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ABSTRACT: It is shown that investigation of stability in probability of nonlinear
stochastic hereditary systems can be reduced to the investigation of mean square
stability of linear systems. For example, the sufficient condition of stability in
probability of steady state solution of the well known Volterra population equation
is obtained.

AMS (MOS) subject classification. 60H20.

1. INTRODUCTION
Many processes in automatic regulation, physics, mechanics, biology, economy,
etc. can be modelled by functional differential equations (also called hereditary

equations). The study of the hereditary systems have the large literature [1-8]. In
this paper we consider the nonlinear stochastic integro-differential equation

dz(t) = ( /0 = dKo(s)z(t — s) + go(t, zt))> dt

N o0
+ Z (/ dK;(s)z(t — s) + gi(t,zt)) déi(t), ©o = ¢ € H,, {1.1)
=1 0
where H is defined below.
Let {Q, f, P} be a probability space, {f;,¢ > 0} be the family of o-algebras, f; C
f Ho be the space of fo-adapted functions ¢(s) C R", s <0, |||l = sup,< l¢(s)I,

ze = z(t+6), 8 <0, &i(2),... ,En(t) are independent fi-adapted scalar Wiener
processes, K;, 1 =0,1,... ,N, n X n matrices such that

/0 S B < oo, /0 R o< (1.2)
We assume furthermore that functions g¢;(¢,¢), : =0,1... , N, satisfy
lgi(t, )| < /Ooo dRi(s)lp(=5)I% llell £ 6, ai > 1, (1.3)
6 is sufficiently small,
dRi(s) > 0, /Ow e /Ooo sdBifa) < . (1.4)
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The trivial solution of Equation (1.1) will be called stable in probability if for any
€; > 0 and €, > 0 there exists § > 0 such that solution z(t) = (¢, ) of Equation
(1.1) satisfies

P{fgg lz(t, @)l > 1} < e

for any initial function ¢ € Hy satisfying P{|j¢|| < 6} = 1.
Generating operator L of Equation (1.1) is defined by the formula

—1
LV(ts 90) = glin.g [V t+ A, yt+A) = V(tv (P)]

Here y(s) is the solution of Equation (1.1) for s > ¢ with initial function y; = y(¢+6)
= ¢(8), 8 <0.

Now we will describe a class of functionals for which this operator can be cal-
culated. We reduce the arbitrary functional V(¢,¢), t > 0, ¢ € Hy, to the form
V(t, ) = V(t,¢(0),(s)), s <0, and define

Vo(t,z) = V(t,p) = V(t,20) = V(t,z,2(t +5)),5 < 0,0 = z¢,7 = p(0) = z(t).
Let D be the class of functionals V(t,¢) for which function V,(t,z) has two con-
tinuous derivatives with respect to z and one bounded derivative with respect to t
for almost all ¢ > 0. For the functionals from D generating operator L of Equation
(1.1) is defined and is given by

LV(t,z¢) = LoV (¢, z¢) + go(t, t)avy,(: ,T)

+Z s 2y el ”)/ dKi(s)z(t — s)

I 2
+= Zgi(t,zi)—Wg;(t,rz)- (1.5)

Here

LoV(t,z) = ZelhD) | (/ dKo(s)z(t - ))IQ‘%(;’_”‘)

+%Z ( / dK; s)x(t-s)y%”—) Ode,-(s)z(t—s). (1.6)

Together with nonlinear Equation (1.1) we shall consider its “linear part”, i.e.,
linear equation :

oo N oo i
dz(t) = /0 dKo(s)z(t — s)dt + Z /(; dK;(s)z(t — s)d&i(t). (L0

Generating operator Ly of Equation (1.7) has a form similar to that in (1.6).
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2. STABILITY IN PROBABILITY

Theorem 2.1: Let there ezist the functional V(¢ € D such that

kile(@) < V(t, ) < kyle(s)®, ki>0 (2.1)

and LV (t,p) < 0 for any function ¢ € Hy such that P{|lp|| < 6} =1, 6 > 0 be
sufficiently small. Then the trivial solution of Equation (1.1) is stable in probability.

The proof of this theorem can be found in (2, 3].

Theorem 2.2: Let there exist the functional Vo(t, ) € D for which the inequalities
of the type (2.1) hold and be such that

LO%(t, 50) S —Col(p(O)lz,

6V0(t z)
e T

ang(t,z)

922 S C2, (22)

< erlel + / dP(r) /_ e,

o0
¢; >0, i=0,1,2, / *dP(1) < o0, k=1,2.
0
Then the trivial solution of Equation (1.1) is stable in probability.

Proof: We will construct now the functional V' which satisfies the conditions of
Theorem 2.1. The functional V' will be constructed in the form V = V; + V;, where
Vp is the functional which satisfies the conditions (2.2). Using (1.5) we obtain

VI (t,x)
LV = LV + LV; = LoVo + LV) + go(t, 1:)—$—

+zg,(t 2022 [ arierat - )

= :
1 , 0*VO(t,z
+35 Zgi(t, fEt)—aLI(z—)gi(t,zt)- (23)

i=1

By virtue of inequalities (1.3), (2.2) we estimate the terms from (2.3). We get

oVy(t: <)

ss(20 752 < au(t 20l (aake+ [ @) [ o)

<alan(t2lle)]+ [ aP) [ laott,zola(o)ds)

< <c1dR0(0)+ 5 e el dRo (0) / 'rdP('r)) 8901 |z(t)|2

2 Jo
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Lo (Cl+ / - po(f)) L dRo(s)la(t — s)I?

laao 1( / dRo(6) / dP(r) / ]z(s)|2d5>. (2.4)

Similarly we can obtain

2

%V, O(t z)

gi(t, z1)

/ . AR Lol 5)

< czz/ dR;(s)|z(t — s)|® / dK;(7)|z(t — 7)|
o5 A oo
<G D26 aR) [ B0

N o0 oo
C S
+2Y g 1/0 dR,~(s)/0 (K (8)][z( — 6)?
=1

N S oo
+62—2§5°-'—1 /0 dK;(6) /+ . |dRi(s)||z(t — s)[? (2.5)
and 3 ano(t ot =
2 gi(t, t)———— i(t,ze)| < czg lgi(t, z¢)|?

N oo
<a) @D [TaR (ROl
=1 0

N ) o
+c2262(°‘"‘1)/(; dR;(s) /+0 dRi(7)|z(t — )% (2.6)

We define the functional V; as follows

Vilhezd) & %aao—l (cl +/0°°TdP('r)) /j dRo(G)[io|z(s)|2ds

w350 ([ amat0) [ apr) (s+r—t)lz(s)|2ds)

423 g ([ arts) [T rao [ leterras)

=1

- i‘;%“l ( | " dK(6)] + (6%7) | % dR,-(G)) /+ :° dRi(r) /,_ o(s)Pds

(2.7)
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It is easy to see that 0 < Vi(t,¢) < c|l¢||?, ¢ > 0. Therefore the functional V
satisfies the conditions (2.1). Now we will show that LV < 0. Note that V}(¢,z) =

Va(t,z¢) = V;(t). 1t follows that LV; = 2V2(t). As a result of (2.3)-(2.7) we get

LV < —|z(t)? [co — g0~ (c1 2 /0 ¥ TdP(T)) OwdRo(s)

_czgjam-l /Uw azzz,-(s)/:o |dK;(8)| — %i:: (6""‘1/000 dRi(T))z}.

For sufficiently small § the term in square brackets is positive. Therefore LV < 0
and the functional V = V, + V; satisfies all the conditions of Theorem 2.1. It
follows that the trivial solution of Equation (1.1) is stable in probability. The proof
is therefore complete.

Remark 2.1: The asymptotical mean square stability of trivial solution of Equation
(1.7) follows (see [2, 3]) from existence of the functional Vp, which satisfies the
conditions of Theorem 2.2. Therefore in order to obtain sufficient conditions of
stability in probability of trivial solution of nonlinear Equation (1.1) it is sufficient
to obtain by virtue of some Lyapunov functional sufficient conditions of asymptotical
mean square stability of trivial solution of the “linear part” of Equation (1.1), i.e.,
of Equation (1.7). For example, it is easy to show that functional

Vot z0) = [e(®)? + vlz(t) + L °° dKa(r) [ a(s)dsP

+v /+ j ( /0 = de"o(G))ldKo(-r)

+L |dEKo( T)lf_r |z(s)[ds+( u+1)Z/ |dK( e)]/ [dK( T);/ Jz(s)?ds,

=1

./:— (s+71— t)|z(s)|*ds

v > 0, satisfies the conditions of Theorem 2.2 if the matrix

Q= / dKo(s) + m% VH Mo |dKo(s)|—/+0 dKo(s)

. /:T (/ow dKo(s))lng(r)} +%§:</0°° ldK,-(s)l)z (2.8)

=1
is negative definite; i.e., 'Qz < —c|z|?, ¢ > 0. Here I is the identity matrix.

Theorem 2.3: Let matriz (2.8) be negative definite. Then the trivial solution of
Equation (1.1) is stable in probability.
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3. EXAMPLE

Consider the well known Volterra population equation [8]
z(t) = rz(t) [1 - l/’ z(t — s)dH(s)] ; (3.1)
K Jo

r>0, R-550, dH(s)ZO,/ dH(s):l,/ sdH(s) < oo.
= 0

We assume that the parameter r is susceptible to stochastic perturbations of the
“white noise” type £(t). Then the Equation (3.1) is transformed into the stochastic
integro-differential equation

&(t) = r(1 + o€(2))z(t)1 - fl{— /0‘00 z(t — s)dH(s)]. (3.2)

Let us linearize Equation (3.2) in the neighborhood of the steady state point z(t) =
K. We get

z(t) = —r /0°° z(t — s)dH(s) —ro /O°° z(t — s)dH (s)E(2). (3.3)

We get from Remark 2.1 and Theorem 2.3 that inequality
2 oo co . 7.0.2
i [2/ dH(s),r/ sdH(s)] e i
+0 0 2

is sufficient for asymptotical mean square stability of trivial solution of Equation
(3.3) and for stability in probability of the steady state solution z(t) = K of Equa-
tion (3.2).
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