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Abstract—Many processes in automatic regulation, physics, etc. can be modelled by stochastic
difference equations. One of the main problems of the theory of difference equations and their ap-
plications is connected with stability and optimal control {1]. In this paper we discuss the optimal
control of second-kind Volterra type stochastic difference equations. In [2-9] for Volterra type sto-
chastic integral equations, analogous results were obtained.  (©1998 Published by Elsevier Science
Ltd. All rights reserved.

1. PROBLEM STATEMENT

Let {Q,0, P} be a probability space, i € Z = {0,1,..., N} means discrete time, f; C 0, i € Z,
is a family of o-algebras, M denotes the mathematical expectation, H is the space of f;-adapted
functions z(i) € R, i € Z, such that

2 = max M|z(i)|? < oo.
Izl = max Mlz(i)|* < oo

Consider the problem of the optimal control u(j) of the trajectory z(i) of the motion, given
by the equation

2l +1) =7 +1) + 30l d)al) + 3G i), (L)
j=0 =0
and cost functional J(u) which must be minimized
N-1
J(u) = M |z'(N)Fz(N) + Y w'()G()u(i)| - (12)
=0

Here (i) is an f;-adapted function from H, z(i) € R"*, u(i) € R™, a(i, j) and b(i, j) are deter-
ministic n X n and n x m matrices, F is a nonnegative definite matrix and G(j), j € Z, are
positive definite matrices.

Arbitrary f;-adapted function u(¢) € R™ with finite norm, ||u|| < o0, is called admissible
control, U is the set of the admissible controls.

The control ug, which has minimal cost functional, i.e., J{up) = infyey J(u), is called optimal
control.

Let u., € > 0, be an admissible control, for which there exists the limit

Jo(uo) = limy [T (ue) = J(uo). (1.3)
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Obviously, the inequality Jo(up) > 0 is a necessary condition for the optimality of control ug.
The existence of the limit (1.3) and the necessary optimality condition depend on the form of
the control u,. We will consider controls u. in the following form:

ue (1) = up(z) + ev(d), ug,v € U. (1.4)

For controls of the form (1.4), the necessary optimality condition to be optimal using the limit
relation (1.3) will be solved for the case (1.1),(1.2) and will be given in Section 2.
A matrix b(3, j) is called resolvent of the kernel a(%, ) if the solution of the equation

a(i+1) =n(i+1)+_ai, )z() (1.5)
=0

can be represented in the form

z(i+1) =n@E+1) + Y b, (). (1.6)
i=0

The kernel and the resolvent are connected by the relations [9):

b(i,j) = a(i, ) + Y bli,K)alk —1,5) =a(i,)+ Y ali,k)b(k - 1,5).
k=j+1 k=j+1

2. MAIN RESULT

THEOREM 2.1. For the optimal control problem given by (1.1),(1.2), the limit (1.3) exists assum-
ing the form (1.4) and we have

N-1

Jo(uo) = 2M |zo(N)Fgo(N) + Y up()G(i)v() | (2.1)
=0

where x¢ is the solution of equation (1.1) with the control ug, and qo(i) is the solution of the

equation ' .
w(i+1) =) a(i,j)ao() + 3_b(i.)v(),  (0)=0. (2.2)

PROOF. Let z,.(i) be a solution of equation (1.1) with control u, and let

@) = 2 [22(3) - 20(i)]

From (1.2),(1.4), it follows that

(LR

2 19 ~ (o)) = M{z;(N)Fx,(N) — z(N)Fzo(N)

N-1
+ Y [(uo(s) + €v(5))'G()(uo(4) + €v(4)) — ua(j)G(j)uo(j)]}
=0

(2.3)

= M{qé(N)F:L‘,._-(N) +z5(N)Fg.(N)

N-1
+ Y [2v6)GG)uo(d) +ev'(j)au)v(j>]}-

=0
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Further, from (1.1) it follows that g.(i) is the solution of the equation

E(i+1) = Z a(i, 7)ge(5) +Zb(@ @), e(0)=0. (2.4)

3=0

From (2.2),(2.4), it is easy to see that ¢.(i) = go(i) and lim._oZ.(¢) = zo(¢). Therefore,
from (2.3), (2.1) follows. The theorem is proved. ]

LEMMA 2.1. The necessary condition for control uy to be optimal, Jo(uo) > 0, in the prob-
lem (1.1),(1.2) ensures the unique solution

uo(j) = -G~ (N = 1,5,b(-, 5))F Mjzo(N). (2.5)
Here ;
$(i,5, f() = f@) + Y R(,k)f(k-1),
k=j+1

where R(i,k) is the resolvent of the kernel a(i, k), f(k) is an arbitrary function on Z, M; =
M{-/f;} denotes the conditional expectation.

PrOOF. Using (1.5),(1.6), the solution of equation (2.2) can be represented in the form

[ i j—1
goli +1) =Y b(i, () + Y R(G,5) D b5 — 1, k)u(k)
j=0 §=0 k=0

=Z b(i,5) + D R(,k)b(k - 1,5)| v(5) (2.6)

k=j+1
=Z¢(z 3, b( 3))(3)-

Substituting (2.6) into (2.1) we obtain

N-1

Jo(uo) = 2M Y [Mz{(N)FY(N - 1,5,b(:, 5)) + up(j)G()] v(3)- (2.7)
i=0

Expression (2.7) is nonnegative for all v € U if and only if the expression in square brackets
equals zero. Thus, the optimal control has the form (2.5). The lemma is proved. ]
THEOREM 2.2. The optimal solution of the control problem (1.1),(1.2) can be represented in the
form

uo(j +1) = a(j +1) +p( + DY(N — 1,5, Dxo(5 + 1)

J
+) G k)zo(k),  §=0,1,...,N-2, (2.8)
e N-1
uo(0) = (0) + p(0) (1 + Y R(N-1, k)) 2o(0).
k=0

Here I is the identity matrix, and

p(j) = -GG (N = 1,5,5(-, 4))F

-1
[I+ Z BN = 1,k,b(-, k)G~ (k)¥'(N — 1,k,b(-,k))F] , (2.9)

k=j
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+ Y QU kp(k)Y(N — 1,k — 1,8(-, k)), (2.10)

k=0
7(j’ k) = p(J + 1)¢(N - l’j»a'.i('vk)) + Q(J’ k)P(k)¢(N - l,k - laI)

J
+ ) QU DPMBIN - 1,1 - L a1, k), (2.11)

I=k+1

Q(j, k) is the resolvent of the kernel p(j + 1)¢Y(N —1,7,b;(, k)),
aj(i,k) = a(i,k) —a(i, k), bs(i,k) = b(i, k) — b(j, k),
B(i,5) = Mj [n(i +1) — n(5)] -
PROOF. Let us calculate the conditional expectation M;zo(N). From (1.1) for i > j we get

J
zo(i +1) = zo( +1) =n(i +1) = (i + 1) + Y_ a;(i, k)zo(k)
k—o

+ Y al, k)xo(k)+2b (i, k)uo (k) + Z b(i, k)uo (k).
k=j+1 k=j+1

Putting

J
€, +1) =o(j +1) + BG,5 + 1)+ > a;(i, k)zo(k)
k=0

(2.12)
+Zb,(z k)uo(k) + Z b(i, k) M4 1uo(k),
k=j+1
from here we obtain
Mjnzoli+1) = €6 i +1)+ Y ali, k)Mjpazo(k).
k=j+1
From (1.5),(1.6), it follows that M, 1zo(i + 1) has the representation
i
Mjgzo(i+1) =€G,5+1)+ Y R(G,k)E(k-1,5+1). (213)

k=j+1

Substituting (2.12) into (2.13), we obtain

J
Mj1zo(i +1) = zo(j + 1) + B(5, 5 + 1) + Y _ 6;(i, k)zo(k)
k=0

J i
+ 3 bj(i,kyuo(k) + Y b(i, k)Mjs1uo(k)

k=0 k=j+1

1 J
+ Y R(,m)|zo(G+1)+Bm—1,j+1)+_a;(m—1,k)xo(k)
m-,1+1 k=0
-1
+Zb (m -1, k)uo(k) + Z b(m — 1, k)M;11uo(k)
k=j+1
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= [I+ Z R(i,m)] To(j + 1) + B, 5 + 1) + Z R(i,m)B(m - 1,5 +1)

m=j+1 m=j+1

k=0 | m=j+1

+ i a;(i, k) + Zj: R(i,m)a;(m — l,k)] zo(k)

+ ZJ: bj(i, k) + z': R(zam)bj(m -1, k)] U()(k)
k=0

m=j+1

+ i: [b(i,k)+ Zl: R(z’,m)b(m—l,k)} M;1uo(k)

k=j+1 m=k+1

2 J
+ z 71’(%.7, aj(" k))xO(k) + Z ¢(1, j: b](v k))’U.o(k)
k=0 k=0

+ Z (i, k, b(-, k)) M 11u0 (k).

k=j+1

Let i =N —1 and
§0(J + 1) = ¢(N— 17J$I)m0(.7+ 1) +¢(N - I’Jyﬁ(’J + 1))

J
+ Z ¢(N -1, a.‘i(" k))xo(k)

k=0
Then,

J
Mjazo(N) = &5 +1) + D (N = 1,5,b;(-, k) yuo(k)
k=0
N1 (2.14)

+ ) YN —1,k,b(, k) Mj1uo(k).
k=j+1

Note that from (2.5) for J < k we have

M;1uo(k) = =G=X (k)W (N — 1,k,b(, k))F My 120(N). (2.15)
Therefore, substituting (2.15) into (2.14) we obtain the following expression for M;1zo(N):
N-1 -
Mjnzo(N) = [T+ Y w(N = 1,k,b(-, k)G (k)Y (N - 1,k,b(-, k) F
k=i+1 (2.16)

J
x [Eo(j +1)+ 3w - 1,5,b(, k))uo(k)] .

k=0
Substituting (2.16) into (2.5) and using (2.9), we obtain

i
uo(j+1) =p(+1) [&o(j +1) + > (N - 1,5,bs(,, k))Uc(k)] : (2.17)

k=0

Thus, the optimal control uo(j) satisfies equation (2.17). Hence, it admits the representation

J
uo(j +1) = p(j + Déo(G + 1) + D Q. k)p(k)&o (k). (2.18)
k=0
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Substituting £,(5) into (2.18), we obtain

uO(j + 1) "—‘P(j + 1) 1/)(N - liij)'rO(j + 1) + "/»'(N - l,j,ﬁ(',j + 1)

k=0

J J
+ Z"/’(N - 1,7, a‘j('vk)) .’to(k)] + ZQ(Ja k)p(k) [‘l/)(N - lvk -1, I):EO(k)
k=0
k-1
+ 7/’(N - 1’ k - 1, ﬁ(!k)) + Z¢(N - lak - laak—l("l)) xO(l)]
=0

J
= p(] + 1)1/) (N - 17ja ﬂ(,] + 1)) + ZQ(Ja k)P(k)'/’ (N - lak - l,ﬁ(:k))

k=0

i
+p(j + DYV = 1,5, Dzo(G +1) +p(G +1) Y_ ¥ (N = 1,5,05(, k) zo(k)

; k=0
+Y QU k)p(k)$(N - 1,k — 1,1))zo(k)
k;o -
+) QG k)p(k) Y ¥ (N =1,k — 1, ak-1(- 1)) zo(l).
k=0 =0

Changing the order of the summation in the last expression,

J k-1
Y QULKIP(K) Y% (N =1,k — 1,ak-1( 1)) zo(l)
0

k=0 i=

j-1 J
= Z [ Z Q(]v k)p(k)¢ (N - 11k - lvak—l("l))] ZO(l)

=0 Lk=i+1

J j
= Z [‘Z Q(J’ l)P(l)'/’ (N - l’l - l’al—l('vk))] $o(k),

k=0 Li=k+1
and using (2.10),(2.11), we obtain (2.8). The theorem is proved. (]
REMARK 2.1. If the process 7(¢) is a martingale [10], then 8(i,j) = 0, ¢ > j and therefore
a(i)=0,i€ Z.
REMARK 2.2. Analogously we can obtain the optimal control for a system with noise at the
control. For example, consider the scalar equation

(i +1) =n(+1)+ Y [B(,5) + 10, 5)u(5)) (),

=0
with the cost functional Net
Ju)=M [x2(1v) +AY uz(i)] :
i=0
Here A > 0, £(j) are f;4+1-adapted random variables, j € Z, which are independent from each
other and from n(i), M£(5) = 0, ME3(5) = 1.
In this case,

N-1
Jo(uo) = 2M [zo(N)QO(N) +AY uo(i)v(i)] ,
=0

goli +1) =Y 70, )v(GG),  20(0) =0.

Jj=0
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Since

N-1 N-1
Mzo(N)go(N) = M {[n(N)+ Y [BN-1,)+¥(N - 1,5)uo(3)] &(J‘)] Y AN —l,j)E(j)v(j)}
j=0 =0
N-1

= [ﬁ(N_11j)+7(N_17j)u0(j)]7(N_l’j)v(j)’
i=0

then,

N-1

Jo(uo) =2 Y [(BIN —1,5) +Y(N = 1,5)ue(3)) (N — 1,5) + Auo(4)]v(3).
=0

It follows from the necessary condition of the optimality that the optimal control ug has the
form

[ﬂ(N - 17.7) +7(N - 11])“0(])] ‘Y(N - 1?.7) + Au'()(.?) =0.
From here .
uo(j) = BN = L,i)v(N - 1,5) A+ (N -1,5)] .

3. EXAMPLES

EXAMPLE 3.1. Let us consider the scalar equation

oi+1) =ni+1)+ Y a6, 5)z(G) + Y bli, 5)u(s) (3.1)
j=0 j=0
and cost functional
N-1
Jw)=M [sz(N) + G(j)uz(j)] : (3.2)
j=0

This problem is a particular case of the original problem (1.1),(1.2). The optimal control of it is
represented in the form (2.8)-(2.11). In this case, the function Y(N ~ 1,3, (-, 7)) in (2.9) can be
represented in another form. For this, let us rewrite equation (2.2) for go(¢) in matrix form

Qo = AQo + BV. (3.3)

Here A and B are (N +1) x (N + 1)-dimensional matrices and have the form

0 0 0 0 0
a(0,0) 0 0 0 0

A=| a(1,0) a(1,1) 0 0 0},
a(N-1,0) a(N-1,1) a(N-1,2) ... a(N~1,N=1) 0
0 0 0 0 0
b(0,0) 0 0 0 0

B=| b(1,0) b(1,1) 0 0 o],
BN -1,0) bN-1,1) BN-1,2) ... b(N-1,N—1) 0

the vectors are Qg = (go(0), .. .,g0(N)), V' = (v(0),...,v(N)). So, as det(I — A) = 1, the inverse
matrix D = (I — A)~! exists.
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The solution of equation (3.3) is
Qo = DBV. (3.4)
Comparing (2.6) and (3.4), we obtain

¢(N - 1:va(,.7)) = T(ij)’

where r(N,j), 7 = 0,1,...,N, are the elements of the last row of the matrix DB. Then,
expression (2.9) can be written in the form

-1
N-1
pm=—G*mMMﬂFP+Z)WM@G%M4 . (3.5)

k=j

REMARK 3.1. For calculation (N, j), we need only the last row of the matrix D.
EXAMPLE 3.2. Let us consider the scalar equation

a(i+1) = n(i+1) +)_az(f) +bu(@),  7(0) = (0), (36)
=0

with the cost functional Not
Juy=M lzz(N) +AY uz(i)] .
i=0
Here A > 0, n(i + 1) = z(0) + Z;=0 o(3)€(j), o(j) are arbitrary constants, £(j) are f;,1-adapted
independent random variables, j € Z, M¢(j) = 0, ME2(j) = 1.

In this case, 7(i), i € Z, is a martingale, therefore a(i) =0, ¢ =0,..., N — 1. Moreover, the
last row of matrix DB is

(ab(a + 1)¥2,ab(a + 1)V 73,...,ab,b,0) .
Since a;(i,k) =0 for k < j <1, and

_ 0, k#jork=j=N-1,
o ={" LI

one can get Y(N —1,j5,a(-,k)) =0 for j > k and
. 0, k#jork=j=N-1,
Qb = { i .
—bla+1) ipj+1), k=j#N-1
Then,
, 0, k#jork=j=N-1,
7(J,k)={ o Nej b s
QU PG Na+1)" 77, k=j#N-1
As a result, we have
uo(0) = p(0)(a + 1)Vzo(0),
uO(] + 1) = p(J + 1)((1 + l)N—l_j [xO(j + 1)~bp(.7)(a + I)N—l_jxﬂ(j)]) j=01,..., N -2
Here

N ab(a +2)(a + 1)N-2-J .

PU) = Aa +2) + b2 [a(a + 1)2N-1-9) 4 2] J
b

T+

=0,1,...,N -2,

p(N-1)= p(N) = 0.
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