11

13

17

19

21

23

25

27

29

31

33

35

37

39

41

43

45

47

49

A4 | RNC:846 ED: DK

pp.1—14 (col.fig.: NIL) 3B2 PAGN: SWARNA SCAN:ROSE

INTERNATIONAL JOURNAL OF ROBUST AND NONLINEAR CONTROL
Int. J. Robust Nonlinear Control 2003; 13:000—000 (DOI: 10.1002/rnc.846)

About one application of the general method of Lyapunov
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SUMMARY

Construction of Lyapunov functionals are used for problems of stability and optimal control of
hereditary systems which are described usually by functional-differential equations or Volterra equations
and have numerous applications (Stability of Functional Differential Equations. Academic Press:
New York, 1986; Applied Theory of Functional Differential Equations. Kluwer Academic Publishers:
Boston, 1992; Translations of Mathematical Monographs, vol. 157. American Mathematical Society,
Providence, RI, 1996; Lesons sur la theorie mathematique de la lutte pour la vie. Gauthier-Villars:
Paris, 1931). The general method of Lyapunov functionals construction for stability investigation of
hereditary systems was proposed and developed during last decade (Dynamical Systems and Applications,
vol. 1. Dynamic Publishers: New York, 1994, 167; Dynamical Systems and Applications, vol. 4,
World Scientific Series in Applicable Analysis, Singapore, 1995, 397; Differentialniye uravneniya, vol. 31,
No. 11, 1995, 1851; Dynamic Systems and Applications, vol. 4, No. 2, 1995, 1999; Theory Stochastic
Processes 1996; 2(18), (1-2):248; Appl. Math. Lett. 1997; 10(3): 111; Funct. Differential Equations 1997;
4(3-4) 279; Advances in Systems, Signals, Control and Computers, Bajic V (ed.). IAAMSAD and
SA branch of the Academy of Nonlinear Sciences, Durban, South Africa. vol. 1, 1998; 97; J. Appl. Math.
Mech. 1999; 63(4):537; Stability Control Theory Appl. 2000; 3(1):24; Dynamic Systems Appl. 2000;
9(4):501; Appl. Math. Lett. 2002; 15(3):355; Math. Comput. Modelling 2002; 36(6):691) both for
stochastic differential equations with aftereffect and stochastic difference Volterra equations. Here, some
development of this method for stochastic difference Volterra equations is considered. It is shown,
in particular, that for given equation with unbounded memory the proposed method of Lyapunov
functionals construction allows to get a sequence of extending stability regions. Copyright © 2003 John
Wiley & Sons, Ltd.
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2 V. KOLMANOVSKII AND L. SHAIKHET

1. STATEMENT OF THE PROBLEM

Let i be a discrete time, i€ Zy U Z, Zy = {—h,...,0}, Z=1{0,1,...}, h be a given non-negative
number, process x; € R” be a solution of the equation

Xt = FGx g x) + Y Glijoxop .. x)E i€Z,
=0

Y= b, ieZ (1)

Here F: Z«S = R", G:ZxZxS = R", S is a space of sequences with elements from R”. It is
assumed that F'(i,...) does not depend on x; for j > i, G(i,/,...) does not depend on x; for k > j
and F(;,0,...,0) =0, G@/,0,...,0)=0.

Let {Q, g, P} be a basic probability space, f; € g, i € Z, be a family of g-algebras, &), &, .. be
a sequence of mutually independent random values, &; be f;;1-adapted and independent on
fin E& =0, E& =1, ieZ

Definition 1.1

The trivial solution of equation (1) is called p-stable, p > 0, if for every ¢ > 0 there exists a § > 0
such that Elx;|” <e, i€ Z, if [|p||” = sup,,, El¢p(i)|” <9. If, besides, lim;_,, Elx;|” = 0 then the
trivial solution of equation (1) is called asymptotically p-stable. In particular, if p = 2 then the
trivial solution of equation (1) is called asymptotically mean square stable.

Theorem 1.1 (Kolmanovskii and Shaikhet [1])

Let there exists a non-negative functional V; = V(i,x_y,...,x;), for which the conditions
EV(0,x_p,...,x0)<cilloll” 2
EAV;< — Elx|?, ieZ 3)
hold. Here ¢; >0, ¢, >0, p>0 and
AVi=V(@i+ Lx_ gy xiv1) = Vx5 X)) 4)

Then the trivial solution of equation (1) is asymptotically p-stable.

From this theorem it follows that a problem of stability investigation of some hereditary system
can be reduced to the problem of construction of appropriate Lyapunov functionals. Below
some formal procedure of Lyapunov functionals construction for equation type of (1) is
described.

2. FORMAL PROCEDURE OF LYAPUNOV FUNCTIONALS CONSTRUCTION

The proposed procedure of Lyapunov functionals construction consists of four steps.
1. Represent the functionals ' and G at the right-hand side of Equation (1) in the form

F@,x_p,....,x) = F1(, X, ..., %) + B2, Xy, X0) + AR x g, ..., X))

Fi(i,0,...,0) = F(,0,...,0) = F,0,...,0) =0

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2003; 13:000—-000
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LYAPUNOV FUNCTIONALS CONSTRUCTION 3

G(i,j,x,h, s ,Xj) = G](l.,j,x]‘,‘,;, e 7xj) + Gz(iaj,x—h, e ,Xj)

G1(,/,0,...,0) = G2(:,/,0,...,0) )

where 70 is a given integer, AF5(i,x_p,...,x;) = F3(i+ 1,x_p, ..., xi01) — B3(L,x_p, ..., X0).
2. Consider the auxiliary difference equation

Yit1 :F'l(iayiffa"'nyi)—’—z Gl(@j:)’jqua)’j)ﬁja ieZ (6)
j=0
and suppose that for this equation there exists a Lyapunov function v(i, y;_«,...,y;), which
satisfies the stability conditions of Theorem 1.1.
3. Consider Lyapunov functional ¥; for initial Equation (1) in the form V; = 1}; + V5;, where
the main component ¥, has the form

Estimate the expression EAV};.

4. Using obtained estimation for EAV}; the additional component ¥, of the functional
V; = W; + V5; can be chosen usually by some standard way.

This procedure is demonstrated in Reference [1] by considering a lot of concrete equations.
But for equations type Volterra the parameter 7 in representation (5) takes the values 1 = 0 and
1 only. Below procedure is used for t = 2 that allows us to extend region of stability of the
equation under consideration.

3. LINEAR VOLTERRA EQUATIONS WITH CONSTANT COEFFICIENTS

Let us apply the proposed procedure for the investigation of the scalar equation
Xip1 = Z a;_ 1X1+Z Z lej, ieZ

i=h =0 I=—h

Xi=¢;, 1€ 7

Here a; and aj are some known constants.
1. Following the first step of the procedure let us represent the right-hand side of equation (7)
in form (5) with

1=2, F(i,xi-2,x-1,%) = aox; + a1x;-1 + a2X;—2
. i—3
FZ(la-x—ha e 9xi) = Zl/:*h ai— x|
F}(iax—ha cee 3-xl') = Gl(l’j’x]—23x1—19x]) =0

Gali, joXops X)) =31y 00Xy, =0, i=0,1,...
2. In this case the auxiliary equation type of (6) is

Yirl = a0y + a1yi-1 + aryion (8

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2003; 13:000—-000
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4 V. KOLMANOVSKII AND L. SHAIKHET

Introduce into consideration the vector y(i) = (yi_2, ¥i_1, y;)’ and represent equation (8) in the
form

0 1 0
yi+1)=4yG@, A=10 0 1 ©)
a ar a
Consider now the matrix equation
0 00
ADA-D=-U, U=1]0 0 0 (10)
0 0 1

where D is a symmetric matrix. The entries d;; of the matrix D are defined by the following
system of the equations:

ajdys —dy) =0

ardiz + araxdyy — dia =0
axdys + apardzs — di3 =0

dii + 2a1dy3 + ajdyy — dy =0

dir + apdiz + apaidzz + (a1 — )dp =0

dry + 2agdrs + (a5 — Ddyy = — 1 (11)
Solving system (11) we obtain
dii = a3dy
diy — ax(1 — ar)(a1 + apaz)
I —a) = ax(ao + a2)
dis = ax(aop + a1a;)

T l—a —axag+ay)

2ayax(ag + araz)
1 —a; — ax(ap + a2)

dr»n = |:a% + a% +

dor — (ao + ax)(a1 + apaz)
23 = 33
1 —a; — ax(ap + a2)

aras(ap + araz) + aolap + a2)(ay + agaz)] '
1 —a; —ax(ap + az)

(12)

d33—{1—a3—a%—a%—2

Let us suppose that the solution D of matrix equation (10) is a positive semidefinite
matrix with 33 >0. In this case the function v; = y/({)Dy(i) is Lyapunov function for

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2003; 13:000—-000
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LYAPUNOV FUNCTIONALS CONSTRUCTION 5

Equation (8). Really,
=y (i+ DDy + 1) — Y ()Dy(i)
= y/()[4'DA — Dy(i) = =y ()HUy(i) = — )7

3. Following the third step of the procedure the main part Vj; of Lyapunov functional
V; = V1; + V5; must be chosen in the form V; = X' (i)Dx(i) where x(i) = (x;_2,x;_1,%;).
Represent equation (1) in the form

x(i+ 1) = Ax(i) + B(i) (13)
where the matrix 4 is defined in (9) and B(i) = (0,0, b;),
bi —Za, 1x1+z Z o i (14)
I=h =0 I=—h
Calculating EAVy;, by virtue of Equation (13) we obtain
EAV; =E[X' (i + 1)Dx(i + 1) — X' (i) Dx(i)]
= E[(Ax(i) + B(i)) D(Ax(i) + B(i)) — x'(i)Dx(i)]
= E[—x? + 2B'(i)DAx(i) + B'(i)DB(i)]
Using the second and the third equations of system (11) it is easy to get
B'(i)DB(i) = d3;b?

d d
B'(i)DAx(i) = (L3 X+ —2xi + a2d33xi2) b;
ar ar

From (12) it follows that the expressions di»/a; and d3/a, are definite for a, = 0 too.
As a result, using (14) we obtain

dis d
EAV],-:E{ X; —|—d33b2—|—2< l+£x, | + ardsyzx;_ 2)])}
a az

d d 2
= — Ex} +dy3Bb} + 2=2 Bxib; + 22 Bxio by + 2axdss By ob = —Ex} + > I
a ar —

where
i3 2 i 2
I =d33E<Z ai—lxl> , h=dj3E (Z > 0’}/;?615,)
I==h =0 ==

= i
I; =2dyE Z ai— Xk Z Z a; i

k=h =0 I=—h

14—2@]3)6 ZZ a;—1X], 15—2@ Z Z lefj

I=—h =0 =

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2003; 13:000—-000
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6 V. KOLMANOVSKII AND L. SHAIKHET

i-3
ZQEX, 1 Z a;-ixp, 17—2@ Z Z g

I=h =0 I=—h

i—3
I3 =2ard33Ex;_» Z ai_ix;, 1o = 2ard3Ex;_» Z Z 6 lef

I=h =0 I=——h
Let us estimate the summands 7z, k= 1,...,9, using the following notation:
o0
k= max(k,0), oz = lai|
=3

00 00 2 00 00
So=Z<Z laz) =2 2 ol k=1234
p=0

=0 =k j=0
For 1,1, we have

i3 i3 i3
L<dss Y lail Y lai wlEx <osdsy Y lai ¢lExp

I=—h k=—h k=—nh

L =ds; ZE(Z s, lx;) <ds3 Z IXI: o) Z |6’ |Ex?

I=—h

< ds Z Z|0 il Z oy [Ex;
1—0

k=—h j=
00 1 00
0 0 2 2
=ds3 | log] D_Io)IEx; + > lo7 | > lo]|Ex]
1=0 p=0 1=0
2 00 i—3  i—ky
2
IDICHIICLEID B NP UL
p=0 =0

k=—h p=0

Using properties of conditional expectatlon for 13 we obtain

|\I3] =2d33|E Z ik Xk Z Z 0', “hxig

k=—h =0 i=—h

=2ds3|E Z Ai_j Xk Z Z lxlé

k=—h =0 I=—h

i—4 J
:2d33EZ<Z a;_ kX + Z a;— ka> Z a lxzéj

=0 \k=—h k=j+1 I=h

Copyright © 2003 John Wiley & Sons, Ltd.
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LYAPUNOV FUNCTIONALS CONSTRUCTION

i—4  i-3
=2dy|E Z Z @ik Xp Z lxzf
=0 k=jt1 I=—h
-4 j_ i3
<ds Y D> 1o Y laikl(Bx] + Exj)
iy — k=j+1
i—4 J i-3
2 2
=diz » > o)) Z la;—|Ex; + d33 Z Z o) > lai-klEx
=0 I=—h k=j+1 =0 I=—h k=j+1
-4  i—4 i-3 i—4 J
Swydy Y Z| JE +dsy > Y Z [ =
k=—h j=ky k=1 j=0 I=—h
i—4 ik, i—3
<mdyn Y Z lof 4 Ex} + Sadss Z ;4 |Ex;
k=—h p=

Similar for the summands I, — Iy we get

di3| > o _|di3 R >
L] < |— i—|[(Ex? + Exy) < |— Ex? k| Ex
. 1;1 -l Box) ay |\ +k:Z_h e
d13 / dl? / 2
sl < 2~ Ex Z > o g < Z Z |0 |(Ex? + Ex))
=0 I=—h =0 I=—h
d13 i-3  i—ky
<] (s e+ 30t e 5SS, )
K=—h p=4
dlz 2y |92 2
| < Z jai- 1By + ) < | == | o] + Z lai_k|Ex;
f=—h
di» / d12 : 2
17| = 2_Exz I Z Z EATIIES Z Z |0 I (Ex]y + Ex})
=0 I=—h =0 I=h
d12 5 5 i—3  i—ky » E
, S2Ex} | + |og|Ex; 2+k¥h pz; 17— p kX

-3
15| <laalds; Z lai—1|(Ex?, + Ex}) < aalds <a3Ex2 )+ Z lai k|Exk>
I=—h k=—h

-3 J o J
o] = |2ards3Ex; > Z Z 0}1113615 <las|dss Z Z o Z|(Ex;_, + Ex7)
j=0 I=—h J=0 I==h
-3 ik
<lazldss <S3Exl.2_2+ Z Z o, k|Exk>
K=n p=3

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2003;

13:000-000



11

13

15

17

19

21

23

25

27

29

31

33

35

37

39

41

43

45

RNC: 846

8 V. KOLMANOVSKII AND L. SHAIKHET

As a result we obtain

i3
EAV;<(y — DEx] + 9 Ex] | + 9,Ex] , + Z PyEx; (16)
K=h
where
= diz
7o = dlag)| Z lo)] + [—=|(S1 + o)
1=0 @z
1 P 17/ FY IR 7
yo=du Y o 1Y ol 1+ = log] + |==|(S2 + 23)
0 =0 @ @
2 00 dl3 2
yr=d Y 1o 1Y el 4+ =2 D 168
p=0 =0 al=
di|, »
+ . log| + laalds3(Ss + o3) (17)

i—ky, 00
Py =d33 <S4|aik| +Y ol > |Jf|)

=0 1=0
dis ik ik
o <|aik| +3° |a{’,,k|> + <|a,~k| +y° |a,-”,,k|>

p=1 p=2
i—k i—kn

+ lasldss | lai il + Y lo? 1) + asdss {lai sl + > 1o, 4l (18)

p=3 p=4

+

din
as

4. Following the fourth step of the procedure of Lyapunov functionals construction choose
now the functional 75; in the form

i—3 00
Vo= (p1 + 7y, + ,U)x,'zﬁl +( + ,u)xl.{Z + Z xl% Z Ptk
=—n =0

where numbers 7y, 7, are defined by (17) and a positive number u will be chosen below.
Calculating AV5; we obtain

00 i—3
AVyi = (1 + 72+ x] — 137 — (Vz +u— Z Pj+i2,i2)xi2_2 - Z Pyx;
Jj=3
Using (16), for the functional V; = V}; + V5; we get
[0.¢]
EAV,<(p+ 71 + 72 + 1 — DEX + (Z Pirinia — u> Ex} ,

J=3

Putting now
o0
[ = sup Piyi2i2 (19)
3

ieZ =

as a result we obtain
EAV,<(yg+ 71 + 72+ 1 — DEx;

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2003; 13:000—-000



11

13

15

17

19

21

23

25

27

29

31

33

35

37

39

41

43

45

RNC: 846

LYAPUNOV FUNCTIONALS CONSTRUCTION

Thus, if the inequality

Yo+ v+ tu<l

(20)

holds then the constructed functional V; satisfies the conditions of Theorem 1.1 and therefore the

trivial solution of equation (7) is asymptotically mean square stable.

Let us transform condition (20) to more obvious form. For this aim estimate x. From (15) it

follows that j + k — k,, <j. Therefore, using (15) and (18), we have
o0
> Prigia< Z [433 <S4|a,| + Z o7 | Z |a;’|>
=3
di; Lo, di L
ol + > et ) + o\l + > et
p=1 p=2
+ |az|ds3 (Ia,l-i-z |o; p> + o3ds3 (Iajl—&-z o7 )}

p=3 p=4

dp|+1d
=03 |:d33(S4 + |a2| + 0(3) + M}

|as|
o0

0 J
tdn) D bl of1-+[5
=

1= =3 p=1
00 J o0 J
+ lazldss Z S lel I toadsn Y > el
=3 p=2 Jj=3 p=2
From here and (17) it follows that
0 N 10y |93
Yo+ 71+ 72+ p< daslog] Y o]l + oS+ m)
=0
l s ], |de
+dn > 1ol 1D o1+ [ logl + =2 (82 + o3)
=0 =0 a2 az
sy Y 1o IS o1+ | D eI+
=0 =0 @53
dp| +|d
+ o3 {d33(54 + laa| +o3) + |12||13q
|az|
dn N
+d33ZZ| p|Z| ]2 2l
Jj=3 p=1

Copyright © 2003 John Wiley & Sons, Ltd.
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10 V. KOLMANOVSKII AND L. SHAIKHET

d12

Jj=3

(0.0)

p=2

J

o J
12 D 1ol lasldss

o 3 ) o,

=

+ w3 [d33(54 + laa| + o3) +

o0

J
DI D LR
=0

J=0 p

p=4

[e9)

=0

J

P
|O-j7p|
=3

3op

d
+ o)+ ‘;22‘(52 + 03) + |aaldsa(S3 + 23)

]

e8] J
LIS >
P
j=1 p=1

DDA

j=3 p=3

S S A =Y S e Y et =Y (z o )2: S

Therefore, we obtain

d d
Yo+ 71 12t us ‘i‘(& +o3) + ‘Cf‘(Sz + a3) + |as|d33(S3 + o3)

+ o3 [d33(54 + laa| + o3) +

+ d33S0 + ‘

di»
Sl+

|d12| + |d13|]
|as]

Sz + las|d33 83 + 03d3354

‘3’(52 + a3)
a

+ d33[So + 2|as|(Ss + o3) + 20384 + 03]

Copyright © 2003 John Wiley & Sons, Ltd.

Int. J. Robust Nonlinear Control 2003;
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LYAPUNOV FUNCTIONALS CONSTRUCTION 11

Using representation (12) for dj», di3, we have

lag + araz|(Sy + o3) + (1 — a1)(a1 + apa2)|(S2 + o3)
11 — a1 — ax(ag + a2)|

Yo+ 71+ 2+ 1 <2ds;

+ dy3[So + 2|as|(Sy + o3) + 20384 + 03]
Thus, using (12), we obtain that condition (20) follows from inequality:

) lag + a1az|(Sy + o3) + (1 — a)(ar + apaz)|(S2 + a3)
1 —a; — ax(ap + a2)|

+ So + 2lax|(Ss + 03) + 20384 + 03 <dy3'

2(ap + ar)(ao + arax)(ar + apar)
1 —a —(Zgaz—a%

= 1—a}—a —d—2apa1ar —

21

So, the following theorem is proven.

Theorem 3.1

If the matrix D with the entries defined by (12) is a positive semidefinite one and the
inequality (21) holds then the trivial solution of equation (7) is asymptotically mean
square stable.

4. EXAMPLES
Example 4.1
Consider the scalar equation
Xip1 = Z a;1x; + oxi_pé;, m=0 (22)
I=h

From (15) for Equation (22) it follows that:
So=0> S=0, k>0

Then condition (21) takes the form

2 lap + araz| + |(1 — ay)(a1 + apas)| 2
o3 + 203 [|a2| + +o°<d (23)
\ 11 —ay — ax(ao + a2)| 33
In particular, for the equation
Xiy1 = aoX; + arxi—1 + axXi_2 + 0x;i_pé; (24)

we have a3 = 0 and from condition (23) it follows:
CHENd; <] (25)

As it is shown in Reference [2] if the matrix D with the entries defined by (12) is a positive semi-
definite one with ds3 >0 then inequality (25) is the necessary and sufficient condition for
asymptotic mean square stability of the trivial solution of equation (24).

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2003; 13:000—-000
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12 V. KOLMANOVSKII AND L. SHAIKHET

Example 4.2
Consider the scalar equation

i+h
Xit1 = ax; + E Vxi_j+ oxi—wé;
Jj=1

bl<1, m=0 (26)

Using the procedure of Lyapunov functional construction described above for 7 =0 the
following condition for asymptotic mean square stability of the trivial solution of equation (26)
was obtained [1]

la] + il <V1-a? 27)

1 —1b]

Using this procedure for 1 = 1 in Reference [1] was obtained another stability condition, which
can be written in the form

la| +b<1

2 2 — 2 1
BB, 2al], o e pldb

=l 1-p "1-b 1—b (28)

From conditions (12), (15), (21), which were obtained using the procedure for v = 2, it follows
that if the symmetric matrix D with the entries:

b1 — b)(1 + ab)

T 1-b-—ba+b) P

diy = b*dy;, da

b*(a + b%)
[—b—Patb)

b(a + b*)(1 + ab)

d =
B 1 —b—ba+b?)

dy3, dy =

ds3

2b(a+ b3
@:EP+E+ (@+5) }w

1—b—bXa+ b?)

b (a+ b¥) + ala + b*)(1 + ab)] '
dy=|1-d* —b*—b*—2b
25 [ “ 1 —b—bXa+b?) ]
is a positive definite one and the inequality

O, 2P [, Jat B+ (=B +ab)] |
1 —b— b*(a+ b?))

(1—|p)*> 1—1p|
b*(a + b*) + a(a + b*)(1 + ab)
1—b—bXa+b?)

<l—a*>—-b>*—b*—2b (29)

holds then the trivial solution of equation (25) is asymptotically mean square stable.

In Figure 1, stability regions are shown, given by conditions (27) (the curve number 1), (28)
(the curve number 2) and (29) (the curve number 3) for 6> = 0. In Figure 2 we can see the similar
picture for 6> = 0.3 and in Figure 3 the similar picture is shown (in doubled scale) for o> = 0.7.

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2003; 13:000—-000
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V. KOLMANOVSKII AND L. SHAIKHET

Remark 4.1

As it is shown in Figure 1 (and naturally it can be shown analytically) if ¢ = 0 then for 5>0
condition (27) coincides with condition (28) and for «>0, >0 condition (29) coincides with
conditions (27) and (28).

Remark 4.2

It is easy to see that stability region Q. obtained for equation (26) expands if 7 increases, i.c.,
Qo = 01 = 0. So, if we want to get greater stability region we can use the procedure of
Lyapunov functionals construction for t = 3,7 = 4, etc.

Copyright © 2003 John Wiley & Sons, Ltd.
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