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Abstract—Using the method of Lyapunov functionals construction, it is shown that investigation
of stability in probability of nonlinear stochastic difference equation with order of nonlinearity more
than one can be reduced to the investigation of asymptotic mean square stability of the linear part
of this equation. (€ 2000 Elsevier Science Ltd. All rights reserved.
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1. GENERAL THEOREMS

Difference equations usually appear by investigation of systems with discrete time or by numeri-
cal solution of systems with continue time [1]. Lyapunov functionals are used for investigation of
hereditary systems in problems of stability and optimal control [2,3]. One method of Lyapunov
functionals construction has been proposed and developed for differential and difference equations
in [4-12]. This method is used here to construct stability in probability conditions for nonlin-
ear stochastic difference equations. It is shown that investigation of stability in probability of
nonlinear stochastic difference equation with order of nonlinearity more than one can be reduced
to the investigation of asymptotic mean square stability of the linear part of this equation. For
stochastic nonlinear differential equations, a similar result was obtained in [6].

Let {€}, P, o} be a basic probability space, i be a discrete time, i € Zy U Z, Zg = {-h,...,0},
Z ={0,1,...}, h be a given nonnegative number. f; € ¢, ¢ € Z, be a sequence of o-algebras, E be

the mathematical expectation, E; = E{./fi}, &.&:1,-. .., be a sequence of mutually independent
random variables, & be fi.j-adapted, Ei§; = 0, B2 = 1,4 € Z, |gllo = max_p<ico sl
liel? = max_p<;j<0 Elg;|?, Ue = {z : |z| < ¢}. For arbitrary functional V; = V{({,2_y,...,x:),
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we will denote AV; = V(i+1,2_4,....2i11) =V, 2_n,...,2;). Consider the diffcrence equation
i+h i+h

Tig1 =Zaﬂr‘.—j+20jm-j§i+gi (_hy...,xy) (L
3=0 3=0

with initial function
L = @, 7€ Zy. (2)

It is supposed that

i+h
lgi (@—py.. )| < 27’3' i 7, vi>1l, jeZ (3)
=0

DEFINITION 1. The zero solution of equation (1) is called stable in probability if for any € > 0
and €; > 0, there exists a § > QO such that the solution z; = z,() of equation (1) satisfies the
inequality

P {sup]:s.iI > 6/f(3} < €6 (4)
ic%
for any initial function ¢ which are less than § with probability 1, i.e.,

P{llell, <6} =1. (5)

DEFINITION 2. The zero solution of equation (1) is called stable in probability if for any ¢ > 0,
there exists a & > 0 such that Blx;|? < ¢, i € Z, if ||¢||? < 6. If besides, lim; o E|z4)% = 0 for
all initial functions, then the zero solution of equation (1) is called asymptotically mean square
stable.

THEOREM 1. Let there exists a functional V; = V{({,z_p, ..., x;), which satisfies the conditions
V(i gy 2) 2 ool (6)

V(O,Ifh,...,.'r[]) <0 H‘p‘g* (7)

EAV, <0, €U, -h<j<i, ieZ (8)

where ¢ >0, ¢g > 0, ¢; > 0. Then the zero solution of equation (1) with the initial condition (2)
is stable in probability.

ProoF. We will show that for any positive numbers ¢ and €, there exists a positive number §
such that the solution of equation (1) satisfies condition (4) if the initial function (2) satisfies
condition (5).

Let x; be a solution of equation (1). Consider the random variable 7 such that

r=inf{i e Z:|z;| <€ |rip1| > €} {9)
and two events: {sup,cy ;| > ¢} and {|z;44] > €}. It is easy to see that
fsuplon) > ¢} < (ol > . (10)
i€Z
From (8), we have

Eo ) EAV =BV — Vo <0. (11)

i=0
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Using (10), Chebyshev inequality, (5)—(7) and (11), we get
P {suplnl > ¢/fo } <P {aral > /1)
i€

2 2
Ep|2; 41 < EoVia Vo < O lelig < 167

< .
2 < o€ T ocper T cpel coe?

Choosing 8 such that § = ey/e1cp/e1, we get (4). The theorem is proved.

REMARK 1. It is easy to see that if € > e, then P{sup,c, |2l > ¢/ fo} < P{sup,c, || > o/ fo}
It means that if condition (4) holds for enough small € > 0, then it holds for every € > 0. Thus, for
stability in probability of the zero solution of equation (1), it is sufficient to prove condition (4)
for enough small € > 0.

THEOREM 2. (See [5].) Let there exists a nonnegative functional V; = V(i,z_p,....z;), which
satisfies the conditions
EV (0,2_h,...,20) < et flell],

EAV, < —Elzl. i€2Z,
where ¢; > 0, ¢ > 0. Then the zero solution of equation (1)} is asymptotically mean square

stable.

From these theorems, it follows that the stability investigation of stochastic equations can be
reduced to the construction of appropriate Lyapunov functionals.

2. CONDITIONS OF STABILITY IN PROBABILITY

Denote
(s 4] s 8] o0
G=Zfﬂj\» GZZIUJJ’ 'T:Z'Yj- (12)
j=0 J=0 j=0

THEOREM 3. Let v < o0 and
a’?+o? < 1. (13)

Then the zero solution of equation (1) is stable in probability.

ProoF. To prove, it is sufficient to construct a functional satisfying the Theorem 1 conditions.
Following the general method of Lyapunov functionals construction [5], we will construct a func-
tional V; in the form V; = V;; + Vis.

Let V4 = z2. Then

ith 2 i+h 2 it+h
EiAVM‘ = Za.ja:i_j + ZG'J'CL’I.;_J' +gf —+—2Zaj:l:i_jg,- —I‘?.
=0 =0 =0
Put
oo
i (€) = Z'yjek("j_l), k=12 (14)
=0

It is easy to see that if € < 1, then pg(e) < v < 00o.
Using (3),(12) and assuming that z; € U, j < i, we obtain

ith i+h it+h i+h

2 2
Zajz,_j < O‘Z lajl 27, Zojﬂ:i_j < O’Z CAE= (15)
J=0 Jj=0 j=0 j=0
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i+h i+h
G2 (Tohs- ) S sl ’<'>Z"/ Fi~Na? |, (16)
j=0 =
i+h ' i+h
2Zaj$i—jgi (Toh, - Ti) < Z (afyje"-"_l + p1 (€) |ajl) xf\j.
=0 =0
Therefore,
ith
EiAVh' < (Ao - 1) CE,L? + z Ajl'g_j, (17)
j=1
where
Aj = {a+p1(e))la;| +oloj] + (a+yei™) yeti—T, (18)

Choosing the functional V»; in the form

i+h

‘/21 - sz ki ZAI: (19)

we get
i+h i+h i+h

E;AV; = Ez, - Z Ar- Z:z, ]ZAL—CC ZA; ZAJz,qj (20)

=j+1 I=j
From (17),(18),(20) for V; = Vy; + Va;, we have

E;AV, < (a2 + 02+ 2apy (€) + vz (€) — Dz

From (13), it follows that E;AV; < 0 for enough small e. It is easy to see that the functional V;
which was constructed satisfies the conditions V; > z? and V5 < (1 + A)|l¢||3. Thus, for the
functional V;, the Theorem 1 conditions hold. Therefore, using Remark 1, we get that the zero
solution of equation (1) is stable in probability. Theorem is proved.

Denote
o0 o0 o0
Sl 30 S )
=1 |1 j=0
THEOREM 4. Let v < 00 and
B2 +2a1 -8l +0* < 1. (22)
Then the zero solution of equation (1) is stable in probability.
ProoF. It is easy to see that equation (1) can be represented in the form
ith
Tigl :5$i+AEL+ZUj$i—j£i+gl (Z—hse oy a), (23)

j=0

where
i+h

Z Ti—1 Z aj. - (24)

Using the general method of Lyapunov functionals construction [3], we will construct the
Lyapunov functional V; in the form V; = Vi; + Vi, again, but now let Vi; = (z; — F})? and Va;
has the form (19).

Calculating E; AV, similarly as Theorem 3, we will get

EAV, < [A2+ 201 - 8l + 0% =1+ 2(a + |8]) 1 (€) + 2 ()] =
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From here and (22), it follows that for enough small €, there exists ¢; > 0 such that
E:AV; € —cpz2. (25)

It means that the functional V; which was constructed here satisfies condition (8). It is easy to see
that condition (7) for some ¢; > 0 hold too. But the functional V; doesn’t satisfy condition (6).
Therefore, we cannot use Theorem 1 and must find another way to prove.

Let us consider the random variable T which is described by (9). Using (10) and Chebyshev
inequality, we get

Eox? ,
P {supawii > e/fo} <P {jarpl > e/fo} < 22z, (26)
Let us estimate Egz2 ;. Let 0 < k <7 < 7. Then from (25), it follows
EkZE AV, =EVigy - Vi < czza:] < —cpr} < 0.
j=k =k
From here we get
Vi > czwﬁ, 0<k <, (27)
EoVie1 £ W, 01T (28)

From the form of the functional V;, it follows that
Vr+1 2 («r'r-l»l - ‘r+1)2 2 CEE_H_ - 2-3'(:'1'-[-1-F‘r—i—l- (29)
From {21),(24), it follows that

T+1+h | 00

22,1 Frpy < Z Za] ($3+1 +x3+1_1) <
=1 i=l

T 7+1+h | o0
=oaly +) Z“J R DI DI E
1=1 =41 [ =l
Using (5), (21), and (29), we get
T o0 V
2z 41 Fr 41 £ oz:v?.+1 + Z Zaj —T:_“% + ad?. (30)

=1 |j=l
Note that in (22) |3 < 1 and o < 1. Therefore, substituting (30) into (29), we get

o 9]

i} id v,
2, <(1-a) ! a62+z Zaj t1- 1+VT+1

Calculating Eq by virtue of {7), (21), (28), which holds as was noted above, and (5), we get
Egil'3+l < Cé?, C=01-a)"! (a+ (§+1) c;)‘
2

From here and (28) by & = ¢+/¢;/C, (4) follows. Therefore, the zero solution of equation (1) is
stable in probability. The theorem is proved.

REMARK 2. It is easy to see that if in equation (1) g; = 0, then the functionals which were
constructed in Theorems 3 and 4 are satisfying the conditions of Theorem 2. It means that
conditions (13) and (22) are sufficient for asymptotic mean square stability of the zero solution of
equation (1) by g; = 0. Thus, it is shown that investigation of stability in probability of nonlinear
stochastic difference equations with order of naonlinearity more than one can be rcduced to the
investigation of asymptotic mean square stability of the linear part of these equations.
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