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Abstract

We prove that m-dimensional Lipschitz graphs in any codimension with Ch®
boundary and anisotropic mean curvature bounded in L?, p > m, are regular at every
boundary point with density bounded above by 1/2+0, provided the anisotropic energy
satisfies the uniform scalar atomic condition.

1 Introduction

1.1 Regularity theorems for the area functional

In his seminal work [1], Allard developed the regularity theory for varifolds with bounded
first variation. He first obtained a rectifiability theorem, proving that, for every m-varifold
v,

if sup OV(X)<1,thenVI{zr e R™":0" (V,r) > 0}is a rectifiable varifold.  (R)
[ Xloo <1

Additionally, he proved a celebrated e-regularity theorem, which guarantees, for every m-
varifold V with generalized mean curvature in L?(H™), p > m, and H™(spt(||V||) "B (z, 7))
close to w,,r™, that spt(||V]|) is C1" locally around x for some n € (0, 1).

Afterwards, in [3], Allard extended this regularity result to varifolds with C*! boundary.
Here the boundary is intended as a C*! submanifold I" with dimension m — 1 such that the
first variation of the varifold is bounded away from I'.

One of the reasons why Allard considered a CUY! boundary is that for each point
x € T there is a neighborhood of z in I' such that the distance function y — dist(y, )
is differentiable in a tubular neighborhood of I'. For more details, we refer the reader to
[29], where the authors explore Federer’s notion of reach of T' to prove that I' is C™! if, and
only if, the reach is strictly positive. Bourni [6] generalized Allard’s boundary regularity
theorem to C'* boundaries, for a € (0, 1), using a Whitney partition argument to overcome
the non-differentiability of the distance function above around I'.



1.2 Anisotropic functionals

A natural question is whether or not the regularity theorems mentioned in Section 1.1
still hold if the first variation is not computed with respect to the area functional, but rather
with respect to more general anisotropic functionals F : R™*" x Gr(m,n) — (0,400).

Anisotropic functionals, together with their minimizers and critical points, have been
extensively studied, and several results available for the area functional have been extended
to the anisotropic setting. This is typically not an easy task, as several basic properties of
isotropic minimal surfaces dramatically fail for anisotropic minimal surfaces. More precisely,
Allard’s proof of the aforementioned regularity theorems strongly rely on the well-known
monotonicity formula. However, in [2], Allard showed that the monotonicity formula holds
only for linear transformations of the area functional. The lack of a monotonicity formula
for general anisotropic functionals gives rise to numerous technical issues in the theory, since
the majority of the isotropic results deeply rely on it.

De Philippis, De Rosa and Ghiraldin proved in [17] that, if F is of class C'! and satisfies the
so called atomic condition (AC), the rectifiability criterium (1?) holds also for the anisotropic
first variation 0 in place of §. This result found applications, among others, in the solution of
the anisotropic Plateau problem [18, 16] and the anisotropic min-max theory [21]. In the case
of an autonomous anisotropy F, i.e., F does not depend on the variable in R"™*", the authors
in [17] showed that the validity of (1?) is actually equivalent to AC. We refer the interested
reader to the following works for further developments of the theory: [33, 9, 18, 23, 41, 12].
In codimension n = 1 and in dimension m = 1, AC is equivalent to strict convexity of F. In
[22], De Rosa and Kolansinski have proven that the atomic condition implies the Almgren’s
strict ellipticity condition. We refer the reader to the following works about this type of
functionals in higher codimension, where basic questions remain open to date: [38, 7, 8].

Several important regularity theorems have been obtained for anisotropic minimizers. In
particular, Almgren [5] proved regularity for sets minimizing an elliptic anisotropic energy in
any dimension and codimension; Duzaar and Steffen, [25], exhibited how to obtain interior
and boundary regularity for integer rectifiable currents in any dimension and codimension
that almost minimize an elliptic anisotropic energy. Schoen, Simon and Almgren [39] proved
that, in codimension 1, anisotropic energy minimizers in the sense of currents have singular
set of Hausdorff codimension at least 2; De Philippis and Maggi in [20] proved regularity
for free boundary Caccioppoli sets that minimize an elliptic anisotropic energy. Figalli in
[28] focused on the proof of regularity for almost minimal integral rectifiable currents, in
codimension 1 and with density 1, under weak conditions on the anisotropic functional:
namely C1! anisotropies rather than the usual C? assumption. We also refer the reader to
[32, 36, 19] for the boundary regularity of anisotropic energy (almost) minimizers and stable
surfaces.

However, the regularity theory of stationary points for anisotropic integrands is much less
understood, due to the number of nontrivial difficulties caused by the lack of a monotonicity
formula and of mass ratio bounds. For codimension 1 varifolds, Allard proved regularity
under a density lower bound assumption [1, The basic regularity Lemma, Assumption (1)].
De Lellis, De Philippis, Kirchheim, and Tione presented in an expository fashion several open
questions in the theory, see [11]. To the best of our knowledge, for codimension bigger than
or equal to 2, the only regularity result for varifolds that are stationary for an anisotropic



energy is proved by De Rosa and Tione in [24] for varifolds induced by Lipschitz graphs.

1.3 Main result

The aim of this work is to prove the anisotropic counterpart of Allard’s boundary
regularity theorem [3]. To this aim, we will consider the anisotropic integrands introduced
in [24, Definition 3.3] satisfying the uniformly scalar atomic condition (USAC), c.f.
Definition 2.2.

Our main result is the following. For a more precise and detailed statement, we refer to
Theorem 6.2.

Theorem. Let m,n > 2, F be an integrand of class C? satisfying USAC, T' C R™*" be
an (m — 1)-submanifold of class C**, Q@ C R™, u € Lip(Q,R"), and dgraph(u) = T.
Assume that the anisotropic mean curvature of u is in LP for p > m. Then there exists
§ = o(m,n,p, F,||ullLip, I') > 0 with the following property. If o0 <0, v € I' and o > 0 are

such that L B )
lerap g)%n (2.7)) <5+ Vre(mn)

then there exist p > 0 and n € (0,1) depending only on m,n,p, F, ||u||Lip, I such that

u € CH(B (z, p)).

)

Following Allard’s paper [3], an interesting and direct application of this results is for
minimizing currents satisfying a convex barrier assumption. In this scenario, we are able
to prove that all boundary points satisfy the mass ratio bound, thus we would have full
regularity for the boundary. In fact, this was already shown by Hardt in [32].

When either one does not have the convex barrier condition or the condition on the
density, the problem is much more subtle even for minimizers of the area integrand. For
some results in this direction we refer to [10, 13, 37, 31].

2 Notation and preliminaries

We fix integers m,n > 1 and denote R, := {t € R : ¢t > 0}. We denote by U an open
subset of R™*" B (z,r) := {y € R™™" : |z —y| < r},B, := B (0,r). If 7 is a linear subspace
of R™*" we denote B,(z,7) := B (z,7) N (z + 7), and we also denote p, the orthogonal
projection from R™*" onto m. When 7 = R™ x {0}, we omit 7 in the preceding notations.

For s > 0, H® denotes the s-dimensional Hausdorff measure induced by the Euclidean
metric in R”*" and w, := H*(B,(0,1)) where 7 is an s-dimensional subspace. We denote
the inner product of vectors by (,) : R x R™*" — R, the product of matrices by - where
to any A = (azj)f;l,: and B = (bw)illf it assigns A- B = (>, azkbk])ill;, and
A:B=tr(A"- B).

For the basic theory that we will assume, we refer the reader to [27], [40], [1], and the
references therein.



2.1 DMeasures, rectifiability and Grassmannian

We denote by M(U,R™) the set of R™-valued Radon measures on U, when m = 1, we
denote with 9%, (U) the set of nonnegative Radon measures on U. Given p € M(U,R™), we
set:

for a Borel set A C U, ulL A(E) := p(E N A) as the restriction of p to A,

||l € M (U) to be the total variation of . Recall that, for any open set A C U,
) i=sup { [ ta(e)dute): g € C2(A B, loll < 1,

where (g(2),d u(2)) := 371" gi(w)dps();

the upper and lower s-dimensional density of u at x, respectively, as

. T [ellB(2,7) s B ()
O, ) = lliiljp W, o5 (p,x) == hrnlégfm'

In case O%(u, z) = O3 (u, ), we call this number the density of i at x and denote it by
©° (1, );
e for a Borel function g : U — R", the push-forward of j through g as gs = po g

Let M Cc U C R™™, we say that M is s-rectifiable if there exist a sequence of Lipschitz
maps {g; : R® — U}jzof and an H°-null set Mj such that

M = MyU (Dogj(Mj)) .

In [10, Lemma 1.2, Chapter 3], it is shown that M is s-rectifiable if, and only if, M can
be covered, up to a H®-null set, by countably many s-dimensional submanifolds of U of
class C'. A nonnegative Radon measure p € 9, (U) is said to be s-rectifiable, if there
is an s-rectifiable set M C U and a nonnegative Borel function © : U — R, such that
w=OHLM.

The Grassmannian of s-dimensional linear subspaces of R™*" is denoted by Gr(m+n, s),
we will often call 7 € Gr(m+mn, s) as an s-plane in R™*". We endow Gr(m + n, s) with the
metric

m+n

Im =7l = | D (e pale;)) — (€1, pr(e))))’,  Vm, 7 € Gr(m+n,s),

i,j=1

where p, and p; denote the orthogonal projections of R™™" on 7 and 7, respectively, and
{e;}1™ is the canonical orthonormal basis of R™"™. We also fix the notation

Gr(A,m+n,s):=Ax Gr(m+n,s), VACUcCR™™,

and Gr(A) := Gr(A,m +n,m).



2.2 Varifolds

We say that V is an m-varifold on U if V is a nonnegative Radon measure defined on
Gr(U). The space of all m-varifolds on U is denoted by V,,(U). For every V € V,,,(U) we
can define the measure ||V|| € 9, (U), which is often called weight of V, by the relation

IVII(A) = V(proj~'(4)), VACU,
where henceforth proj denote the canonical projection of Gr(U) on U. Hence, we define
0, (V,z) =0,V z),  ©IV,z):=6r (V] ),
and, when ©™(||V||, z) exists,
O"(V,x) == 0"(|[V]], z).

Of particular interest are rectifiable varifolds, which enjoy a richer structure than general
varifolds, see [10, Chapter 4 and 9]. In fact, we say that V € V,,(U) is an m-rectifiable
varifold if, there exists an m-rectifiable set M in U and a positive locally H™-integrable
function © on M with © =0 on R™ \ M such that

V(A) = / PG, VA Gru)

In this case, we use the notation V = v(M, O).
For every diffeomorphism v € CH(U,R™*"), the push-forward ¥#V € V,,(U) of V €
Vi (U) with respect to 1 is defined as

/G (U)CID(x,ﬂ)d(w#V)(x,ﬂ)— / O((x), dytp (7)) Jip(, m)dV (2, 1), YO € CO(Gr(U)).

Gr(U)

Here d, 1 (m) denotes the image of = under the map d ¢ (z) and

JY(z,m) = \/det ((dz@/)}ﬂ)* ° daﬂ/"w>

is the m-Jacobian determinant of the differential d v restricted to m, see [40, Chapter §|.
We consider an anisotropic integrand to be a C'' function F : Gr(U) — (0, +00) and we
define the anisotropic energy of V with respect to the anisotropic integrand F in A as

Ev(A) = /G TV

Note that the area integrand is recovered when we consider F = 1.
We define the notion of anisotropic first variation or F-first variation of an m-varifold
V as the distribution that acts on each g € C}(U,R") as follows

d

5]—'V(g) = Eg((bfv) (U)

9

t=0

where ¢ (z) = = + tg(z). If 6V = 0, we say that V is anisotropically stationary or
F-stationary.
We recall the following formula for the anisotropic first variation of a varifold:
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Proposition 2.1 (Lemma A.2, [17]). Let F € CY(Gr(U)) and V € V,,,(U), then for every
g € CH(U,R™™) we have

57V(0) = [ (D m)gle) + Br(e.m) s Dg(o)] aV e ),
Gr(U)
where the matriz Br(x,m) € R @ R™*" is uniquely defined by
Br(z,7): L:=F(x,nm)(7: L)+ <D,r.7:(:1:',7r),71'L oLom+ (n-oLo 7r)*> , (2.1)

for all L € R™t" @ R™*",

If we assume that 6V is a Radon measure on B, \ I', there exists a ||V||-measurable
function Hx : B,, \ I' — R™"" called either anisotropic mean curvature vector or F-mean
curvature vector such that

52V (g) = / (Hr gy d[V], Vge C'(Byy) sit. gl =0, (2.2)
B, \I
[Hr(z)] = Dyvyll6FVll(z), Vze B, \T,

where Dy ||07V]| denoted the Radon-Nykodim derivative.

2.3 Assumptions on the anisotropic integrand

As we briefly mentioned in the introduction, there are several ellipticity conditions which
one might impose on F. We refer the reader to the references in Section 1.2. We will just
recall the ellipticity condition that we will use in this paper, i.e. the uniformly scalar atomic
condition, introduced in [24, Definition 3.3].

To this aim, we denote the dual function of F by F* which is defined on Gr(U, m+n,n)
as F*(z,m) :== F(z, 7).

Definition 2.2 (Uniformly scalar atomic condition). Given an anisotropic integrand F €
CY(Gr(U)), F satisfies the uniformly scalar atomic condition (USAC) if for every z € U
there exists a constant Kz, > 0 such that

Br(x, 7o) : Br(2,7) > Kr|mo — ml]?,  Vmo,m € Gr(m +n,m).

Remark 2.3. We recall that De Rosa and Tione proved in [24, Proposition 3.5] that USAC
implies the so-called atomic condition. The atomic condition was in turn introduced in [17,
Definition 1.1] to prove the Rectifiability Theorem ( with respect to the anisotropic first
variation dz). Hence, the Rectifiability Theorem holds assuming that the anisotropic
integrand satisfies USAC.

3 Anisotropic first variation at boundary points

We isolate here the assumptions under which we work in this section.
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Assumption 1. We set the boundary, varifold and anisotropy assumptions as follows:

(Boundary) Let T be a closed (m — 1)-dimensional submanifold of class C** for some
€ (0,1]. Assume that 0 € T, the radius rg > 0 is such that ' N B,, is a graph of a
C function over TyI" and x > 0 is a constant which satisfies

1
prv.r(z—y)| <slz =y, |pvr — byl <klz—y|*  and ekl < 3 (3.1)

for all z,y € I'N B,,;

(Varifold) Let V € V,,(B,,) satisfying 0 € spt(V) and ©(x) > 1 for ||V]-almost
every = € B,,. We assume that 6V is a Radon measure when restricted to B,, \ T,
and the F-mean curvature Hr of V belongs to L' (B,, \ T, V);

(Anisotropy) Let F € C*(Gr(B,,)).

3.1 A good distance function

If I were of class O'! we would have that I' has strictly positive reach and the distance
function d(z,T) is differentiable (not necessarily of class C') in a tubular neighborhood
of thickness of the reach. However, for a C%* boundary I', the distance function is not
necessarily differentiable and thus we need to “smoothen it”. Bourni in [0, Section 3] showed
how to properly construct this smooth distance function and we briefly recall the main
properties that we are going to use in our work.

Following the scheme of [35, Definition 5.3.2 and 5.3.9], let WW be a Whitney decompo-
sition of B, \ I' into nontrivial closed (m + n)-cubes such that, for every C' € W, we have
that

diam(C') < d(C,T") < 3diam(C).

We will fix the following notations: x is the center of the cube C| p¢ is a point in I' that
satisfies |zc — po| = d(ze,I') and {oc}eew is @ Whitney partition of the unity associated
to W as in [35, Definition 5.3.9] such that

C

TENNL (3.2)

[Dpo(r)] <

where ¢ > 2 is a dimensional constant. Since by construction » .., ¢c = 1, and for every
x there exists C, € W such that ¢¢, (z) > 0, therefore

> wi(x) = Clm,n,ro) > 0. (3.3)

We recall the following lemma:
Lemma 3.1 ([6]). If we assume that crrl < 1/2, there exists p : B,, — Ry such that

(i) p is a positive function of class C* with |Dp(x)| < 1+ crp(x)®;



(ii) the following equality holds

=Y wc(@)py,.r(z —pe) + Y (@),
Cew

where |Y (z)| < ckd(z, D)1 < crp(z)'Te;
(i) we have that

d(z,T)
2

3d(z,T)

< (1 =crd(z, )" d(z,T) < p(x) < (14 crd(z, 1)) d(z,T) < 5

Remark 3.2. Notice that, the constructions in this subsection do work if we replace I' by
any k-manifold of class Cb* with k < m + n.

3.2 First variation formula

We state the formula for the anisotropic first variation at boundary points in the following
proposition. First, following Allard’s framework, we show that, under Assumption |, the
anisotropic first variation is a Radon measure in the whole ball B,,, i.e., including the
boundary I'.

Proposition 3.3. Under Assumption 1, 6V is a Radon measure on B,,. Moreover, there
exists a |0V ||-measurable function Nz defined on T such that Nz(p) € N,I',Vp € ', and

V) == [ AVl + [ W) a5V Y € C'(B)

B, \T

Remark 3.4. Thanks to Proposition 3.3, under Assumption 1, 6V is a Radon measure
on the whole ball B,, and © > 1, ||V|-a.e. in B,,. Hence, if F satisfies USAC, by the
Rectifiability crlterlum [17, Theorem 1] and Remark 2.3, the varifold V shall be m- rectlﬁable

Proof. We want to show that for any compact subset W C B,, and g of class C' with
support in W, we have 0V (g) < Csup,ep, |9(z)]. To that end, we cannot directly apply

(2.2), since g does not need to vanish on I'. We thus define the family of smooth functions
frn : R — R such that h €]0, 1],

1, ift<h/2, . ,
fh<t>—{0’ N (ORL RTACIES 3

Recalling the definition of p in Lemma 3.1, by Proposition 2.1, we obtain that

Gr(Bry\I')

- / (D, F.g)dV + / Br: D(g+ (faop)g— (fao p)g) V.
Gr(B,,\I') (



Notice that (x) is controlled by C'rw supg,  [g], thus it remains to bound

T T> T35
/ - )B]-': {b((l—fhop)95+ffhop)D§+féOp(Vp)t-9 dv. (3.4)
Gr(B,\I'

Using that F is of class C' and g has support in W, by the definition of Br in (2.1),
we can bound the modulus of (3.4) by C|T; + Ty + T5|, where the constant is such that
C=C(F,W)>0.

Since (1 — fj, o p) g vanishes on I', by (2.2), we have that

/ Br: D((1— fuop)g)dV = — / (1= faop) g, Hr+ D.F)dV. (35)
Gr(B,,\I')

Gr(B,,\I")

We notice that f, o p — 0 as h — 0, which together with (3.5) ensures the estimate
|T1|+|T2| < Cy(F,W)sup|g|. It remains to bound the last summand T3 by Co(F, W) sup |g],
which is done by precisely the same proof provided in [6, Equation 3.10]. Therefore we have
that 67V (g) < Csupg, |g| which guarantees that 6V is a Radon measure on B,,. The
moreover part can be proved as in [0, Theorem 3.1], hence we omit the details here. O]

4 Caccioppoli inequality at boundary points

An usual step in the proof of regularity theorems is proving an estimate where the excess
is controlled by the height, mean curvature, and an ’error’ in case of 'boundary points’.
This is the so-called Caccioppoli-type inequality. To the best of our knowledge, there is no
such result for boundary points of m-rectifiable varifolds with L2-integrable anisotropic mean
curvature.

Allard did prove a Caccioppoli-type inequality in [3, Lemma 4.5] for the area functional.
Unfortunately, the techniques used in the isotropic case do not work in the anisotropic
case due to the lack of a monotonicity formula. We also have another difficulty compared
to Allard’s work: our boundary T' has regularity C'® while the setting of [3] requires a
boundary I" of class C11, as explained in the introductory section.

We aim to achieve a Caccioppoli-type inequality (Proposition 4.2) in the sense of [3,
Lemma 4.5], [24, Proposition 4.3], and [0, Lemma 4.10].

Assumption 2. We assume Assumption . We further impose that the anisotropic
functional F satisfies USAC, defined in Definition 2.2, and Hz € L*(B,,).

Under such assumptions, by Remark 3.4, the varifold V is m-rectifiable. So, henceforth
we might use the following notation V = v(M, ©). We define the classical notions of excess
and height for varifolds as follows.

Definition 4.1. Let V = v(M, O) be a rectifiable m-varifold and = € Gr(m + n,m). We
define the tilt excess of V with respect to w in B (z,r) as the number

1
evimrr)= 1 [ = m PV,

9



We also define the height excess of V with respect to m in B (x,r) to be the number

1
A /B A== D IVIG)

,ram
We usually hide the subscripts whenever it is clear from the context.
We now state the Caccioppoli-type inequality in this context.

Proposition 4.2 (Caccioppoli-type inequality). Under Assumption 2, there exists a constant
C =C(m,n,||Fllc2, Kz, T) > 0 such that

1 -m o
Ce(ﬂ-v 0, 7”/2) < ﬁh(zv T, 0, T‘) + T2 ||H.7:||12_42(Br) + /{2T2 ) (41)

for all z € R™" 4r < ro,m € Gr(m +n,m) with T,I' C 7.

When the varifold V is induced by the graph of a Lipschitz function, the next corollary
states that the quantities in Proposition 4.2 can be replaced by integrations on balls of
the subspace R™, while in Proposition 4.2 they are quantities/integrations over balls of the
ambient space R™",

Given an open bounded set 2 C B,, C R™ and a Lipschitz function v : 2 — R", we will
denote by

V/[u] := v(graph(u), 1)

the m-varifold induced by graph(u) C R™™™ and by H 7 its anisotropic mean curvature. Let
also Hlu| : 2 — R™ denote the function H[u|(z) := Hx(x,u(x)) and, for any R > 0,z €
Bgr,s < d(z,0Bg), and f: Bg C R™ — R™ measurable function, we set

1
(D)oo = T B TR o [ O 210 (D= (D

For the reader’s convenience, we recall that B (z, s) := B ((z,0),s) N (R™ x {0}).

Corollary 4.3 (Caccioppoli-type inequality). Assume that V]u| and Hu] satisfy Assump-
tion 2.  There exists a constant C, = Co(m,n,||F|c2, Kz, T, ||ul|lLp) > 0 and C, :=
2+ 2||u||Lip such that

1
cc][ | Duy) — Li*dy < — uly) — (e — Liy)Pdy
B,NQ r

BCuer

et )Py
BCuer

for all L € R™ @ R™ such that T,I' C im(h(L)) and | L| < 2||ullLip and all v € (0,47 rg).

Remark 4.4. The function h stands for one of the canonical charts of the Grassmannian,
we make it precise defining h : R™ @ R" — R™" @ R™*" as

W(L) = M(L) [M(L)'M(L)] " M(L)!, where M(L) = ( o )

We refer the reader to [I1, Subsection 6.1], [24, Page 470], and [34, Subsection A.6] for a
more expository introduction to these objects.

10



Proof. Extending this proof from the interior case to boundary points setting is identical to
the argument presented in [24, Corollary 4.4], but now relying on Proposition 41.2. O

Proof of Proposition /.”. First of all, by standard arguments, cf. [24, Page 465], we can
assume without loss of generahty that F is an autonomous functional, i.e., it does not
depend on the variable in R™*". Hence we will denote Bx(7w) = Br(z,7) and Kr = Kr,.
We can set the m-manifold of class C* given by I' = I' 4+ (No,I' N 7). In particular, by
Remark 3.2, we have a Whitney decomposition W of B,, \ I. We denote with z¢ and Z¢
respectively the center of the cube C and the orthogonal projection of ¢ on I'. We consider
a Whithney’s partition of unity {@-}cew, and a C* function p satisfying all the conclusions
of Lemma 3.1.
We choose the following vector field g € C}(B,,, R™™™) as a test for the first variation:

@) ) pela)ge(z), where go(x) = Br(n)(py, r(z —T0)),
Cew

where ¢ € C2°(By,, [0,1]) such that ¢|g, = 1. It is important to choose ¢ using the Whitney
decomposition, since it ensures that g|g = 0, in particular g|r = 0, and then (2.2) holds. By
direct computations we obtain that

Dg=Y_ [QW% (9¢) - (V)" + "% Dge + 20 Bege - (V@C)t} : (4.2)
cew
Dgc = B}-* <7TJ—) o prcf' (43)

Equation (4.2) together with (2.2) assures that
/ Hr,g9) = / > Br: [21/1@0 (90) - (V)" + ¥*P¢Dyge + 20°Bego - (V%)t}- (4.4)
cew
We set the following notation

Rii= [ 3 0@phia) (He(e) gola)) IV (o)

cew

Rei= [ 3 20 @BATM) : (gelo) - Vila)) d| V(o)

Ry = / S 20%(@) 0 (@) BATM) : (go() - Vao(a)) d|V]|().
== [ X )R @)BATM) : B (r) 0 b V(o).
cew

By (1.1) and (1.3) we obtain that

L1 - R1 + R2 + Rg. (45)

11



We estimate |L;| from below. By the definition of L; and the uniformly scalar atomic
condition, Definition 2.2, recalling that ¢|g, = 1,we get

L2 Kr [ Y )@@ LM - Vi @)
(w ')) cew (46)
> K;O/ IT.M — 7 2d|[ V]| (z) = KrCr™e(, 0, 7),
B,

where here and in the rest of this proof C' = C(m,n,ry) > 0 is defined in (3.3). The right-
hand side of (1.0) is exactly the desired left hand side in the Caccioppoli-type inequality
(4.1), up to the factor r™. Therefore, it remains to bound |R;| + |Rz|+ | R3] from above with
the right hand side in (4.1) (again up to the factor ™) plus a term that can be reabsorbed
in the left hand side of (4.1). With this aim in mind, let us estimate the term R3. We have
that

Ro= [ 3 20%@pc@)BrT.M)  (gols) - Voo (o)) AV (z).

cew

By straightforward linear algebra computations, we have that
Br(n)' - Bz () =0 (4.7)
which in turn implies
Ra= [ 3 20%(@pela) (Br(T.M) ~ Br(r) s (gola) - Vio(a)) dIVI|(a)
cew

We apply Young’s inequality to obtain

KrC
Rl < 22 [G@)|T.01 - 7P|V (2) (48)

2
+ c(m, n, K;)/

Y pel@)go(x) - (Voe())'| dIVII(z).
cew

To bound the second summand on the right hand side of the last inequality, we proceed as

follows

S px wle —Fe) - (VEo(@) = 3 (bx wle — ) — (e — 7)) - (VEe())!

cew cew

= by 1@~ ) - (VEe(a)),

cew

where in the first equality we have used that )., V@o = 0. Plugging the equality above
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in (1.8), we get that

K-C
|Ry| < =Z=1™e(m,0,r) /Z Po(@)|py,, v(T — Tc) [ Ve (@)d| VI|(z)
Cew
(3 ’) K C |pN I‘( —Zo)|?
ZEme(m o) e [ 3 pel) e V@)
v diam*(C)
') K 2+2a
fcr me(m,0,7) + K /Z —|dHVH( ) (4.9)
Cew “(C)
K-C
<=, "e(m,0,r) + K cl/ Zgoc )T — Ze|?*d||V||(z)
Cew
< Kfcrme(ﬁ,(),r)+/{2 m+2a e,

- 4
where ¢; = ¢i(m,n, [|Fl/c2, W) > 0.

Turning our attention to R;, thanks to the hypothesis that Hr belongs to L2, we apply
Young’s inequality and Jensen inequality to get

|Ba| = ‘/1/12(1‘) <’Hf(w)7 > @%(I)gc(x)> d[[V]|(x)

cew
C’1 (m,n
<2 Mo, / S P@)ph@)lge@ AV (410
cew
m n
< 2| Hr|Pas, ) + / S Bol@)lge() PV
cew

We now use (4.7) to estimate the summand R, as follows

il < | [ 3 200009200 (BT.M) - B2(m) : sea) - T IV ()

Cew
<2 [ IV IBATAD - Bl 3 Flac @IV
Cew
<Colm, | les) [ IWIITM =) 3 h@)lgc(@)ldI VI
Cew
KsC C Fllo2
<ZC P - afp + ) S g lgewppavie)

cew

where in the third inequality we have used that F is C? and that the Grassmannian is
compact, and in the fourth inequality we have used again Young’s inequality. Since the last
chain of inequalities is true for any ¢ choosen as above, we can take a sequence {1;};en C
C (B2, [0, 1]) such that v; converges to the indicator functions of B,. Therefore we obtain

13



that

K-C
Ry < B7C /||TM—w||2+— S B (o) lge(a
Bar cew (4.11)
KC )
Emem 0.+ [ 3 pe@lgel)
Bar cew

where Cy = Cy(m, n, || F||lc2) > 0. We finally use (1.9), (4.10), and (1.11) to estimate

K
|Ra| + |Ra| + | R3] <

C
re(m, 0,7) + 1| Hr|em,,) + £

(4.12)
/B > Pel@)|Br- () by, otz ~ TV,

" Cew

where ¢, = ¢i(m,n, || Fllcz, W) > 0, and Cy = Cy(m,n, || F|lc2z) > 0. It only remains to
bound the last summand of the previous inequality. We firstly recall the equality in [24,
Equation 3.5] which states that Bz(nt) = F(m)r+ — 7DF(r)nt and thus we obtain the
following

Br () (P, v — F))| < |F(@)nt — xDF(x)a by, rle — Fc)
< |1 Fllczlpy,, 5(2) — P r(@c)]

< |1 Fle (Iox, v(@)] + [P, w(7c)])

< 1Pl (Ip )]+ el )

<N Flez (1ong,m = Prs)(@)] + [prs (2)] + 1+
< || Fllc2 <|(prCf —pr) ()] +d(x,7) + mr”‘*)

(3.1)
< || Flle (lZc|®|x| + d(z, m) + mr'*®)
< A4||F||c2 (d(l’,ﬂ') + m”l*a) )

The chain of inequalities above with (1.12) provides the following estimate

K
|R1| + |Ra| + | R3] <

C om
r e(W,O,T)+7’2HHfH%2(B%)

d?(z,
+ ca(m,n, || Fllc2, W) (527"7"”0‘ +/B (7" )dHVH)
2r

Combining this inequality with (1.6), and recalling (1.5), we can reabsorb £2€r™e(r,0, )
on the left hand side and conclude the proof of (4.1). O

5 Excess decay at boundary points

In this section, we will work under the following Assumption 3. It is clear that

Assumption 3 is more restrictive than Assumption 2.
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Assumption 3. We assume Assumption . Additionally, V. = V[u| and Hr = Hr[u],
where u : 2 C B,, C R™ — R" is a Lipschitz function with Hz[u] € LP(Q2) for some p > m.
We also set ' N By,,, = d(graph(u)) N By, and 92 = p(I') splits By, into two disjoint open
sets, namely © and By,, \ 2. Moreover, there exists o € (0, 1) such that for every r € (0, 4r),
we have

[VIu]|(B,) _ 1
— < = : 5.1
Wiy T -2 e (5-1)
We recall a lemma that relates the stationarity of the function u with the stationarity of
the varifold V[u] induced by u. This lemma is proved in [11] for the case of interior points.

Let us set the notation to state it:

A(L) :=/M(L!M(L), ZIr(L) :=A(L)F (h(L)) VL € R" @ R". (5.2)
where h and M (L) are defined in Remark 1.1.

Lemma 5.1. Assume Assumption 3. If for some positive constants C and ¢ > 1 it holds
07V [u)(9)] < CllgllLe@a,,xrm), Vg € CL (Bar, x R™R™™) with g|p = 0,
then there exists C' = C'(C,m,p,q) > 0 such that

[ (02D, Dc>\ AH™ < C[CAY (D) o). V¢ € CF (Bary ) with Clogry = 0.
Q

(5.3)
Moreover, if C =0, thus C' = 0.

The proof of Lemma 5.1 is a straightforward extension of [11, Proposition 6.8] to our
boundary setting. Furthermore, [11, Proposition 6.8] can be adapted to give the equivalence
between the two properties. However, we choose to state only the exact statement we will
use.

We now use the mass ratio bound (5.1) in Assumption 3 to prove the following technical
lemma, that will allow us to apply the Caccioppoli inequality (Proposition 1.2).

Lemma 5.2. Under Assumption 3, there exists Cq = Cy(m,n,a) >0, ¢g = co(m,n,a) >0
and L, € R™ @ R™ with ToI' C im(h(L,)) such that ||L, — (Du),|| < Cyr® + Cqo for any
r e (O, C()).

Proof. Without loss of generality, we can assume that I' = By,, NR™"! x {0} by a standard
procedure of straightening the boundary (for instance, using [14, Lemma 3.1]). By the Taylor
expansion of the mass (c.f. [15]), we obtain that

o W™
a2 (IVIIB) - 227 ) = [ b
{zm>0}NB,

Thus the control over the mass ratio enables us to straightforwardly derive that
(Du),|| < Cor® + 20.

We choose L, := lim,_,o(Du), which, by the last inequality, satisfies the desired inequality.
It is easy to see that ToI' = R™ ! x {0} C im(h(L,)), since Du(z) = z,,vy for any =z =
(2, x,,) € R™1 x {0} and a fixed vy € R™. O
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One of the crucial parts of the regularity theory is to prove an excess decay with a precise
rate of decay. Let us fix the following shorthand notation for the excess of the function u:

E(x,r, L) ::][ | Du(z) — L||*dz,
B(z,r)NQ

E(x,r):= E(x,r,(Du),), and E(r) :== E(0,7).

(5.4)

We now prove the excess decay at boundary points for the function w, i.e., we prove that
the derivative Du of u becomes closer in L?-norm to a linear map as we decrease the radius
of balls centered at the origin. The proof follows a similar argument as the one for [24,
Proposition 4.5].

Proposition 5.3 (Excess decay). Under Assumption 3, there exists a positive constant C, =
Ce(m,n, || Fllc2, K7, |ullLip, T) > 0 with the following property. For every e € (0,47*C1),
there ezist 6 = 0(g) > 0 such that

Tmin{a,l—%}HH;[U]”Lp(Qan) <E(r)<dando <§ (5.5)

imply
E(er, L,) < C.e®E(r). (5.6)

Proof. As in the proof of Proposition 4.2, we can again assume without loss of generality
that F is an autonomous functional.

We prove our statement by a contradiction argument. Assume that for every C, > 0
there exist € € (0,47'C ') such that, for any §, 0 > 0 satisfying

P =S 9 ) | e weny < E(r) < 8 and o <6, (5.7)
for some 7, (5.6) does not hold, i.e.,
E(er, L,) > Ce® E(r). (5.8)

We divide our proof into three steps. In Step 1, we prove that a certain blowup sequence
for u converges in W2(B, M) to a limit function ug. After that, we show in Step 2 that the
function ug is a weak solution of an elliptic system of PDEs, subsequently we use regularity
theory for elliptic PDEs to obtain an estimate for the second derivative of uy. We close our
argument in Step 3, where we apply the Caccioppoli inequality, Corollary 1.3, together with
the elliptic estimates from Step 2, to get a contradiction with (5.8).

Step 1: We choose 0; = d;e* and 67 := E(r;) where 7; — 0 satisfying both (5.7) and
(5.8). For j large enough such that 7; < min{cy, 0'/*}, we pick L given by Lemma 5.2. We
set €2 = rj’lQ, I = 7";11“, and the blowup sequence as follows

Uj: Q]—>Rn

u(ry2) = (), = 15(Du)y, =

5]‘7“]'

We assume that 6; > 0, otherwise there is nothing to prove. It is easy to see that 2; — {x €
R™: z,, > 0} and I'; — R™! as j goes to +00. Furthermore, we list some properties of the
sequence u; that will be used in this proof. They are:
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(a) Duj(z) = 5]-_1 (Du(r;z) — (Du),,), which is a trivial computation;
(b) (Duj); =0, which is a straightforward consequence of Item &;

(©) fa, o, | Du;||?> = 1, which follows changing variables and using Item «;

(d) meQ_ |lu; — (u;)1||* is uniformly bounded. This follows from the Poincare-Witinger
inequality and Item c;

(e) E(erj, Ly) > Ce®*E, (1), where we set E, (r) to be the excess, as defined above in
(5.4), for the function uy, i.e., Ey, (1) := fBerj | Du;(2) — (Duy), ||*dz. This item follows
from (5.8), Item b, and the definition of u;.

Denote the halfball Bf := B,n{(2',z,,) € R" ! xR : x,, > 0},Vs > 0. As a consequence of

Item ¢ and Item d, we obtain that (u;) is bounded in W?(B). Since W'2(B{) is reflexive,
we can assume that

u; — up in WH3(BY) and u; — ug in L*(BY).
By classical trace theory, c.f. [26, Section 5.5], we have the following convergence
Uj; — Ug in LQ(Rm_l N BT) = U0|]Rm—1mB1 =0.

Moreover, we also have that there exists a matrix (Du)o such that (Du),, — (Du)o thanks
to the fact that {(Du),, }jen is equibounded.
Step 2: We start defining, for all A € R™ ® R™, the following sequence of operators

L(4) 1= & [T(54 + (Du),,) — x((Du),,) — 6, (DI=((Du),,), A)) . (59)

J

where Zr is defined above in Eq. (5.2). One can check that Z;(A) — D*Zx((Du)o)[A, 4] in
the C2-topology. We now claim that wug is a weak solution of an elliptic system of PDEs,
namely,

D*Z((Du)y) [Duo, DJAH™ = 0 for all ¢ € C¥(BF,RY), Clory =0. (5.10)

+
Bl

For the fluency of the text, we let the proof of this claim to the end. Since ug is a weak
solution of the elliptic PDE in (5.10), we have that

Schauder Est.

Sgp | Dugl|* < ||U0||02»Q(Bl+/2) < COHUOHC'O@(BT/Q)
B2 (5.11)
G-N-M Poincaré Ineq. Ttem c
< COH“OHL?(B{) < COHDUOHL2(31+) < Cy,

where DG-N-M stands for the De Giorgi-Nash-Moser inequality and we put Item ¢ into
account to use the Poincaré inequality.
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Step 3: We now apply the Caccioppoli inequality, i.e., Corollary 4.3, for L chosen at the
beginning of the proof and r = er; to obtain

Cof  IDu) - LulPy € i fuly) — (e, — Lu(w) Py
Bgfr-j N BcuETj N

(er;)?

HenPf i) Py + e
BCus'ran

Using Holder inequality, we guarantee that

][ |U(y) - (U)Cus'rj - Lu(y>|2dy
BCusrij

Ce | Du(y) — Ly||*dy <
B, N0 (ery)?

+ Coler;)™ 7 || Heu]|lZ, + £2(ery) .

(5.12)

We work on the integral in the right-hand side of (5.12) as follows

1

T \2 u — (u)cyer; — Lu 2d
(Cugrj)z]écuerjﬂﬂ‘ (y) ( )Cu ! (y)‘ Y

Poincaré Ineq.

< ][ Du(y) — Lu*dy + (| L Cucr)?
BCuE'rij

< (ILullCugry)* + | Lu — (Du)c,er, II* +][ |Du(y) — (Du)c,er, |*dy.

Bcugrj N

Using this computations, (5.12) turns into

_2m
00]1[3 . 1Du(y) — Lull*dy < (ILu]|Cuery)* + (| Ly = (Du)cyer, P + Colers)* 7 | Hr[ulllZs
er; N

1
+ RQ(STj)2a + |Du(y) - (Du)cu€7’j |2dy

2
Cu BCuE"“j N

Rewriting the inequality above in terms of u; (changing variables, dividing by 5?-, using the
definition of the w;’s, and Item a) and inserting (5.7), we derive

2 _2m
a er;)"p
)+ e+l
! J (5.13)
(ery)*

+ NQT +]£ . |Du;(y) — (Duj)c,[*dy,
C’uem J

J

[ Lul[Cuer;

c.f Ipust) - tPay < (12

Bsﬁﬂj

where (; := 671 (L, — (Du),,). We now focus on bounding the limits of the terms appearing
in (5.13). It is well known that

Item e

0652a Itemsgand ¢ 0652aEu]- (1) < ][ ||Du(y) - Lu||2dy
Ber, N2
J (5.14)
_ ][ | Du(y) — ¢;1dy.
BgﬂQj
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As a consequence of (5.7), it holds

2-2m N
lim <W+%<sm> Pl | o)

Jj—+o0

< Cyre™, (5.15)
o3 5 o7 )

Combining (5.13), (5.14), and (5.15), we attain

C.C.e% < Cyr?e® + lim sup][ |Du;(y) — (Duj)e,e|*dy
j—o0 BcuaﬁQj
=G+ f  Duoly) - (Duoe Py
BCus

Poincaré Ineq. (5.11)
< Cyr?e®™ + 0552][ |Dug(y)|*dy < Cypr?e,
+

BCue

Adjusting the constants in the last inequality, we finally find the desired contradiction,
as well we finish the proof of this proposition.

Proof of the claim (5.10): Without loss of generality we can assume that p(I') =
B,, NR™~!. Indeed, it is a standard procedure of straightening/flattening out the boundary,
see [20, Subsection 3.2.3]. If the boundary is not flat, i.e., p(I') # B,, N R™"! we take a
smooth function ® such that ®(0) = 0, D®(0) = 0, and ®(p(T")) = B,, NR™"!. So, ugo ®
satisfies (5.10), which assures that wg satisfies a similar elliptic PDE. For more details on
this standard argument, we refer the reader to [20, Subsection 3.2.3].

Fix a flattened boundary p(I') = B,, NR™!, denote B} := B, N {(z/,z,,) e R ! xR :
T, > 0} for every s > 0, and ¢ € R the conjugate exponent of p, i.e., such that p~' +¢~! = 1.
Let ¢ € C°(B{,R") a test vector field with ((2’,0) = 0 for every 2’ € R™~!. Then we define
the sequence (;(2) := ((%) which for each j also satisfies (;(2’,0) = 0 for every 2/ € R™1,

Our aim now is to apply Lemma 5.1. To this aim, we estimate the left-hand side of (5.3)
in Lemma 5.1 as follows

/BT<DI]?(DU<Z>>7DCj<Z)>dZ = r;l /131+<DII(DU(Z))’DC (%)>d2

(5.16)
=t /B+(DI;(Du(rjz)), D( (z))dz.

1

Notice that the domain of integration does not change under the change of variables since ¢
has compact support. Thus, by (5.16), we obtain that

| ADTo(Du() DGz =7 | (DIADu(r;2)) = DIR(Dw),).DE ()0

—
N

a

= /B (DIF((Du)r; + 6;Duj(2)) = DIr((Du)y,), D (2))dz (5.17)

=yt / ADI(Duy(2), D (2))dz,
Bl

where we used the compactness of the support of ¢ and the divergence theorem for the first
equality. We now focus on the right-hand side of (5.3). Recalling the definition of A and
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that u is Lipschitz, we have that ||(;AY(Du)|lta@,na) < Col|¢j|lLam,na), where we change
variables to get that

I1GAY (DU a3, 00 < Cory @ ¢ Lo, na)- (5.18)
We now use Lemma 5.1, (5.17), and (5.18), to derive that
1 [ DT (Duy(2). D () dz = 8y [ (DTA(Du(2)), DG ()
Bl Bl

< C')|GAY (D) |, ro)

< Cori @ ||¢ e ny-

(5.19)

Recalling (5.7) and the choice of ¢, we easily obtain that

%—m-{—l 1—% 5
r. r. .
J — C(/) J < 06 J
0; 0; =
J J

C; :
’ 17 [u]l[r(xmn)

which in turn, together with (5.19), implies that

lim (DZ;(Duj(z)), D¢ (2))dz = 0.

j—>—+00 +
J B

By the very same argument of [24, Proposition 4.5], we conclude from the previous equation
that

/B+ D*Tx((Du)o)[Dug, D¢] = 0,

for all ¢ € C°(Bf,R") with ((2/,0) = 0,Vz’ € By NR™1 as claimed in (5.10). O

6 Boundary regularity

We now define the auxiliary excess for € > 0, which encompasses the mean curvature
rather than only the excess F, as follows

B m
mln{ohl—;}

e(,s,L) = B(w, s, L) + —————[[H[ull,.
e(x,s) :==e(x,s, (Du),), and e(s) := e(0,s),Vs > 0.
By Proposition 5.3, there exists C. = C.(m,n, || F|lc2, Kz, ||u||Lip, [') > 0 with the following
property: setting v := min{«a, 1 — m/p} and

1 1
£ < min {(1206)‘23, Ce 2”"7,2*%,8*%, E} , (6.1)

then there exist § = d(¢) > 0 such that (5.5) implies (5.6), i.e.,

?WHMMSEMS5 . B(er L) < CEE(r). (6.2)

<9
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We prove a decay for e in the next corollary, which is a consequence of the excess decay,
Proposition 5.3. We lastly choose

o 0 i d inqo ! 6.3
71 := min 60, (2"H[U]Hp) and o < mm{ ,6—Cd}. (6.3)

Corollary 6.1. Assume Assumption 5, (6.1), and (6.3). Then we have

e(e’r,Ly) <2 ¥e(r)  for every j € N and r € (0,7y).
Moreover, there exists n € (0,1) and c, = c.(r,€) > 0 such that
e(s, Ly) < ces™  for all s € (0,7).

Proof. Performing the same computations of Lemma 5.2, the excess E(r) can be taken small
enough, up to choose r; and o small enough. Hence, from (6.3), we can fix > 0 such that

|| Hul||, + E(r) < 4. (6.4)

We wish to prove that
e(er, L,) < 27%¢(r). (6.5)

To this end we consider two cases.
Case 1: if r7||H[u]|l, < E(r), we can apply (6.2) to deduce that

+ 2 ),

(6.2) 2

eler, L) < 0 B0) + X g, < (e ()
()
< e(r) < 27%(r),

which is precisely (6.5). Here () follows from the fact that ¢ < min{C. > 7,277}, as
assumed in (6.1).
Case 2: if V|| H][u]||, > E(r), we proceed as follows:

e(er, L) < e ™E(r, Lu) + 8877"”7”\!%[ Hlp < (7777 + 87 0) |[H[u]l,
1 8r7 ) 187
= (5+¢) St S {5, < 2%t
which is exactly (6.5). In () we used that ¢ < 871/7, as we have assumed in (6.1). We
conclude that (6.1) implies (6.5), i.e.,
TR HY |, + E(r) <6 = e(er, L,) < 27%(r). (6.6)

We observe that (6.4) holds also with €/ in place of r for every j € N. In fact, we have that

) ) (5.6) )
E(e'r, L,) < 2E(e'r, L) + 2| Ly, — (Du),||*? < 2C.e¥*E(r) + Co(o? + 1r**),

which, thanks to the smallness of 7,0 and e assumed in (6.1) and (6.3), ensures
(e7r)="/?||Hu]||, + E(e7r) < §/2. Then, applying (6.6), we obtain e(e’r, L,) < 2=%e(r) for
any 7 € N. The latter surely implies the moreover part of the lemma by standard techniques,
see for instance [30, Theorem 3.1]. O

21



We finally have all the tools to state and prove our main theorem. We will rewrite all
the assumptions made up to now as part of the hypothesis of the theorem for the reader’s
convenience.

Theorem 6.2 (Boundary regularity theorem). Let m,n > 2, F be an integrand of class C*
on the m-Grasmannian bundle Gr(B (x, 4ry)) satisfying USAC, T be an (m—1)-submanifold
of class C** in B (z,4r¢) with reach k < (2r§)~ and such that x € T. Let Q be an open
subset of B (z,4r) N (R™ x {0}) and V = V]u| € V,,,(B (z,4ry)) be an m-varifold induced
by the graph of u € Lip(Q,R™), and Ograph(u) = T'. Assume that the anisotropic first
variation 0V is a Radon measure on B (x,4r9) \ I and the anisotropic mean curvature
Hr € LP(B (z,4r0)),p > m. Then there exists § = 6(m,n,p,||F|c2, Kz, |u|Lip, ) > 0
satisfying the following property. If o € (0,0) is such that

1
IVI]I(B(z,r)) < (5 + 0) W™, for any r € (0,4rg),

then there exist two constants ro > 0 and n € (0,1) depending only on m,n,p,||F||cz2,
Kz, ||u||Lip7F; such that u € Clvfi(B ($77“2)).

Proof. Without loss of generality, we can assume x = 0. Denote 7 := min{a,1 — m/p}.
The hypothesis of this theorem matches exatcly with Assumption 3. We can choose €,6 > 0
satisfying (6.1) and (6.3). We now recall that the excess E(-,r) is continuous with respect
to the variable in R™". Hence, as in the proof of (6.4), there exists r5 > 0 such that

[ Hulll, + E(y,r) <9, VyeB,,, Vre(0,r).
We apply Corollary 6.1 to obtain the existence of € (0, 1) such that
e(y,r,Ly) <cor®, VyeB,,, Vre(0,r),
In particular, since (Du), is optimal for E(p,r,-), it is easy to see that

E(y7 7”) S E(ya r, Lu) S e(yﬂ”, Lu) S CGT277, Vy c BTQ, V’I“ c (0,7’1).

This shows that Du restricted to B,, belongs to a Campanato space, hence it is a Holder
continuous function for some 7 € (0, 1) which concludes the proof of the theorem. O
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