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Abstract. The goal of this short note is to prove qualitative stability for a family of trace Sobolev inequalities
first proven by Carlen & Loss for p = 2 and by Maggi and the author for p ∈ (1, n). This answers an open problem

raised in a recent paper of Fan, Li & Zhang, and in conjunction with their local analysis, yields sharp quantitative
stability for this family of inequalities when p = 2.

1. Introduction

Fix n ≥ 2, p ∈ (1, n), and a half space H = {x ∈ Rn : x · e1 > 0}. In [MN17], Maggi & Neumayer used a mass
transportation argument to establish a one-parameter family of trace Sobolev inequalities on H, which encode the
classical Sobolev and Escobar inequalities as special cases. More specifically, consider the variational problem

ΦH(T ) = inf{∥∇u∥Lp(H) : u ∈ AT } T ≥ 0, (1.1)

where the competitor class AT is given by

AT = {u ∈ Ẇ 1,p(H) : ∥u∥Lp∗ (H) = 1, ∥u∥
Lp♯ (∂H)

= T} . (1.2)

Here the critical Sobolev exponents p∗ = np
n−p and p♯ = (n−1)p

n−p are determined by scaling. Minimizers of ΦH(T )

were characterized in [MN17] for each T > 0: the family of minimizers MT comprises dilations and horizontal
translations, and multiples by ±1 of an explicit profile UT (recalled in section 2.1). Thus, in the resulting sharp
Sobolev trace inequality

∥∇u∥Lp(H) ≥ ΦH(T ) for all u ∈ AT , (1.3)

equality holds if and only if u ∈ MT . The case T = 0 of (1.3) encodes the classical Sobolev inequality ∥∇u∥Lp(Rn) ≥
Sn,p∥u∥Lp∗ (Rn) for u ∈ Ẇ 1,p(Rn), whose optimal constant ΦH(0) = Sn,p and extremals on Rn were characterized

in [Aub76b, Tal76]. The Escobar inequality ∥∇u∥Lp(H) ≥ En,p∥u∥Lp♯ (∂H)
for u ∈ Ẇ 1,p(H), whose sharp constant

En,p and extremals were given in [Esc88, Naz06] (see also [Bec93]), implies the linear lower bound ΦH(T ) ≥ En,pT
for all T ≥ 0. This lower bound is saturated for exactly one value TE > 0 depending on n and p.

When p = 2, Carlen & Loss [CL94] first characterized minimizers of (1.1) using their method of competing
symmetries [CL90]. In this case, the Sobolev and Escobar inequalities are closely linked to the Yamabe problem
[Yam60, Tru68, Aub76a, Sch84, Esc92a, Esc92b].

With extremals of (1.3) characterized, stability is the natural next question: if u ∈ AT almost achieves equality
in (1.3), then is u close, in a suitable sense, to some v ∈ MT ? Closeness to equality is quantified by the deficit

δT (u) = ∥∇u∥pLp(H) − ΦH(T )p ,

while the strongest distance of a function u ∈ AT to the nearest extremal that one expects to control is

dT (u) := inf
v∈MT

∥∇(u− v)∥Lp(H).

In the recent paper [FLZ26], Fan, Li & Zhang gave a local quantitative analysis of the problem in the case p = 2,
showing that there exists αT > 0 such that δT (u) ≥ αT dT (u)

2+o(dT (u)
2). The obstruction to turning this estimate

into a global quantitative stability theorem was the absence of a qualitative stability result for (1.3). Here we fill
this gap by establishing such a qualitative stability result. As a byproduct, we resolve the open problem of global
quantitative stability for this problem raised in [FLZ26, Remark 1.1].

Theorem 1.1. Fix p ∈ (1, n) and T > 0. Given {uk} ⊂ AT , if δT (uk) → 0, then dT (uk) → 0.

Combining Theorem 1.1 with [FLZ26, Theorem 1.1] yields global quantitative stability when p = 2.

Corollary 1.2. Fix p = 2 and T > 0. There exists α′
T > 0 such that δT (u) ≥ α′

T dT (u)
2 for all u ∈ AT .
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Figure 1. A plot illustrating known properties of T 7→ ΦH(T ); see section 2.1 for discussion.

Quantitative stability for the Escobar inequality with p = 2 was shown in [Ho22]. For the Sobolev inequality
on Rn, sharp quantitative stability was shown in [BE91] for p = 2, see also [DEF+25], and for p ∈ (1, n) in [FZ22],
after [CFMP09, FN19, Neu20].

At first glance, one might expect Theorem 1.1 to follow directly from standard concentration compactness and
scaling methods [Lio85], as is the case for many functional inequalities, including the classical Sobolev inequality on
Rn and the Escobar inequality on H. The fundamental difference here is that the sharp constant ΦH(T ) depends
nontrivially on T . This means that splitting of mass cannot be ruled out through homogeneity and concave scaling.

More explicitly, concentration compactness arguments essentially reduce the proof of Theorem 1.1 to ruling
out the possibility that a sequence {uk} ⊂ AT with δT (uk) → 0 fails to have dT (uk) → 0 because it splits into
two asymptotically non-interacting profiles u1k and u2k. Suppose this happens, and u1k and u2k have Lp∗

(H) norms

m1,m2 > 0 and Lp♯

(∂H) norms t1, t2 ≥ 0 respectively, with mp∗

1 +mp∗

2 = 1 and tp
♯

1 + tp
♯

2 = T p♯

.

For the classical Sobolev inequality, for instance, scaling easily shows such splitting is energetically too expensive:
applying the Sobolev inequality to u1k and u2k separately shows that the total energy is at least Sp

n,p(m
p
1 + mp

2),

which by strict concavity of s 7→ sp/p
∗
is strictly larger than the infimal energy Sp

n,p = Sp
n,p(m

p∗

1 +mp∗

2 )p/p
∗
.

Instead, ruling out splitting in the present setting requires comparing the energy lower bound obtained by
applying (1.3) to each profile separately, namely mp

1ΦH(t1/m1)p +mp
2ΦH(t2/m2)p, with the infimal energy ΦH(T )p.

These quantities cannot be related by scaling and have no clear strict ordering a priori. Even if T is restricted to
a particular interval, the ratios ti/mi may take any value in [0,∞).

In view of this discussion, the main tool to prove Theorem 1.1 is the following strict binding inequality for ΦH .

Theorem 1.3. Fix T > 0 and let m1,m2 > 0 and t1, t2 ≥ 0 satisfy mp∗

1 +mp∗

2 = 1 and tp
♯

1 + tp
♯

2 = T p♯

. Then

ΦH(T )p < mp
1ΦH

(
t1

m1

)p

+mp
2ΦH

(
t2

m2

)p

. (1.4)

Another plausible approach to proving Theorem 1.1 would be to trace through the mass transportation argument
of (1.3) from [MN17] (recalled in section 2.3) to extract information about the optimal transport map T from

up
∗Ln to Up∗

T Ln and use this to estimate dT (u). This has been done quantitatively for the isoperimetric inequality
[FMP10], the 1-Sobolev inequality [FMP13], and the Sobolev inequality with p ∈ (1, n) restricted to radially
symmetric functions [CFMP09]. This approach faces serious difficulties in the present context, and already for the
Sobolev inequality on Rn, in part because the control on T degenerates in regions where u is small.

To prove Theorem 1.3, we do use the mass transportation proof of [MN17]. The key difference is that we only
need to control the optimal transport map T for one explicit test function w ∈ AT . We take w to be the sum of
cut off and translated copies of m1UT1

and m2UT2
where Ti = ti/mi. The energy

∫
H
|∇w|p can be made arbitrarily

close to the right-hand side of (1.4). (Non-strict inequality in (1.4) is immediate from testing against w.)

Say m1 ≤ m2. The cyclical monotonicity of the graph of the optimal transport map T associated with w forces
T to map most of the mass of m1UT1

into a half-space {yn > 0}. On the other hand, a basic quantitative estimate
obtained from the mass transportation proof (see (2.18)) shows that if δT (w) is small, then T − se1 is parallel to
−∇w on a set with a definite amount of mass for a fixed s = sT . These properties are incompatible, forcing a
definite lower bound for δT (w) and thus proving Theorem 1.3.
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2. Preliminaries

In this section, we give some background and notation that will be needed in the rest of the paper. Let n ≥ 2
and p ∈ (1, n) be fixed throughout. We let Ln be the Lebesgue measure on Rn and Hn−1 the (n− 1)-dimensional

Hausdorff measure. Let Ẇ 1,p(H) be the space of L1
loc(H) functions with distributional gradient in Lp(H;Rn) that

vanish at infinity in the sense that Ln({|u| > t}) <∞ for every t > 0. In a slight abuse of notation, for a function

u ∈ Ẇ 1,p(H) we simply write u to refer to the trace Tu ∈ Lp♯

(∂H) of u.

2.1. Minimizers for ΦH(T ). In [CL94] for p = 2 and [MN17] for p ∈ (1, n), extremal functions of (1.3) (equiv-
alently, minimizers of (1.1)) were characterized as follows. For each T > 0, the family MT of extremals is given
by

MT =
{
±α−n/p∗

UT ((· − x0)/α) : x0 ∈ ∂H,α > 0
}

where the function UT is defined as follows. For a given function f : Rn → R and s ∈ R, let τsf(x) = f(x− se1).
Recall from the introduction that TE > 0 is the unique T for which ΦH(TE) = En,pTE , and thus is the unique T
for which the linear lower bound ΦH(T ) ≥ En,pT implied by the Escobar inequality

∥∇u∥Lp(H) ≥ En,p∥u∥Lp♯ (∂H)
for all u ∈ Ẇ 1,p(H) (2.1)

is saturated; see Figure 1.

• For T ∈ (0, TE), there is a unique sT ∈ R such that

UT =
τsTUS

∥τsTUS∥Lp⋆ (H)

χH where US(x) =
(
1 + |x|p/(p−1)

)(p−n)/p

. (2.2)

The function US is the unique (modulo symmetries) extremal for the Sobolev inequality on Rn. When

p = 2, up to a constant multiple, the conformal metric U
4/(n−2)
T geuc on H is isometric to a geodesic ball on

the round sphere, with radius tending to zero as T → TE and to the diameter of the sphere as T → 0.

• For T = TE , i.e. the point corresponding to the Escobar trace inequality,

UT =
τsTUE

∥τsTUE∥Lp⋆ (H)

χH where UE(x) = |x|(p−n)/(p−1) (2.3)

with sT = −1. The function UTE
is the unique (modulo symmetries) extremal function for the Escobar

trace inequality. Replacing sT = −1 by any other s < 0 in (2.3) gives a dilation of UT and hence another

extremal. When p = 2, the conformal metric U
4/(n−2)
TE

geuc on H is isometric to a ball in Rn.

• For T > TE , there is a unique sT < −1 such that

UT =
τsTUBE

∥τsTUBE∥Lp⋆ (H)

χH , where UBE(x) =
(
|x|p/(p−1) − 1

)(p−n)/p

. (2.4)

When p = 2, up to a constant multiple, the conformal metric U
4/(n−2)
T geuc on H is isometric to a geodesic

ball in hyperbolic space, with radius tending to zero as T → TE and to infinity as T → ∞.

No minimizers in (1.1) exist for T = 0, since the support of the extremals for the Sobolev inequality is all of Rn.

In [MN17] we establish various properties of the function T 7→ ΦH(T ). First, let T0 ∈ (0, TE) be the Lp♯

(∂H)
norm of (2.2) with sT0 = 0. Then ΦH uniquely achieves its global minimum ΦH (T0) = Sn,p/2

1/n at T0, saturating

the constant lower bound ΦH(T ) ≥ Sn,p/2
1/n (see Figure 1) resulting from the inequality

∥∇u∥Lp(H) ≥
Sn,p

21/n
∥u∥Lp∗ (H) for all u ∈ Ẇ 1,p(H) . (2.5)

The inequality (2.5) is a direct consequence of the Sobolev inequality on Rn and reflection.

We additionally show in [MN17] that T 7→ ΦH(T ) is strictly decreasing on (0, TE), concave on (0, T∗) for some
T∗ ∈ (0, T0), and strictly increasing and convex on (T0,∞). A simple divergence theorem computation shows that

ΦH(T ) >
T p♯

p♯
for every T > 0, (2.6)

and direct analysis of (2.4) shows this lower bound is asymptotically saturated as T → ∞ (see Figure 1).
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In [MV05], Maggi & Villani show that for any open, connected Lipschitz domain Ω ⊂ Rn, ΦΩ(T ) ≥ ΦB(T ) for

T ∈ (0, ISO(B1)
1/p♯

), where ISO(B1) = n|B1| and ΦΩ(T ) is the analogous minimization problem to (1.1) with Ω
in place of H. The lower bound ΦH(T ) ≥ ΦB(T ) on this interval is not saturated (see Figure 1); the question
of whether other domains can have ΦΩ(T ) = ΦB(T ) was investigated in [MNT23]. Note that any open Lipschitz
domain Ω enjoys the complementary upper bound ΦΩ(T ) ≤ ΦH(T ).

2.2. Mass transportation background. We briefly recall some facts from optimal transport theory, and refer
the reader to [Vil03, Mag23] for further introduction. For a µ (Borel) probability measure on Rn and a Borel
measurable map T : Rn → Rn, the pushforward of µ through T is the probability measure T#µ defined by

T#µ(A) = µ
(
T −1(A)

)
for all A ⊂ Rn. (2.7)

By approximation, this means that ∫
Rn

ξ dT#µ =

∫
Rn

ξ ◦ T dµ (2.8)

for every Borel measurable function ξ : Rn → [0,∞].

Now suppose µ = FLn and ν = GLn are absolutely continuous probability measures on Rn. By the Brenier-
McCann theorem [Bre91, McC97] (see [Vil03, Cor. 2.30]), there is a convex function φ : Rn → R∪{+∞} such that
the map T = ∇φ is defined µ-a.e. and satisfies

T#µ = ν.

The map T is uniquely determined µ-a.e., and is called the Brenier map from µ to ν. It is the unique optimal
transport map for the quadratic cost, though we will not use this. If φ is C2, then (2.8) and the area formula give

F (x) = G(∇φ(x)) det∇2φ(x) µ-a.e.; (2.9)

the same identity holds in general for the Alexandrov Hessian ∇2φ, i.e. for the absolutely continuous part of the
distributional Hessian [McC97].

A key property of the Brenier map is the cyclical monotonicity of its graph. A subset Γ ⊂ Rn ×Rn is cyclically
monotone if

m∑
i=1

yi · (xi+1 − xi) ≤ 0

for every m ∈ N and every collection of m points (x1, y1), . . . , (xm, ym) in Γ, with the convention that xm+1 = x1.
There is a set A of full µ measure (i.e. µ(A) = 1) such that the graph Γ = {(x, T (x)) : x ∈ A} of the Brenier map
is cyclically monotone, see, e.g., [Vil03, Prop. 2.24]1 Applying this fact for m = 2 guarantees that

(T (x1)− T (x2)) · (x1 − x2) ≥ 0 for (x1, x2) ∈ A×A. (2.10)

2.3. Mass transportation argument. Let us sketch the mass transportation proof of (1.3) given in [MN17]. It
is a variant of the mass transportation arguments used to prove the Sobolev inequality [CENV04] and various other
functional inequalities, and is especially inspired by Nazaret’s proof of the Escobar inequality [Naz06]. Fix T > 0
and let s = sT ∈ R be as in section 2.1. Direct computation verifies the identity

p♯∥∇UT ∥Lp(H)YT + sT p♯

= n

∫
H

Up♯

T dx where YT =
(∫

H

Up⋆

T |x− se1|p/(p−1)
dx

)(p−1)/p

. (2.11)

Now, fix u ∈ AT ∩ C1
c (H) with u ≥ 0. We aim to show that

∥∇u∥Lp(H) ≥ ∥∇UT ∥Lp(H) . (2.12)

Letting F = up
∗
and G = Up∗

T , consider the measures

µ = up
∗
Ln = F Ln, ν = Up∗

T Ln = GLn ,

and let T = ∇φ be the Brenier map from µ to ν. Applying the transport condition (2.8), the identity (2.9), and
the arithmetic-geometric mean inequality to the nonnegative eigenvalues of the Alexandrov Hessian D2φ,2 we find∫

H

Up♯

T =

∫
Rn

G1−1/n =

∫
Rn

G(∇φ)−1/nF =

∫
Rn

(
det∇2φ

)1/n
F 1−1/n ≤ 1

n

∫
Rn

F 1−1/nd(div T ) . (2.13)

1More generally, the support of the optimal plan between any two probability measures on Rn is cyclically monotone, and this fact
is used in one proof of the Brenier theorem.

2As with (2.9), there is some subtlety when φ is not C2; in (2.13), AM–GM is applied µ-a.e. to the eigenvalues of the Alexandrov

Hessian, and by convexity, the Alexandrov Laplacian of φ is bounded above by its distributional Laplacian.
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On the right-hand side, we subtract the divergence-free vector field se1 from T , letting S = T −se1. Then, applying
the divergence theorem, we obtain∫

Rn

F 1−1/nd(div T ) =

∫
H

up
♯

d(divS) = −p♯
∫
H

up
♯−1∇u · Sdx−

∫
∂H

up
♯

S · e1dHn−1. (2.14)

Since T transports µ to ν and spt(ν) ⊂ H, we have S(x) · (−e1) ≤ s for Hn−1-a.e. x ∈ spt(µ) ∩ ∂H. Thus, in
summary, (2.13) and (2.14) yield

n

∫
H

Up♯

T dx ≤ −p♯
∫
H

up
♯−1∇u · (T − se1) dx+ s T p♯

. (2.15)

Now we bound the first term on the right-hand side. Using Cauchy-Schwarz and Hölder’s inequalities and the
transport condition (2.8), we find

−p♯
∫
H

up
♯−1∇u · (T − se1) dx ≤ p♯

∫
H

up
♯−1|∇u| · |T − se1| dx (2.16)

≤ p♯∥∇u∥Lp(H)

(∫
H

up
⋆

|T (x)− se1|p/(p−1)
dx

)(p−1)/p

= p♯∥∇u∥Lp(H)

(∫
H

Up⋆

T |x− se1|p/(p−1)
dx

)(p−1)/p

= p♯∥∇u∥Lp(H) YT .

Combining this with (2.11) and (2.15) shows that

p♯∥∇UT ∥Lp(H)YT + sT p♯

≤ p♯∥∇u∥Lp(H) YT + sT p♯

(2.17)

which directly implies (2.12).

The inequality (2.17) sandwiches each individual inequality in the proof, including (2.16), so

(∥∇u∥Lp(H) − ∥∇UT ∥Lp(H))YT ≥
∫
H

up
♯−1

(
|∇u| · |T − se1| − (−∇u) · (T − se1)

)
dx

=
1

2

∫
H

up
♯−1|∇u| |T − se1|

∣∣∣∣−∇u
|∇u|

− (T − se1)

|T − se1|

∣∣∣∣2 dx.
Since ∥∇u∥Lp(H) − ∥∇UT ∥Lp(H) ≤ CδT (u) with C = 1/(pΦH(T )p−1), this means there is a constant Cn,p,T > 0
such that

Cn,p,T δT (u) ≥
∫
H

up
♯−1|∇u| |T − se1|

∣∣∣∣−∇u
|∇u|

− (T − se1)

|T − se1|

∣∣∣∣2 dx. (2.18)

In the proof of Theorem 1.3, we will only use (2.18) and the fact that UT is radially symmetric and decreasing
about a point se1.

3. Proof of Theorem 1.3

In this section we prove Theorem 1.3. The idea is to construct a function w, which is essentially the sum of a
copy of m1UT1 centered at 2R+1en and a copy of m2UT2 centered at −2R+1en for R ≫ 1, such that

∫
|∇w|p ≤

mp
1ΦH (T1)

p
+mp

2ΦH (T2)
p
+ ε. We are able to estimate the corresponding Brenier map T in a somewhat explicit

manner. In particular, the cyclical monotonicity of the graph of T in the form (2.10) shows that T maps most
points in the support of the translated copy of m1UT1

to {y · en > 0}, forcing a definite lower bound for the
right-hand side of the estimate (2.18) and thus showing δT (w) ≥ 2ε.

Proof of Theorem 1.3. Step 1: We begin by fixing parameters and notation. Without loss of generality assume
m1 ≤ m2, and as above, let T1 = t1/m1 and T2 = t2/m2. From the explicit form of UT1 , it is not difficult to see
that there exists c̄ = c̄(n, p, T1) > 0 small enough such that the set

G =
{
x ∈ H : UT1(x) ≥ c̄ ∥UT1∥L∞(H) , |∇UT1(x)| ≥ c̄, ∇UT1(x) · en ≥ c̄

}
(3.1)

is nonempty. Note that G ⊂ Bρ for some ρ = ρ(n, T1) > 0. We define ā = ā(n, T1,m1) by

3ā := mp∗

1

∫
G
Up∗

T1
> 0. (3.2)

Let R = R(n, T,m1,m2, t1, t2) ≥ 2ρ > 0 be a large fixed number to be specified later in the proof. Let

K̃ =
{
z ∈ Rn : |zn| <

R

2R
|z′|

}
. (3.3)



6 R. NEUMAYER

Here z′ denotes the projection of z onto Rn−1 ×{0} ⊂ Rn. Since |K̃ ∩Br| = oR(1) for any fixed r > 0, we can take
R large enough so that

b̄ :=

∫
K̃∩H

Up∗

T dx ≤ ā .

Here and throughout, oR(1) is a number whose absolute value can be made arbitrarily small by taking R sufficiently
large.

Step 2: Next we construct the main function w = wR ∈ AT . Let η : Rn → R be a smooth nonnegative cutoff
function supported in B1 with 0 ≤ η ≤ 1 on Rn and η = 1 in B1/2. The function W1(x) = m1UT1(x)η(

x
R )χH(x)

satisfies∫
H

W p∗

1 dx = mp∗

1 + oR(1),

∫
∂H

W p♯

1 dHn−1 = mp♯

1 T
p♯

1 + oR(1),

∫
H

|∇W1|p dx = mp
1ΦH (T1)

p
+ oR(1) .

The analogous estimates hold for W2(x) = m2UT2(x)η(
x
R )χH(x). By construction, we have

∫
H
W p∗

i dx ≤ mp∗

i and∫
∂H

W p♯

i dHn−1 ≤ (miTi)
p♯

= tp
♯

i for i = 1, 2. So, we may choose a nonnegative smooth function ψR : H → R
supported in BR so that

w(x) =W1

(
x− 2R+1en

)
+

(
W2

(
x+ 2R+1en

)
+ ψR

(
x+ 2R+1en

))
lies in AT and satisfies ∫

H

|∇w|p dx = mp
1ΦH (T1)

p
+mp

2ΦH (T2)
p
+ oR(1) . (3.4)

The support of w is contained in B+
R ∪B−

R where we let

B+
R = BR

(
2R+1en

)
∩H, B−

R = BR

(
−2R+1en

)
∩H.

Recalling that ψR ≥ 0 and m1 ≤ m2, we have ∫
B−

R

wp∗
dx ≥ 1

2
. (3.5)

Step 3: Let µ = wp∗Ln and ν = Up∗

T Ln and let T be the Brenier map from µ to ν. Consider the sets

E =
{
x ∈ B+

R : T (x) · en < 0
}
= T −1 ({yn < 0}) ∩B+

R , (3.6)

F =
{
x ∈ B−

R : T (x) · en ≥ 0
}
= T −1 ({yn ≥ 0}) ∩B−

R (3.7)

of points in B±
R that get mapped across the plane {yn = 0} by T . We claim that

µ(E) ≤ b̄. (3.8)

As above b̄ =
∫
K̃∩H

Up∗

T dx = ν(K̃). Suppose not, i.e. µ(E) > b̄. From the symmetry of UT and the transport
condition (2.7), we have

1

2
= ν ({yn < 0}) = µ

(
T −1 ({yn < 0})

)
= µ

(
T −1({yn < 0}) ∩B−

R

)
+ µ(E) > µ

(
T −1 ({yn < 0}) ∩B−

R

)
+ b̄ .

That is, µ(T −1({yn < 0}) ∩ B−
R ) < 1

2 − b̄. Since µ
(
B−

R

)
≥ 1

2 by (3.5), this means the set F defined in (3.7) has

µ(F ) > b̄ as well. Now, with K̃ as in (3.3), let

F∗ = {x ∈ B−
R : T (x) ∈ {y · en > 0} \ K̃} ⊂ F ,

E∗ = {x ∈ B+
R : T (x) ∈ {y · en < 0} \ K̃} ⊂ E

be the sets of points in B±
R mapping even further to the “wrong side” of the plane {yn = 0}. Since F \ F∗ ⊂

T −1({yn ≥ 0} ∩ K̃), we have

µ(F \ F∗) ≤ µ
(
T −1({yn ≥ 0} ∩ K̃)

)
= ν({yn ≥ 0} ∩ K̃) =

b̄

2
.

The final identity comes from the reflection symmetry of K̃ and UT across {xn = 0}. Since µ(F ) = µ (F∗) +

µ (F \ F∗), we find µ (F∗) ≥ b̄
2 , and analogous reasoning shows µ (E∗) >

b̄
2 . In particular, letting A be the full

µ-measure set on which (2.10) holds, the sets E∗ ∩A and F∗ ∩A are nonempty.
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Now, take any x1 ∈ E∗ ∩A ⊂ B+
R and x2 ∈ F∗ ∩A ⊂ B−

R . Then x1 − x2 lies in the positive cone

K =
{
z ∈ Rn : zn >

2R

R
|z′|

}
Observe that z · y < 0 for any z ∈ K and y ∈ {yn < 0} \ K̃. So, by cyclical monotonicity (2.10),

T (x1)− T (x2) /∈ {yn < 0} \ K̃ . (3.9)

On the other hand, from the definitions of E∗ we have T (x1) ∈ {yn < 0} \ K̃. Similarly, from the definition of F∗,

we have T (x2) ∈ {yn > 0} \ K̃ and so −T (x2) ∈ {yn < 0} \ K̃. Since {yn < 0} \ K̃ is a convex cone,

T (x1)− T (x2) ∈ {yn < 0} \ K̃.
This contradicts (3.9). Thus (3.8) holds.

Step 4: Since T is a transport map and UT is bounded, for any ε > 0,

µ ({x : |T (x)− se1| < ε}) = ν(B(se1, ε)) ≤ Cεn (3.10)

where C = C(n, p, T ). Choose ε > 0 small enough so Cεn ≤ ā with ā as in (3.2). (In the case s < 0 we can choose
ε so that ν(B(se1, ε)) = 0.) Note that since R ≥ 2ρ,

µ(G + 2R+1en) =

∫
G+2R+1en

wp∗
dx =

∫
G
(m1UT1

)
p∗

= 3ā.

So, thanks to (3.10), (3.8), and b̄ ≤ ā, we have µ(G∗) ≥ ā where

G∗ =
(
G + 2R+1en

)
\
(
{x : |T (x)− se1| < ε} ∪ {x : T (x) · en < 0}

)
.

From the definition of G in (3.1), we thus have |−∇w
|∇w| −

T −se1
|T −se1| |

2 ≥ c̄2 on G∗. So, recalling (2.18) and noting that

p♯ − 1 = p∗ − n
n−p , we have

Cn,p,T δT (w) ≥
∫
G∗

wp♯−1|∇w| · |T − se1|
∣∣∣∣−∇w
|∇w|

− T − se1
|T − se1|

∣∣∣∣2 dx
=

∫
G∗

w−n/(n−p)|∇w| · |T − se1|
∣∣∣∣−∇w
|∇w|

− T − se1
|T − se1|

∣∣∣∣2 dµ
≥ ∥UT1

∥−n/(n−p)
L∞(H) · c̄ · ε

∫
G∗

∣∣∣∣−∇w
|∇w|

− T − se1
|T − se1|

∣∣∣∣2 dµ ≥ āc̄3 ∥UT1
∥−n/(n−p)
L∞(H) ε =: 2c0.

(3.11)

Up to possibly further increasing R depending on n, p, T1, ā, c̄ and ε, and thus on n, p, T,m1,m2, t1, t2, in (3.4) we
may take the error oR(1) to be at most c0, so absorbing it yields

mp
1ΦH (T1)

p
+mp

2ΦH (T2)
p − ΦH(T )p ≥ c0.

This completes the proof. □

4. Proofs of Theorem 1.1 and Corollary 1.2

The strict binding inequality Theorem 1.3 is the main tool toward proving Theorem 1.1. To complete the proof
of Theorem 1.1, let us recall the first and second concentration-compactness lemmas in the present setting. Just
make the points in Rn

Lemma 4.1 (Concentration-Compactness Lemma I). Let νk be a sequence of probability measures on Rn. There
is a subsequence (unrelabeled) such that one of the following three conditions holds:

(1) (Compactness) There is a sequence xk ∈ Rn such that for any ε > 0, there is a radius R > 0 such that
νk(BR(xk)) ≥ 1− ε.

(2) (Vanishing) For all R > 0, limk→∞(sup{νk(BR(x)) : x ∈ Rn}) = 0.

(3) (Dichotomy) There is a number λ ∈ (0, 1) such that for all ε > 0, there exist R > 0 and {xk} ⊂ Rn such
that

lim sup
k→∞

(
|λ− ν1k(Rn)|+ |(1− λ)− ν2k(Rn)|

)
≤ ε

for the measures
ν1k = νk⌞BR(xk) and ν2k = νk⌞Rn \B8R(xk) .
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Compared to the usual statement (see [Lio84, Lemma I.1] or [Str08, Lemma 4.3]) the statement of Lemma 4.1,
we spell out the splitting measures ν1k , ν

2
k in the dichotomy alternative more explicitly. The statement given above

is already present in the proof of the standard statement.

Lemma 4.2 (Concentration-Compactness Lemma II). Let n ≥ 2 and p ∈ (1, n). If {uk}k is a sequence in

L1
loc (H), {∇uk}k is bounded in Lp (H;Rn) and uk ⇀ u as distributions in H, then the Radon measures on H

defined by

µk = |∇uk|p Ln⌞H, νk = |uk|p
⋆

Ln⌞H, τk = |uk|p
♯

Hn−1⌞∂H

have subsequential weak-star limits µ, ν and τ which satisfy

ν = |u|p
⋆

Ln⌞H +
∑
i∈I

mp⋆

i δxi ,

τ = |u|p
♯

Hn−1⌞∂H +
∑
i∈I

tp
♯

i δxi
,

µ ≥ |∇u|pLn⌞H +
∑
i∈I

gpi δxi ,

where {xi}i∈I ⊂ H̄ is an at most countable set, mi > 0 and ti ≥ 0 for every i ∈ I, with ti > 0 only if xi ∈ ∂H, and

gi ≥ miΦH

(
ti
mi

)
, ∀i ∈ I .

In particular, gi ≥ Sn,pmi whenever xi ∈ H.

This form of the second concentration-compactness lemma, accounting for the trace term, was shown in [MNT23,
Lemma 2.1]. Its proof is a basic adaptation of the classical version on Rn, see [Lio85, Lemma I.1] or [Str08, Lemma
4.8]. In [MNT23], the lemma is stated on an open bounded domain Ω with C1 boundary rather than on H, but
the boundedness of the domain is not used in the proof; the only modification is to replace inequalities (A.2) and
(A.3) there by the inequalities (2.5) and (2.1) respectively.

Finally, in the proof of Theorem 1.1, we will also use the following simple lemma.

Lemma 4.3. Fix n ≥ 2 and p ∈ (1, n). Let ε > 0 and R > 0, and suppose u ∈ Ẇ 1,p(H) has ∥u∥Lp∗ (H) = 1 and∫
H∩B8R\BR

|u|p∗ ≤ ε. Then∫
∂H∩(B7R\B2R)

|u|p
♯

dHn−1 ≤ C(ε1/p
∗
+ ∥∇u∥Lp(H))ε

(p♯−1)/p∗

for C > 0 independent of R. In particular, if ∥∇u∥Lp(H) ≤ C̃, the right-hand side tends to zero as ε→ 0.

Proof. Choose a cutoff function ψ : Rn → R with 0 ≤ ψ ≤ 1, ψ = 1 on B7 \ B2, ψ = 0 on B1 ∪ (Rn \ B8), and let
ψR(x) = ψ(x/R). Then the function v = ψRu has

∫
H
|v|p∗

dx ≤ ε and

∥∇v∥Lp(H) ≤ ∥∇u∥Lp(H) + ∥u∇ψR∥Lp(H) ≤ ∥∇u∥Lp(H) + ∥u∥Lp∗ (B8R\BR)∥∇ψR∥Ln(H) .

By scaling, ∥∇ψR∥Ln(H) = ∥∇ψ∥Ln(H), so ∥∇v∥Lp(H) ≤ ∥∇u∥Lp(H) + Cε1/p
∗
for a constant C independent of R.

Applying (2.6) shows that

∥∇u∥Lp(H) + Cε1/p
∗
≥ ∥v∥Lp∗ (H)ΦH

(∥v∥
Lp♯ (∂H)

∥v∥Lp∗ (H)

)
≥

∥v∥p
♯

Lp♯ (∂H)

p♯∥v∥p♯−1

Lp∗ (H)

≥
∥v∥p

♯

Lp♯ (∂H)

p♯ε(p♯−1)/p∗ ,

which, after rearranging, completes the proof. □

With these lemmas in hand, we can now prove Theorem 1.1.

Proof of Theorem 1.1. Let {ûk} ⊂ AT be a sequence with δT (ûk) → 0. For each k ∈ N, choose yk ∈ Rn and Rk > 0
so

sup
x∈Rn

∫
H∩BRk

(x)

|ûk|p
∗
dx =

∫
H∩BRk

(yk)

|ûk|p
∗
dx =

1

2
. (4.1)



QUALITATIVE STABILITY FOR A FAMILY OF TRACE SOBOLEV INEQUALITIES 9

It is apparent from set containment that we may choose yk ∈ H. Writing yk = (y1k, y
′
k), we set ũk(·) = ûk(·−(0, y′k)),

so that ũk ∈ AT has δT (ũk) → 0 and satisfies (4.1) with y1ke1 in place of yk. Next, consider the rescaled function

uk ∈ AT defined by uk(x) = R
(p−n)/p
k ũk(

x
Rk

), which has

sup
x∈Rn

∫
H∩B1(x)

|uk|p
∗
dx =

∫
H∩B1(dke1)

|uk|p
∗
dx =

1

2
, (4.2)

where dk = y1k/Rk ∈ [0,∞). Once again, δT (uk) = δT (ûk) → 0 by scaling.

Apply Lemma 4.1 to the sequence of probability measures νk = |uk|p
∗ Ln⌞H. We will rule out both the vanishing

alternative and the dichotomy alternative using Theorem 1.3 as follows.

Vanishing does not occur. We claim that A := lim supk→∞ dk < ∞, which rules out the vanishing alternative,
since in this case νk(BA+2(0)) ≥ 1/2 for all k large. Suppose by way of contradiction that, up to an un-relabeled
subsequence, dk → ∞. We will show this forces splitting of the sequence.

Let Jk = ⌊log2(dk − 1)⌋ − 1 ∈ N, so that 2Jk+1 ≤ dk − 1 ≤ 2Jk+2. For at least one 1 ≤ j ≤ Jk, we have∫
B2j+1 (dke1)\B2j (dke1)

|uk|p
∗
dx ≤ 2

log2(dk − 1)
, (4.3)

as otherwise
∫
H
|uk|p

∗
dx ≥ 2Jk/ log2(dk − 1) > 1 for k large enough. Let j∗k be the first j for which (4.3) holds and

let R∗
k = 2j

∗
k .

Fix a smooth nonnegative cutoff function ψ : Rn → [0, 1] with ψ = 1 in B1, ψ = 0 in Rn\B2. Let ψk(·) = ψ(·/R∗
k).

Let (m∗
k)

p∗
:=

∫
BR∗

k
(dke1)

|uk|p
∗
dx

Dichotomy does not occur. Suppose by way of contradiction that the dichotomy alternative holds with splitting
proportion λ ∈ (0, 1). Take a sequence εk → 0. By Lemma 4.1 and a diagonal argument, up to a subsequence, we
may find Rk → ∞ and {xk} such that the measures ν1k = νk⌞BRk

(xk) and ν
2
k = νk⌞(H \B8Rk

(xk)) satisfy

lim sup
k→∞

{
|ν1k(H)− λ|+ |ν2k(H)− (1− λ)|

}
= 0 . (4.4)

Now, take a smooth cutoff function φ with φ ∈ [0, 1], φ = 1 on B2, and φ = 0 on Rn \ B3. Similarly let η be

such that η = 0 in B6 and η = 1 on Rn \ B7. Let φk(x) = φ(x−xk

Rk
) and ηk(x) = η(x−xk

Rk
). Then setting mp∗

1 = λ

and mp∗

2 = 1− λ, from (4.4) we have∫
H

|ukφk|p
∗
dx = mp∗

1 + ok(1),

∫
H

|ukηk|p
∗
dx = mp∗

2 + ok(1)

By (4.4) and Lemma 4.3, we also have
∫
∂H∩B7Rk

(xk)\B2Rk
(xk)

|uk|p
♯

dHn−1 → 0, so in particular,

T p♯

=

∫
∂H

|ukφk|p
♯

dHn−1 +

∫
∂H

|ukηk|p
♯

dHn−1 + ok(1) .

Up to passing to a further subsequence, there exist t1, t2 ≥ 0 with tp
♯

1 + tp
♯

2 = T p♯

such that∫
∂H

|ukφk|p
♯

dHn−1 = tp
♯

1 + ok(1),

∫
∂H

|ukηk|p
♯

dHn−1 = tp
♯

2 + ok(1) .

Similarly, using 1 ≥ φp + ηp and νk(B8Rk
(xk) \ BRk

(xk)) → 0, and applying Hölder’s inequality and scaling as
in the proof of Lemma 4.3, we obtain∫

H

|∇uk|p dx ≥
∫
H

|∇(ukφk)|p dx+

∫
H

|∇(ukηk)|p dx+ ok(1) .

Therefore, applying (1.3) to ukφk and ukηk separately and using the continuity of the mapping T 7→ ΦH(T ), we
have ∫

H

|∇(ukφk)|p dx+

∫
H

|∇(ukηk)|p dx ≥ mp
1ΦH

(
t1

m1

)p

+mp
2ΦH

(
t2

m2

)p

+ ok(1).

Since on the other hand, the left-hand side is bounded above by
∫
H
|∇uk|p dx = ΦH(T )p + ok(1), we reach a

contradiction to Theorem 1.3 for sufficiently large k. Thus the dichotomy alternative cannot occur.
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So, the concentration alternative occurs in Lemma 4.1. In particular, we can find {xk} ⊂ H and R0 > 0 such
that

∫
BR0

(xk)
|uk|p

∗
> 1

2 . Thanks to (4.2), this means B1(0) ∩ BR0
(xk) is nonempty, i.e. |xk| < R0 + 1. So, the

concentration alternative guarantees that for any ε > 0, there exists R > 0 such that∫
BR(0)

dνk ≥ 1− ε.

So, up to a subsequence, νk
∗
⇀ ν for a measure ν on H with ν(H) = 1. Applying the argument of Lemma 4.3 but

now taking ψ : Rn → R to be a cutoff with ψ = 0 in B1 and ψ = 1 on Rn \ B2, we also see that the measures

τk = |uk|p
♯ Hn−1⌞∂H have τk

∗
⇀ τ for a measure τ on ∂H with τ(∂H) = T p♯

.

Now, let µk = |∇uk|pLn⌞H. Up to a further subsequence, µk
∗
⇀ µ for measure µ on H. We apply Lemma 4.2.

Up to a subsequence, uk ⇀ u in Ẇ 1,p(H), Lp∗
(H), and Lp♯

(∂H). Then, since δT (uk) → 0,

ΦH(T )p = lim
k→∞

µk(H) ≥ µ(H) ≥ ∥u∥p
Lp∗ (H)

ΦH

(∥u∥
Lp♯ (∂H)

∥u∥Lp∗ (H)

)
+

∑
i∈I

mp
iΦH

(
ti

mi

)p

(4.5)

≥ ∥u∥p
Lp∗ (H)

ΦH

(∥u∥
Lp♯ (∂H)

∥u∥Lp∗ (H)

)
+

(∑
i∈I

mp∗

i

)p/p∗

ΦH

(
(
∑

i∈I t
p♯

i )1/p
♯

(
∑

i∈I m
p∗
i )1/p

∗

)p

.

In the last inequality, we use that Theorem 1.3 passes to countable sums at the expense of losing the strict inequality;
the proof is a basic analysis exercise. Finally, we apply Theorem 1.3 to bound the right-hand side below by ΦH(T )p.

The inequality must be strict (a contradiction) unless either ∥u∥Lp∗ (H) or
∑

i∈I m
p∗

i is zero. If ∥u∥Lp∗ (H) = 0, then∑
i∈I m

p∗

i = 1. Since the normalization (4.2) guarantees that mp∗

i ≤ 1/2 for each i ∈ I, then instead peeling off
the first term in the sum on the right-hand side of (4.5) and again applying Theorem 1.3 yields a contradiction.
So, mi = 0 for each i ∈ I and ν = |u|p∗ Ln. From Lemma 4.2, this means the index set I is empty and thus

τ = |u|p♯Hn−1⌞∂H.

This means ∥uk∥Lp∗ (H) → ∥u∥Lp∗ (H) and ∥uk∥Lp♯ (∂H)
→ ∥u∥

Lp♯ (∂H)
, and so the weak convergence upgrades to

strong convergence: uk → u in Lp∗
(H) and Lp♯

(∂H). In particular, u ∈ AT and
∫
H
|∇u|p ≥ ΦH(T )p. Combining

this with lower semicontinuity and the fact that
∫
H
|∇uk|p → ΦH(T )p, we have ∥∇uk∥Lp(H) → ∥∇u∥Lp(H) =

ΦH(T ). This means (a) u ∈ MT , and (b) again the weak convergence upgrades to ∇uk → ∇u in Lp(H). Scaling
back, this means that for the original sequence, dT (ûk) → 0. We have passed to various subsequences, but since
each subsequence has a further subsequence to which the argument applies, we obtain the conclusion for the entire
sequence. □

Finally we show how Theorem 1.1 combined with the local stability result of [FLZ26] implies Corollary 1.2.

Proof of Corollary 1.2. Observe that for any u ∈ AT ,

dT (u)
2 ≤ 2∥∇u∥2L2(H) + 2∥∇UT ∥2L2(H) ≤ 4∥∇u∥2L2(H).

So, for any fixed number δ0 ∈ (0, 1), the desired inequality holds with constant α′
T = δ0

4 among those functions

u ∈ AT with δT (u) ≥ δ0∥∇u∥2L2(H). It thus suffices to prove the inequality when δT (u) ≤ δ0∥∇u∥2L2(H), or

equivalently after rearranging terms, when δT (u) ≤ δ0
1−δ0

ΦH(T )2 for a small enough fixed δ0 of our choosing.

Let ε > 0 be chosen so that, in the main result of [FLZ26], we have δT (u) ≥ αT

2 dT (u)
2 provided dT (u)

2 ≤ ε.

By Theorem 1.1, there exists δ0 > 0 such that if δT (u) ≤ δ0
1−δ0

ΦH(T )2, then dT (u)
2 ≤ ε. Thus the desired

stability inequality holds with α′
T = αT

2 for u ∈ AT with δT (u) ≤ δ0∥∇u∥2L2(H), and therefore for all u ∈ AT with

α′
T = min{αT

2 ,
δ0
4 }. □
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