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Abstract

Many processes in automatic regulation, physics, mechanics, biology, economy, ecology etc.
can be modelled by hereditary systems (see, e.g. [1-3]). One of the main problems for the
theory of such systems and their applications is connected with stability [1,2]. Many stability
results were obtained by the construction of appropriate Lyapunov functionals. In [4-8] the
method is proposed allowing, in some sense, to formalize the procedure of the corresponding
Lyapunov functionals construction for investigation of stochastic difference equations sta-
bility. Here by virtue of proposed procedure the sufficient conditions of asymptotic mean
square stability for stochastic linear difference equations with varying delays are obtained.
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1. Consider the stochastic difference equation
Tiv1 = Fli,x_p, o 25) + Gli,2_p, oy )&, 1€ Z, (1)

T = i, i € Zp.

Here i is the discrete time, Z = {0,1, ...}, Zo = {—h,...,0}, h > 0, z; € R™, the functions F and G are
defined on Z x S, where S is a space of sequences with elements from R™. It is assumed that F'(i,...)
and G(3, ...) does not depend on z; for j >4, F(3,0,...,0) =0, G(¢,0,...,0) = 0.

Let {Q,0,P} be a probability space, {f; € o}, i € Z, be a sequence of o-algebras, &, &1, ... be
mutually independent random variables, &; be f;+1-adapted and independent on f;, E be mathematical
expectation, E¢; = 0, E€2 = 1.

Definition. Zero solution of the equation (1) is called mean square stable if for every e > 0 there
exists a § > 0 such that Ea? < ¢, i € Z, if ||¢||* = sup;c, E? < 6. If, besides, lim; o Bz = 0,
then the equation (1) zero solution is called asymptotically mean square stable.

Theorem 1. [4]. Let there exists the nonnegative functional V; = V(i,z_p,...,x;), i € Z, for
which the conditions

EV(0,2_p,...,70) < c1]lell?,

EAV; < —c;Ea?, ieZ,

where AV; = Vi1 — Vi, ¢1 > 0, c2 > 0, hold. Then the equation (1) zero solution is asymptotically
mean square stable.
Consider the scalar stochastic linear difference equation

Tit1 = aZ; + 0T _p(iy + 0T _m(i)&i- (2)
The delays k(i) and m(i) satisfy the conditions

k(i) > k(i +1) >0,  m(i)>m(i+1)>0. (3)



Following the general method of Lyapunov functionals construction we will construct the Lyapunov
functional for the equation (2) in the form V = V; + Va, where V; = xf Calculating EAV; we get

EAV: = E(z},, — o) = El(az; + bwi_y) + 00— m(y&i)* — 7]

=E[(a® — 1)a? + b*z7_ k@) T olx? m(i) t20bTTi )] <
< (a® — 1+ |ab|)Ex? + (b* + |ab|)E2?_ ki) T O Ea? mi)-

Choosing the functional V5 in the form

i—1
Vo = (b* + |ab)) Z a: + 02 Z m?,
J=i—k(?) j=i—m(i)

and using (3) we get

i i

AVy = (b + |ab)( Z x?— li m?)+02( Z x?— i =
j=i—k

=i—k(i) j=i+l—m(i+1) j=i—m(i)

j=i+1—k(i+1)

= (b2 + ‘Clb| + 0-2)']:12 - (b2 + |ab|)x?—k(i) - U2x12—7rz(i)+

i—1 i—1 i—1
U o ) [ - SO ) B o G YD
j=i+1—k(i+1) j=i+1—Fk(i) j=i+1—m(i+1) j=i+1—m(i)
< (8 + Jabl + 0%)a7 — (* + |ab))al_y(p) — 0* ey

As a result for V =V, + V5 we have
EAV < ((Ja] 4 |b])? + 0 — 1)Ex2.
From here and Theorem 1 it follows
Theorem 2. Let the conditions (3) and
(la| + b))? + 0% < 1

hold. Then the zero solution of the equation (2) is asymptotically mean square stable.

IN

2. Consider now another way of Lyapunov functional construction. Following the general method

of Lyapunov functionals construction let us represent the equation (2) in the form

Fri + Foi + AF3; + 02 _pm&i,

Tiy1 =
where
i—k(i+1)
Fij=(a+0b)x;, Fy=-b Z xj,
j=i+1—k(i)
i—1 i—k(i4+1)
ng =-b Z (Ej, AFgl =-b Tr; — Z Zl'j
Jj=i—k(4) Jj=i—k(4)

We will construct the Lyapunov functional V' in the form V = V; + V5 again, but now let

2

V1=($i—F3i)2: r; +0b Z .13]
j=i—k(i

(4)



Calculating EAV; and using the representations for x; 1 and Fy; we get
EAV; = E[(zip1 — Fy(41))” — (2 — F3:)?] =
=E(rip1 —m — AF3) (i1 + 2 — Fyqn) — F3i) =
=E((a+b—1)x; + Foi + 02i_py&i) ((a + b+ 1)z + Foy — 2F3; + 025 p(iy&i) =
= ((a+b)* = 1)E2? +2(a + b)Ex; Fy; + EF3 —
(a + b— ].)E{E Fgl — QEFQZFgl +o E.’E

i—m(3)"
Let

ko = sup(k(i) — k(i + 1)), km = inf k(7).

icZ i€z

Using that k(0) > k(i) we get
i—k(i+1) i—km
20w Fo < bl Y (@ 4ad) < bl [kox?+ D 2P,
j=it1—k(3) j=i+1—k(0)

i—k(i+1) i—km

F3<bhe Y a<tho Y.l
j=it1—k(3) j=i+1—k(0)
i—1 i—1
2|z; F3;| < |b] Z (22 + 3 < |b| | k(0)2? + Z xf ,
j=1—k(3) j=i—k(0)
i— k(Z"rl) 1—1 i—km
T IPUED SEND i E N Fa) TN SiF ST D
j=i+1—k(i) l=i—k(7) l=i—k(0) j=i+1—k(0)
As a result we have
i—km i—1
EAV; <(A-1Exzf+B Y  Eaf+C Y  Eal+0°Ea} ),
j=i+1—k(0) j=i—k(0)

where
A= (a+Db)*+ |bla+b)|ko + |b(a+ b —1)|k(0),

= |b(a+b)| + b*(ko + k(0)),  C = b(a+b—1)| + b*ko.

Let us choose the functional V5 in the form

it+km— km i—1
Vo =B Z Z 2+ Y (it 14E(0) —kn)a? |+
=i j=l+1—k(0) G=i—k(0)+km
i—1 i—1
+C Z (j—i+1+k(0)zF +0° Z 3.
j=i—k(0) j=i—m(i)
It is easy to see that
itk —1 - itkm—2 -k i—1 i—km
2 _ 2 2

Sy - Z ) Eh >, - 7,

I=i+1 j=I+1—Fk(0) =i j=I+1—k(0 J=i—k(0)+km j=i+1—k(0)



7 i—1 i—1

> Uitk —kn)ai— > (it l4k(0)—k)2d = (k(0)—km)2i— Y 2,

j=i4+1—k(0)+km j=i—k(0)+km j=i—k(0)+km
i i—1 i—1
S GoitkO)2}— > (G —i+ L+ E0)a} = k0 - Y 2,
j=i+1—k(0) j=i—k(0) j=i—k(0)
i i—1 i—m(it1)
Yo 2 Y ai=al-al - Y o) <al-al
j=it1—m(i+1) j=i—m(i) j=i+1-m(i)

Therefore as a result for V = Vi + Vo we have EAV < (A + B(k(0) — ky,) + Ck(0) + 0? — 1)Ex?.
From here and Theorem 1 by virtue of the representations for A, B, C it follows
Theorem 3. Let the conditions (3) and

(a+b)* +2k(0)|b(a+b —1)| + |b(a + )| (ko + k(0) — kp )+

+02 (kok(0) + (ko + k(0))(k(0) — k) + 02 < 1

hold. Then the zero solution of the equation (2) is asymptotically mean square stable.

Remark 1. If k(i) = k = const then asymptotic mean square stability condition has the form
o?<(1—a—b(1+a+b—2kb|),|a+b <1. [4].

3. Consider the scalar stochastic linear difference equation

k(3) m(3)

Tit1 = Zajxi,j + Z Ujl'l;jfi, (5)
§=0 J=0

It is supposed that
E(i+1)—k() <1, m@+1)—m() <L (6)

Let

k=supk(i) < oo, 1 =supm(i)< oo,
i€z i€z

k m
a=> lal, o=> lol, A;=alajl, B;=o0lol. (7)
Py 1=0

We will construct the Lyapunov functional for the equation (5) in the form V = V; + V5, where
Vi = 2. Calculating EAV; we get

k(i) m(i)
EAVl = E(‘T?Jrl — l‘?) =E ZCLJ‘!IJZ;]' + Z O'jxi,]fi — xf =
j=0 j=0

k(i) 2 m(i) ?

=E Zajxi,j + E Z OjTi—j — Ex? S
=0 =0

k(4) k(3) m(i) m(i)
| Y lajBa? ; + > loul Y |oj|Bap ; — Ba? <
=0 7=0 =0 7=0

k(i) m(1) k(1) m(i)
S Z AjEiL'?,j + Z BjEiE?fj - E:Elz = (Ao + Bo - 1)EIE12 + ZAJ'E(E?,j + Z BjE(E?fj.
7=0 7=0 j=1 j=1

<
1=



Choose the functional V5 in the form

k()

sz JZAl—i—le ]ZBZ

Note that using (6) we get

k(i+1) k(4)

Z I JZAZ Zmz JZAZ

k k(i+1)—1 k(3) k(%)
=27y A+ Y ”ZAZ Zx”ZAl ZAxlj_
=1 j=1 I=j+1 I=j+1

k(i)

<x ZAZ ZASCZ —jr

Analogously
m(i+1) m m(3) m m(i)

DL IEN LRSS EN
=1

Therefore using (7) for functlonal V = V1 + Va we have
EAV < (a® + 0? — 1)Ex?

From here and Theorem 1 it follows
Theorem 4. Let the conditions (6) and

a*+o? <1
hold. Then the zero solution of the equation (5) is asymptotically mean square stable.
Remark 2. From (6) it follows that k(i) < k(0) + 4, m(i) < m(0) + .

Remark 8. Using for the equation (5) the representation type of (4) we can get the stability
condition depending on delays.
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