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Abstract—The problems of stability and optimal control for stochastic difference equations are
receiving important attention now (see for example [1-6]). In this paper, the necessary optimality
condition for nonlinear stochastic difference second kind Volterra equation are constructed. For
stochastic integral-functional equations analogous results were obtained in (7).
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1. THE STATEMENT OF THE PROBLEM

Consider the optimal control problem {z,, J(u),U} where z, is the motion trajectory, J(u) is
the cost functional, and U is the set of the admissible controls.

The control ug, for which the cost functional J(u) is minimal, i.e., J(ug) = min,ey J(u), is
called optimal control.

Let u., € > 0 be the admissible control, for which there exists the limit

Jo(uo) = i, {7 (ue) ~ T(u) 1)

Obviously, the inequality Jo(uo) > 0 is a necessary condition for the optimality of the control ug.
The existence of the limit (1) and the form of the necessary optimality condition are depended
from the form of the control u,.. Let be, for example,

Ue = Ug + EV, ug,v € U. (2)

In this case Jo(up) = Jo(uo,v) is Gateaux differential.

In particular, if Jo(uo,v) is linear with respect to v then Jo(uo,v) = (Jo(uo),v) where Jo(uo)
is Gateaux derivative. In the linear case the inequality (Jo(up),v) > 0 is equivalent to the
equation Jo(ug) = 0 which has the unique solution ug [5].

Using the calculation of the limit (1), (2) a necessary optimality condition for the nonlinear
optimal control problem is obtained below.
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2. MAIN RESULT

Consider the optimal control problem for the difference equation

o(i+1) = 9(i+1)+B(i+1,zip1)+ Y _ a(i Jy g5, u(i) + Y b5, 4, 25, u(3))EG),  (0) = n(0), (3)

3=0 j=0
and the cost functional
N-1
J(u) =E |F(zn) + Y GU,zj,u(j))]| - (4)
§=0

Let {2, 0, P} be a probability space, i € Z = {0,1,..., N} be a discrete time, f; € 0, i € Z, be
a family of o-algebras, E be a mathematical expectation, H be a space of f;-adapted functions
z(i) € R*, i € Z, such that

2|} = max Elz(5)[* < co.
j<i

Let z; be the trajectory of the process z(j), j < %, n(f) be the f;-adapted random values, ||n||x <
00, &(i) be fiy1-adapted random values, which independent from each others and from 7(),
Ef(’l) =0, Elg(z)'z =1, q)(i"p) € R, a(i,j"/”u) € R, b(i,j,tp,u) €R" 0< J <i <N,
u(i) e R™, p € H.

Arbitrary f;-adapted function u(i) € R™ with a finite norm [juf|y < o0, is called admissible
control, U is the set of the admissible controls.

It is supposed that F'(¢) depends from all values of the function ¢(j) by j =0,1,..., N, ®(i,¢)
depends from values of the function ¢(j) by 7 = 0,1,...,¢ only, the functionals a(i, 7, p, u),
b(i, 3,,u), G(j, ¢, u) depend from values of the function ¢(!) by ! = 0,1,...,j only and satisfy
to the conditions

|G, )| < Z;j)(l + l()I) Ko (), (5)

la(i, 5, 0, w)? + 1b(i, 5, ¢, w)|* < ‘2:; (1 + [uf® + le@)?) K1 (2), (6)
|9, p1) — @i, 2)| < ,;, lp1(4) — 2(3)| Ko(i), (7)
IV (i, 1), | < glw(j)lffo(j), (®)

Va(i, 3, p1,u)pl® + Vb, j, o1, u)pl® < glw(l)lzlﬁ(l), 9)
IVuai, 4, @, u)el* + |Vaub(i, j, o, u)el® < C, (10)

(V&G 01) — VB, 02))l® < Z l1(4) — ¢2(3) 2 Ko (), (11)

Jj=0
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|(Vai, 3, 01,u1) — Va(i, j, pa, u2))p|* + (Vb(3, 3, p1,41) — Vb(i, , 02, u2))o?

J
<Y [ler® = 2 ®F + s - wal?] L) Ka ),
=0

|Vua(i7j’ P, ul) - Vua(i,j7 @, u2)|2 + 'V‘ub(z’.’a "2 u'l) - Vub(i’jv @, u2)|2 S Clul - u2|-

Here V is Gateaux derivative with respect to ¢ and V,, is derivative with respect to u.
For the cost functional it is assumed that

N
IF(e)] <> (1+ le()?) K1(4),
‘s

GG, @, )] < Y (1 + |ul® + |0()I?) Ki(h),
j=0

N
KVF(@1),0) <3 (1 + o1 (D)) le ) K1(5),
j=0

VGG, p1,u), @) <Y (A +lul + lpr(4)]) le(3) K1 (5),
=0

N
{VF(¢1) — VF(p2), o) < Y le1(3) — w2(3)l e (G)l K1(4),
=0

KVG(i, p1,m) — VG, ¢2,u2), o) < Y (I01(3) — 023l + [ur — wal) [0 ()| K1 (5),
=0

|VuG(zi ¥, ul) - VuG('l, "2} u2)| < Clu’l - u2l'

Here max;ez |Ko(3)| < 1.
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(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

DEFINITION. The matrix b(i, j) is called the resolvent of the kernel a(i, j) if the solution of the

equation '
(i +1)=ni+1)+> a6z,  z(0) =n(0),
j=0

can be represented in the form
i
o(i+1)=ni+1)+ > b(é,5)n().
=
The kernel and the resolvent are connected by the relations:

b(i,5) = a(i,4) + D b(i,k)alk - 1,5),
k=j+1

b(i,j) = a(i,5) + Y a(i,k)b(k - 1,5).
k=j+1
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THEOREM 1. Let the conditions (5)-(20) hold. Then the limit (1),(2) for the problem (3),(4)
there exists and equals

N-1

Jo(uo) = E [(Fo(N),q0n) + Y ({Go(5), g05) +v'(5)g0(4)) | - (21)

j=0
Here go(j) is the solution of the stochastic equation
i i
go(i +1) =no(i + 1) + Po(i + 1)go,i+1 + Z Ao(i,7)qo05 + Z By(3,5)90i€(7), 0(0) =0, (22)

where

() =) ao(i, 5)v(i) + Y bo(é, )v(5)E(),
=0

j=0
Fo(N) = VF(zon), Po(i) = VO(i, z0s),
GO(J) = VG(J’ ij,uo(j)), gO(J) = VuG(]a Zoj, 'U.o(])), (23)

AO("'9J) = Va(iaja ija uO(J))’ a’O(iaj) = vua(i’j$ z0j7u0(j)),
Bﬂ(i,j) = Vb(""J’ ijauO(j))’ bo(%,]) = vub(inj’ sz’uO(j))‘

For the proving of the theorem we need the auxiliary statements.

3. AUXILIARY STATEMENTS
LEMMA 1. Let

0< 20) < (1) < < (N - 1),
y("’) 20, i=12,...,N, y(l) < CZ(O),

yi+1)<C lz(i) + Zy(j)] :
i=1

Then there exists the constant C; > 0 independent of z(i), y(i) and such that
y(i +1) < Cyz(i), i=0,1,...,N—1.

ProOF. Using the mathematical induction method let us supposed that y(j) < Cz(j — 1) for
j=1,...,i. In particular, it holds by ¢ = 1. Let us prove it for ¢ + 1. Since 2(j — 1) < 2(i) by
j < i then

yi+1)LC [z(i) + i: Cz(j — 1)] <C [z(i) + i:Cz(i)] < Cyz(3),

=1 J=1

where C1 = C(1 + CN). The lemma is proved.
LEMMA 2. Let z.(j) be the solution of the equation (3) by the control u.(j),

2.() = £ [2(5) - 2], (24

and the conditions (7)—(12) hold. Then q. € H uniformly for ¢ > 0.
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PRrROOF. From (3), it follows

g(i+1)= [‘I’(’L +1,Ze,i41) — (3 + 1, Toi41)] + = Z [a(z:vaeJ,ue(])) a(3, 3, Toj, uo(7))]
_1—0

423 6, e, 8e() = i 205, oGN] €C)
=0

Let
1
AZ(3) = zo(3) + Tege(3), ul (i) = uo (i) + Tev(s), B (1) = /V<I>(i, AD)dr,
0
1 1
As(i’ J) - / Va'(i’j7 A:(J)v ue(J)) dT; a'e(i’ .7) = / Vua'(ia jv Zoj, 'U,:(])) dT’
o1 ol
Bivg) = [ VbGANG)ueli)dr,  belid) = [ VubG,daug, 07
0 0
Then

ge(i +1) = Bc(i + 1)ge i1 + ZAc('ivj)QEj + ZBs(i,j)‘Iejg(j)
=0 =0

i i (25)
+ Y ac(i,5)o(d) + Y be(i, 5)v()E().
=0 =0
From (9),(25) it follows
lge(i + 1)|(1 = Ko(i +1)) < Y lge(3) 1 Ko() + Y |Ac (i, 5)es]
j=0 j=0
2 B.(i,5)qe;€(5)| + Z lac(é, 5)v(3)| + Eb (5, )v(5)EG)] -
Jj=0 Jj=

Squaring this expression and calculating the mathematical expectation by virtue of (9),(10) we
obtain

Elg(i+1)*<C ZElqe(J)lzKo(J) + Z ZElqc OIPKLQ) + ZEIv(J)P}

LJ"'O J=0 I=0

=C EE|Qe(J)|2(Ko(J) +(@E-j+1D)Ki() + ZEIv(J)IZ]

,1-0

Let be (i) = Elge(4)|?, 2(5) = ¥} Elv(j)[*. Then for some C > 0 we obtain
i=1

ve(i+1)<C lz(i) + Zy(j)] : (26)

Using Lemma 1 and E|v(j)|? < oo we obtain that ¢. € H uniformly for ¢ > 0. The lemma is
proved.
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LEMMA 3. Let the conditions (5)—-(13) hold. Then lim._, ||ge — go|l; = O.
PrOOF. From (25) it follows

9e(i+1) = Be(i + 1)geirr — Doli + 1)gois1 + O _[Ae(i,5)8e; — Aoé, 5)05]
=0
> lac(i, 5) — aoli, Hw() + Y_[be(é, 5) — bo(i, ) (H)EG)-

+ ) _[Be(i, 5)ge; — Bo(i, 1)a0;1€(5) +
j=0 Jj=0 j=0

Therefore

ge(t +1) = Do(i + 1)[‘15 - QO]i+1 +(Pe(i +1) — Po(i + 1))‘Ie,i+l + Z(AO("’J)[QE - QO]J'
=0

+ (A4, ) — Ao(3,))ge5) + D _(Bo(ir 5)lge — golj + (Be(i, 5) — Bo(i, 5))2e; )€ ()

Jj=0

+(ae(i, 5) — a0(i, ))o(d) + Y (be(i, 5) — bo(i, 5)(H)EG)-

Using (8),(9) analogously (26) we have

5 i
Y(i+1)<C [Z ai(j) + Zys(j)] : (27)
j=0 j=0
Here
¥e () = Elge(3) — qo(i)I?, a1(e,4) = E|[®c(3) — Bo(i)]ge;1,
a2(€1 i) =E |[Ae(ia .7) - AO(iaj)]‘Iejlz ’ a3(5’i) =E |[B€(i’j) - Bo(i,j)]q¢j|2 )

a4(e, i) = E|[ac(i, ) — ao(é, )]v()[?, as(e, i) = E |[be(i, 5) — bo(i, )]v() -

Let us prove that lim._.o a;(e,i) = 0 uniformly for i € Z. Let be xX(i) the indicator of the
set {w : |g-(¢)] > K'}. Represent ¢.(¢) in the form

0 (i) = ge()x K (6) + g ())(1 — XX (5)).
We obtain
ai(,i) = E |(®e(i) — Bo(i))a: ()X (0) + g (G)(1 — xX(@))|*
= E |®.(i)qe (i)xX (i) — Bo(i)ge ()X (i) + (B (8) — Bo(8))ge (i)(1 — x5 ()|
<3 [E[@.@)(@x¥)il” + E [@0(i)(aex¥)i|” +E |(@c(i) - 0(i)) [a(1 - xE)],[] -
Using (8),(11) we obtain

ai(ed) < C |3 [BlaexX)s|” Kol)
j=0

+ Y Elee(d) — zo()? | (ge(1 — x¥));| K1(6)] S Clllaex ||, +€2K?] .
i=0
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As g, € H uniformly for ¢, then limg_,c0 llgexX|Iv = 0. Hence, for all § > 0, there exist K,
that |lg.xX |3 < 6(2C)~!. Fixing this K, choose € so that e2K? < §(2C)~!. Therefore for
all § > 0 there exists £ > 0 that a;(¢,i) < 4.

Analogously, it is proved that lim,_o ai(e,%) =0, i = 2,...,5. From (27) it follows, that for
all § > 0 there exists € > 0, that

ve(i+1)<C [6 + _Zye(j)] :

Jj=1
From the Lemma 1, we obtain

llge — golls < C16.
The lemma is proved.
4. LIMIT CALCULATION
From (1) it follows

Je(uo) = 11 (ue) = J(wo)] = E | 2(F(zew) = F(zow))

1 N-1
+E Z(G(J) xEJ's'U'E(j)) - G(j,$0j,u0(j)))]

i=0
N-1

=E(Fe(N),gen) + Y ((Ge(4), e) + ' (3)9e(5))].
j=0

Here

1 1
FS(N) = /VF(N, A:) dT, GE(]) = /VG(J7 ’\:jvuO(j)) dT1
0 0

1
ge(d) = / VG, 203, u1(5)) dr-
0
From here it follows

N-1 3
Je(uo) = E [(Fo(N),qezv) + Y (Go(5), ges)v' (4)g0(4) + Z.Bj(e)] ;

=0 J=0
where
N-1
Bi(e) = E(F(N) — Fo(N),qen),  Ba(€) =E ) _ (G:(j) — Go(4):es),
j=0
N-1 !
Bs(e) =B Y v'(5)[ge(4) ~ 90(4))-
i=0

Let us prove that lim._¢ 8;(¢) = 0. From (18) it follows
N N
Bi(e) < 3 Elze(5) — zo(4)| lae(i)IE1() = € ) Blge(5)K1(5) < Cellgell-
j=0 j=0
Analogously, estimations for 82(¢), Ba(€) is true. From here we have
lim |Je(uo) — Jo(uo)| = 0.
The theorem is proved.
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5. LINEAR-SQUARE OPTIMAL CONTROL PROBLEM
Consider the linear-square optimal control problem with the motion trajectory
z(i+1) =G+ 1)+ Y a(i,5)z(G) + Y_ b, 5)u(@),  z(0) =n(0), (28)
=0 3=0
and the cost functional
N-1
J(u) =E |2/ (N)Fz(N) + Y_ w'()G()u(j) | - (29)
i=0

Here z(i) € R, u(i) € R™, a(i,j) and b(4, j) are deterministic n x n and n x m-matrices, F is
positive semidefinite matrix and G(j), j € Z, are positive definite matrices.
For the problem (28),(29) the limit (21) has a form

Jo(uo) = 2E [wé(N)FQo(N) + ZUS(J')G(J')v(J')} :

=0
Here z is the solution of equation (28) by the control ug and go(%) is the solution of the equation
i i
Qi +1) =) a(i,5)a0(d) + D_b(i,5)v(d),  q0(0) =0.
=0 =0
In the linear case the equation Jy(up) = 0 has the unique solution ug [5]

uo(j+1) = a(i +1) + 5 + DU(N = 1,3, Dze(G +1) + 316G K)zok), §=0,1,...,N -2,
k=0

N-1
10(0) = a(0) + p(0) (1 + S RN -1, k)) 20(0).

k=0

Here I is identical matrix,

p(J) = _G—l(j)"/),(N - 1,7 b()]))
-1

N-1
x F lI+ Z ¢(N - lakv b(')k))G—l(k)wl(N - 11 k’b(ak))F )
k=

J
k=0

7(j’ k) = p(J + 1)¢(N -1,7 aj("k)) + Q(Ja k)P(k)Kb(N -Lk- 1,I)

J
+ Y QUDPMY(N — 1,1 - 1,1 (-, k),

I=k+1

Q(3, k) is the resolvent of the kernel p(j + 1)¢¥(N — 1, 7,b;(-, k)),
aj(ia k) = a(i’ k) - a(j1 k), bj(i’ k) = b('l,, k) - b(.77 k)’ ﬁ(‘l,]) = EJ"]('z + 1) - 17(.7)'

REMARK 1. If process 7(i) is martingale then 5(¢,j) =0, ¢ > j, and therefore a(i) =0, i € Z.
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REMARK 2. Analogously we can obtain the optimal control for system with noice by the control.
For example, consider scalar equation

(i +1) = (i + 1)+ Y_[8G,5) + 16, )u@KG),  =(0) = n(0),
j=0

with the cost functional

N-1
Ju)=E [z2(N) +A Z uz(i)} , A>0.
i=0

This example was considered in [5)].
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