This article was downloaded by: [Shaikhet, Leonid]

On: 11 March 2011

Access details: Access Details: [subscription number 934843584]

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Journal of Difference Equations and Applications

Publication details, including instructions for authors and subscription information:

Journal of

Difference Eq uations http://www.informaworld.com/smpp/title~content=t713640037
and Applications

About an unsolved stability problem for a stochastic difference equation

with continuous time
Leonid Shaikhet®
* Department of Higher Mathematics, Donetsk State University of Management, Donetsk, Ukraine

First published on: 05 March 2010

To cite this Article Shaikhet, Leonid(2011) 'About an unsolved stability problem for a stochastic difference equation with
continuous time', Journal of Difference Equations and Applications, 17: 3, 441 — 444, First published on: 05 March 2010
(iFirst)

To link to this Article: DOI: 10.1080/10236190903489973
URL: http://dx.doi.org/10.1080/10236190903489973

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://ww.informworld. confterns-and-conditions-of-access. pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |oan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, fornmul ae and drug doses
shoul d be independently verified with primary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713640037
http://dx.doi.org/10.1080/10236190903489973
http://www.informaworld.com/terms-and-conditions-of-access.pdf

19: 01 11 March 2011

[ Shai khet, Leonid] At:

Downl oaded By:

Journal of Difference Equations and Applications e Taylor & Francis
Vol. 17, No. 3, March 2011, 441-444 Teyierh Eritc G

About an unsolved stability problem for a stochastic difference
equation with continuous time

Leonid Shaikhet*

Department of Higher Mathematics, Donetsk State University of Management, Chelyuskintsev
Street, 163-A, Donetsk 83015, Ukraine

(Received 24 July 2009; final version received 12 November 2009)

An unsolved problem of stability for stochastic difference equation with continuous
time is proposed for consideration.

Keywords: unsolved problem; asymptotic mean square stability; stochastic difference
equation with continuous time

Contributions to the theory and application of difference equations and stochastic
difference equations with continuous time are advancing (see, for instance [1-6,8—12]).
At the same time, there are a number of simple problems that are easy to formulate but
whose solutions are unknown. In order to attract attention to such problems, a stability
problem for a stochastic difference equation is proposed. This problem is close enough to a
known result, but, nevertheless, is not solved until now. To solve this problem maybe it is
necessary to use some new ideas.

Let {Q, &, P} be a probability space, {&;,t = 0} be a non-decreasing family of
sub-g-algebras of & and E be the expectation with respect to the measure P.

Consider the scalar stochastic difference equation with continuous time

x(t+ 1) =ax(t) + bx(t — 1)+ ox(H)&(t + 1), t> —1,

B N ey
x(0) = ¢(6), 6€ 06 =[-2,0],

where a, b and o are known constants, the perturbation &(f) is a §,-measurable stationary
stochastic process such that

E&t) =0, E& () =1.

DEFINITION 1. The trivial solution of equation (1) is called mean square stable if for any
€ >0 there exists a 6> 0 such that E|x(t; qb)l2 <€ for all t=0 if ||<z,’>||2 =
supgco Eld(0)|* < 8.

DEFINITION 2. The trivial solution of equation (1) is called asymptotically mean square
stable if it is mean square stable, and for each initial function ¢
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DEFINITION 3. The trivial solution of equation (1) is called asymptotically mean square
quasistable, if it is mean square stable and for each t € [0, 1), each initial function ¢ and
a positive integer j

lim Elx(r +j; $)|* = 0.
j—)OO

Remark 1.1t is evident that asymptotic mean square quasistability follows from asymptotic
mean square stability but the converse statement is not true [10].

Similar to [7], it can be shown that the necessary and sufficient condition for
asymptotic mean square quasistability of the trivial solution of equation (1) is

1+b
|b|<1, |a|<1_b, 0'2<1%b

[(1 = b)* — a?]. ©)
Stability regions defined by conditions (2) are shown in Figure 1 for different values of
c* (1) e2=0,2) 0>=0.4and 3) o> =0.8.
Consider now the difference equation

t

x(t 4+ h) = ax(t) + bJ x(s)ds + ox(t)&(t + h), t> —h,
t—h

x(0) = ¢(6), 60€ O =][—2h,0], (3)
where 7 > 0 and all other parameters are the same as in equation (1).

In the case o = 0, the characteristic equation of equation (3) is

b
eM=a+Xa—eﬂh )

Figure 1. Regions of stability for equation (1): (1) > =0, (2) 0> = 0.4 and (3) o> = 0.8.
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Putting A = iw, i> = —1, transform equation (4) to the system of two equations
b . . b
cos wh = a+ —sin wh, sinwh = ——(1 — cos wh). (®)]
1) w

It is easy to show that system (5) has three solutions:

1)
=1 b= —wtan—
a , wan27
a+bh=1,
h h
a=coswh+200s2%, b=—wcot%. 6)

Solutions (6) define the region of asymptotic stability for the trivial solution of
equation (3) if o= 0. In Figure 2, the corresponding stability region (the bound 1) is
shown for h = 1.

Immediately from (3), it follows Ex?(t + h) < [(lal + |blh)* + o*1sups=—n.a Ex>(s).
Thus, the inequality

la| + |blh < V1 — o2, 7

is a sufficient condition for asymptotic mean square stability of the trivial solution of
equation (3). Corresponding stability region is shown in Figure 2 (the bound 2) for & = 1
and o = 0.4.

The problem is: to get the necessary and sufficient conditions for asymptotic mean
square stability of the trivial solution of equation (3) for o # 0.

- —emama e

remamamemefeondossfnmenenen.

Figure 2. Regions of stability for equation (3): (1) k=1, 0> =0and (2) h =1, 0> = 0.4.
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Remark 2.1f b = 0, then condition (7) takes the form a”> 4+ o> < 1 and coincides with (2).
It is the necessary and sufficient condition for asymptotic mean square stability of the
trivial solution of equation (3) in the case b = 0. Thus, the points A and B (in Figure 2)
with the coordinates —+/1 — ¢ and +/1 — &2, respectively, belong to the bound of the
exact stability region.
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