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ABSTRACT. We prove the existence of multiple solutions to the Allen-Cahn—Hilliard (ACH)
vectorial equation (with two equations) involving a triple-well (triphasic) potential with a small
volume constraint on a closed parallelizable Riemannian manifold. More precisely, we find a lower
bound for the number of solutions depending on some topological invariants of the underlying
manifold. The phase transition potential is considered to have a finite set of global minima, where
it also vanishes, and a subcritical growth at infinity. Our strategy is to employ the Lusternik—
Schnirelmann and infinite-dimensional Morse theories for the vectorial energy functional. To this
end, we exploit that the associated ACH energy I'-converges to the weighted multi-perimeter for
clusters, which combined with some deep theorems from isoperimetric theory yields the suitable
setup to apply the photography method. Along the way, the lack of a closed analytic expression
for the multi-isoperimetric function for clusters imposes a delicate issue. Furthermore, using a
transversality theorem, we also show the genericity of the set of metrics for which solutions to the
ACH system are nondegenerate.
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1. INTRODUCTION

It is well-known that any open bounded domain in the flat Euclidean space contains an
isoperimetric cluster enclosing fixed (sufficiently small) volumes [5]. Roughly speaking, an
isoperimetric cluster is a solution to a minimal partition problem, or more generally, a minimizing
critical point of the (vectorial) perimeter. A classical problem in differential geometry is to count
the number of isoperimetric clusters enclosing a small volume on a Riemannian manifold or more
generally the number of critical clusters for the perimeter (of clusters) under a vectorial volume
constraint. In the light of the I'-convergence theory, our approach to attack the latter problem
consists of a first step in studying a problem with a relaxation parameter, which will be described
below and as a second step in sending this parameter to zero. In this paper, we study the relaxed
problem. The second step will be the subject of a forthcoming paper.

Let n, N,;m € N be such that n, N > 2 and m > 1 (otherwise explicitly mentioned this will
always be the case in this paper). Let (M™, g) be a (smooth) closed (compact and without
boundary) Riemannian manifold. We study the existence and multiplicity of vectorial m-map
solutions u = (uy, ..., uy) € Cg°(M,R™) to the following Allen—Cahn-Hilliard (ACH) system

dé.w(u)=A on M,
’ ACH¢ v m
{Vg(u) —v, ( &V, ,N,g)
where A = (A1,...,Ay) € R™ is a Lagrange multiplier, m € N is the number of equations,

V@ C(M,R™) — R™ is the volume functional given by V,(u) = ([, wmdLy, ..., [}, w,dL}),
and v = (vi,...,Vp) € R? := {z € R" : z; > 0} with v = |v| :== >_7", v; < 1. The functional
Eew: L; (M,R™) — R is called the vectorial ACH energy

Jur (ElVgul? +e7'W () dLy, ifue M,

1
00, if ue Ly(M,R™)\ My, W)

857w(u) = {
where Vou = (Vgui, ..., Vgu,) is the gradient acting on m-maps, 0 < ¢ < 1 is the relaxation
(temperature) parameter, dLy is the volume measure induced by g (also denoted v,), W €
C*°(R™) is a multi-well (multiphasic) potential vanishing at a finite set of (global) minima points
Z C R containing the origin and such that #2 = N (or ”HS(Z) = N)! (see Definition 1), and
M, = {ue H;(M,R™): Vy(u) =v}. (2)
From now on, we simply denote £, w = &-.

Here, for any 1 < ¢ < oo, let us consider L{(M,R™) the Banach space, completion of
Cg°(M,R™) with respect to the norm [[ul|zs(asrm) = (Jor |u]qd/52)1/q. We can also define the
Sobolev space Hj (M, R™) = {u = (uy,...,un) : [u| € H; (M)} furnished with the inner product
<u,V>Hgl(M7Rm) = (Vg4|u|, V4|v]) and the metric HuHHé(M’Rm) = ([ |Vg\qud£;‘)1/q. The higher
order Sobolev spaces Wf’q(M ,R™) for 1 < ¢ < oo are defined similarly. We omit subscripts when
dealing with the standard Euclidean metric.

In this language, a simple computation shows that (ACH.y . n,4) is the Euler-Lagrange
equation associated to the energy (1) with Fréchet derivative d€. : H;(M ,R™) — R U {0}
defined by

d€.(u) = —eAju+e 'VW (u),
where Agu = (Aguy, ..., Ayu,,) denotes the vectorial Laplace-Beltrami operator.
We restrict ourselves to the suitable class of subcritical multi-well (multiphasic) potentials

IThe notation Hg for d = 0,...,n stands for the d-dimensional Hausdorff measure on M. Also, recall that
HJ = # (the counting measure) and Hj = L} (the Lebesgue measure)
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Definition 1. Let n,m,N € N with n,N > 2 and m > 1. A nonnegative real function
W € C*R™) is denoted by W € WT. Also, we denote W € Wy, if it has a finite set of
vanishing global minima, denoted by Z = {p1,...,pn} C RT. In other terms, W(p;) = 0,
VW (pi) =0, and V*W (p;) > 0 for alli=1,...,N. Also, it satisfies that

em=N-—1,py =0 and {p1,...,PN-1} is a linearly independent set such that
wij(W) < wipg(W) + wej(W) forall 4,5,£€{l,...,N} and (¢ {i,j}, (Wo)
where wij(W) = dw (pi, p;) and the degenerate metric dy : R™ x R™ — R is defined by

d W2 (c & c(t) € RY for all ¢t € [0, 1],
WP ps) = cec (0, 1] R™) / e (t)1de : c(0)=p;andc(l)=p; [’

When W € Wy, satisfies (Wo), we denote W € Wy
o there exists k1 > 0 such that

VW (2)| < ki(1+4 |2[P71) for all z e R™ (W1)

and for any 1 < p < 2* if n > 3 (or p < oo if n = 2) with 2* := 2" the critical Sobolev
exponent of the embedding H'(R™) — L4(R™) for ¢ > 1. When W € W; satisfies (W),
we denote W € WJJ\? 1

o there exists ko > 0 such that

IV2W (2)| < ko(1+|2|P72) forall zeR™ (Ws)

and for any 1 <p < 2* ifn >3 (orp < oo if n =2). When W € Wy, satisfies (W), we
denote W € W]J\F,Q;
e there exist p1,p2, k3, ke, R > 0 such that

k3lz|Pt < W (z) < kq|2|P? for all |z| > R, (W3)

where 2 < p1 < 2% with p; < p2 < 2(p1 — 1) and o = % When W € Wﬁ satisfies
(W3), we denote W € WJJ\?’S.

In this fashion, we define the admissible class of potentials VV/]'G = m?zow;i.

Remark 2. It is not hard to check that )7\7;{, # (0. In fact, one can always find a nonnegative
polynomial with degree siz and suitably chosen coefficients P € C(RN~1) such that P(p;) = 0,
VP(p;) =0, and V?>P(p;) >0 for alli=1,...,N. Next, we fir R>>1 and 0 < 7 < 1 such that
W € C(R™), where

— P(z2), if 0<|z| <R,
W(z) =
) {]z\“T, it |2 > R.

Finally, using an approzimation theorem there exists W € C?(R™) such that W € )/ijt

The assumption m = N — 1 is chosen suitably so that in the sharp interface limit, we have the
phase separation for a mixture of N — 1 immiscible fluids. Also, we highlight that since dw is a
metric it is always true that wij(W) < wie(W) +we;(W) for all i, j, £ € {1,--- N} and £ & {i,j},
which implies that (W) is a generic condition. This can be regarded as a physical hypothesis
on the immiscibility of the fluids. In Section 3, we will explain a more geometric (isoperimetric)
reason to consider this assumption. We refer to this as the immiscibility condition.

Now, we introduce the notion of nondegeneracy of solutions
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Definition 3. Let (M™,g) be a closed Riemannian manifold and W & WJJ\? We say that
a solution (u,A) € HJ(M,R™) x R™ to (ACH.ymn,y) is nondegenerate when the only pair
(w,A) € Hj(M,R™) x R™ solving the linearized problem

2. (u)w=A in M
vg(u) =V,
is the trivial one (w, A) = (0,0), where d?E.(u)w = —eAyw + e ' V2W (u)w.

Our main result proves the existence of multiple pairs (ue v, Acv) € H, ;(M ,R™) x R™ satisfying
(ACH. v mn,g) for 0 < e, |v| < 1. The strategy is to search for critical points of the vectorial ACH
functional in (1) restricted to the weakly closed set 91, in (2). Namely, for each pair (g,v) € RTH,
let us consider the associated moduli space,

N.yv = {(us,v,As,v) € H;(M, R™) x R™ : (uev, Acv) solves (ACH y . N,g) OD ﬂﬁv} ,

and the counting function n(e,v) : M.y — N U {oo} defined by n(e,v) := #M.. We show the
existence of ., v, > 0 such that for (¢,v) € (0,e4) x (0,v,)™ C (0,e4) x conv(Z) the function
n(e,v) has a lower bound depending on the topology of the manifold, where conv(Z) is the convex
hull of the set Z. More accurately, this bound depends on the Lusternik—Schnirelman category of
M denoted by cat (M), and on &1 (M) := ), Br (M), where B, (M) is the k-th Betti number
of M. Additionally, we prove that the set of metrics for which the nondegeneracy property holds
is large (in the topological sense) on the space of smooth metrics over M, denoted by Met™ (M).

(3)

Theorem 1. Let (M™, g) be a closed parallelizable Riemannian manifold and W € WX, with
N = 3. There exists v. = vi«(M,g) > 0 such that for any v € (0,v.)? C conv(Z), one can find
ex(M, g, W ,v) > 0 satisfying for every e € (0,ey),

(i) m(e,v) = cat (M) + 1, if the solutions are counted without multiplicity;

(i) n(e,v) =221 (M) — 1, if such solutions are nondegenerate.
Moreover, for any fixed go € Met®™ (M) the set

any solution (u, A) € H;O (M,R™) x R™ to
Gw~v=11(c,9) € (0,00) x Met™ (M) : i
(ACH, v m n,g) is nondegenerate
is Baire generic with respect to the Gromov—Hausdorff topology.

Remark 4. When n = 3, the condition of being parallelizable can be interchanged by orientability,
by Stiefel’s theorem (see [50]). Also, S™ is parallelizable if, and only if, n = 1,3,7. Also, for N =3,
thanks to the solution of the weighted double bubble conjecture in R™ (see [11]) this hypothesis can
be weakened to the existence of a smooth global section of the unit tangent bundle UT M.

Remark 5. About the assumption N = 3. It is worth to observe that the techniques that we use
to prove the preceding theorem only needs the following property: isoperimetric weighted cluster
with small volumes have small diameter in the tangent space. In fact, we use this property to
prove that the photography map is well-defined, continuous, and to prove the I'-convergence in an
easy way. This property holds in the Euclidean space for N = 3 thanks to [11], therefore, if one
assume this property for N > 3, the preceding theorem holds true. Even if, it is not known whether
this property is always valid for N > 3 or not, we expect that it indeed holds for every N € N,
due to several special cases where it holds (e.g. [11,40]). However, the proof of this property for
N € N goes beyond of the scope of this manuscript and it will be the subject of a forthcoming paper.
Furthermore, we emphasize that based on the recent classification results of [40], our techniques
apply for the case 2 < N < min(5,n+ 1) when the potential is such that w;;(W) =1 fori # j and
wij(W) =0 fori# j, wherei,j € {1,...,N}. In particular, Theorem 1 holds in this context.
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Let us now compare our main result with its scalar counterpart. More precisely, when m = 1
and N = 2, System (ACH.y mn,g) becomes the classical ACH equation with a small volume
constraint,

A “W'(u) = A M
{ c gu—|—8 W(u) , on ) (ACH57v,g)

Sy udLy = v,

where 0 < e,v <« 1, A € R is a Lagrange multiplier, and W € )/NVQJr is a symmetric double-
well potential. The study of qualitative properties for (ACH. . ) was addressed in [18, 61]
(see also [19] for the Euclidean case). We consider M, = {u € H (M) : [, udl] = v},
Nerv = {(Uey, Aery) € Hy(M)XR : (ucy, Acy) solves (ACH.  4) on 90}, and the counting function
n(e,v) := #MN. . In the same spirit of our main theorem, the following result is proved

Theorem A ([18,61]). Let N = 2 and let (M™, g) be a closed Riemannian manifold and W € )/N\/QJr
There exists v, = vi(M,g) > 0 such that for every v € (0,v.), one can find e.(M, g, W,v) > 0
satisfying for every e € (0,e4):

(i) n(e,v) = cat (M) + 1, if the solutions are counted without multiplicity;

(ii) n(e,v) =221 (M) — 1, if such solutions are nondegenerate.

Moreover, for any fixed go € Met®™ (M), the moduli space of metrics

luti ,A) € HL (M) xR to (ACH.
gW,VZ{(6,9)6(0,00)xMetoo(M):anysoulon(u) 40 (M) X R to ( ,,g)}

is nondegenerate
1s Baire generic.

To explain the geometric idea behind the proof of our main theorem, we need to establish some
standard terminology.

Definition 6. Let u € L;(M). We define its distributional derivative Vqu € My(M,R") as a
vector Radon measure with total variation measure given by

|Voul|[(A) = sup {/ udivy (X)dLy « [| X < 1},
z€X:(A) U

whenever A C M is an open subset. We also consider the Borel measure extending ||V gull
and we denote it with the same symbol. Here X.(U) is the set of smooth vector fields with
compact support and || X || := sup,enr | Xzl|, where | Xy is the norm of X, € TpyM. Let us define
BVy(M) = {u € Ly(M) : |[Vgul < co}. In this case, we say that u is a function of bounded
variation. We define the perimeter Py : Cg(M) — [0,00), up to constant, by Py(Q) = [|[Vexall,
where Cg(M) = {Q : Py(2) < oo} are the Caccioppoli (or the finite perimeter) sets, that is,
measurable and finite perimeter subsets of M. The reduced boundary of a Caccioppoli set @ C M
s denoted by 0*Q and is the set whose a notion of measure-theoretic normal vector exists and has
a length equal to one. A deep theorem of E. De Giorgi states that Py(2) = ”H;L_l(a*Q), where
/H;‘_l is the (n — 1)-dimensional Hausdorff measure induced by g of the boundary. Here we fix
the convention that all the Caccioppoli sets Q2 € Cy(M) satisfies 02 = clos(0*Y), where O is the
topological boundary of ).

A symmetric matrix a € Sym(Rf ) is said to be immiscible when
tr(a) =0 and o <oayp+ag forall i,j,¢e€{l,...,N} and (¢ {i,j}. ()

Along this line, let us introduce the suitable notions of weighted multi-perimeter and weighted
clusters.
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Definition 7. Let (M", g) be a Riemannian manifold and o € Sym(Rf) be a nonnegative
symmetric matriz. We define the set of a-weighted N -clusters (or simply weighted clusters) by

o N
M =U;2 Qi’ Ql ) Q’LmQ :07
COM,RY) ={Q = (..., ) : =1 AvQ( ) < 00, vy( )
for all 4,j =1,...,N and Py () < o0

where the a-multi-perimeter (or vectorial a-perimeter) functional Py : Cg'(M, RN) — [0, 00) is

N
PR = > aiHy (07 N 07).
i,j=1

Also, a weighted cluster ) € Cg‘(M, RN) and the associated perimeter functional ’P‘; are said to be
immiscible if a € Sym(Rf) is so. For any weighted cluster Q@ € Cg(M, RN), we fix the terminology

e «;; are the weights;

o {Qiticqr,..ny (or {2(i) }ieqr,.. .ny) are the chambers with X; = 0*C;

o X;; = X;NX; are the interfaces;

o () = Ui]\i]lﬂi are the interior chambers and Qn = M \ Ufi}lQi is the exterior chamber;
o vy() = (vg(),...,vg(Qn)) is the vectorial volume;
e diam,(Q2) = sup, et dg(z,y) is the diameter.

In this fashion, we can rewrite Py (§2) = Zz]'?;:l Oéij/Hgil(Zz’j)

Remark 8. Notice that when W € Wy, the assumption (W) implies that w € Sym(RY)
gwen by w;j(W) = dw(pi,p;) for i,j € {1,...,N} satisfies (o). Hence, the multi-perimeter
Py C (M, RN) — [0,00) (weighted by the potential) given by
N
PLQ) =) wi(W)Hy (0N 0*Qy) (4)
ij=1

is immiscible. In this case, we simply denote Cy'(M, RY) = Cy(M,RY) and P, =Py

When the coefficient matriz is given by o = (auj) € Sym(Rf), where a;; = 1 — 035 for
i,j € {1,..., N} with 6;; the Kronecker’s delta, we recover the standard perimeter, which we denote
by Py In this fashion, it is proved in [62, Proposition 1] that we can write the multi-perimeter

N N
* n— 1
ij=1 i=1

Such a formula allows us to prove existence and compactness results simply by relying on the
theory for Caccioppoli sets, i.e., N = 2. Nevertheless, when we are in the weighted case, the
behavior of the multi-perimeter may change. This was first noticed by F. Almgren [5], which
considered a more general perimeter functional with an extra assumption on the weights, the so-
called partitioning regular condition to proceed with this theory. After that, B. White [66] showed
that the strict triangular inequality (ap) is enough to prove existence and regularity results, which
s an assumption weaker than Almgren’s partitioning reqular condition.

A generalization with a complete rigorous proof of White’s results was given by G. P. Leonardi
[2]. Another weaker condition can be found in [6,22] which considers existence and regularity issues
and says that these coefficients shall satisfy the BV-ellipticity condition. All these hypotheses on
the weights o;; are used to guarantee that the weighted multi-perimeter is lower semi-continuous
with respect to the flat convergence and enjoys nice reqularity properties; this generally leads to the
existence of minimizers by the direct method of the calculus of variations.
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The isoperimetric problem asks to minimize the perimeter among all Caccioppoli sets subject
to a volume constraint. The regions attaining this minimal configuration are called isoperimetric
regions. It is well-known that isoperimetric regions in the Euclidean space are balls. In the vectorial
case, the analog problem of classifying isoperimetric weighted clusters is still not solved in its full
generality, even if we consider the standard (non-weighted) multi-perimeter. Nevertheless, one has
some partial answers, namely, for non-weighted double bubbles [29, 42] and triple-bubbles [43],
for weighted double-bubble [11], for multi-bubbles in the Gaussian measure case [49], and lastly
we mention the recent work [40], where the multi-bubble conjecture in R™ and S™ is proved
for N = 2,3,4. Roughly speaking, isoperimetric weighted clusters are minimal multi-perimeter
configurations for an enclosing region with a finite number of fixed volumes.

Definition 9. Let (M",g) be a Riemannian manifold.
(i) The isoperimetric profile is a function I s gy : (0,v4(M)) — (0,00) given by
Lim,g)(v) == inf {Py(Q) : Q € Cy(M) and vy(Q2) = v}.
The Caccioppoli set Q2 € Cq(M) that attains this infimum is called an isoperimetric region.
(ii) Tﬁe al;weighted multi-isoperimetric profile is a function Ly v (0, vg(M)N = (0, 00)
given by

Iy g (V) :=inf {Ps(): Qec(M, RY) and v,(Q) = v},

The wvectorial Caccioppoli set €2 € C;“(M, RN) that attains this infimum is called an

isoperimetric a-weighted N -cluster. As before, we simply denote I“(M’g) =T ()

Next, we present the two abstract results that we will apply to prove our main theorem.

To prove the multiplicity part, we use Lusternik—Schnirelmann, and Morse’s theories. This
relates to the topology of the finite-dimensional ambient manifold and the number of critical
points of an energy functional defined on an infinite-dimensional Hilbert manifold. We are based
on the abstract theorem below

Theorem B ( [14,16,17]). Let X be a topological space, M be a C?-Hilbert manifold, £ : MM — R
be a C'-functional, and £ := {u € M : E(u) < ¢} be a sublevel set for some ¢ € R. Assume that
(E1) infyeom &(u) > —o0;
(E2) & satisfies the Palais—Smale condition;
(Es) There exist ¢ € R and two continuous maps Vg : X — £ and ¥, : £¢ — X such that
WU o Ug is homotopic to the identity map of X.
Then, the number of critical points in E¢ satisfies #E¢ = cat(X), and if M is contractible and
cat(X) > 1, there is at least other critical point of £ outside E°. Moreover, there exists ¢y € (¢, 00)
such that one of the two following conditions hold:
(i) €% contains infinitely many critical points;
(ii) &¢ contains P1(X) critical points and EC\EC, contains P1(X)—1 critical points if counted
with their multiplicity. More exactly, we have the following relation

D in(w) = PuX) +H[PUX) — 1]+ (1+1)2(1), (5)
ueCrit(€)

where 2(t) is a polynomial with nonnegative integer coefficients, and Crit(E) denotes the
set of critical points of £ on £°. In particular, if all the critical points are nondegenerate,
there are at least P1(X) critical points with energy less or equal than ¢ and P1(X) — 1
with energy between ¢ and cy.

For the proof of the generic nondegeneracy part, we apply an abstract transversality theorem
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Theorem C ( [41]). Let X, 9, and 3 be real Banach spaces, $d C X, B C Q) be open subsets,
T :U x U — 3 be a map of class C' and zy € im(F). Suppose that
(F1) Given y € U, it follows that §(y,-) : x — §(y,x) is a Fredholm map of index ¢ < 1, i.e.,
d§(y, )z : X — 3 is a Fredholm operator of index £ for any x € i;
(F2) 20 is a regular value of §, i.e., dF(yy z0) + Y X X — 3 is surjective for any (yo, o) € T 1(20);
(F3) Letv: 3 (20) = Y x X be the canonical embedding and my : Q) x X — ) be the projection
of the first coordinate. Then mg ot :F (20) = Q) is o— proper, i.e., § '(20) = Upeq Ck»
where Cy, is a closed subset of F~'(z0) and my o t|¢, is proper for all k € N.
Then, the set {y € U : 2y is a reqular value of F(y, )} is an open dense subset of V.

We must verify the hypotheses in Theorem B for our vectorial energy. Namely, (E7) follows
directly from the definition, and (Es) is obtained using the subcritical growth condition (W;). The
most delicate part is to show (E3). For this, we need to use the geometric nature of the problem
for small values of the relaxation parameter and the volume. Also, condition (W3) is used to apply
Theorem C for the proof of the genericity part of our main theorem.

We now explain in detail how to construct the maps in (E3). Before, we need the following
definition

Definition 10. Associated to each potential W € WJJ{,, let us consider the functions ¢; : R™ — R
and ®; : M — R given by ¢; = dw(pi,-) and ®; = ¢p;ou for each i = 1,...,N. We define the
transformation

®: Ly(M,R™) = Ly(M,RY)  given by ®(u) = (1,...,Pn). (6)
Let us denote ' = ®(u) and v/ = V4(u'). For the sake of simplicity, we fix the convention v = v’.

First, a result of S. Baldo [10] proves the I'-convergence of (1) to the weighted multi-perimeter
(4) in a bounded subset of the Euclidean space with flat metric (R™, ). We need to extend this
result to the case of non-flat background metrics. Moreover, we use (W3) to further extend this for
the case of a sequence of functions with a bounded energy. Then, we will use the approximating
family given by the I'-convergence as the map ¥y, the so-called photography map. We also need
to use the parallelizability to guarantee that this map is a one-to-one continuous bijection.

Proposition 11. Let (M™,g) be a closed Riemannian manifold and W € WJJ{,?). For any family
{uc}es0 satisfying Ec(u:) < E for some E > 0, there exists ug € L;(M, R™) such that, up to a
subsequence, it follows

;i_% Jue — uOHL;(M,RM) =0 and ;1_{% E:(us) = Py(),

where Qo = UNT1(® o ug) " (pi). Moreover, there exists Q € Cy(M,RYN) minimizing the multi-
perimeter with constraint 3.~ | v, (Q)p: = vi, and such that |V uol|(M) < E and
N
u = Y _pixe, € BVy(M,R™), (7)
=1
where BVy(M,R™) = {u € Ly(M,R™) : |u| € BVy(M)}. Conversely, for any £ € Cy(M, RN) and
un € L;(M7 R™) of the form (7), there exists a sequence {u. q}e>0 satisfying lim._,o ||u. 0 —
u079||Lé(M7Rm) = 0. In particular, it follows that I'-lim._,0 E. = Py in L;(M, R™).

Second, we build the right-inverse homotopy Wg to the photography map by composing the
barycenter map together with the projection provided by the Nash embedding theorem. To control
the range of the barycenter map, we need to use some deep results of the isoperimetric theory for
clusters.
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More precisely, we prove that from an isoperimetric weighted cluster enclosing a small volume we
can build another cluster with small diameter which almost the same volume and perimeter of the
original cluster. Such result is called selecting a large subdomain. Although we will apply this result
to the perimeter in (4), which is related to the potential W, this result holds for a broader class
of weighted perimeters, which we call immiscible (see Remark 8) and are of independent interest.
Indeed, we use (Wy) to guarantee that P, is immiscible. For results concerning properties of
isoperimetric clusters, see [2,5,45,56,62,66].

Proposition 12. Let (M™,g) be a closed Riemannian manifold and {Q}ren C C;‘(M,R?’)
be a sequence of isoperimetric immiscible weighted 3-clusters. There exists another sequence
{2 }ren C C(M,R?) such that
(i) limy oo Vg(Qkﬂﬂg)Vg(Sl—lk)fl =0
(i) limyp oo vg(£2))vg(Q) " = 1;
(ifi) limyo0 Py (%) Py ()~ = 1;
(iv) limy_o diamg(€2) = 0.

The proofs of Proposition 11 and Proposition 12 are independent of each other. However, in
the proof of Proposition 11, it is convenient to assume that the limiting weighted cluster has small
diameter, for N = 3, we use directly [11] which implies that if we are under the small volumes
regime then the small diameter property holds. There is an alternative strategy to prove our main
results without relying on the full strength of [11]. The price to pay is to extend Proposition 11
to the Riemannian setting without the small diameter property and to make a more complicated
definition of the photography map with a consequent more involved proof of its well posedness and
continuity.

Beyond its geometrical relevance, the study of the ACH equation dates back to the theory of
phase separation for binary fluids in an alloy [3, 21, 36], or more generally in the van der Walls
theory of phase transition [65]. Using this analogy, System (ACH. v m n,g) is used to describe the
free energy of a multiphasic mixture of interacting fluids, where the coefficients w;; measure the
surface tension between two pure states of the system. To be more physically realistic, the energy
should have a non-local ferromagnetic Kac potential instead of the norm of the gradient [33,34];
these models have applications in several areas like the Ising process, and dislocations in elastic
materials exhibiting microstructure [24].

Let us explain the connection of our result to differential geometry. An ancient problem in
this field is to determine the number of critical points of the perimeter functional P, on a general
Riemannian manifold. Indeed, S.-T. Yau [68] conjectured that any closed Riemannian manifold
contains infinitely many critical points of the perimeter. This conjecture was recently solved
affirmatively for generic metrics [44,46] and for the remaining cases when 3 < n < 7 [63]. Recall
that critical points of the perimeter are called minimal hypersurfaces and they must have zero
mean curvature. When there is a volume constraint, one has the equivalent problem of minimizing
Py(€2) under the condition v4(€2) = v. In this case, the reduced boundary of € is called a CMC
(Constant Mean Curvature) hypersurface, or a CMC boundary. The convergence of the ACH
energy to the perimeter functional was recently used to construct minimal hypersurfaces in any
closed Riemannian manifold [31,35] as an alternative approach to min-max methods [4,60]. For
CMC boundaries, it is only known the min-max construction in [27,28,69,70]. It is not known
whether Yau’s conjecture also holds true. In this context, let us consider a slightly more general
problem. We aim to study the asymptotic behavior of (0, v) := lim._,o n(e, v), which coincides
with the number of critical points of the multi-perimeter with volume constraint v, denoted by
No,v. We aim to study the abundance of elements in this set. It is already known that DMy~ # 0,
then it is natural to ask if in any closed manifold one has n(0,v) = cc.
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If we can pass to the limit as ¢ — 0 in Theorem 1, we would obtain the first result in this
direction for the case of weighted clusters with two interior chambers under the small volume
condition. In the scalar case, by combining the results on [18] and [13], it follows that n(0,v) > 1,
that is, there exists at least one almost embedded CMC boundary in the small volume regime,
which is the pioneering existence result using phase transition methods.

At last, we compare our proof to the one in the scalar case. The strategy to prove Theorem A
relies also on the combination of several results from the realm of PDEs, algebraic topology,
isoperimetric problem, minimal surface theory, and phase transition approximations. First,
classical results [37,51,52,64] (see also [58,59] for the geometric case) state that the energy &.
is a singular perturbation (relaxation) of the perimeter functional P,. This analogy creates an
unexpected and surprising bridge between the theory of nonlinear PDEs from phase transition and
the study of qualitative properties for CMC boundaries (or minimal hypersurfaces). The heuristics
is that the action of the double-well potential induces the decomposition M = Uy UX 5, where
Y19 = 0"y = 0" is the limit interface, known to be a critical point of the perimeter, that is,
the mean curvature of the interface Hy,, is constant, and € := {z € M : lim.,ou.(z) = 1}
and Qy = {x € M : lim._,gu-(x) = 0}, where u. is a solution to (ACH. 4). In other terms, in
the singular limit, there is a relation between the nodal sets of solutions to (ACH; ) and CMC
boundaries. In this proof, it is also used that isoperimetric regions of small volume have a small
diameter, and the asymptotic expansion of the isoperimetric profile function [8,20,53-55].

The rest of the paper is divided as follows. In Section 2, we introduce some definitions and

results from the abstract Lusternik—Schnirelmann and infinite-dimensional Morse theories, which
we use to sketch the proof of Theorem B. In Section 3, we show that we can select a large
subdomain from isoperimetric weighted clusters in Proposition 12. In Section 4, we prove the
convergence and approximation results in Proposition 11. In Section 5, we apply Theorem B to
prove the multiplicity part of Theorem 1. In Section 6, based on Theorem C, we prove the generic
nondegeneracy part of Theorem 1.
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2. ABSTRACT PHOTOGRAPHY METHOD

In this section, we present some standard results from Lusternik—Schnirelmann and infinite-
dimensional Morse theories which will be used in the abstract photography method [16,17]. We
use the approach developed in [14,15,47], which is suitable for problems arising from PDEs.

Definition 2.1. Let X a topological space andY C X be a closed subset. We define the Lusternik-
Schnirelmann category of Y in X as the extended natural number catx (Y') obtained as the minimum
number k € NU {oco} such that there exist Uy, ... U, C X, open contractible subsets satisfying

Y C Ule U;. We also denote cat(X) := catx (X).
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Definition 2.2. Let X,Z be topological spaces. We say that X and Z are homotopically
superjacent if there exist continuous maps ¥y : X — Z and Vg : Z — X such that ¥y o Up
is homotopic to the identity of X.

Now, we present a standard result in Lusternik—Schnirelman’s theory.

Lemma 2.3. If X and Z are homotopically superjacent topological spaces, then cat(X) < cat(Z).

Proof. Assume that cat(Z) = m, that is, there exist m closed contractible sets {Zj{,-}gio, such that
Z C UM U, wi € U;, and Fy € C([0,1] x U, Z) for i = 1,...,m satisfying

Fi(0,u) = u, if u € U;
Fi(1,u) = w;, if u € U;.

Now, setting U; = U (U;), notice that {14}, is such that X C U™ ,U;, where the null-homotopic

retraction F; € C([0,1] x Us, X) is given by F; := U o F;. O

Let us fix the notation Crit(€) for the set of critical points of £, £¢ := {u € M : E(u) < ¢} for
sublevel sets and & := {u € M : a < E(u) < b} for level regions.

Definition 2.4. Let 9 be a C?-Hilbert manifold, £ : M — R be a C'-functional, and {uy}ren
be a sequence in M. We call {uy}tren a Palais—Smale sequence at level ¢ € R, if E(ug) — ¢, and
||d5(uk)HT;kim — 0 as k — oco.

Definition 2.5. Let M be a C?-Hilbert manifold and € : MM — R be a C-functional. We say that €
satisfies the Palais—Smale condition, if every Palais—Smale sequence has a convergent subsequence
in the strong topology of M.

Let X a topological space, Y C X be a closed subset, and £k € N. We denote HﬁS(X,Y)
by the k-th relative Alexander—Spanier cohomology group of the pair X,Y. Here the k-th
Betti number is given by the number of generators of H XS(X ,Y) seen as a Zs-modulo, that
is, Bk(X,Y) := rankz, Hi4(X,Y) (see [57, Chapter 2]). In the nondegenerate case, Theorem B
can be made more precise by means of Morse theory, which we describe as follows

Definition 2.6. Let X be a topological space and denote by HﬁS(X) its k-th Alerander—Spanier
cohomology group with coefficients in Zy. The Poincaré polynomial Z,(X) of X is defined as the
following power series in the variable t,

P(X) =) Br(X)t. (2.1)
k=0

We notice that if X is a compact manifold, then H*(X ) is a finite-dimensional vector space and
the formal series (2.1) is actually a polynomial. The next result is a Poincaré—Morse-type identity,
relating the Morse polynomials of two homotopically superjacent topological spaces.

Lemma 2.7. If X and Z are homotopically superjacent, then
PUZ) = P X)+ Z(t), (2.2)
where Z(t) is a polynomial with nonnegative coefficients.

Proof. Using the homotopy equivalence, we can construct an exact sequence

0—s Hy,(X) 22 1, (7)Y 1 (X)—0,

where (U,)k, (UR)k is the induced homomorphisms on the k-th homology groups. Additionally,
since (V)i o (VR)r = idx we get that Hy(X) is homotopic equivalent to a subspace of Hy(Z),



12 J.H. ANDRADE, J. CONRADO, S. NARDULLI, P. PICCIONE, AND R. RESENDE

which gives us that ranky, Hi(X) < ranky, Hi(Z) for all k € N. In terms of Poincaré polynomials,
this translates to (2.2). O

Lemma 2.8. Let M be a Hilbert manifold and let M C IM be a closed oriented submanifold of
codimension d. If My is a closed subset of M, then

P (M, M\ Ng) = 22NN, N\ Ny).

Proof. This follows from the Thom isomorphism theorem [39, Corollary 4D.9]. Moreover, it holds
even when dim 9t = oo. O

In the following definition, we give the notion of Morse index of a critical point of £, which
is necessary to establish a relation between the Poincaré polynomial 2, (X) and the number of
solutions to the Euler-Lagrange equation associated to the energy &.

Definition 2.9. Let u be a critical point of € at level ¢ € R, that is, E(u) = ¢ and d€[u] = 0. We
call w an isolated critical point if there exists a neighborhood 4 of w in M such that the only critical
point of € contained in M is u. FEquivalently, the self-adjoint operator induced by the quadratic
form d%2E[u] is an isomorphism.

Definition 2.10. Let 9 be a C?-Hilbert manifold, £ : M — R be a C'-functional and u € M be
an isolated critical point of £ at level c € R. We define the formal power series

ie(w) =) Br(£,E°\ {ub)t”.
k=0

This is called the polynomial Morse index of w and the number i1(u) is called its multiplicity.

Definition 2.11. Let £ : M — R be a C*-functional. We call w nondegenerate if the bilinear
form A2E[u] is nondegenerate. In this case, we have that i;(u) = t**), where p(u) is the numerical
Morse index of u, that is, the dimension of the maximal subspace on which the bilinear form d2&[u]
is negative-definite.

Definition 2.12. Let M be a C?-Hilbert manifold, £ : M — R be a C'-functional and v € M be an
isolated critical point of € at level c. We say that u is topologically nondegenerate, if i;(u) = )
for some p(u) € N.

For the sake of completeness, we now present the strategy of proof of the first cornerstone
abstract result in this manuscript, namely the photography theorem.

Proof of Theorem B. Using (F;) and (Es2), one can invoke the Lusternik—Schnirelman lemma [67,
Theorem 5.20] to obtain that #£¢ > cat(E€). Moreover, combining (E3) with the last inequality,
we have cat(£¢) > cat(X), which concludes the proof of the first part of the theorem.

For the remaining part, we set €y := ¥ (X). Thus, €y is non-contractible in £¢ since cat(X) > 1.
Claim 1: There exists ¢* € R such that ¢* > ¢ and € is contractible in £¢".
Indeed, let ug € Crit(€) \ € and define €; := {tug + (1 —t)u : t € [0,1] and u € €y}. Notice that
¢; is compact, contractible, and 0 ¢ €;, which implies that the

¢y = {t(w)w : w € ¢ and t(w) = Vg (w|jw|| ") [Jw]| '}

is well-defined and satisfies €; C € C Crit(€); thus, the result follows setting ¢* := maxg, £.

The second part of the proof is divided into a sequence of steps, which connects the algebraic
structure of the Poincaré polynomial &% (X) with the set of critical points Crit(€).
Step 1: For 7 > 0 and ¢ € (7,00) a noncritical level of £, we have 22 (£°,E7) = tZ(Crit(£°)).

This clearly follows from Lemma 2.8.
Step 2: For a,b € R with no critical levels inside £2, we have 22(E°, %) = t P, (ER, EF \ Crit(£)).
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The strategy here is to use standard deformation theory generated by the gradient flow of £.
Step 3: For 7 > 0 and ¢ € (7,00) a noncritical level of £, we have Z2,(E¢,E™) = tP(X) + tZ ().
In particular, Z,(9M,E7) = t.

This is a consequence of Steps 1 and 2. Furthermore, since 90 is contractible, one has
rankz, H*(9) = 1 if k = 0 and rankz, H*(91) = 0, otherwise.

Step 4: There exists 79 > 0 such that for 7 € (0,79) and ¢ € (7,00) a noncritical level of £, we
have @t(gc,gT) = t:@t(X) + tg(t).

Indeed, consider the long exact sequence

0—s H, (9, €7) 25 HL (00, €9) 25 Hy_1(€°,67) %23 Hy_ (9N, £7)—0,

where iy, jk, O are respectively the monomorphism, epimorphism, and boundary operator. Using
some standard techniques of homological algebra, we get that rankz, Hp(9,£7) = 0 for £ = 0,1
and rankz, Hy, (9N, £7) = ranky, H(£¢,€7), which by Step 1 finishes the proof.

Step 5: If Crit(€) is discrete, then

D ir(u) =tPUX) +[Z () — 1]+ (1+1) 21 () (2.3)
uely

and
D ir(u) = [PUX) + Z(t) — 1]+ (1+1)2a(t), (2.4)
uels

where Z(t), 21(t) and Z»(t) are polynomials with nonnegative integer coefficients, and
¢ i={uecCrit(€):uec & (r,c))} and € := {u € Crit(€) :u € E 1 ((co,20))},

for some ¢y € (7,00).
In fact, by (F2) we know that & satisfies the (PS)-condition, thus using Morse theory, it follows

Y i) = PuEET) + (1+ 1) 21(D),
uedy
which by Step 3 implies (2.3). The same holds for (2.4).

Finally, since £ does not have any nonzero solution below the level 7 > 0, by Step 5 we get
Crit(E) = @10@2. O

Remark 2.13. If we count the critical points with their multiplicity, then by Theorem B it follows
that there are at least 271 (X) — 1. In fact, whenever the critical points are isolated the result
follows from Morse’s relation (5); otherwise there are infinitely many of them.

3. RIEMANNIAN ISOPERIMETRIC THEORY FOR WEIGHTED CLUSTERS

In this section, we prove Proposition 12. Here we denote by Bf(x) the geodesic ball of
radius 7 > 0 with center x € M, and we omit the metric when necessary. Recall the notation
established in the introduction (see Definitions 7 and 9). Also, we denote f; ~ fo as s — 0, if
lims_0 f1(s)/f2(s) = 1, or f1 = fa+o0(1) as s — 0, where o(1) is the standard little-o notation from
Landau’s formalism. It is implicit that we assume the natural association between vectors v € RN
and weighted clusters € € Cg(M, RY) such that v = v,(Q) and v = |v| = v,(Q) = ZZ]\SI Vi,
where v; = vy (§;) fori=1,...,N — 1.

Definition 3.1. We say that a Riemannian manifold (M™,g) is of bounded geometry if, there
exist vo > 0 and K € R such that Ric, > (n — 1)k (in the sense of bilinear forms) and
infpeM Vg(B‘(l](p)) = vg > 0.
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Remark 3.2. If (M™,g) is a closed Riemannian manifold, we have that its injectivity radius is
well-defined and it holds inj, > 0. Also, there exist vo > 0 and ,b € R such that Ricy > (n—1)k
(in the sense of bilinear forms), [Secy| < b and vy(BY(z)) > vy for all x € M, where Ricy and
Secy are the Ricci and scalar curvatures, respectively. In particular, closed manifolds are always
of bounded geometry.

We need to introduce some concepts and results from geometric measure theory, which will be
used in the proof of the main proposition and can be found at [1,26].
Let us start with some notations and concepts relative to varifolds.

Definition 3.3. Let (M", g) be a Riemannian manifold. For any d € N with1 < d < n—1, we say
that V is a d-dimensional varifold in M, if V is a nonnegative extended real valued Radon measure
on the Grassmannian manifold Gg(M). For every d = 1,...,n — 1, we denote by V(M) be the
space of all d-dimensional varifolds over M endowed with the weak topology induced by Co(Gy(M))
the space of continuous compactly supported functions on Gg(M) endowed with the compact open
topology.

Definition 3.4. Let (M",g) be a Riemannian manifold and V. € Vg(M). We say that the
nonnegative Radon measure on M, denoted by ||V||, is the weight of V, if V|| = m4(V), where w
indicates the natural fiber bundle projection 7 : Gq(M) — M, that is, |V||(B) := V(7= %(B)) for
all B C G4(M) Borel set.

We also present the concept of density for a measure.

Definition 3.5. Let (M™,g) be a Riemannian manifold and v be a Borel regular measure on M.
We define the d-lower density and d-upper density of v at x € M, respectively by

. v(Be(x) : V(B (x))
0%(v,2) = mint ") g on(0) =1
«(v,z) = limin ogrd (v, ) msup =

where wy s the d-dimensional Hausdorff measure of the unit Euclidean ball. Also, when the d-lower
and d-upper densities coincide, we set

04 (v, x) == O%4(v,z) = O%(v,z) = Tli%{r W.
We call ©%(v,z) the d-density of v at x € M.
We present the following definition for the first variation of a varifold.

Definition 3.6. Let (M",g) be a Riemannian manifold. For any V € V(M) its first variation
in the direction of the smooth vector field X € X.(M) is the linear function 6,V : X.(M) — R
defined as

o0V (X) = / diveg XdV (¢),
£€Gq(M)

where S C T, M is a d-dimensional subspace of TyM such that { = (x,S) € G4(M), ng : TyM — S
is the orthogonal projection with respect to the metric g, (ei,...,en) is an orthonormal basis of
(TreyM, gr(e)), and dive X = Z?:1<VéiX, éi) with {é1,...,€é4} an orthonormal basis over S.

Definition 3.7. Let (M",g) be a Riemannian manifold. A Borel subset B C M is said to be d-
countably rectifiable, if dimy (B) = d, and there exist a countable collection { fi}ren C Lip(R%, M)
of Lipschitz continuous such that H4(B \ UL, fx(R?)) = 0.

Next, we give the definition of integral varifolds.
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Definition 3.8. Let (M",g) be a Riemannian manifold, 1 < d < n—1, B C M a d-countably
rectifiable Hgl—measumble subset, and 0 : B — N a positive locally integrable Borel map. We define
a varifold V(B,0,g) € Va(M) as follows

V(B,0,g)(S) = / 6(x)dH(x) for all S € Ga(M).
{z€B:(z,T,B)eS}

We say that V. € Va(M) is a d-integral varifold, if there exists a d-countably rectifiable Hg—
measurable subset B C M and a Borel map 0 : B — N\ {0} such that V =V (B,0,g). The set of
all d-integral varifolds over M will be denoted by IV 4(M).

Next, we have the definition of the pushforward of a varifold.
Definition 3.9. Let (M{",¢g1) and (My?,g2) be Riemannian manifolds and F : My — My be a
smooth map. If V. € Vy(My), then F induces a natural Borel reqular measure on Gy(Ms) given by

d

Z(de (¢] ﬂ'g(ei), ei>g2dV(m, S),

Fu(V)(B) = /
{(2,9):(F(=),dFz(S))€B} ;2

for any Borel subset B C G4(Ma), where {e1,...,eq} is an orthonormal basis of S C TyMy. The

measure Fy (V') is a varifold when F' is a proper map. In this case, Fy (V') is called the pushforward
varifold of V by F.

In this fashion, if V(B, 0, g1) is an integral varifold in M and F': M — N is a diffeomorphism,
then we have that (F(B),00F~1, g) is an integral varifold in N that coincides with Fi (V). Given
a vector field X € X.(M), the one-parameter family of diffeomorphisms generated by X is defined
by ®(x) = ®(t,z) where ® : R x M — M is the unique solution of the ODE system below

%7? =X ((I))v
®(0,2) = x.
With respect to the last definition, we have the following alternative formulation of the first

variation of a varifold.

Proposition 3.10. Let (M",g) be a Riemannian manifold. For any V € IV4(M) and X €
X.(M), then the first variation of V along X is given by the following formula

d
= — O VI|(M) = di Xd||V
3 |, (P2 VI(M) / ivr, pXd|[V],

where B = supp ||V|| and ®; is the one-parameter family generated by X .

3V (X)

It is possible to define a generalized version of the mean curvature for integral varifolds.

Definition 3.11. Let (M",g) be a Riemannian manifold. We say that V € IV (M) has bounded
generalized mean curvature vector, if there exists a constant C > 0 such that

15,V (X)] < c/ X[d[[V]| forall X € X.(M). (3.1)
M

Remark 3.12. Observe that with (3.1), by the Riesz representation theorem and Radon—Nikodym
decomposition theorem, it is straightforward to prove the existence of a measurable vector field
Hy € LP(M,TM) such that

IV (X) :/ (X, Hg)d||V| forall X eX.(M),
M

In this case, Hy is the generalized mean curvature and ||Hyl|oo denotes the Lg®(M, T M)-norm of
the generalized mean curvature.
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In the following, we present the notion of concentrated measure and relative perimeter.

Definition 3.13. Let (M",g) be a Riemannian manifold. For any A C M, let us define the Borel
measure (Hg_lLA)(B) = H;‘_l(A N B) for every Borel set B C M. We also define the relative
perimeter of an N-cluster  as Py (Q, A) = ijzl o HI 1 (B4 N A). As usual we will adopt the
following notational convention Py () := Py (2, M).

We can prove a version of the monotonicity formula for the reduced boundary of the interior
chambers of a cluster. For this, we will use the notations in Definition 7.

Lemma 3.14. Let (M",g) be a Riemannian manifold and Q € Cg'(M, RN) be a weighted cluster.
Assume that there exists b € R and 0 < 19 = ro(b) < inj, (M) satisfying ro coty(ro) > 0, where
b > 0 is given in Remark 3.2. Then, for every x € ¥;j, for some i,5 € {1,--- N}, there exists
0 < C1 =Ci(b,ro,x) <1 such that the function X4 :[0,79] = R defined as

1 Hg oo

Yy (r) = Py (Q,BY(x)r~ " Ve &

is monotone nondecreasing. Moreover, @”_1(H3_1L8*§,x) exists and the following inequality
holds
« al n—1 n—1 n—1 —1Hgllee
Py (2, B)(x)) > wn-1 Z @ijO" T (Hy L i, )" e G
i,j=1
In particular, when inj (M) > 0, the constant C1 € (0,1] could be chosen to be independent of x
and depending just on b and inj,.

Proof. Tt follows the same ideas in [55]. O

We can formulate the last lemma in terms of an inequality involving integral varifolds. Let us
fix the standard notation coty(t) = cos(v/bt)sin(v/bt) L.

Lemma A ( [55]). Let (M™, g) be a Riemannian manifold and V' € IV 4(M) be an integral varifold
with bounded generalized mean curvature vector Hy. Fizy € M and 0 < 1o < inj, satisfying
rocoty(rg) > 0. There exists a constant 0 < Cy = Ca(b) < 1 such that for 0 < r; < ro < 7o, it
follows

d d =

V(B VI|(B,, 1 H,, uV u 1 1
100 _ W) 5 L [ (y)< o ”>(m<r>d7g> A

1 |VLT’2
+C/ —d||v].
2 BTQ (y)\BT1 (y) r

Here u(z) = dg(x,y), er = 7 gL (Vgu(x)), and m(r) := max{u(x),r1}, where np g1 is the

standard orthogonal projection on TyB=.

Remark 3.15. Notice that the optimal ry in the preceding theorem is given by the first positive
zero of the function t — tcoty(t), if b >0, and ro = oo, if b < 0.

We present the definition of a varifold tangent, also called a tangent cone.

Definition 3.16. Let (M",g) be a Riemannian manifold. Let V € IV 4(M) and ¥ = supp(||V]|).
Fiz a point x € X, and for every radius r > 0 consider the translated and rescaled pushforward
varifold ¥y, = ¥ ={y : x+ry € X}. Using the uniform boundedness on the mass and
the compactness theorem for integral varifolds [1], we can assume that ¥, converges as r — 0
to an integral varifold, called the wvarifold tangent, which for convenience will be denoted by
VarTan, (V) =X, € IV4(M). This is also called a tangent cone.
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Remark 3.17. At a regular point x € X, that is, a point in a neighborhood of which ¥ is smooth,
the tangent cone VarTan, (V) is of course unique and it is given by the tangent space T, in the
classical sense of differential geometry (counted with the appropriate multiplicity, depending upon
the chosen variational framework).

Next, we present the right notion of convergence of IN-clusters which is usually called flat
convergence in the literature. The flat convergence is essentially the LlloC convergence of the
characteristics functions of a sequence of Caccioppoli sets.

Definition 3.18. Let (M™,g) be a Riemannian manifold, 1,Qy € Cg(M,RN), and A C M
be an open subset. We define the relative flat distance between 1 and Q9 in A given by
drga(Q1,Q9;A4) = Zf\f:—llvg(A N (Q1;2AQ9;)), where A stands for the symmetric difference
between two sets. When A = M, we denote dr g4 = drg. We say that a sequence {Q}ren C
C;(M, RN) locally converges to Q, and denote log Q, if for every compact set K C M, we have
dr,g k(2 2) =0 as k — oco. If dr y(2, Q) = 0 as k — oo, we say that Qy, converges to Q and
we denote 2, — €.

The main difference between the scalar and vectorial cases is captured below.

Remark 3.19. Recall that when N = 2, the formula for the isoperimetric profile is given by
Lirn 5)(v) = cnv D/ where ¢, = n'/" /20 (n/2 + DY, with T(z) = Jo~ e ¥~ 1dt the standard
Gamma function, is the best isoperimetric constant in the Euclidean space. In contrast with this
case, when N > 2, an explicit formula for the multi-isoperimetric profile function is not known;
this sets a substantial difficulty in our approach.

Nevertheless, it is not hard to check the validity of the following result, which will be enough
for our purposes here. Henceforth, we will use the following notations max(«) = maxi<; j<n Qj
and min(a) = mini<; j<n Q.

Lemma 3.20. Let (M™,g) be a Riemannian manifold of bounded geometry. There exist v =
v(n, k,vp) > 0,Co = Co(n, N, k,vo,a) >0 and Cy = Cy(n, N, k,vg,a) > 0 such that

OgZ|V1| n g C()Z|Vl| n forall ve (0,7)Y

Proof. Using («yg), the result is obtained as a consequence of the following direct computation

n—1
vl ~ gy (IVDSI{y g (V)

N
< max(«) inf Z HZ_I(E“) 1 Qe Cy(M, RY) and v, (Q) = v

ij=1
< max(« 1nf{z73 1 Qe Cy(M, RY) and v, () :v}
N N B
= max(« ZI M,g) (Vi) ~ max(a)cy Z v
=1 i=1
The first inequality is derived by the same computations in [5, Chapter VI (7)]. O

Next, we prove some preliminary results. Firstly, let us present a comparison principle.
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Lemma 3.21. Let (M™,g) be a Riemannian manifold of bounded geometry. There exist constants
C3=C3(n,k),Cqy = Cy(n,k) >0, and r1 = T1(n, k) > 0 such that, for every 0 < r < 7y, it follows

voCsr" <vy(Br(x))<Car",

where vy, k > 0 are defined in Definition 3.1. More explicitly, we have
(n—=1)|x|
1 (TL, K/) = min {1, en} and 03(717 K,) — e~ (n—l)\/ﬂ'

Proof. The proof is a consequence of the Bishop—Gromov volume comparison. O

We also have the following result about the boundedness of isoperimetric weighted clusters. In

particular, we will have that diam() < oo, which from now on we will use without mentioning.

Lemma 3.22. Let (M™,g) be a Riemannian manifold of bounded geometry and € € C?(M, RM)

be an isoperimetric weighted cluster. Then Q is bounded.
Proof. The proof is a line-by-line adaptation of the one in [62, Theorem 3]. O

We now provide an estimate of the generalized mean curvature of the reduced boundary of
the chambers of an isoperimetric immiscible weighted cluster, which is a direct consequence of
the Heintze-Karcher inequality. We notice that the fact that the fluids are immiscible, i.e., the
coefficients matrix « satisfies the strict triangle inequality (), plays a major role in this regularity
result.

Lemma 3.23. Let (M™,g) be a Riemannian manifold of bounded geometry and Q € Cy (M, RM)

be an isoperimetric weighted cluster.

(i) For Hgil—almost every point x € UﬁYjﬂzz‘j; there exists a neighborhood U of x in M and
indexes iy, jg € {1,--- , N} such that 3;_;, NU is smooth.

(ii) The generalized mean curvature for regular points of the reduced boundary is piecewise

constant. Furthermore, there exists Cs = Cs(n, k) > 0 such that
1 Hylloo < C5P(2)vy(£2)". (3.2)

Proof. We start recalling the regularity results [2, Collorary 4.8], which can be stated in the
following

(1) For each i € {1,---, N}, the set le) is open in M,

(2) For ”H;L_l—a.e. point p, there exists r, = rp(p, ) > 0 such that BY (p) N Q; # 0 holds for
only two different index iy, j, € {1,--- , N},

(3) For all i,j € {1,---, N}, the set ¥;; is a smooth surface with constant mean curvature up
to a ’H;‘fl—null set.

So (i) follows directly from (3). To prove the desired estimate on the generalized mean curvature
in (ii), we apply (3) and the classical Heintze-Karcher inequality [23, Theorem IX.3.2] to obtain
the estimate (3.2) and that the mean curvature is piecewise constant. U

It is well known that in Euclidean spaces the isoperimetric sets (N = 2) are round balls.
Although this property can be extended to some particular types of manifolds, this is not true
in a general context. In fact, even simpler properties such as the connectedness of isoperimetric
regions do not hold in any manifold. Indeed, in [38, Theorem 1.1], the author showed that there
are Cartan—Hadamard manifolds with n = 2,3 that contain isoperimetric regions that are not
connected. Nonetheless, this property is true in the Euclidean space for immiscible clusters. This
fact is fundamental to proving the desired diameter estimate.
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Lemma 3.24. IfQ € C?(R”,RN) s an isoperimetric immascible weighted cluster, then Qc M is
connected.

Proof. The proof is a straightforward adaptation of [40, Lemma 9.3] which relies in the regularity
result [45, Corollary 30.3], we instead rely in Lemma 3.23. O

We now state a generalized abstract compactness result for a sequence of weighted clusters.
These results can be found in several forms in the literature, we have chosen to state it in the more
general fashion that we know, that is, in the context of RCD spaces. One interested reader can
consult [9] and the references therein to see the definition and properties of these spaces. For what
concern our work, we will always apply the theorem for manifolds of bounded geometry, which are
well-known examples of RCD spaces. In fact, the heuristics behind the RCD spaces is to define
a metric space of bounded geometry, which means that given the right notion of curvature and
measurability in the metric space we require that it satisfies the properties of Definition 3.1.

Before the statement of the theorem, we need to define a strong notion of convergence of weighted
clusters.

Definition 3.25. Let {(M}', gr)}ren be a sequence of closed manifolds converging in the pmGH
sense to a closed manifold (ML, go). Assume that there exists a locally compact separable metric
space (Z,dz) on which My and My, for all k € N, are isometrically embedded. We say that
a sequence of clusters {Q}tren C Cg‘k(Mk,RN) converges in the L'-strong sense to a cluster
Qe C (M, RN when

(i) vg(Qr) = v4(2) as k — oo;

(i) xouHy — xa.Hi, as k — oo for all i € {1,---N} with respect to the duality with

continuous bounded functions with bounded support on Z.

Proposition 3.26. Let {(M}', gr) }ren be a sequence of Riemannian manifold of bounded geometry.
Assume that {Q}ren C Cgo‘k(Mk,RN) is a sequence of bounded weighted clusters such that
supgen(Py, () + v, (%)) < 0o. Then, up to subsequence, there exists a nondecreasing, possibly
unbounded, sequence {Qr}ren C N and {x]}ren C My with 1 < j < Qy for any k € N, and
pairwise disjoint subclusters Qi, C Q. satisfying:

(i) limyp—yo0 dg, (mi, xi) =00 for any j # £ < Q + 1, where Q :=limg_,o, Q1 € NU {00},
(ii) For every 1 < j < Q+1, (Mk,dgk,ﬁgk,xk) converges to (Mgo,djoo,ﬁn Lxho) as k — oo in
the pmGH sense, where the limit is a pointed RCD(k,n) space.
(iii) There exist subclusters Ql, € CO‘ (ML, RN such that QJ converges to Q¥ as k — oo in

the L'-strong sense, and

Q Q
Tim £7, () 221 L7 (@) and leg& (L) <liminfPg ().
J= J=

Moreover, if € Cg, (M, RN) is an isoperimetric cluster in for any k, then Q€ C;‘]- (Mgo, RM)
is an isoperimetric clusters for any j < Q—+1 and ’P‘g"j (Q]oo) = limg 00 Py, (Qi) foranyj < Q+1.
Proof. The proof is carried out along the same lines as the proof of [9, Theorem 1.2], replacing
mutatis mutandis, finite perimeter sets by weighted clusters, and the standard perimeter by the

multi-perimeter for clusters, which satisfies the lower semicontinuity property with respect to the
usual L}, convergence of clusters chamber by chambers (see Remark 8). O
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In the light of the last result, our strategy consists in first studying the limit problem in (R", ).
This is the L'-strong limit of the sequence of blow-up metrics or the infinitesimal problem at small
scales. The result below states that any isoperimetric sequence of clusters can be replaced, up to
volume and perimeter, by a new sequence whose diameter of its elements becomes small enough.
Due to the fact that we can choose one subcluster (which is the original cluster intersected with a
smartly chosen ball) that contributes to almost all volume and perimeter of the original cluster, this
result is usually called selecting a large subdomain. The proof of the following lemma relies crucially
on three properties of isoperimetric clusters, namely, existence, uniqueness up to isometries, and
connectedness.

Lemma 3.27. Let {Q }ren C CE(R™,RY) be a sequence of isoperimetric weighted clusters. There
exists another sequence {8 }ren C CS(R™,RY) such that
(i) limg oo va (AR, Vs ()~ = 0;

(i) limp oo v (%) vs() " = 1;

(i) limy o0 P3(R)PF ()" = 1;

(iv) limg_yoo diams(€2)) = 0.
Proof. Let us fix vi, := v(g(ﬁk) and define the following sequence of manifolds of bounded geometry

(My, dg,, £2) = (R, v;, /", £") forall ke N,
Hence, applying Proposition 3.26 to the last sequence, we find
(Mp,dg,, L£3,) — (Mgo,dgo,ﬁnj )= (R",d, L") forall jel[l,Q+1)NN.

Also, there exists 2, € CO‘ (M, RN) such that ), converges to Q% as k — oo in the L'-strong

sense, which allows us to deﬁne

Qo € CFR",RY)  given by Qg := (UQ QJ

oolr >

Q .
Uj:lgioN) :
Next, setting g := V;Z/ " and rescaling the multi-perimeter accordingly, we have the following

- PR (R Ll ) (v ()
P5 (o) < liminf Py, () = lim inf 5 () = lim inf — &) nj ,
k—o0 k—o0 n k—o0 e
Vi Vi

where we have used that € € C§'(R", RY) is isoperimetric for all k& € N.
We now recall that the Euclidean multi-isoperimetric profile is homogeneous and continuous.
The continuity is stated in [62, Theorem 5] and homogeneity is a direct consequence of the

uniqueness, up to isometries. Using these properties, we get

o .. o Vg (Q
,P(s (QOO) § h]?"_l)}:g'fI(R",(S) <g()> (R" )(}\]_, ey )\Nfl), (33)

Vi
where A; := liminfy_, vs (Qki)vlzl > 0. Furthermore, it is straightforward to check the following
properties

n—1
n

N—1 Q .
Yh=1, A= d 1 QL) = vs(9,).
2N =t d=s(fhe) = vk, and i vi(@) = vs(Sh)

Now, assume by contradiction that Q > 1 then Q. € Cs'(R™, R™) is an isoperimetric immiscible

weighted cluster such that floo is disconnected, which contradicts Lemma 3.24, if A\; > 0 for all
i€ {l,---,N—1}. When there exists A C {1,--+ , N —1} such that \; =0 for : € A and #A > 1,
we obtain the same contradiction with 3.24 for a immiscible weighted cluster having N — #A
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chambers. Hence, we obtain that Q = 1 and there exists a small volume v, > 0 such that for every
isoperimetric cluster € Cg(R™, RY) satisfying v5(€2) € (0,v,)¥ "1, there exists zg € R, u > 0
and r(v) = pv'/™ such that

Zz]i_ll Vg(Qi N Bﬁ(v) (ra))

lim — =1,

v—0t Vg(Q)
which proves (ii). To conclude the proof of (i), (iii), and (iv) we can do the same argument
of [55, Theorem 4.2]. O

In what follows, we prove the main result in the section. The ideas of the proof are similar in
spirit to the ones in Lemma 3.27. We emphasize that this is the only part where we need the
assumption N = 3.

Proof of Proposition 12. Let us fix v := vg(ﬁk) and define the following sequence of manifolds of
bounded geometry

(My, dg,, £0) == (R, v, /", £") forall ke N,
Hence, applying Proposition 3.26 to the last sequence, we find
(Mp,dg,, L£3,) — (M, d] £ )= (R",d,L") forall je [1,Q+1)NN.

OO’ o0

Also, there exists 2, € CO‘ (M, R?) such that €/, converges to Q4 as k — oo in the L!-strong
sense, which allows us to deﬁne

Qoo € C2(R",R3) given by Qoo i= (UQ Q1 U0, u?zlszgo3) .
Next, setting gi := VIZQ/ "¢ and rescaling the multi-perimeter accordingly, we have the following
Pr(Q (o) (Vg (2
P (o) < liminf P () = 1iminfM = lim inf — %) &f’l( )), (3.4)
k—o00 Gk k—00 VT k—o00 _—
k k

where we have used that Q. € Cg(M, R3) is isoperimetric for all k € N.
Notice that for small volumes, we can define

Q= expy; () = (exPy; (W), exps (o), M\ expy; () € Co (M, R?),

where x} € M is fixed once at all and Q) € C;“ (R™, R3) are obtained in Lemma 3.27 when applied
to a sequence of Euclidean isoperimetric clusters Q5 € C&(R",R?) satisfying vy (Q5) ~ v4(2) as
k — oco. Thus, combining (3.4) with by (i)—(iv) of Lemma 3.27 and the asymptotic expansion of
the metric g in exponential normal coordinates yields

k—o0

i v (S P& ﬁ Son sy (Vg (2
lim inf (M’g)(n_gl( ) < liminf M = liminf — & "”E_gl( 2 (3.5)
k—o00 o k—o0 o k—o00 I
Vi Vi Vi
Whence, we straightforwardly get
no) (Vo ()
P (Qo0) < liminf (k) - Cen gy (Ao Avo)
k—o0 T
where we used the same argument as in (3.3). As before, it is easy to verify the following properties
Q .
M+ =1, \=vs(Q Z and  lim vs(QL) = vs(Q,).
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Therefore, by the exact same argument as in Lemma 3.27, we get that Q=1. ([l

As a consequence, of Proposition 12, we finish this section with the asymptotic expansion for
the immiscible weighted multi-isoperimetric profile. Namely, we show that the weighted multi-
isoperimetric profile function for a manifold is asymptotic to the one in the Euclidean case for
small volumes.

Corollary 3.28. If (M™,g) is a closed Riemannian manifold, then

I?M’g)(V]_,VQ,V:g) NI(QRnﬁ)(VlvVQ?V?)) as |(V17V27V3)| — 0
4. CONVERGENCE RESULTS FOR THE VECTORIAL ENERGY

This section is devoted to providing the proof of Proposition 11. In particular, we show the
I'-convergence of the vectorial energy to the perimeter functional and a compactness result for
solutions to (ACH. v m n4) with bounded energy. For this, our methods are similar in spirit to
the ones in [10]. However, we include some proofs for the sake of completeness.

Remark 4.1. Henceforth, we are under the small volume condition, that is, 0 < v4(Q) < 1,
where ) = Ui\ilﬂi and whenever it is needed we assume that N = 3. Thus, for N = 2,

using [11, Theorem 1.1], we get that there exist x € Q and 0 < r < 1 such that Q C BY(x) and
exp, : BY(z) — B.(0) C R™ is a bi-Lipschitz diffeomorphism, with Lipschitz constant independent
of the point. This allows us to consider the same definitions in the Fuclidean space for the context
of manifolds, at least in a ball of a sufficiently small radius.

Let us fix some notation. We say that a family indexed on the positive real numbers {uc }e~o
converges to ug, if for all {e;}ren such that e, — 0 as k — oo, it follows that {u., }ren converges
to ug. We introduce the notion of I'-convergence for operators.

Definition 4.2. Let {¥B.}.~0 C By be Banach spaces and & : B. — R be a sequence of operators.
We say that {E:}e>0 ['-converges to & : By — R as e — 0, if for all uy € By, it follows

(i) For every sequence {us}e~o converging to ug, we have that Ey(up) < liminf._,o & (ue);
(ii) There exists a sequence {uc}te>o converging to ug such that Ey(ugp) > limsup,_,o & (ue).

The operator &y is called the I'-limit of {E-}e>0. Here, we fix the notation I'-lim._,o & = &.

Before proving our main proposition, let us start with some preliminary results. First, we have
two lemmas concerning the vectorial transformation (see (6)).

Lemma 4.3. Let (M",g) be a closed Riemannian manifold and W € Wy 5. Ifu € Hgl(M7 R™)N

Lg?(M,R™), then ®ou is locally Lipschitz continuous and ®ou € ng’l(M, R™). Moreover, the
following inequality holds

/M ¥, (®ou)| dL7 < /M W2 (w)|VyuldL?.

Proof. Tt is a straightforward adaptation of [10, Proposition 2.1] to the Riemannian context. [

Lemma 4.4. Let (M"™, g) be a closed Riemannian manifold and W € W;{,S. Assume that
u € BV (M,R™) and W (u(z)) = 0 almost everywhere. Then, there exists a weighted cluster
Q € Cy(M,RYN) such that

N
(@) = 3 pixa, ().
=1

Proof. Let us define ; := (®ou)~!(p;) for i = 1,..., N and recall that py = 0. O
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Next, we present the definition of the supremum of measures.

Definition 4.5. Let (M™, g) be a closed manifold and vy, ..., vy be reqular positive Borel measures
on M. Let us define its supremum \/f\;l v; as the smallest reqular positive measure which is greater
than or equal to vq,...,vn_1 on all Borel subsets of M. In other words, we have

N N . .
(Ay,...,AN) is a partition of A
(V Vi) (A) = sup {Z vi (Ai) : by open sets '

i=1 i=1
We also have the measure-theoretic auxiliary result below.

Lemma 4.6. Let (M,g) be a closed manifold, v be a reqular positive Borel measure on M,
By, ..., By be disjoint Borel subsets of M of finite measure, and cf, where 1 = 1,...,0 and £ =

1,..., N be positive coefficients. If v*(A) = Ele ctv(ANB;) and v(A) = Zle (max ) v(ANB;),
then v = \/fil VL

Proof. The proof is easy and is left to the reader. O

In the following result, we compute the supremum of the measures induced by the functions
¢; ou. This explains the appearance of correcting term dw, on the I'-limit of the sequence of
relaxed energy functionals. For more details on this degenerate metric, we refer to [64].

Lemma 4.7. Let (M",g) be a closed Riemannian manifold and W € W]J{,73. Assume that
Q € Cy(M,RY) and v; are the Borel measures given by v; : A — [,|V, (ion)| Ly for all
i=1,...,N. Then, it follows that 7-[;71(8*(21-) < 0o and

N 1 N
(\/ Vi) (M) =3 D wiHy T (Sy).

i=1 ij=1
Proof. Tt is a straightforward adaptation of [10, Proposition 2.2] to the Riemannian context. [

A polygonal domain is every set that is the closure of an open set and whose topological boundary
is contained in the union of a finite number of hyperplanes of M (in the sense of Remark 4.1). The
next lemma will allow us to consider a cluster such that each component is a polygonal domain.

Lemma 4.8. Let (M",g) be a closed Riemannian manifold and W € W]J{,g. Assume that
Q € Cy(M,RY) is such that 0 < Vg(ﬁ) < 1. Then, there exists a sequence {Q }ren C Cy( M, RY)
converging to € such that

(i) Each chamber Qy; is a polygonal domain for anyi=1,--- ,N and k € N;

(il) If ug(z) = Zfil Pixa. () and u(zr) = Zf\il pixo;(z), then up, — u in L;(M,Rm) as
k — oo;
(i) [y, wpdLy = [y, udLl = v for any k € N; and

(iv) limpsoo Vit [of [Vg(diowp)|dLr = /X [o, [Vg(giou)|dLy.

Proof. Using Proposition 12, it is straightforward adaptation of [10, Appendix A] to Riemannian
context. 0

The last lemma has to do with the tubular neighborhood of smooth boundaries on a Riemannian
manifold.
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Lemma 4.9. Let (M",g) be a closed Riemannian manifold and A C M be an open subset such
that QA is a polygonal domain with ”H;l_l(ﬁA) = 0. If we define

_ dg(fE?aA)a fo §é A7
dalz) = {dg(x,aA), ifz e A

Then, there exists a constant n > 0 such that on the set D" = {x € M : |da(x)| < n}, we
have d4 is a Lipschitz continuous function and |Vyda(x)| =1 for almost all x € D7. Finally, if
St ={x € M :da(x) =t}, it follows limy_,o HI 1 (S') = HI71(DA).

Proof. See [10, Lemma 3.3]. O

Definition 4.10. Let (M™, g) be a closed Riemannian manifold. We define d : M — RN~ given
by d(z) = (di(z),...dn-1(x)), where

di(a) = dg (z,00;), if z¢ (4.1)
’ —dy (z,00;), if xe. ‘

are the signed distance functions for eachi=1,..., N — 1.

Since M is compact, by the Hopf-Rinow theorem, we may assume by simplicity that for
any 7,7 = {1,...,N} with ¢ # j, there exists a distance-minimizing geodesic connecting p;
and pj, that is, one can find a smooth curve c;; such that c;;(0) = ps, c;(1) = p; and
dw (pi, Pj) = fol W2 (¢ (t))lci;(t)|dt. Notice that it is also not restrictive to assume |c;;(t)] # 0
for all ¢ € (0,1). Our next result is concerned with the following system of ordinary differential
equations
7+ Wici(y))

2|y (ye)?

where 7,5 € {1,...,N}, i # j, and 7 > 0 are fixed.

(y)? =

R, (4.2)

Lemma 4.11. Let W € W]'Gg. For every € > 0, there exist a Lipschitz continuous function
qe : RV"1 5 R™ and Cy,Cy, C3 > 0 constants depending only on T such that

P1, if t1 < 0;
qg(tl,...,tN,Q): Pi, ift1>C’1€,...,ti_1>C’1€andti<0foranyi:2,...,N—2,
py, if t1 > Cie, ..., tn_o > Ci¢,

(4.3)
and 0 < |q.| < Oy , |Dq.| < C3e™! almost everywhere in RN~ Moreover, if j > i on the set
{te RN"1:0<t; < Cie, tj <0, and t, > Cye for any k # 14,5}, then q. depends only on t;, and
we can write qc(t;) = c;j (Y (t;)), where y¥ solves (4.2) for any t; such that q.(t;) # p;) (Notice
that if j = N, one can ignore the condition t; < 0, which makes no sense).

Proof. First, we consider the solutions to (4.2) fori,j5 =1,...,N—1,4 # j and 7 > 0 fixed. Notice
that the function v, : [0,1] — [0, 7] given by

el
w0 | W ey (NI

is obviously increasing, where 1. = 1. (1) satisfies 7. < e~/ 20(ci;). Here ¢ denotes the length of
a curve. Now, the inverse function y. : [0,7:] — [0, 1] of 1. satisfies (4.2). We extend the function
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to the whole real line by putting

U, if t<0
Ue(t) = 1, if 0<t<ne
0, if t>n

Now . is a Lipschitz-continuous function satisfying (4.2) in all the points where y. # 1. Let us
consider
Cr = max {r7"2¢(c;j)},
i,j=1,....,IN
Hence, we can define q.(t) = c;;(72 (t;)) on the set {t € R¥N"1:0 < t; < Cie, t; <0, and t;, >
Che for any k # 4,7} with j > i. We choose

N—-1
Cy >sup 1yl :y € | e;((0,1])
i,j=1
Defining
_ W (cqi;(1)]?
S JLE 4 0))
i,j=1,..,.N r
z;gj t€[0,1] Cij (t)‘

we have that |Dq.| < Cse~!. Standard extension results for Lipschitz-continuous functions allow
one to define q. on the whole RV=2, with C5 > Cj5 suitably chosen. ]

Remark 4.12. Notice that the family {q:}e>0 constructed above approximates the following map
p1, if t1 <0
Qo (t1,-.-,tnN—1) =< pi, ift;1>0,...,t; 1 >0andt; <0foranyi=2,...,N —1,
pn, ift1>0,...,ty_1 > 0.
This approrimation will be crucial in the construction of the recovery sequence.

To construct the recovery sequence in the I'-convergence argument, we will work with the
truncation of a sequence of minima.

Remark 4.13. Using the assumption (W3), it is easy to verify that the truncation condition holds.
That is, there exists ks > 0 such that

W(u) > sup Wi(z) forall wué¢[—ks, ks]™. (4.4)
ZG[*k‘5,k5]m

This will be important to localize the problem to a compact set in the proof of the next result.

The preliminary results stated above to allow us to define a candidate to I'-limit of the sequence
€. when ¢ — 0. Namely, for any v € R™, let us denote

M, ={Poue BV,(M, ]RN) : W(u) =0 ae. and V,(u) = v}.
We can define the following limit functional
N L
Eo(u) = 2ViZi [y IVg(giou)|dLy, ?fueﬂjlt’v ,
o if u e LL(M,R™) \ M,

Notice the relationship between £y and the perimeter functional in (4) is given by Lemma 4.7.
More accurately, based on the last preliminary results we have the I'-convergence theorem for
the sequence of relaxed operators.
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Lemma 4.14. Let (M",g) be a closed Riemannian manifold and W € WK,?). It follows that
[-lim. 0 E. = &g in Ly(M,R™).

Proof. Let {e }ren C R be a fixed sequence such that e, — 0 as k — oo. Without loss of generality,
we may assume limy_,o €., (U, ) < 00; otherwise the proof readily follows. Now, it is convenient
to divide the proof into two claims.

We first prove the lower continuity part in the definition of I'-convergence.
Claim 1: For any {u,, }xen converging to up, it holds £p(ug) < liminf,_, E-(us, ).
Indeed, by choosing a subsequence {u;, }ren that converges to ug pointwise almost everywhere in
M, the Fatou’s Lemma implies

/ W (up)dLy < lim inf/ W(u., )dLy < liminfer€, (ue,) = 0.
M k—o00 M k—o00

Thus, W (ug(z)) = 0 almost everywhere in M since W € W}, is a continuous nonnegative map.
Because of Lemma 4.7, the next step is to prove that

N-1
2 Z:\/1 /M |Vg(piong)| dLy < klirgo /M <5k Voue, > + 5k_1W(uak)) acn. (4.5)

Initially, by using the technical assumption (4.4), we can assume {ug, }ren to be equibounded.
Otherwise, we can replace each u,, by the u., obtained by truncating each scalar component over
a compact set, namely for each i = 1,..., N, we consider the component function (ug,);(x) :=
sgn((ue, )i(z)) min{|(u., )s(x)|, ks}. Also, notice that U, — ug in L (M,R™) and the integrals in
the right-hand side of (4.5) decrease, that is, £, (0.,) < &, (us,).

Next, we have that ®(u.,) — ®(up) in L;(M, RN=1) which by the continuity and lower
semicontinuity, implies

1V (6r00)| (4) < lim inf [V (601, )] (4)

foranyi=1,...,N —1 and A C M an open set. Therefore, Lemma 4.3 yields that

N-1
lim inf \/1 Vg(¢i 0 ue,)| (M) < lim inf /M W2 (u.,) |Vgue, (z)] ALy

k—o00
< lim / <5k V,u,, |2 —i—ek_lW(uek)) dc?,
k—o00 M

which finishes the proof of the first claim.

Next, we construct the recovery sequence to conclude the proof.
Claim 2: There exists {u., }ren converging to ug such that £g(up) > limsup,_, ., €- (uz,).
First, if up € L;(M ,R™) is such that €p(ug) = oo, the construction of the recovery sequence
{u., }ren is trivial. Hence, without loss of generality, we may assume ug(x) = Ef\; 1 Pixo, (x) with
Q € Cy(M,RY) a weighted cluster.

Fix 7 > 0 as in (4.2). Using Lemma 4.9, for 0 < ¢ < 1 small enough, we have |V d;(z)| =1
almost everywhere on the set {z € M : |d;(z)| < Cie} foralli=1,...,N — 1. Let us consider the
map

u.(z) = (qc od)(x), (4.6)

where q. : RY~! — R™ is the ODE solution in (4.3) and d : M — R™¥~! is the vectorial distance
function in (4.1). Denoting X! = {z € Q: d;(xz) =t} for t >0 and i = 1,..., N — 1, and using the
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coarea formula, we find

N—-1 Cie .
G, — uo| dLT < / G — uo| ALY < 205 / H (s
/M : ; {zeM:0<d;(z)<Coe} Z

which, by using Lemma 4.11, yields u. — ug in Lg(M, R™). If fM u.dLy = v, then the proof
trivially follows. Otherwise, let us define

1/6:/ ﬁgdﬁg—/ udLy. (4.7)
M M

Notice that the absolute value of each scalar component v, is less than or equal to Cie.

Now let us construct a suitable partition. We assume that Q; # 0, and let y; € Q1 be a point
in the interior of the set ;. By definition of u., if 0 < ¢ < 1 is small enough, the open metric
ball B := B, (y1) is contained in {z € M : U.(z) = p1}. We define

(@) in M\ B
Us(l')_{p1+£€(1_61/n|x_y1|) in Bg (48)

Here u. is given by (4.6), w,—1 is the volume of the (n — 1)-dimensional unit Euclidean ball and
& = nwp_1e1"M/"y_ where v, is defined by (4.7). In this fashion, it follows that [, u.dLy =v
for 0 < ¢ < 1 small enough, and it converges in L;(M, R™) to up.
Finally, let us consider a partition of M given by
(i) Qf =01\ BY;
(i) O ={xr € Q;:dj(z) >Cieforj=1,...,i—1}fori=2,...,N - 1;
(iii) QF ={r € M : 0 < d;(z) < Cie, dj(x) <0, de(z) > Crefor £ € {1,...,N — 1} \ {i,j}}
fori,je{l,...,N —1} and i # j;
(iv) Q5= M\ (Bﬁu(uﬁ;lag)u (uNfl %))

i,j=1,i#]
Thus, arguing as in the proof of [10, Theorem 2.5], we find that limsup,_g+ €:(u:) < &g (ug).
This completes the proof of Claim 2, and so the lemma holds true. O

From the proof of this result, we can extract the following corollary, which will be important in
the proof of the continuity of the photograph map

Corollary 4.15. Let (M™,g) be a closed Riemannian manifold and W € WJ—\i},s' For any
weighted cluster Q@ € Cy(M, RN), let us define the limit profile function u.n : M — R™ by
un = Zf\i_ll pPixq;- Then, there exists a family {u.q}eso of Lipschitz continuous function
on M such that u. o converges to uggq in L;(M, R™) as ¢ — 01, u.q € BV,(M, Z), where
Z={p1,...,PN}, for alle >0, and
) Sy luealdly = [, [woeldly =v forall e>0,
(i) limsup,_o+ Ec(uc ) < Py(£2).

Proof. To verify (i) and (ii), it is enough to consider the recovery family {u. g}c>0 as in (4.8). In
addition, since for any t € Rand i = 1,..., N — 1, each component satisfies (qc);(t) < (qo)i(t) and
(Q:)i(t; —Hk) (q0)i(t:), there exists ¢, := (. q € [0,7:]V ! such that the following identity holds

[ @@ + clacye) = [ la@wiacye) = [ ma@wiage). @)

Finally, we define
q:(t) = q:(t +¢.)- (4.10)
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and so
uco(z) = qe(d(z)) = q=(d(z) + ¢),
which concludes the proof. U

Definition 4.16. The approzimating family {u.q}te>o0 obtained in Corollary 4.15 is called a
Modica—Baldo approximation of the limit profile ug .

At last, we are ready to fulfill our objective in this section. Indeed, we need to extend the I'-
convergence to result for the case of a general sequence of critical points with a uniformly bounded
energy. This result is new in the context of clusters even in the case of a domain of the Euclidean
space.

Proof of Proposition 11. We consider ¢ : R — R given by ¢(t) = th Wl/z(z)dz and set the
sequence
Wey (2) 1= (te, (2)) = (e 1(@))s -, (e (@) forall k€ N.
Next, we divide the proof into several claims.
Claim 1: {w, }ren is bounded in L}(M,R™).
In fact, using assumption (W3) for |z| = ¢, it is not restrictive to assume that ¢y > 1, which yields
the inequality below

V2
go(t):/ W1/2(z)dz+/ W1/2(z)dz</ W1/2(z)dz+7k4t%2+1 for all ¢ > to.
Bty Bi\By, By, p2 + 2

Moreover, since pa < 2(p1 — 1), we have that £2 + 1 < p;, which implies that there exists some
constant Cy > 0 satisfying |p(t)| < Ca(1 + W (2)) for all t € R and z € R™. Thus, one can find
C5 > 0 such that

| welagg < c; <vg<M> + [ W, <x>>d£g) < C5 (Vg (M) + ey (u,)

Since M is compact, the last inequality finishes the proof of the claim.

Claim 2: {w, }xen is bounded in BV,(M,R™).

Indeed, notice that by regularity u,, € C3(M,R™) for all k € N. Also, since W € C*(R™), it
follows by the divergence theorem that ¢ € C3(R); thus, by the chain rule, we get |Vowe, | =
l¢' (ue, ) Vgu, | = W2 (u,, )|V u,, |. Hence, an elementary inequality yields

1 1
/ |V9W5k|dﬁg < / (Ek ‘Vgugk‘Q + W (usk)) dﬁg <€, (ugk) <FE.
M M \2 €k

Applying the compactness theorem in [7, Theorem 3.23], one finds a subsequence {wq, }ren and
an a.e. pointwise limit wg € BV, (M,R™) such that limy_,o [|[We, — WOHL;(M,Rm) = 0 and satisfies

|Vgwoll (M) < liminf/ |Vgwe, |dLy < E.
k—o0 M

Claim 3: {uc, }ren is bounded in Lg(M,R™).

Noticing that ¢ € C3(R) and monotone increasing, let 1) = ! be the inverse function of
. We define ug(z) = 1p(wo(z)) as before, which by the chain rule for BV-functions (see [7,
Theorem 3.6]) also belongs to BV, (M,R™). Again, using (W3), it follows ¢'(t) > \/ﬂtglﬂ for all
|t| > to. This implies that v is Lipschitz-continuous on (—oo, ¢(—to)]U[¢(to), 00) and so uniformly
continuous on R, which combined with [12, Theorem 2], says that the sequence {u., }ren given
by u., = 1 o w,, converges in measure to wqo as ¢, — 0, that is, for every 7 > 0 it holds
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limg oo vg({z € M : [|ug, (x)] — [ug(x)|| > 7}) = 0. As well as, {u., }ren converges pointwise a.e.
on M to ug as € — 0. In addition, since

/M lug, [PrdLy < / to'dLy + / W (u.,)dLy < tgivg(M) + %];E

we find that {u., }xen is bounded in LL' (M, R™) with p; > 2. This implies uniform integrability
of the sequence {u., }ren, and so {u., }ren converges in L;(M, R™) to ug.

Claim 4: uy € BV, (M,R™).

Indeed, by Fatou’s Lemma, we have 0 < fM (wo)dLy < liminfy o fM W (u., )dLy < 0, which
shows that W(ug) = 0 a.e. on M. By Lemma 4.4, we get up(z) = Zf\il pixo, (z) a.e., and,
by [7, Theorem 3.96], the sets €; = (® oug) ! (p;) € Cy(M) for all i = 1,..., N. More accurately,
by the same argument as in the proof of Lemma 4.7, it follows

Wy (U 0) = ¥l () = [ (9 guolacy = [ (9wl agg<r.

which gives the proof of the last claim.
The proof of the proposition is concluded. ]

5. MULTIPLICITY

We prove the first part Theorem 1. The idea of the proof is to use Propositions 11 and
Proposition 12 (or the stronger result [11, Theorem 1.1] for N = 3) and verify the conditions
(E1), (E2) and (FE3) of the abstract photography method from Theorem B for the vectorial energy.

Now we define the extrinsic barycenter map, which will be used in the construction of the
left-homotopy.

Definition 5.1. Let (M", g) be a closed Riemannian manifold. For some large S € N, we consider
i: M < RS the isometric embedding obtained by the Nash embedding theorem. Let diamgs (M)
be the diameter of M as subset of RY and Bex : H;(M, R™) — R¥ be the vectorial (extrinsic)

barycenter map given by
Ve x)|dLy

Jos la(z )ALy '

We also have the following definition of normal injectivity radius

/Bext(u) = (51)

Definition 5.2. Let (M™,g) be a closed Riemannian manifold. Given an isometric embedding
i:(M,g1) — (R%,8). Let us define the normal injectivity radius inj;‘ to be the largest nonnegative
r > 0 such that the normal exponential exp,y : vM — RS is a diffeomorphism of a neighborhood
of the zero section of vM into M,, where M, := {x € R® : d(z, M) < r} C RS and vM is the
normal bundle induced by i on M. Let us denote by mpear : M. .1 — M the canonical projection

injg
associated to m: vM — M.

Remark 5.3. Notice that by compactness M is a retract of M. .1, thus injgl > 0.

injy

5.1. Framework. We establish the framework to apply Theorem B. Let (M™,g) be a closed
Riemannian manifold. For any v € R™, let v/ € RY~! be given by v/ = V,(®ou) as in
Definition 10. Here, to simplify our notation, we keep the convection v = v’. From now on, we fix
0<elvl|<land c=c(v,W) =TIy, (v)+7, where W € W (see Definition 1), for 0 < 7 < 1,
which will be chosen later.
In this fashion, we consider
(a) The underlying normed (topological) space is X := (M, d,) and 9 := M, C H, gl (M,R™)
is the abstract Hilbert manifold as in (2).
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(b) The photography map 2 Up : M — ESNM, = M, is given by Wg(r) := u. v, where
U.v, : M — R is equal to the Modica-Baldo approximation (see Definition 4.16) of the
limit profile ugp v, = Zfi_ll PiXqoo for a unique weighted cluster z € Q" € Cy4(M, RM)
such that v(2%Y) = v € RV (see Lemma 5.7), and ¢ is the sublevel set of the vectorial
ACH energy given by (1).

(c) The right-inverse homotopy is defined as the map Wy := 7 o fext : ML, — M, where
Bext : Hy(M,R™)\ {0} — R is the extrinsic barycenter map (see Definition 5.1) and
7 : RS — M is the nearest point projection with S > n.

Let us now prove that all the above objects are well-defined, and that, using this framework,
the assumptions (E), (F2) and (E3) of Theorem B are satisfied. Namely, we need to show the
lower boundedness of the vectorial energy, the Palais—Smale condition, and the continuity of the
photography and barycenter maps. We will divide the structure of the proof into a sequence of
auxiliary results.

5.2. Lower boundedness. We need to check that the vectorial energy functional €. is well-
defined and bounded below when restricted to 9Mt,. As consequence, we will see that (F) holds
in our context.

Lemma 5.4. Let (M™,g) be a closed Riemannian manifold and W € Wy,. For every (e,v) €
R™+L it follows that the vectorial energy functional £, : My, — R is C' and bounded below.

Proof. 1t is a direct consequence of the nonnegativeness of the potential. O

5.3. Palais—Smale condition. To apply the abstract photography theorem, it is essential to
show that £, satisfies the Palais—Smale condition, that is, the validity of (EF3). In what follows,
the notation ox(1) means a sequence converging to zero as k — 0o.

Lemma 5.5. Let (M™, g) be a closed Riemannian manifold and W € W;{,vl. For any (e, v) € RmH!
and ¢ € R, the vectorial energy €. : M, — R satisfies the Palais—Smale condition at level ¢ € R.

Proof. Assume that {u}, .y C MMy is a Palais-Smale sequence for €. By density, we may suppose
that {ug},cy C C?(M,R™). Also, by definition, we get

1
5/ \Vguk|2d[,;+/ W (up(2)) AL = ¢+ o (1)
2 Ju €JmMm

and )

— sAguk + EVW (uk) =Ap + Ty, (5.2)
where {Ag},cy C R™ is a sequence and T}, = o (1) strongly in H~*(M,R™). The proof will be
divided into two claims
Claim 1: There exists u € L;(M, R™) such that ||ug — UHL;(M,Rm) = og(1), up to subsequence.
Indeed, since the potential is nonnegative there exists ¢ > 0 such that

1
cil1> 8/ \vguk\2d53+/ W (ug(x)) LD > 5/ IV upl? AL,
2 Jm €JM 2 Jm 7
Thus, {|Vgug|}ren C LZ(M,R™) is bounded. By the Poincaré inequality on closed manifolds, there
exists C1 = C1(M, g) > 0 such that Huk — ﬁk”Lg(M,Rm) = Huk — VHLg(M,Rm) < C’lHVgukHLg(M,Rm),

where uy, the spherical average of uy. Thus, {ug}ren is bounded in Hgl(M7 R™), and the proof of
the claim follows by compactness.

2This terminology means that Wg(M) is a picture of the finite-dimensional Riemannian manifold M on the
infinite-dimensional Hilbert manifold 9t ,,, which relates their topologies.
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Claim 2: It holds that u;, = u + ox(1) in M .
In fact, because of (W7), for some 1 < p < 2* the vectorial Nemytskii map N : LE(M,R™) —

LZ/(M ,R™) given by N(u) = VW (u) is a bounded nonlinear operator, where p’ = -£; and

p > nQ—fQ > 2. By the Sobolev embedding theorem, the inclusion Hgl(M, R™) — LH(M,R™)
is compact, and so is the nonlinear operator N, which yields VW (u;) — VW (u) strongly in
Lgl(M ,R™) C Hy L(M,R™), up to subsequence. Finally, taking the inner product of (5.2) with
ug, integrating by parts the corresponding vectorial identity, and using the volume constraint
[ updz = v, we get that Ay C R™ is a bounded sequence. Therefore, up to a subsequence, we may
assume Ay = A + ox(1). Now, notice that A;': H;'(M,R™) — H,(M,R™) is an isomorphism
onto its image when restricted to the subspace of functions orthogonal to the constants. Also,
by taking ¢ = —vg(M)flv we get that wi := u + ¢ is orthogonal to the space of constant
functions and Aygwy = Aguy for all & € N. Thus, {wy}rey is Hg_l(M, R™) convergent, and so
it is also strongly convergent in Hg1 (M,R™), which implies that {uy}ren is strongly convergent

1 m
H}(M,R™). 0

5.4. Photography map. We prove that the photography map is well-defined and continuous.
Here we are based on Proposition 11 and on some properties of the signed distance function.
The next result states that for any x € M, v € R™, there exists a unique cluster containing a
fixed point and enclosing a small volume on Riemannian manifold. For this, the last identification
needs to be one-to-one and continuous. This requires the manifold to be parallelizable. When
N = 3, the clusters constructed below coincides with the geodesic double-bubble introduced
in [29, Definition 3.2].

Remark 5.6. For the next result, we need to introduce the principal O(n)-bundle over M, denoted
by O(M). Namely, this frame bundle is such that each fiber is isomorphic to the orthogonal group,

that is, 7,1 ({x}) ~ O(n), where ey, : M — M s the standard submersion and M is the total
space associated to O(M). Notice that since M is parallelizable, there exists a global section

rom)) e M. In other words, from any global smooth section ¢ € I'(O(M)), one can construct
a continuous map defined on M given by x — ¢y : (T M, g,) — (R™,0), where ¢, is an isometry.
In this fashion, we identify ToM = ¢ (R").

Lemma 5.7. Let (M™,g) be a closed parallelizable Riemannian manifold and W € W]'\F,O with
N =3. For eachx € M and v € R™, there exists a unique a 3-cluster QY € Cy(M, R3) enclosing
small volume v4(Q*Y) = v € R3 such that x € Q%Y C Bignjg/Q(:z:) and Z(gn 5)(v) ~ Pg(Q™Y) as
v — 0.

Proof. First, by the existence result in [45, Theorem 7.29], one can find an isoperimetric weighted
3-cluster QY € Cs(R™, R?) such that 0 € T, M = (R", ) is the barycenter of the cluster QY. Now
we consider the cluster ¢, 1(£25"Y) whose chambers are ¢, * (€7) which since M is parallelizable is
uniquely determined once fixed an orthonormal frame field (see Remark 5.6). By [11, Theorem 1.1]
(see Remark 4.1), such a cluster satisfies Q%Y C B, (0) C R™ for some 0 < r, < Linj , sufficiently

small, where Q%Y = U?Zlﬁflv are its interior chambers. Finally, we construct Q%Y € Cy(M,RY)

by setting Q7Y = expm(dgl(Qf”:)) for all ¢ = 1,2 such that QF C B, (z) := exp,(B,,(0)). Now
we can choose v* = V(ﬁfv) in such a way that the weighted 3-cluster 2%V encloses small volume
v = v(Q2"Y), which satisfies v € (0,v¢(Biyj, j2(x)))™. This is always possible thanks to the fact
that the exponential map is almost—isometfy at small scales ) < r.(v) < 1so v* ~ v, that is,
vy ~v; for every i € {1,2}. This finishes the proof of the lemma. O
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Next, we prove the continuity of the photography map.

Lemma 5.8. Let (M™,g) be a closed parallelizable Riemannian manifold and W € W]—GO with
N = 3. For every v € R™ and 7 > 0, one can find e1(v,W,7) > 0 such that Vg : M — M
carries M into the sublevel M, where ¢ = Ly q)(v) + 7. Moreover, Vg : M — 9L, is a

e, v
continuous map for every € € (0,e1).

Proof. The photography map Wy at © € M is defined in terms of the Modica—Baldo approximation
family u. v , for the sums of weighted characteristic functions of the interior chambers of a cluster
containing x with vectorial volume equals v as in Definition 4.16. In addition, by Proposition 11
and the asymptotic expansion in Corollary 3.28, it follows that €: (ucvz) S Ziarg) (V) as e — 0,
uniformly with respect to z and v.

Then, using the compactness of M, we are left to prove the continuity of the photography map.
To this aim, we will first prove the following estimate:
Claim 1: For any (¢,v) € R™! and 1,20 € M, we have

||1ls,v,:r1 - 1ls,v,x2 HH;(M,RW) = 0(1) as |$1 — :E2| — 0. (53)
To prove (5.3), we use (4.10) to see that the recovery sequence is given by

Ue v,z (y) =qe (dLv (Z/) + Ce,v,x)'

In this fashion, it follows

e vz, — ue,v,mH%{;(M,Rm) = / (’uf,V7$1 - us,v,:r2|2 + |vg(ue,v,r1 - us,v,w2)|2> dﬁ;‘ (5.4)
M

= / Iy (21, 22)d LY
M

Now, it suffices to estimate both terms on the right-hand side of (5.4). First, we have
/ IE,V(xla :UQ)dEZ - / <|ue,v,x1 - uS,V,JE2’2 + ‘Vg(l].g,\/,xl - 1157\,75,;2)‘2) dﬁg
M M

= /M\Bg ‘GE(dILV(y) + Cav,xl) - GE(dIQ,V (y) + C6’v7x2)‘2 dﬁg(y)

-~ xr1,V -~ T2,V 2 n
+ /M\Bg Vo (@ (d™Y (W) + Cov o) = Vo(@:(d™V () + Cov )| ALy (v).
a 1,V T9,V 2 2 n
< 2 Vel o ) [ [ (40 = @ @) G~ o )dﬁg<y>]
M\BZ
P2V aren [ V) = Vyd () AL )
M\BE

<o [(18 ¥ () = A )21 (a1 50m) + [Cowrn = Cownal”)]

where Cy = Ca(e,v,M,g,W) > 0. Hence, applying the implicit function theorem in (4.9), we
observe |C.y ., — Cova,l = 0(1) as |x1 — 22| — 0. As well as, a simple geometric argument as
in [18, Proposition 4.13] yields [|[d™Y — d"Y|[ ;1,00 (g gmy = 0(1) as |21 — 22| — 0. Thus, we find

/M\Bg I€17V(.’E1, :Eg)d[,;b = 0(1) as |.T1 — LE2| — 0. (55)

Therefore, (5.3) follows by combining (5.4) and (5.5). This in turn readily implies the continuity
of the photography map and finishes the proof of the lemma. O
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5.5. Quasi-minima sublevel sets. We analyze the concentration properties of maps on a
sublevel of the energy that is close to its minimum. More precisely, we show that for small
0 < ¢,|v| < 1 solutions to (ACH; v m n,4) with energy almost Z gn g (v) are close in the L'-norm
to maps like (7).

First, we prove that for 0 < ¢ < 1 small these almost minimizing maps are close to (7); this
will be called an approximation lemma.

Lemma 5.9. Let (M™,g) be a closed Riemannian manifold and W € W]'\ng. For any n € (0,1),
v € (0,vg(M))™, and T > 0, there exists e9 = eo(M,g,v,W,T,n) > 0 such that for any
e € (0,60) and u € ML, with ¢ = Ly (v) +7 > 0, one can find a weighted cluster
QVe = (Q7Y, .. Q%" € Co(M,RY) with prescribed vectorial volume vy(2VY) = v € RY such

that
N
u—> pixay
=1

Proof. Suppose by contradiction that the conclusion does not hold. Then, there exist ny € (0, 1),
v € (0,vg(M))™, 7 > 0, {ex}ren C R with e — 0, and {ue, fren C M, ,, such that for every

weighted cluster Q" = (Q7",..., Q") € Cy(M,RY) with vectorial volume v4(2V'%) = v €
RN-1 it follows

<.
Ll(M,R™)

N
u., — ZpiXQ;”“ > 19 > 0. (5.6)
i=1 LL(MR™)
Also, we can apply Proposition 11 with E := ¢ to construct a subsequence denoted {e},cn C R,
and a weighted cluster Qv = (Q7", ..., Q") € Cy(M,RY) with vectorial volume v, (V') =
v € RY such that P,(2V") < ¢ and

N
U, — Y pixove = o (1),
i=1 LY (M.R™)
which contradicts (5.6) and finishes the proof of the lemma. O

Now, we prove that 0 < 7 < 1 can be chosen small enough such that the cluster produced by
the preceding lemma is in fact isoperimetric.

Lemma 5.10. Let (M",g) be a closed Riemannian manifold and W & W]'G,g. For anyn € (0,1),
v € (0,vg(M))™, and T > 0, there exists eg = eo(M, g, v, W ,T,1m) > 0 such that for any e € (0,¢p)
and w € ML, with ¢ = Lyg(v) + 7 > 0, one can find an isoperimetric weighted cluster
QVu = (7" Q%) € Co(M,RY) with prescribed vectorial volume v4(2V%) = v € RN, such

that
N
U= Pixgye
=1

Proof. Again, let us suppose by contradiction that the conclusion does not hold. Then, there
exist 0 < mp < 1, v € (0,vy(M))™, two sequences {7y }ren, {ek}keny C R with 74,6, — 0 as
k — 0, and {ug, }ren C M, where ¢, = L(p74)(V) + 7%, such that for every weighted cluster

Qv € Cy (M, RY) with vectorial volume v, (V%) = v € RY | it follows

N
u, — Y pixgrn
=1

S
Ly (MR™)

> o > 0. (5.7)
LY (M R™)
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Then, we can apply Proposition 11 with E := ¢; to construct a subsequence still denoted by
{er}tren C R and a cluster Q7" € Cy(M,RY) with vectorial volume v4(£2"") = v € RY and such
that

= Ok(l).
L};(M,Rm)

N
uEk - § szQ‘l’l’“
=1

To this subsequence, we apply Proposition 11 again with £ := co, producing a subsequence denoted
by {ex}rey C R and a cluster Q3" € Cy(M,RY) with vectorial volume vy (23™") = v € RY such
that

= Ok<1).
Lé(M,Rm)

N
uEk - § pZXQ;Z’u
i=1

Notice that, by the uniqueness of the limit of any subsequence, we get Q3" = Q"".
At last, using a standard diagonal argument, we find {ex}ren C R and {2 }ren C Cy(M, RM)
satisfying Qv = Q)" = ... = Q" with vectorial volume v4(£2;"") = v € RY such that

Py(QY) < o (5.8)

and

= Ok(l). (59)
Lé(M,Rm)

N
w, — Y pixgrn
=1

Now, using (5.8), it is straightforward to conclude that P,(2V'") < (514 (V), which asserts

that QY% € C,(M, RY) is an isoperimetric weighted cluster with vectorial volume v € R™. This
combined with (5.9) contradicts (5.7), and so the proof of the lemma is completed. O

To prove that the barycenter map is well-defined, we need the concentration lemma below

Lemma 5.11. Let (M™,g) be a closed Riemannian manifold and W & WJJ\?’O N VV]\LL3 with N = 3.
For any 0 < 1 < 1 (close to 0 ) and 0 < r < inj,/2, there exists vi = vi(M,g,n,7) such
that for every v € (0,v1)™, one can find 1 = 7 (M,qg,v,W,n) > 0 satisfying that for every
7 € (0,71), there exists e1 = e1(M,g,v,W,7,n) > 0 such that for any € € (0,e1) and u € ML
with ¢ = Z(p1,9) (V) + 7, one can find an weighted cluster Q7" = (Q;", 03", Q7" € Cy(M,R?)

with prescribed vectorial volume vy(2V'Y) = v € R3 satisfying (i)-(iv) of Proposition 12 such that

3
u-— E PiXqy:»
=1

In particular, for any 0 < 71 <1 (close to 1), one can find vy € M such that

S
Ly (M,R?)

/ lde? > div]. (5.10)
BQ/Q(I\,,u

Proof. Initially, given v € R? and u € ML, by Proposition 12, we can infer the existence of
v = v(’;(n,inj;,r) > 0 such that for every isoperimetric weighted cluster V% € C,(M,R3)

with vectorial volume v4(Qy ) = v € R? satisfying |v| € (0,v{) there exists Q7" € Cy(M,R?)
satisfying (i)—(iv) of Proposition 12. Furthermore, by Lemma 5.10 and Proposition 12, we get for
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v small enough (depending on 7)

3 3
=D pixay: <|m - 2 poxaye
i=1 1=1

L}(M,R2)

+
Ly (MR?)

<,
LL(M,R2)

(5.11)
which straightforwardly implies the first part of the lemma. In particular, one can find g > 0 such
that diam(QY™) < pv, (V™)™ < v/, for 0 < |v| < 1, we can find yy € M and 0 < r < 1
such that QY™ C BY Jo(®v,u). This last piece of information will be crucial to prove what follows.
In fact it holds

3
D_Pixay ~ PiXor
i=1

<,
Lgl; (Bf/z(xv,U)sz)

3
u— E piXQ;’Zz“
=1

which, by using Proposition 12 (i), implies

Vg(ﬁl’v“)n:vo(v)ng/gg luldfy as v —0.
T/Q(w"’“)

Taking 0 < v,n < 1 small enough in the preceding inequality we conclude immediately the proof
of the lemma. N

5.6. Barycenter map. We study the properties of the barycenter map. Notice that
Proposition 12 implies that solutions to (AC’H57V77,L7N,9) shall concentrate around isoperimetric
weighted clusters of small volume. This yields a uniform control on the distance of the image of
the barycenter map to the underlying manifold.

Lemma 5.12. Let (M", g) be a closed Riemannian manifold and W € Wy,. The vectorial extrinsic
barycenter map Pext : H, gl(M7 R™) — RS is continuous in the norm topology. In particular,
for any v € R™ and ¢ > 0 its restriction to M, is also continuous. The same holds for

Thear © Bext Hgl(Mv Rm) — M.
Proof. For any uy,us € H'(M,R™), we have the following estimate

Juelw@)dLg(@) [y aluz(@)ldLy@) | Hx\loo/
Sy u(@)dLp(z) [y lue(@)ldly(z) |~ vy Jur

where vy, = [}, [u;|dL} for j = 1,2 and [z« := supep {|#|gs} = C(i) < oo, because M is
compact. Also, using Lebesgue’s dominated convergence and Holder’s inequality, we get

dcr, (5.12)

1 Z
luy| — = uy|
Vu,

T v
lzlloo / ’]u1| — ul]u2|’ dfy — 0 as [jug —usllgiarrm) — 0,
Vay, JMm Vuy ¥

which together with (5.12) finishes the proof of the lemma. O

To apply the photography method, we need to control the range of the barycenter map.

Lemma 5.13. Let (M",g) be a closed Riemannian manifold and W € Wio N W]J\“,’?). For any
r € (0, injé/Q), there exists vo = va(M, g, r, diamps (M)) > 0 such that for every v € (0,v2)™, there
exists €2 = €2(v) > 0 such that for any ¢ € (0,e2) and u € ML, it follows that Pexi(u) € M,,
where M, is a tubular neighborhood of M C R with small thickness 0 < r < 1 on which the
nearest point projection Tyear s well-defined.
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Proof. Initially, let us deﬁne p(u(x)) = ) ( [y [a(z)|dLy (z))~". Hence, we can rewrite the
barycenter map as fexs(u) = [, zp(u(z dﬁ”( ). Now, using (5.10), for every v € (0,v2)™, it
holds
g Z v,
7/2(Zvu

where n € (0,1) will be chosen later. The last inequality implies

Bt (W) — Zy.] = /M (& — v ) plu(z)) AL (x)

<

(z = 2v.u) plu(z))dLy(z)

/ (1 — v ) plu(z)) AL ()| +
89/2(1,‘, u)

M\BY,, (2v,0)

< I 4 diamgs (M)(1 - n).

2
Therefore, by choosing 0 < n < 1 such that diamps(M)(1 —n) < r/2, the proof follows as an
application of Lemma 5.11. O

5.7. Homotopy equivalence. In our next step, we prove that the photography map composed of
the barycenter map is continuous and homotopic to the identity. This in turn says that (Fs3) holds
in our context. For more details on this standard argument of extrinsic Riemannian geometry, we
refer the reader to [55, Lemma 2.1].

Remark 5.14. Observe that, for N = 3, by [11, Theorem 1.1] and Corollary 4.15, it follows that
WR(M) C L, for 0 <e,|v| <1, where ¢ = L () (V) + 7(¢) such that T(e) — 0 as e — 0.

Lemma 5.15. Let (M™,g) be a closed parallelizable Riemannian manifold and W € W]T,,O OW;{Z,:S
with N =. There exists ro = ro(M,g) > 0 such that for any r € (0,79), one can find
vy = v3(M,g,r) > 0 such that for every v € (0,v3)™, there exists e3 = e3(M, g,v,r) > 0 such that
for every € € (0,e3), we have dg((Tnear © Bext © Ue v z), &) < 7. In particular, Tpear © Bext © Ue v o 15
homotopic to ids.

Proof. Initially, since 0 < ¢ < 1 and v € R™, by Proposition 11, there exists ug vz € L;(M, R™)
such that Hug,\,,x—u07v7x|]Lé(M7Rm) =o0(1), where ug v, = Zf\;l PiXqz. Then, a direct computation
implies

v > Pilvy(©)
Bext (Z piXQ?) = Zaiﬁext (XQ’LIP) ,  where o; = ZN ilVg\i&
i=1

i=1 j=1 ]pjfvg(Q;”)

Thus, using that 0 < Vg(ﬁ) < 1 and [11, Theorem 1.1], we can find 0 < r < 1 such that
Qf C Bl (z) C M N B (x), where BY, () is a totally convex neighborhood of z. This together

with Zfi 1 0i = 1 implies

<ri, (5.13)
RS

|Bext(u0,v,x) - $|RS =

N
Bext (Z piXQgE> -z

i=1

Also, we can rewrite the last equality as Sext (Ef\il pwm;) € Bfl ().

Next, by continuity of the barycenter map with respect to the L'-norm, there exists 0 < 75 < 1,
such that

‘ﬂext(ue,v,m) - Bext(uo,v,m)hRS < T2. (514)
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Consequently, taking 79 = min{ry,r2}, and using (5.13) and (5.14), it holds

|Bext(u€,v,:p) - :E|]RS < |ﬁext(us,v,x) - Bext(u(),v,x)‘RS + |Bext(u0,v,z) - x‘RS < 2;:O~

Now, since M is compact, we can choose 0 < 19 < 79 < 1 small enough depending only on
the second fundamental form of the isometric immersion of i : M < RS (denoted by II/)
and on the injectivity radius of M such that there exists C3 = Cs(|[IIn||) > 0 satisfying
dg ((Tear © Bext) (Ve v,z), ) < Cyrg < inj,. Finally, we define the homotopy F" : 0,1] x M — M
by F(t,z) := exp,(texp, (Tnear © Bext © Ucv.z)), Which by definition satisfies F (0,z) = x and
F (1,2) = hear © Bext © Ue v 5 for every x € M. Also, the continuity of F' with respect to x follows
from the standard properties of the exponential map. ]

5.8. Proof of Theorem 1: Multiplicity. Finally, putting all these last results together, we can
prove one of the main theorems of this paper.

Proof of Theorem 1 (first part). Let (M™,g) be a closed parallelizable Riemannian manifold and
W e W;OQW;IDW;& We set v, := min {vy,va,v3} > 0. Wealso fix 7 € (0,71) with0 < 7 < 1
defined in Lemma 5.11. Hence, we set ¢, = min {eo,€1,€2,3} and ¢ = Z(,7,4)(v) + 7. Therefore,
as a consequence of Lemmas 5.4, 5.5, 5.8, 5.12 and 5.15, for any v € (0,v,)" and € € (0,¢&4),
we consider X = (M,dy), € = &, M = Ny, ¥ (u) = (Tnear © Pext) (1) and Yr(z) = Uy, to
verify (E1), (E2), and (E3). As a consequence, we apply Theorem B to prove the first item of the
theorem.

The proof of the second item follows directly using the nondegeneracy assumption, and the
argument is concluded. O

6. GENERIC NONDEGENERACY

This section contains the proof of the second part of Theorem 1, namely the generic degeneracy
part. Our strategy is to verify the hypothesis (F1), (F») and (F3) of the abstract transversality
result in Theorem C. In this fashion, we use some ideas from [32,48,61]. Let us set up some
terminology. Denote by Sym® (M) the Banach space of smooth symmetric 2-covectors on M.
Thus, Met>™ (M) is an open convex cone in Sym™ (M), where Met*> (M) stands for the space of
smooth metrics over M.

Remark 6.1. Notice that in Hgl(M, R™) the vectorial Sobolev norm of m-map coincides with
the standard Sobolev norm of the morm of this m-map. More precisely, we have the identity
||UHH;(M,Rm) = ||\u’||H;(M)7 or, in other terms,

[ 19aulzacy = [ 19, ulpac;,
M M

This equivalence holds for vectorial functional spaces in general.

6.1. Framework. For any (e,g9) € (0,00) x Met®(M), let us define two inner products on
Ce(M,R™) by

(ug,uz), = /M (Vgluil, Vglual) + Jusf|ug|) dLy (6.1)
and
Teg(ur,uz) = / (E2(Vglui], Vglual) + [u][ug]) dLy. (6.2)
M

Hence, H, gl(M ,R™) and H, 51 o(M,R™) are, respectively, the Hilbert spaces endowed with these inner
products obtained as completions of C7°(M, R™). Initially, one may check that the norms induced
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by (6.1) and (6.2) are equivalent. In particular, this implies H) (M,R™) = H! (M,R™) as sets
and the canonical inclusion H, gl (M,R™) — Hglyg (M,R™) is an isomorphism of Banach spaces. The
same holds for Hgl1 (M,R™) — HQIQ(M7 R™) for any g1, g2 € Met>™ (M ). Fixing go € Met® (M) and
considering any (g, g) € (0,00) x Met®™ (M), due to the Rellich-Kondrakov compactness theorem,
the canonical inclusion ., : H! (M,R™) — LI(M,R™) is a compact operator. We define A,

as the adjoint of 4. ; under the canonical Banach space isomorphisms (L¢(M,R™))" ~ LZI(M ,R™)
and Hal’g(M, R™) ~ (Halvg(M, R™)), where ¢’ := q/(q — 1).

We prove some preliminary results. First, we show that the adjoint of the inclusion operator is
well-behaved.

Lemma 6.2. Let (M",g) be a closed Riemannian manifold. The inclusion operator A., =
ir, LZI(M7 R™) — H! (M,R™), is compact and self-adjoint. Moreover, Jc4(Acgui, ug) =
Jor lwl[ug|dLy for any ui,uy € Hy(M,R™).

Proof. The proof is a simple computation. U
Now, we compute the first variation of the bilinear operator J and of its adjoint.

Lemma 6.3. Let (M",g) be a closed Riemannian manifold. The map J : (0,00) X Met>™ (M) —
Bil(H, (M,R™)) is of class C', where J (¢,9) := T <4 and Bil(H, (M,R™)) denotes the space of
bilinear forms over H;O(M, R™). In particular, we have

SN ~ 1 ~ n
dT < 4[€,9](u1,uz) = 2¢¢ /M [<Vg|u1|7Vg|u2\> + &by 5(Vglui|, Vglug|) + 5 (trg 9) [wifuz] | ALy,

where by 5 is a smooth symmetric 2-covector on M given by (bg@)ij = (try R)g7 /2 — g hp g
Proof. See [48, Lemma 2.3] O

Lemma 6.4. Let (M",g) be a closed Riemannian manifold. The map A : (0,00) x Met™ (M) —
B(Lg,(M,R™), Hy (M,R™)) is of class C', where A(e,g) and B(Lg,(M,R™), H) (M,R™))
denotes the space of bounded operators from Lg;(M, R™) to Hglo(M, R™). In particular, we have

SN SN 1 R n
AT (c,9)[E, 91(Ac gui, u2) + T e g (d A )€ glur, uz) = 3 /M (trg g) [u1|[uz|dLy.

Proof. See [48, Lemma 2.4] O

Finally, we will use that if VW : R™ — R is a function of class C'' with suitable growth
conditions as in (W), then u — VW (u) is a Nemytskii operator of class C*.
Lemma 6.5. Let (M",g) be a closed Riemannian manifold and W € W]'\Ffl. The nonlinear
Nemytskii map N'w : Hy (M,R™) x R™ — Lg;(M, R™) given by N'w(u,A) = A +u— VW (u)
is of class C'. In particular, we have

d(NW) ) [0,A] = A+ 1 — GYW (u).

Proof. See [25, Section 2]. O
6.2. The case of nonconstant solutions. The first step to prove our main result is the lemma

that follows, in which we restrict ourselves to nonconstant solutions. We identify the set of constant
solutions to (ACH. v m N,4) with R™, and consider Hgl(;* (M,R™) := Hgl0 (M,R™)\ R™. We set

. any nonconstant solution (u, A) € H, gl(;*(M ,R™) x R™
Gwv=14(5,9) €(0,00) x Met™(M) : ) ,
’ to (ACH. v m,n,) is nondegenerate
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The idea consists in defining a suitable transversality map such that the set of solutions to
(ACH. v m,N,g) is the level set of this map.

Definition 6.6. Let (M",g) be a closed Riemannian manifold and W € W]T, We define the
so-called transversality map

Fw :(0,00) x Met™ (M) x Hy*(M,R™) x R™ — H, (M,R™) x R™
given by

Fwle,g,u,A) = (11 — (A y o Nw) (u, A),/M udﬁg) .

Lemma 6.7. Let (M",g) be a closed Riemannian manifold and W € )/V;\L,1 N W]\Lm. The set of
solutions (u, A) € Hgl(;*(M, R™) x R™ to (ACH.vmnN,g) s a level set of Fw. More precisely,
(u,A) € H;(;*(M, R™) x R™ is a solution to (ACH¢ v m.N,g) if, and only if Fw (e, g,u, A) = (0,v).

Proof. 1t follows by Lemma 6.2. g
Now, we are left to analyze the differentiability of the transversality map.

Lemma 6.8. Let (M™,g) be a closed Riemannian manifold and W € Wy, N Wy ,. The map
Fw :(0,00) x Met™ (M) x Hgl(;*(M, R™) x R™ — Hy (M,R™) x R™ is of class C'. In particular,
we nave

d(Fw) (e gun) £ 9,8 A]
. PN SN 1 ~ ~ n
— (8- A 0 d W) [0 8] - dA BT o Mw( ). [ (G nglusa)acy ).
M

Proof. Using (W1) and (W3), it is a simple computation based on Lemmas 6.3, 6.4, and 6.5. O

Lemma 6.9. Let (M",g) be a closed Riemannian manifold and W € W]tl N W]T,Q. The set
Gw v C (0,00) x Met™ (M) is open and dense with respect to the Gromov-Hausdorff topology.

Proof. The proof consists of a direct application of Theorem C. More accurately, let us set
X=3= H;O(M,Rm) X R™ P =V = (0,00) x Sym> (M), U = H;(;*(M,Rm), § = Fw and
20 = (0,v). The proof that the hypothesis (F}), (F2) and (F3) in Theorem C hold in this context
is technical and based on Lemma 6.8. O

6.3. Proof of Theorem 1: Generic nondegeneracy. We examine the case in which constant
solutions to (ACH. v m, n,g) are considered.

Proof of Theorem 1 (second part). Let (M™, g) be a closed Riemannian manifold and W € W;\;J N
W]T,’Q. For any g € Met™ (M), we denote the set of nonzero eigenvalues of the Laplace—Beltrami
operator by o(—Agy)* = {e;(g) : j € N}. We have two claims.

Claim 1: The set Gw  is open.

Indeed, let (e,g9) € (0,00) x Met™(M) and (£,9) € Gw,. We have two cases to analyze. If
(ACH. v m,nN,g) for e = € and g = g does not admit constant solutions, the result is a corollary
of Lemma 6.9. In the other case, since the maps N1, N : Met>™ (M) — R given, respectively, by
Ni(g) = VEW (v/vy(M)) € R and Ny (g) = a;(g) € R are continuous maps for any j € N, we
conclude that (€, g) possess a neighborhood V in (0, co) x Met® (M) for which the constant solutions
are nondegenerate. Finally, we have V N Gw  is a neighborhood of (g, g) € (0,00) x Met™ (M)
such that the respective (ACH, y m n,4) does not admit degenerate solutions.

Claim 2: The set Gw v is dense.
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In fact, let U C (0,00) x Met™ (M) be a neighborhood of (e, g). To show that Gw - is dense,
we need to verify that Gy N U is not empty. As a matter of fact, taking (£,9) € Gw v NU
and supposing that (ACH v m N,y) does not admit constant solutions, we can apply Lemma 6.9.
Otherwise, the volume constraint shows that the unique constant solution shall be u = vy (M )~ tv,
which is a degenerate solution if, and only if, the linearized system (3) admits a nontrivial solution.
This happens when there exists j € N satisfying

o VWD)
a;(9) '
Therefore, since o(—Ag)* C (0,00) is a discrete subset, there exists &€ > 0 such that (£,g) €

Gw v NU and the last identity does not hold for any j € N, which yields (€,9) € Gw v.
As a result of these two claims, the proof of the theorem is concluded. O
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