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Abstract

Many real processes can be modeled by stochastic differential equations with aftereffect [1-
3]. Stability conditions for such systems can be obtained by construction of appropriate
Lyapunov functionals using special procedure of Lyapunov functionals construction [4-15].
In this paper asymptotic mean square stability of stochastic linear differential equations with
distributed delay is considered. Stability conditions are formulated in terms of existence of
positive definite solutions of matrix Riccati equations. The method of different Riccati
equations construction is proposed.
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1. Introduction. Consider the stochastic linear differential equation

(1) = Az(t) + Cz(t)E(H). (1)

Here A and C' are constant (n x n)-matrices, z(t) € R™, £(t) is a scalar Wiener process.

Denote P > 0 any symmetric positive definite matrix. Then an appropriate Liapunov function V'
for the equation (1) is a quadratic form V = 2’ Pz, where the matrix P is a positive solution of the
linear matrix equation [16]

AP+ PA+C'PC=-Q. (2)

The necessary and sufficient conditions of asymptotic mean square stability of the system (1) can
be formulated in terms of existence of a positive definite solution P of the matrix equation (2) for any
positive definite matrix Q.

But for stochastic linear differential equations with delays, for example,

t

i(t) = Ax(t) +/

Bzx(s)ds Jr/ Cx(s)dsé(t), (3)
t—h(t) t—r(t)

zo(s) = ¢(s), s <0.

this problem is more complicated.

Below we will obtain the conditions of asymptotic mean square stability for the equation (3).

Let {Q,0,P} be the probability space, {f:,t > 0} be the family of o-algebras, f; € o, H be the
space of fo-adapted functions ¢(s) € R", s < 0, [|¢|l2 = sups<oE|¢(s)|?, E be the mathematical
expectation, ||B|| be arbitrary matrix norm of matrix B, L be the generator of the equation (3).

Definition 1. The zero solution of the equation (3) is called mean square stable if for any ¢ > 0
there exists § > 0 such that E|z(¢)|? < € for all ¢ > 0 if ||p||2 < 6. If, besides, lim;—.E|z(t)]? = 0,
then the zero solution of the equation (3) is called asymptotically mean square stable.

Theorem 1. Let there exists the functional V' (¢, ), which satisfies the conditions EV(0, ¢)
callel?, EV(t,xt) > coElx(t)|?, ELV (t, 24) < —c3E|z(t)]?, where ¢; > 0, i = 1,2,3, 2, = x(t+35), s
0. Then the zero solution of the equation (3) is asymptotically mean square stable.

<
<



2. Lyapunov functionals construction. From Theorem 1 it follows that the construction
of stability conditions for the equation (3) is reduced to the construction of appropriate Lyapunov
functionals. Constructing different Lyapunov functionals we can obtain different stabillity conditions.
Using the general method of Lyapunov functionals construction [4-15], we will construct two different
Lyapunov functionals for the equation (3).

It is supposed that the delays h(t) and 7(¢) are functions satisfying the conditions:

0<ho<h(t)<hy, h=hy—hy, 0<7(t)<m, (4)
2.1. First way. We will construct the Lyapunov functional V' in the form V = V; + V5, where
Vi = 2/(¢t)Px(t). Calculating LV;, we get LVy = a/(t)(A'P + PA)x(t) + Io + I, where

I = / ) / (5)C' PC(0)d0ds, (5)

I = / (2’ (s)B'Px(t) + 2’ (t)PBx(s))ds,
t—h(t)
Note that for arbitrary vectors a, b and any R > 0 we have
a'b+ba=aRa+VR b~ (Ra—b'R '(Ra—b)<aRa+bR ' (6)

Using (6) for any Ry > 0, a = z(s), b = C'PCx(f) and (4) we obtain

/ / (0)C' PCa(s) + ' (s)C' PC2(0))d0ds <
t—7(t) Jt T(t)

-
<
-2

/ s)(Ry + C'PCRy*C'PC)x(s)ds (7)
Using (6) for Ry > 0, a = z(t),

b= PBx(s) and (4) we have
t

I < b2 () Ryx(t) + / 2'(s)B'PR; ' PBux(s)ds.
t hl

Then .
LV <2’ (t)(A'P+ PA+ hiRy)x(t) + / x'(s)B'PRl_lPB;E(s)dS—F

t—hq
T1 t

+o 2'(s)(Ry + C'PCRy*C'PC)x(s)ds

t—71

Choosing now the functional V5 in the form
t
Vo = / (s —t+ h1)2'(s)B'PR;* PBx(s)ds+
t—h1

t
+% (s —t+71)2'(s)(Ro + C’PCRalC'PC)x(s)ds
t—T1
we have

t
LVy = hy2'(t)B'PR; ' PBx(t) — / 2'(s)B' PRy PBx(s)ds+
t hl

2 t
+?1 7' (t)(Ro + C'PCRy'C'PC)x(t) — % / 2'(s)(Ry + C'PCRy*C'PC)x(s)ds
t T1



As a result for V =V, + V2 we have LV < —a/(t)Qx(t), where

2
Q= —[A'P+ PA+ hy(R, + B'PR{'PB) + %(Ro +C'PCR;LC'PCY)]. 8)

Thus, it is proved

Theorem 2. Let for some symmetric matrices Ry > 0, R; > 0 and @ > 0 there exists a positive
definite solution P of the matrix Riccati equation (8). Then the zero solution of the equation (3) is
asymptotically mean square stable.

Remark 1. Using the inequality (6) with other representations for ¢ and b it is possible to
get other matrix Riccati equations in Theorem 2. For example, using (6) for Ryg > 0, a = Cx(s),
b= PCxz(f) we obtain

t
I < % &'(5)C"(Ro + PRy P)Cx(s)ds.

t—T11
Using the inequality (6) for R; > 0, a = Pxz(t) and b = Bxz(s) we have
¢
I < hy2' (t) PRy Px(t) + / 2’ (s)B'R; ' Bx(s)ds.
t—hy

Choosing in this case the functional V5 in the form

t
Vo = / (s —t + h1)2'(s)B'Ry* Ba(s)ds+
t—hq

T1 ¢

2
as a result for V =V + V5 we have LV < —z/(t)Qx(t), where

(s —t +71)2'(s)C'(Ro + PRy ' P)Cx(s)ds,

t—Tl

+

2
Q=—[A'P+PA+h (PR P+ B'R'B) + %C’(RO + PR;P)C]. (9)

Example. In scalar case both of the equations (8) and (9) have a positive solution if and only if
A+ B+ 3rEC? <.

2.2. Second way. Consider now another way of Lyapunov functional construction. Represent
the equation (3) in the form of a stochastic differential equation of neutral type

t—h(t) t

Bzx(s)ds + / Cz(s)dsé(t),

t—7(t)

y(t) = (A+ hB)x(t) —/

t—hy

where y(t) = z(t) + ftt_hl(s —t+ h1)Bx(s)ds. We will construct the Lyapunov functional V' in the
form V =V} + V,, where V4 = ¢/ (¢) Py(t). Calculating LV;, we get LV4 = 2/(¢)[(A+ h1B)' P+ P(A +
h1B)|x(t) + Iy + I + Iz + I3, where I is described by (5),

L = /t (s —t+ hy)[2'(s)B'P(A+ h1B)x(t) + 2'(t)(A + h1 B) PBx(s)]ds,
t—hy

t—h(t)
L= / WOPBa(s) + o/ ()8 Pa(i))ds

t
t t—h(t)
= - / / (s — t + hy) [’ (5)B' PBa(0) + 2/ (6) B' PBax(s)]dbds.



Using (6) and (4)we obtain

1 t
I < ih%x’(t)Rlx(t) + / (s —t+ hy)2'(s)B'P(A+ hyB) PBR; ‘(A + hyB) PBux(s)ds,
t—hq

t—h(t)
I, < / [2/(t)Rax(t) + 2'(s)B' PRy ' PBx' (s)]ds <
t

. t—ho
< ha' () R (1) + / +/(s)B'PR; PBa/(s)ds,
t—hq

t—h(t)
< / (s — t + hy) [’ (6) Rsa(60) + ' () B'PBR; " B' P Ba(s)]dfds <
t

1 t—ho R t
< 5h‘{/ o' (0)R3x(0)d0 + h/ (s —t+hy)2'(s)B'’PBR; ' B'PBx(s)ds.
t—hl
Then

1 N
LVy <2'(t)[((A+mB) P+ P(A+ h B) + §h§R1 + hRo]z(t)+
t
+ / (5 — £+ h1)a’ (8)B'P(A + ha B)RT (A + hy BY PBa(s)ds+
t—hq

t—ho

1

+/ 2'(s)[B'PRy;*PB + ih%Rg]x(s)ds—&—
t—hy

t
+h / (s —t+ hy)a'(s)B'PBR;*B'PBx(s)ds+
t*hl

T1 ¢

+5 2'(s)(Ry + C'PCRy*C'PC)x(s)ds.

t—T71

Choosing the functional V5 in the form

1 t
Va=3 / (s —t+ h1)?2'(s)B'P(A + hyB)Ry *(A + h1B) PBx(s)ds+
t—hl

t—ho

1

+/ (s —t+hy)2'(s)[B'PRy; ' PB + §h§33]x(s)ds+
t—hl

t

. 1

+h / 2'(s)[B'PR;'PB + 5h%m]m(s)dﬁ
t*hg

7 t
+3 / (s —t+h1)?2'(s)B'’PBR; ' B'PBx(s)ds+
t—hl

T1 ¢

3

(s —t+1)2'(s)(Ro + C"PCRy ' C' PC)x(s)ds,

t—T71

as a result for the functional V' =V} 4+ V5 we obtain LV < —z/(t)Qx(t), where
1
Q=—-[(A+mB)P+ P(A+ hB)+ §h§(R1 + B'P(A+hB)R;{*(A+hB)PB)+

R 1 4~ 2
+h(Ry + B'PR;'PB) + 5h%h(R?, + B'PBR;'B'PB) + %(RO + C'PCR;'C'PO)).

(10)



Remark 2. Functional V; in this case is so-called degenerated functional (i.e. nonpositive definite).
It means that direct application of Theorem 1 is impossible. The appropriate modification of Theorem
1 for degenerated functionals there is in [1]. Using this modification we obtain the following

Theorem 3. Let the inequality h%||B| < 2 hold and for some symmetric matrices R; > 0,
i =0,1,2,3 and @ > 0 there exists a positive definite solution P of the matrix Riccati equation (10).
Then the zero solution of the equation (3) is asymptotically mean square stable.

Remark 3. By analogy with Remark 1 instead of the equation (10) can be obtained other variants
of Riccati equations.

Remark 4. Analogously results can be obtained for more general systems:

— Aa(i +§;/ d8+§;/ (5)ds€ (1),

hi (t) n(t)

References

1. Kolmanovskii V.B., Nosov V.R. Stability of Functional Differential Equations. N.-Y., Academic
Press, 1986.

2. Kolmanovskii V.B., Myshkis A.D. Applied Theory of Functional Differential Equations. Boston,
Kluwer Academic Publishers, 1992.

3. Kolmanovskii V.B., Shaikhet L.E. Control of Systems with Aftereffect. Translations of mathe-
matical monographs, vol.157. American Mathematical Society, Providence, RI, 1996.

4. Kolmanovskii V.B., Shaikhet L.E. Stability of stochastic hereditary systems. Avtomatika i
telemekhanika. 1993. N.7, p.66-85 (in Russian).

5. Kolmanovskii V.B. About stability of some systems with aftereffect. Avtomatika i tele-
mekhanika. 1993. N.11, p.45-59 (in Russian).

6. Kolmanovskii V.B., Shaikhet L.E. On one method of Lyapunov functional construction for
stochastic hereditary systems. Differentialniye uravneniya. 1993. N.11, p.1909-1920 (in Russian).

7. Kolmanovskii V.B., Shaikhet L.E. New results in stability theory for stochastic functional dif-
ferential equations (SFDEs) and their applications. Dynamic Publishers Inc. Proceedings of Dynamic
Systems and Applications. 1994. V.1, p.167-171.

8. Kolmanovskii V.B., Shaikhet L.E. General method of Lyapunov functionals construction for
stability investigation of stochastic difference equations. WSSIAA. Singapore. Dynamic Systems and
Applications. 1995. V.4, p.397-439.

9. Shaikhet L.E. Stability in probability of nonlinear stochastic systems with delay. Matemati-
cheskiye zametki. 1995. V.57, N.1, p.142-146 (in Russian).

10. Shaikhet L.E. Stability in probability of nonlinear stochastic hereditary systems. Dynamic
Systems and Applications. 1995. V.4, N.2, p.199-204.

11. Kolmanovskii V.B., Shaikhet L.E. A method of Lyapunov functionals construction for stochas-
tic differential equations of neutral type. Differentialniye uravneniya. 1995. N.11, p.1851-1857 (in
Russian).

12. Kolmanovskii V.B., Shaikhet L.E. Asymptotic behaviour of some systems with discrete time.
Avtomatika i telemekhanika. 1996. N.12, p.58-66 (in Russian).

13. Shaikhet L.E. Modern state and development perspectives of Lyapunov functionals method in
the stability theory of stochastic hereditary systems. Theory of Stochastic Processes. 1996. V.2(18),
N.1-2, p.248-259.

14. Shaikhet L.E. Necessary and sufficient conditions of asymptotic mean square stability for
stochastic linear difference equations. Applied Mathematics Letters. 1997. V.10, N.3, p.111-115.

15. Shaikhet L.E. Some Problems of Stability for Stochastic Difference Equations. 15-th World
Congress on Scientific Computation, Modelling and Applied Mathematics (IMACS97, Berlin, August,
1997). Computational Mathematics. 1997. V.1, p.257-262.

16. Khasminskii R.Z. Stability of differential equations systems by stochastic perturbations of its
parameters. Moscow, ”Nauka”, 1969.





