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— Brief Paper —

SOME NEW ASPECT OF LYAPUNOV TYPE THEOREMS FOR
STOCHASTIC DIFFERENCE EQUATIONS WITH
CONTINUOUS TIME

Leonid Shaikhet

ABSTRACT

Some new Lyapunov type theorems for stochastic difference equations
with continuous time are proven. It is shown that these theorems simplify an
application of Lyapunov functionals construction method.
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Stability investigation of hereditary systems [1-3] is
connected often with construction of some appropriate
Lyapunov functionals. One general method of Lyapunov
functionals construction was proposed and developed in
[4-11] for both stochastic differential equations with after-
effect and stochastic difference equations with discrete
time. After some modification of the basic Lyapunov-type
stability theorem, this method was also used for stochastic
difference equations with continuous time [12-14], which
are popular enough in researches [15-20]. Here some new
aspect of Lyapunov type theorems is shown, which allows
to simplify an application of the general method of
Lyapunov functionals construction for stochastic difference
equations with continuous time. The theorems obtained
here can similarly be applied for stochastic differential
equations and stochastic difference equations with discrete
time.

I. DEFINITIONS AND BASIC LYAPUNOV
TYPE THEOREM

Let {Q, F, P} be a probability space, {F t>1,} bea
nondecreasing family of sub-c-algebras of F, i.e.

F ‘th for t; <t,, E be the expectation with respect to
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the measure P, E; = E(./F;) be the conditional expectation
with respect to c-algebra F.

Consider the stochastic difference equation
X(t + hO) =a (ta X(t)a X(t - hl )9 X(t - h2 )9 )
+ay (t, (1), x(t=hy), x(t=h,),...) Et+hy),
t>t,—hy,
)

with the initial condition

X(0)=9¢(0), 6e®=[t,—h,t,], h:h0+n_1alxhj 2
>

Here x € R", hy, hy, ... are positive constants, the function-
als a; € R"and a, ¢ R™" satisfy the condition

2 »

A=22 ay <,
i=1 j=0
3)

(), 6 € O, is a F_ -measurable function, the perturba-

2. - 2
‘aI(LXO’XlaXZ!'")l SZa'lj |Xj | ]
j=0

tion £(t) € R™ is a Fi-measurable stationary stochastic

process such that

E£(9)=0, EE@©)E()=1  s-txzh. (4

A solution of problem (1), (2) is an Fr-measurable
process X(t) = X(t; ty, ¢), which is equal to the initial func-
tion ¢(t) from (2) for t < t; and with probability 1 defined
by (1) for t > t,.
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Definition 1.1. The solution of Eq. (1) with initial condi-
tion (2) is called uniformly mean square bounded if there
exists a positive number C such that for all t> t,

E|x(t; 1, 9)<C. ®)

Definition 1.2. The trivial solution of Egs. (1), (2) is called
mean square stable if for any ¢ > 0 and t, there exists a 6 =

8(e, 1) > 0 such that E[x(t; t, §)]* < e for all t > t, if ||¢* =
supoeo E[O(0)* < 3.

Definition 1.3. The solution of Eq. (1) with initial condi-
tion (2) is called asymptotically mean square trivial if

mE | X(t; ty, §)[*=0. (©6)
t—o0

Definition 1.4. The solution of Eq. (1) with initial condi-
tion (2) is called asymptotically mean square quasitrivial if
for each t € [ty, ty + hy)

lim E | x(t+ jhy; t, ¢) = 0. @)
jooe

Definition 1.5. The trivial solution of Egs. (1), (2) is called
asymptotically mean square stable if it is mean square sta-
ble and for each initial function ¢ the solution of Eq. (1) is
asymptotically mean square trivial.

Definition 1.6. The trivial solution of Egs. (1), (2) is called
asymptotically mean square quasistable if it is mean square
stable and for each initial function ¢ the solution of Eq. (1)
is asymptotically mean square quasitrivial.

Definition 1.7. The solution of Eq. (1) with initial condi-
tion (2) is called uniformly mean square summable if

sup 3 E[X(t+ jhy:te, 0) < oo, ®)

tefty,to+hy) j=0

Definition 1.8. The solution of Eq. (1) with initial condi-
tion (2) is called mean square integrable if

[ EIX(tt, ¢) F dt<oo. ©9)
Remark 1.1. If the solution of Egs. (1), (2) is asymptoti-
cally mean square trivial then it is also asymptotically

mean square quasitrivial, but the inverse statement is not
true.

Remark 1.2. It follows from condition (8) that

sup > E | x(t+ jhysty, ) [F<oo.
t>t) j=0

Really, arbitrary t > t, can be represented in the formt=s +
kh, with an integer kK > 0 and s € [t,, t, + hg). So,

2 Ex(t+ jhy;ty, ¢) |2

j=0

8

0

8

= kE|X(5+J'ho;to,tb)l2

< sup i E|X(s+ jhy:ty, 0) [F< 0.

selty.to+hy) j=0

Remark 1.3. If the solution of Egs. (1), (2) is uniformly
mean square summable then it is uniformly mean square
bounded and asymptotically mean square quasitrivial.
Everywhere below it is supposed that the functional
V(t) = V(t, x(t), Xt — hy), x(t — hy), ...) equals zero if and
only if x(t) = x(t — h;) = x(t — h,) = ... = 0. Let also [t] be
the integer part of a number t and AV(t) = V(t + hy) — V().

Theorem 1.1. [14] Let there exists a nonnegative func-
tional V(t) = V(t, x(t), X(t — h)), X(t — h,), ...), such that

EV(t)<c supE|x(s) [,

s<t

telty,t)+hy), (10)

EAV (1) < —GE|x(t) [,  t>t,, (11

where C;, C, are positive numbers. Then the trivial solution
of Egs. (1), (2) is asymptotically mean square quasistable.

Remark 1.4. [14] If the conditions of Theorem 1.1 hold
then the solution of Eq. (1) for each initial function (2) is
uniformly mean square summable and mean square inte-
grable.

Corollary 1.1. Let there exists a nonnegative functional V(t)
= V(t, x(t), x(t — hy), x(t — hy), ...), which satisfies condi-
tions (10) and EAV(t) = —cE[X(t)", t > t,. Then the inequal-
ity ¢ > 0 is the necessary and sufficient condition for as-
ymptotic mean square quasistability of the trivial solution
of Eq. (1).

Proof. A sufficiency follows from Theorem 1.1. To prove a
necessity it is enough to note that if ¢ < 0 then

i EAV (t+ jh,) =EV(t+ih)—EV(t)>0
j=0

or EV(t + ihy) > EV(t) > 0. It means that the trivial solution
of Eq. (1) cannot be asymptotically mean square quasista-

ble. |
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II. FORMAL PROCEDURE OF LYAPUNOV
FUNCTIONALS CONSTRUCTION

It follows from Theorem 1.1 and Remark 1.4 that an
investigation of asymptotic behaviour of the solution of Eq.
(1) can be reduced to construction of appropriate Lyapunov
functionals.

Below some formal procedure of Lyapunov function-
als construction for Egs. (1), (2) is proposed. This proce-
dure consists of four steps.

Step 1. Represent the functionals a, and a, at the right-hand
side of Eq. (1) in the form

a (t, x(t), x(t—h), x(t—h,),..) = R(t)+ F (1) + AR (1),

a,(t, X(t), X(t—h), X(t—hy), .) =G, + G, (1),  (12)
where
Fu(t) = Fy(t, X(t), Xt —h,), ..., X(t—hy)),
G,(t) = G, (t, X(t), X(t—hy), .., x(t=h,)), k=0,
F(t) = F;(t, x(@), Xt —hy), x(t=hy),..), j=2,3,

G, (t) =G, (t, X(t), X(t—h,), X(t=h,), ...),
F(t,0,...0)=F(t,0,0,..)= F(t,0,0,..)

=G,(t,0,..,0)=G,(t,0,0,..)= 0.

Step 2. Suppose that for the auxiliary equation

y(t+hy) =F(t y), ytt-h), ..., yt-h)
+G1 (ta y(t)s y(t_ hl)a ety y(t_hk )) &(t+ hO)a
I">t0 _hOa

there exists a Lyapunov functional v(t) = v(t, y(t), y(t — hy),
..., Y(t = hy)), which satisfies the conditions of Theorem
1.1

Step 3. Consider Lyapunov functional V(t) for Eq. (1) in
the form V(t) = V,(t) + V,(t), where the main component is
Vi(t) = v(t, x(t) — F5(), x(t — hy), ..., X(t = hy)). Calculate
EAV (1) and, in a reasonable way, estimate it.

Step 4. In order to satisfy the conditions of Theorem 1.1,
the additional component V,(t) of the functional V(t) is
chosen by some standard way.

Construction of Lyapunov functionals via this proce-
dure is demonstrated in [4-14] for different types of he-
reditary systems.

Note that some standard way for construction of addi-
tional functional V, allows to simplify the fourth step of the
procedure and do not use the functional V, at all. Below
corresponding auxiliary Lyapunov type theorems are con-
sidered.

ITII. AUXILIARY LYAPUNOV TYPE
THEOREMS

The following theorems in some cases allow to con-
struct Lyapunov functionals with conditions that are
weaker than (11).

Theorem 3.1. Let there exists a nonnegative functional V(t)
=V, (t, x(t), x(t — hy), Xx(t — hy), ...), which satisfies condition
(10) and the conditions

EAV,()<aE|xDF +3 At jhy)E|xt- jh) P,
j=i

N(t):{t;h

}, At,s)>0, s<t, t>t,, (13)

0

b=sup3 At+ jhy, t).

t>ty j=I

a+b<0, (14)
Then the trivial solution of Egs. (1), (2) is asymptotically
mean square quasistable.

Proof. According to the procedure of Lyapunov functionals
construction described above, let us construct the func-
tional V(1) in the form V(t) = V (t) + V,(t), where V(1) sat-
isfies conditions (13), (14) and

Vo (1) = %?E | X(t—mhy) [ i At +(j—mhy, t—mhy).

m=1 j=m

Note that N(t + hy) = N(t) + 1. So, calculating AV,(t), we
obtain
N(t)+1

AV,(t)= > E|x(t+hy—mhy)

m=1

oS At +hy +(j—mhy, t+hy —mhy) =V, ()
j=m
—E[xOF 3 At+ jh,t)
j=1
N(t)+1 :

+ > E|x(t+h,—mhy) [’

o3 A(t+hy +(j—mhy, t+hy —mhy) =V, ()
j=m

—E|xt) 3 At+ jhy, t)

i=1

N(t) )
£ B[tk P Y A+ (j—kohy, t—khy)
k=1

j=k+1

N (D) o
— > E[x(t—mhy)[* 3 Act+(j-mh,, t—mhy)

m=1 j=m

—E[X(O[ X A+ jhy, t)

j=1

—NZ(E) A(t,t—mhy) E | x(t—mhy) [

m=1
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From here and (13), (14), for the functional V(t) = V,(t) +
V,(t) we get EAV(t) < (a + b) E|X(t)|2. Together with (14)
this inequality implies (11). So, there exists the functional
V(t), which satisfies the conditions of Theorem 1, i.e., the
trivial solution of Egs. (1), (2) is asymptotically mean

square quasistable. The theorem is proven. |

Theorem 3.2. Let there exists a nonnegative functional V(t)
= V(t, x(t), Xt — hy), x(t — hy), ...), which satisfies condi-
tions (10) and

EAV({)<aE|x®) " +bE|xt—kh) ",  t=t,,

(15)

where K is a positive integer. If the solution of Egs. (1), (2)
is uniformly mean square bounded but is not uniformly
mean square summable then

a+b>0. (16)

Proof. Rewrite (15) for t + jhy witht >t,,j=0, I, ..., i.e.,

EAV (t+ jhy) <aE| x(t+ jhy) > +bE | x(t+(j—k)hy) |* .
17

Summing (17) from j =0 to j =i + Kk, we obtain

EV (t+(i+k+1)h)—EV ()

i+k i+k
<aY Ex(t+ jhy) P +bY E|x(t+(j—k)hy)

i=0 i=0

i+k i
=a) E[x(t+jhy) " +bY E[x(t+ jhy) [

j=0 j=0

-1
+b > E|x(t+ jhy)

-

i i+k
=@+b) Y E|x(t+jh) [ +a Y E|x(t+ jhy)[
j=0 ]

j=i+l
-
+b > Ex(t+ jhy) .
j=—k
From here and V(t) > 0 it follows

_(@+b)Y E[x(t+ jhy)P
j=0

i+k
<EV()+a Y E|x(t+ jhy)[

j=i+l

-1
+b Y E[x(t+ jhy) P,

j=—k

t>t,. (18)
Consider t € [ty, ty + hy]. Since the solution of Egs. (1), (2)

is uniformly mean square bounded, i.e., E[x(t) < C, then
using (10), (2), we have

~(a+b)Y E|x(t+ jty) P<c, C+k(lalC+b][[§]P) <.

j=0

Let us suppose that (16) does not hold, i.e., a + b < 0. Then
condition (8) holds, i.e., the solution of Egs. (1), (2) is uni-
formly mean square summable, and we obtain the contra-
diction with the condition of Theorem 3.2. Therefore, (16)

holds. The theorem is proven. [ |

Corollary 3.1. Let there exists a nonnegative functional V(t)
= V(t, x(t), x(t — hy), x(t — hy), ...), which satisfies condi-
tions (10), (15) and

a+b<0. (19)

Then the solution of Egs. (1), (2) is either mean square
unbounded or uniformly mean square summable.

Corollary 3.2. Let there exists a nonnegative functional V(t)
= V(t, x(t), x(t — hy), x(t — hy), ...), which satisfies condi-
tions (10) and (15). If the solution of Egs. (1), (2) is uni-
formly mean square bounded but is not mean square inte-
grable then condition (16) holds. If condition (19) holds
then the solution of Eqgs. (1), (2) is either mean square un-
bounded or mean square integrable.
Really, integrating (15) from s =1, to s=T, we obtain

T+hy
T

to+hy

;
jla EAV (s)ds = .

EV(s)ds—[ " " EV(s)ds

T—khy

2
okl E|x(s)|" ds

saj;E|x(s) ? ds+bf

t“

2
o E | X(s) |~ ds

= (a+b)jt: E|x(s)[ ds+b|
- bjTTfkhJ E|x(s)[* ds.
Using V(t) > 0, (10), (2), we have
~(a+b)[, E|x(s)[ ds

to
ty—Kkhy

<[UMEV(S)ds+b[?, E[x(S)F ds—b]] , E[x(s)F ds

<h[cC+k|[b[(l¢]* +C)].

The statement of Corollary 3.2 follows from here similarly
to Theorem 3.2 and Corollary 3.1.

Theorem 3.3. Let there exists a nonnegative functional V(t)
= V(t, x(t), X(t — hy), x(t — hy), ...), which satisfies condi-
tions (10), (15), (19). If a > 0 then each uniformly mean
square bounded solution of Eq. (1) is asymptotically mean
square quasitrivial. If a < 0 then the trivial solution of Eq.
(1) is asymptotically mean square quasistable.

Proof. It follows from Corollary 1.1 that by conditions (10),
(15), (19) each uniformly mean square bounded solution of
Eq. (1) is uniformly mean square summable and, therefore,
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it is asymptotically mean square quasitrivial. Let us show
that if @ < 0 then the trivial solution of Eq. (1) is stable.
Really, if a = 0 then from (19) we have b < 0. So, it follows
from (15) that

EAV (t) <bE | x(t —khy) ’<0. (20)

Rewrite condition (20) in the form EAV(t + jhy) < bE[x(t +
(j — Kho)’, t > t,, j =0, 1, .... Summing this inequality
from j = 0 to j =k, we obtain

EV(t+(k+1)h0)—EV(t)sbzk:E|x(t+(j—k)h0)|2 .

=0
Therefore,

k
Ib|E|[x(t) [ <|b] ;)E| X(t+(j—kh) FSEV (1),
e

t>t,. 21)
It follows also from (20) that

EV(t)<EV(t—h)) <EV(t—2h))<..<EV(S),
t>t,, 22)

where S :t—[%] h, €[ty,t, +hy) . From (10) we get

sup EV(s)<c, sup E|x(t)]*. (23)

selty,to+hy) t<ty+hy

Using (1)-(4), for t <t, + hy, we have
2

E|x(®) =2 Eat—hy, x(t—h). x(t—h ~hy).
=1

x(t-hy,—hy)),..) |2

2 ©
<> lapE[¢t—hy) +Zlalj E|d(t-h, —hj)\2

iz

<AllGIF -
24)

From (21)-(24) we obtain |b| E[x(t)*< ¢; A |||, t > t,. It
means that the trivial solution of Egs. (1), (2) is mean
square quasistable.

Let a < 0. If b < 0 then condition (10) follows from
(15). So, it follows from Theorem 1.1 that the trivial solu-
tion of Eq. (1) is asymptotically mean square quasistable. If
b > 0 then condition (15) is a particular case of (13). It fol-
lows from here and (10), (19) that the functional V(t) satis-
fies the conditions of Theorem 3.1 and, therefore, the trivial
solution of Egs. (1), (2) is asymptotically mean square qua-

sistable. The theorem is proven. |

Corollary 3.3. Let there exists a nonnegative functional V(t)
= V(t, x(t), x(t — h)), x(t — h,), ...), which satisfies condi-
tions (10) and

EAV(t)=aE|x®t)]* +b E| x(t—khy)[?', b>0, t>t,.

Then inequality (19) is the necessary and sufficient condi-
tion for asymptotic mean square quasistability of the trivial
solution of Eq. (1).

Proof. A sufficiency follows from Theorem 3.3 and a ne-

cessity from Corollary 1.1. |

Example 3.1. Consider the equation
XA+ =a x(t)+P x(t—K)+y x(t—m) gt +1).(25)

In compliance with the procedure of Lyapunov func-
tionals construction let us consider an auxiliary equation in
the form y(t + 1) = ay(t). If |o| < 1 then the functional v(t) =
y*(t) is a Lyapunov functional for this equation, since Av(t)

=yt + 1) =y (1) = (o’ - DY)
Put V,(t) = XX(t). Calculating EAV (1) for Eq. (25), we
have
EAV,(t) = E[X*(t+1)—x*(1)]
= E [ox(t) + Bx(t — k) + yx(t —m)E(t + D] — EX’(t)
= (o —1) EX* (1) + 20p EX(t) X(t —k)
+B°EX* (t—Kk) + 2 Ex* (t —m)

< (o +]ap|—1) EX*(t)
+(op | +B7EX* (t—k)+y> Ex*(t —m).
(26)

Choosing an additional functional V,(t) in the form
k m
Va®) = (oB[+B) X X (t= )+ 7> 2 X (- ),
j=1 j=1
we obtain

EAV,(0) = (B | +B%) S EDC(E+1- ) (t— ))]

=l
TP EE (- - (- )]
i=1
= (B |+B>) E X3 () — ¥ (t—K)]
FPEDEH) - (t-m)]
= (o] +B* +77) EXA(D)

—(ap|+p*) EX*(t—k)—y* Ex*(t—m).
27)
It follows from (26), (27) that if the inequality (|o + |B[)* +

¥* < 1 holds then the functional V(t) = V,(t) + V(1) satisfies
the conditions of Theorem 1.1 and, therefore, the trivial
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solution of Eq. (25) is asymptotically mean square quasist-
able.

By virtue of Theorem 3.1 the same result can be ob-
tained only via the functional V(t) without construction of
the additional functional V,(t). Really, it follows from (26)
that the functional V() satisfies conditions (13), (14) with
a=o’+|op|- 1 and b=|ap|+ p*+ 7.

It follows also from Corollary 3.3 that if B = 0 then the
inequality o +y* < 1 is the necessary and sufficient condi-
tion for asymptotic mean square quasistability of the trivial
solution of Eq. (25).
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