:(d,i)B~Zl(i,j)sj -CC~~Z;(i,j)B,oZ~(i,li)~k. 
j=O j=O k=O 

Combining (12) with (9), we get 

i-1 i-l 

E C C xi (Ai-jPo(i + l)Ai-/c + AR(i, j, k) 
j=o kdJ 

+Ai_jQo(i + 1, k) + Qb(i + l,j)Ai-k - Z{(i,j)B,OZ’,(i, k)) Xk 

i-l 

+ 2 C ST: (AbPo(i + l)A,-j + R(i + 1, i,j) + AhQo(i + l,j) + Qb(i + 1, i)Ai_j 
j=O 

-Qo(i,j) - Z~(i,i)B,OZl(i,j)) Zj 

+ x; (A;Po(i + l)Ao + Hi + R(i + 1, i, i) - PO(i) - 2; (i, i)B$l (i, i)) zi 

+ rni (A&(i) + DiPo(i + 1)Di + DiPl(i + 1) + Pi(i + 1)Di - Zi(i)BfZo(i)) rni 

+ 2x: (AbPo(i + l)Di + Qb(i + 1,i)Di + Q;(i + 1,i) + AbPl(i + 1) - PI(i) 
i-l 

-Zi(i, i)BfZo(i)) rni + 2 c rni (DiPo(i -I- 1)&-k + AQl(i, k) 
k=O 

+ D;Qo(i + 1, k) + P;(i + l)Ai-k - Z;(i)B;Z& k)) x3( 

+ Tr [D,‘Po(i + 1piyi + uiPo(i + l)(Ti] + 2Tr [DiPI(i + l)W&Yi + rYjPI(i + l)W@J 

Hence, we obtain the following recurrence relations for PO(~), PI(~), Pz(i), P3(i), R(i,j,k), 
Qo(~,.$ and Ql(i,d: 

PO(i) = A;Po(i + l)Ao + R(i + 1, i, i) + Hi - Z;(i, i)B,p&(i, i), (13) 
PI(~) = A~P~(i+l)+A~Po(i+l)~~+Q~(i+l,i)D~+Q;(i+l,i)-Z~(i,i)B,oZo(i), (14) 
P2(i) = Pz(i + 1) + D;Po(i + 1)Di + D;Pl(i + 1) + P;(i + l)Di - Z;(i)B;Zo(i), (15) 
P3(i) = P3(i + 1) + Tr[D:w;Pz(i + l)W&yi + c$v;P& + l)W& + D,!Po(i + 1piyi 

+ O;Po(i + 1)q + 2qPI(i + l)W&yi + 24PI(i + l)W@J, (16) 
R(i,j, k) = R(i + l,j, k) + Ai_jPo(i + l)Ai-k 

+ Qh(i + l,j)Ai-k + Ai_jQo(i + 1, k) - Zi(i,j)B,OZ,(i, k), 

Qo(i,j) = A&Po(i + l)A,_j + AbQo(i + l,j) + Qh(i + l,i)Ai-j 

+ R(i + l,i,j) - .Z;(i,i)B;Z~(i,j), 

Ql(i, k) = Ql(i + 1, k) + D;Po(i + l)Ai-k + D:Qo(i + 1, k) 

+ P;(i + 1)&k - Z;(i)@&& k). 

(17) 

(18) 

(19) 
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Here, 
i=N-&N-2 )..., l,O, j,Ic=0,1,..., i-l. 

By virtue of (8), (lo), and (13)-(19), the functions PO(~), Pi(i), Pg(i), Ps(i), R(i,j,Ic), Qo(i,j), 
and Qi(i, j) can be calculated for all i = 0, 1, . . , N, j, k = 0, 1, . . . , i - 1. From this the optimal 
control and the optimal cost of the optimal control problem (l),(2) can be obtained by virtue of 
(11) (lo), and (7). 

4. THE SPECIAL CASE 

Let Di = 0. This means that unknown parameter is absent in the system (1). It is easy to see 
that in this case Pi(i) = 0, Pg(i) = 0, Qi(i,j) = 0, and the system (13)-(19) takes the form 

P,,(i) = AbP& + l)Ao + R(i t l,i, i) + II, - Z;(i, i)B,OZ,(i, i), (20) 
Ps(i) = Pz(i + 1) + Tr[ap& + l)aJ, (21) 

R(i,j, Ic) = R(i + l,j, Ic) + A:_#@ + l)Ai-k + Qb(i + l,j)Ai-k 

+ A;+&& + 1, Ic) - Z;(i,j)@Zi(i, Ic), (22) 
Qg(i,j) = AbP,,(i + l)Ai+ t AbQo(i + 1,j) + Q;(i + l,i)Aivj 

+ R(i + l,i,j) - z;(i,i)B,ozi(i,j), (23) 
i=N-l,N-2 ).‘.) l,O, j,k=O,l,..., i-l. 

EXAMPLE. Let us consider the scalar optimal control problem 

J(u) = E 

It is the special case of the problem (l),(2) with A0 = 1, A1 = a, Ai = 0, i > 1, Bi = b, Di = 0, 
ci = (~7 F = 1, Gj = XT Hj = 0. 

Solving the system (20)-(23) numerically with the values of the parameters a = 0.5, b = 0.01, 
0 = 0.1, N = 10, X = 1, we obtain the optimal control 

w() = -0.07920, v1 = -0.019x0 - 0.065x1, 

v2 = -0.016~~ - 0.054~2, v3 = -0.01322 - 0.04523, 

V4 = -0.01123 - 0.03724, ?J5 = -0.00924 - 0.03125, 

21s = -0.00725 - 0.02526, 217 = -0.006~6 - 0.02027, 

us = -0.005x7 - 0.015X& 09 = -0.005xs - O.OlOsg, 

and the minimal cost 

1. 

2. 

3. 

4. 
5. 

J(V) = ;:& J(U) = 5.5793x; + 0.230. 
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