QUALITATIVE STABILITY FOR A FAMILY OF TRACE SOBOLEV INEQUALITIES

ROBIN NEUMAYER

ABSTRACT. The goal of this short note is to prove qualitative stability for a family of trace Sobolev inequalities
first proven by Carlen & Loss for p = 2 and by Maggi and the author for p € (1,n). This answers an open problem
raised in a recent paper of Fan, Li & Zhang, and in conjunction with their local analysis, yields sharp quantitative
stability for this family of inequalities when p = 2.

1. INTRODUCTION

Fix n > 2, p € (1,n), and a half space H = {x € R" : z - ¢; > 0}. In [MN17], Maggi & Neumayer used a mass
transportation argument to establish a one-parameter family of trace Sobolev inequalities on H, which encode the
classical Sobolev and Escobar inequalities as special cases. More specifically, consider the variational problem

Oy (T) = inf{||Vulzrm) : v € Ar} T>0, (1.1)
where the competitor class Ar is given by
Ar = {u € W(H) : llull o a1y = Ll 2 o) = T} (1.2)

Here the critical Sobolev exponents p* = % and pf = m{%)p are determined by scaling. Minimizers of @y (7'
were characterized in [MN17] for each T' > 0: the family of minimizers My comprises dilations and horizontal
translations, and multiples by +1 of an explicit profile Ur (recalled in section 2.1). Thus, in the resulting sharp
Sobolev trace inequality

IVull Loy > @ (T) for all u € Arp, (1.3)
equality holds if and only if u € M. The case T' = 0 of (1.3) encodes the classical Sobolev inequality ||Vu||zs®n) >
Snpllull Lr* (mny for u € WLP(R™), whose optimal constant ®z(0) = S, , and extremals on R” were characterized
in [Aub76b, Tal76]. The Escobar inequality ||Vullrrm) > Enp

E, , and extremals were given in [Esc88, Naz06] (see also [Bec93]), implies the linear lower bound &y (T) > E,, ,T
for all T > 0. This lower bound is saturated for exactly one value T > 0 depending on n and p.

|u||Lpn(3H) for u € WP (H), whose sharp constant

When p = 2, Carlen & Loss [CL94] first characterized minimizers of (1.1) using their method of competing
symmetries [CL90]. In this case, the Sobolev and Escobar inequalities are closely linked to the Yamabe problem
[Yam60, Tru68, Aub76a, Sch84, Esc92a, Esc92b].

With extremals of (1.3) characterized, stability is the natural next question: if u € A almost achieves equality
in (1.3), then is u close, in a suitable sense, to some v € Mr? Closeness to equality is quantified by the deficit

5r(u) = [Vl ) — Su (1),

while the strongest distance of a function u € Ar to the nearest extremal that one expects to control is
d = inf ||V(u— .
r(w) = it V(=0

In the recent paper [FLZ26], Fan, Li & Zhang gave a local quantitative analysis of the problem in the case p = 2,
showing that there exists az > 0 such that d7(u) > ardr(u)?+o(dr(u)?). The obstruction to turning this estimate
into a global quantitative stability theorem was the absence of a qualitative stability result for (1.3). Here we fill
this gap by establishing such a qualitative stability result. As a byproduct, we resolve the open problem of global
quantitative stability for this problem raised in [FLZ26, Remark 1.1].

Theorem 1.1. Fizp € (1,n) and T > 0. Given {ux} C Ar, if or(ux) — 0, then dr(u) — 0.

Combining Theorem 1.1 with [FLZ26, Theorem 1.1] yields global quantitative stability when p = 2.

Corollary 1.2. Fizp=2 and T > 0. There exists o/, > 0 such that 5(u) > apdr(u)? for all u € Ar.
1
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FIGURE 1. A plot illustrating known properties of T' — @ (T'); see section 2.1 for discussion.

Quantitative stability for the Escobar inequality with p = 2 was shown in [Ho22]. For the Sobolev inequality
on R", sharp quantitative stability was shown in [BE91] for p = 2, see also [DEF25], and for p € (1,n) in [FZ22],
after [CFMP09, FN19, Neu20].

At first glance, one might expect Theorem 1.1 to follow directly from standard concentration compactness and
scaling methods [Lio85], as is the case for many functional inequalities, including the classical Sobolev inequality on
R™ and the Escobar inequality on H. The fundamental difference here is that the sharp constant ® 4 (7") depends
nontrivially on 7'. This means that splitting of mass cannot be ruled out through homogeneity and concave scaling.

More explicitly, concentration compactness arguments essentially reduce the proof of Theorem 1.1 to ruling
out the possibility that a sequence {ux} C Agp with dr(ur) — 0 fails to have dr(uy) — 0 because it splits into
two asymptotically non-interacting profiles u,lC and ui. Suppose this happens, and u,lf and u% have L?" (H) norms

* * # #
my,my >0 and LP* (9H) norms 1, t5 > 0 respectively, with m? +m% =1 and " + 5 = T7",

For the classical Sobolev inequality, for instance, scaling easily shows such splitting is energetically too expensive:

applying the Sobolev inequality to u;, and uj separately shows that the total energy is at least SE (mf + m5),

which by strict concavity of s — sP/?” is strictly larger than the infimal energy Sh = S£7p(mlf* + mg* )”/p*.

Instead, ruling out splitting in the present setting requires comparing the energy lower bound obtained by
applying (1.3) to each profile separately, namely mi® g (*1/m, )P + mb® g (*2/m2)P, with the infimal energy @ g (T)P.
These quantities cannot be related by scaling and have no clear strict ordering a priori. Even if T is restricted to
a particular interval, the ratios ti/m, may take any value in [0, c0).

In view of this discussion, the main tool to prove Theorem 1.1 is the following strict binding inequality for ® .

Theorem 1.3. Fiz T > 0 and let my,my > 0 and t1,t; > 0 satisfy m! +mb =1 and tzfn —i—tg11 — TP, Then

t p t p
B (T < midy (m—11> L mbdy (m—2’2> . (1.4)

Another plausible approach to proving Theorem 1.1 would be to trace through the mass transportation argument
of (1.3) from [MN17] (recalled in section 2.3) to extract information about the optimal transport map 7 from
uP L™ to U;i* L™ and use this to estimate dr(u). This has been done quantitatively for the isoperimetric inequality
[FMP10], the 1-Sobolev inequality [FMP13], and the Sobolev inequality with p € (1,n) restricted to radially
symmetric functions [CFMP09]. This approach faces serious difficulties in the present context, and already for the
Sobolev inequality on R™, in part because the control on 7 degenerates in regions where u is small.

To prove Theorem 1.3, we do use the mass transportation proof of [MN17]. The key difference is that we only
need to control the optimal transport map 7T for one explicit test function w € Ar. We take w to be the sum of
cut off and translated copies of m1Ur, and myUr, where T; = t;/m;. The energy [, |[Vw|P can be made arbitrarily
close to the right-hand side of (1.4). (Non-strict inequality in (1.4) is immediate from testing against w.)

Say my < mg. The cyclical monotonicity of the graph of the optimal transport map 7T associated with w forces
T to map most of the mass of m1Ur, into a half-space {y, > 0}. On the other hand, a basic quantitative estimate
obtained from the mass transportation proof (see (2.18)) shows that if 7 (w) is small, then 7 — se; is parallel to
—Vw on a set with a definite amount of mass for a fixed s = sp. These properties are incompatible, forcing a
definite lower bound for ér(w) and thus proving Theorem 1.3.
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2. PRELIMINARIES

In this section, we give some background and notation that will be needed in the rest of the paper. Let n > 2
and p € (1,n) be fixed throughout. We let L™ be the Lebesgue measure on R™ and H"~! the (n — 1)-dimensional
Hausdorff measure. Let W'?(H) be the space of Ll (H) functions with distributional gradient in LP(H;R™) that
vanish at infinity in the sense that £"({|u| > t}) < oo for every ¢ > 0. In a slight abuse of notation, for a function

u € WYP(H) we simply write u to refer to the trace Tu € LP* (9H) of u.

2.1. Minimizers for @5 (7). In [CL94] for p = 2 and [MN17] for p € (1,n), extremal functions of (1.3) (equiv-
alently, minimizers of (1.1)) were characterized as follows. For each T > 0, the family My of extremals is given
by

My = {j:of"/p*UT((- —wo)/a) : zo € OH,a > o}
where the function Uy is defined as follows. For a given function f : R” — R and s € R, let 75 f(z) = f(z — seq).

Recall from the introduction that T > 0 is the unique T for which ®y(Tg) = E, ,Tr, and thus is the unique T
for which the linear lower bound ®5(T") > E,, ,T implied by the Escobar inequality

IVullLo iy = Enpllull ot o) for all u € WHP(H) (2.1)
is saturated; see Figure 1.
e For T € (0,Tg), there is a unique sy € R such that

TSTUS

Ur

)(p*n)/p . (2.2)

= X7 where Us(z) = (1 + |z|P/(P=D
”TST Us ”LP* (H)
The function Ug is the unique (modulo symmetries) extremal for the Sobolev inequality on R™. When
p = 2, up to a constant multiple, the conformal metric U;{/ (n=2) GJeuc ON H is isometric to a geodesic ball on
the round sphere, with radius tending to zero as T'— T and to the diameter of the sphere as T — 0.

e For T'=Tg, i.e. the point corresponding to the Escobar trace inequality,

TsTUE

Ur=+—7"""—"—X7 where Ug(z) = |z|P~/(=D (2.3)

”TSTUE”LP*(H)
with sy = —1. The function Ur, is the unique (modulo symmetries) extremal function for the Escobar
trace inequality. Replacing s7 = —1 by any other s < 0 in (2.3) gives a dilation of Uy and hence another

)

extremal. When p = 2, the conformal metric U%/E (n-2 GJeuc ON H is isometric to a ball in R™.

e For T' > Tg, there is a unique sy < —1 such that

Ts:UBE

Ur (2.4)

(p—n)/p
= X7 where Upp(z) = (|z|p/(p*1) - 1) .
||TSTUBE||LP*(H)
When p = 2, up to a constant multiple, the conformal metric U;/ (n=2) Jeuc O H is isometric to a geodesic
ball in hyperbolic space, with radius tending to zero as T'— Ty and to infinity as T — oc.
No minimizers in (1.1) exist for T"= 0, since the support of the extremals for the Sobolev inequality is all of R™.
In [MN17] we establish various properties of the function T' — @y (T). First, let Ty € (0,Tg) be the v (OH)
norm of (2.2) with sz, = 0. Then ® g uniquely achieves its global minimum ® 5 (Tp) = Sn,p/Ql/" at T, saturating
the constant lower bound ®z (T) > S,, ,/2'/™ (see Figure 1) resulting from the inequality

Sh .
IVull Loy > 217/2”“”1:;7*(11) for all u € WP(H). (2.5)

The inequality (2.5) is a direct consequence of the Sobolev inequality on R™ and reflection.

We additionally show in [MN17] that T — ®g(T) is strictly decreasing on (0,TFg), concave on (0,T}) for some
T, € (0,Tp), and strictly increasing and convex on (T, 00). A simple divergence theorem computation shows that

for every T' > 0, (2.6)

and direct analysis of (2.4) shows this lower bound is asymptotically saturated as T'— oo (see Figure 1).
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In [MVO05], Maggi & Villani show that for any open, connected Lipschitz domain Q C R", ®(T") > ®5(T) for
T € (O,ISO(Bl)l/pﬁ), where ISO(B;) = n|B;| and ®q(T) is the analogous minimization problem to (1.1) with Q
in place of H. The lower bound ®5(T) > ®g(T) on this interval is not saturated (see Figure 1); the question
of whether other domains can have ®q(T) = ®5(T') was investigated in [MNT23]. Note that any open Lipschitz
domain € enjoys the complementary upper bound @ (T) < ®x(T).

2.2. Mass transportation background. We briefly recall some facts from optimal transport theory, and refer
the reader to [Vil03, Mag23] for further introduction. For a u (Borel) probability measure on R™ and a Borel
measurable map 7 : R” — R", the pushforward of ;1 through T is the probability measure 74 defined by

Tun(A) = p (T H(A)) forall ACR™ (2.7)
By approximation, this means that

/ng#M: €oT du (2.8)
R™ R»

for every Borel measurable function £ : R™ — [0, oo].

Now suppose = FL™ and v = GL" are absolutely continuous probability measures on R™. By the Brenier-
McCann theorem [Bre91, McC97] (see [Vil03, Cor. 2.30]), there is a convex function ¢ : R™ — RU {400} such that
the map T = Vi is defined p-a.e. and satisfies

Tup =v.
The map 7 is uniquely determined p-a.e., and is called the Brenier map from p to v. It is the unique optimal
transport map for the quadratic cost, though we will not use this. If ¢ is C?2, then (2.8) and the area formula give
F(z) = G(Vp(z)) det V2p(z) p-a.e.; (2.9)

the same identity holds in general for the Alexandrov Hessian V2, i.e. for the absolutely continuous part of the
distributional Hessian [McC97].

A key property of the Brenier map is the cyclical monotonicity of its graph. A subset I' C R™ x R"™ is cyclically
monotone if

> i (wigr — i) <0
i=1

for every m € N and every collection of m points (x1,¥1),. ., (Zm, ym) in ', with the convention that x,,+1 = ;.
There is a set A of full y measure (i.e. u(A) =1) such that the graph I' = {(z, T (z)) : « € A} of the Brenier map
is cyclically monotone, see, e.g., [Vil03, Prop. 2.24]' Applying this fact for m = 2 guarantees that

(T (z1) = T(x2)) - (x1 —x2) >0 for (z1,22) € A X A. (2.10)

2.3. Mass transportation argument. Let us sketch the mass transportation proof of (1.3) given in [MN17]. It
is a variant of the mass transportation arguments used to prove the Sobolev inequality [CENV04] and various other
functional inequalities, and is especially inspired by Nazaret’s proof of the Escobar inequality [Naz06]. Fix T' > 0
and let s = s € R be as in section 2.1. Direct computation verifies the identity

* (p—1)/p
PIVUL | o ey Yo + sTP = n/ Ugudx where Yr = (/ UL |z — seq|P/P7Y daa) : (2.11)
H H
Now, fix u € A7 N C(H) with u > 0. We aim to show that
IVull oy 2 (VU | Lo (2 - (2.12)

Letting F = u?” and G = Ug, consider the measures
p=uf" L"=FL", v=U L"=GL",

and let 7 = V¢ be the Brenier map from p to v. Applying the transport condition (2.8), the identity (2.9), and
the arithmetic-geometric mean inequality to the nonnegative eigenvalues of the Alexandrov Hessian D?p,? we find

/U;:“:/ GH/”:/ G(w)fl/npz/ (detv%p)l/”plfl/ng%/ FUUng(divT). (2.13)
H n n Rn n

IMore generally, the support of the optimal plan between any two probability measures on R" is cyclically monotone, and this fact
is used in one proof of the Brenier theorem.

2As with (2.9), there is some subtlety when ¢ is not C2; in (2.13), AM-GM is applied p-a.e. to the eigenvalues of the Alexandrov
Hessian, and by convexity, the Alexandrov Laplacian of ¢ is bounded above by its distributional Laplacian.
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On the right-hand side, we subtract the divergence-free vector field se; from T, letting S = T —se;. Then, applying
the divergence theorem, we obtain

/ Fl-l/"d(divT)z/ up”d(dWS):—pﬁ/ up”—lvu-Sdm—/ u' S - erdH™ (2.14)
n H H

OH

Since 7T transports u to v and spt(v) C H, we have S(x) - (—e;) < s for H" l-a.e. x € spt(u) N OH. Thus, in
summary, (2.13) and (2.14) yield

n/ Urf,iu dzx < —pﬁ/ upu_1Vu~(T—861) dz +sT? . (2.15)
H H

Now we bound the first term on the right-hand side. Using Cauchy-Schwarz and Hoélder’s inequalities and the
transport condition (2.8), we find

fpﬁ/ W Iy - (T —sep) de < pﬁ/ upu71|Vu| T — seq|dx (2.16)
H H

N Jo—1) (p—1)/p
< pﬂHquLl’(H) (/ uP |T(aj) — Sel|1" P d.r)
H

(p—1)/p

:pﬁHVuHLp(H) </ U;Z* |z — 561|P/(P—1) da:) :pﬁ”VU”LP(H) Yo
H
Combining this with (2.11) and (2.15) shows that
# 4
pﬁHVUT”Lp(H)YT + sTP S pn”quLp(H) YT + sTP (2.17)

which directly implies (2.12).
The inequality (2.17) sandwiches each individual inequality in the proof, including (2.16), so

(IVull ey = IVUr || Leay) YT 2/ uP' 1 (|Vu\ AT —sey| — (=Vu) - (T — sel)) dz
H

1 ' —Vu (T — 561) 2
i pt—1 _ _

Q/Hu Vul [T = sea [Vu|  |T — seq|
Since ||Vull ey — IVUr || Loy < Cop(u) with C = 1/(p® g (T)P~ 1), this means there is a constant Cp 7 > 0
such that

dz.

_ —Vu (T —se)|?
> pf-1 _ _
Cnpiror(u) 2 /H B Vul[T = sei [Vul |T — seq]

In the proof of Theorem 1.3, we will only use (2.18) and the fact that Up is radially symmetric and decreasing
about a point se;.

da. (2.18)

3. PROOF OF THEOREM 1.3

In this section we prove Theorem 1.3. The idea is to construct a function w, which is essentially the sum of a
copy of m1Ur, centered at 28+le  and a copy of meUr, centered at —2F+1e  for R > 1, such that f|Vw\p <
my®y (1) + mb®y (T)" + . We are able to estimate the corresponding Brenier map 7 in a somewhat explicit
manner. In particular, the cyclical monotonicity of the graph of 7 in the form (2.10) shows that 7 maps most
points in the support of the translated copy of mUp, to {y - e, > 0}, forcing a definite lower bound for the
right-hand side of the estimate (2.18) and thus showing dr(w) > 2e.

Proof of Theorem 1.3. Step 1: We begin by fixing parameters and notation. Without loss of generality assume
m1 < mg, and as above, let 71 = t1/m; and Ty = ta/my. From the explicit form of Ur,, it is not difficult to see
that there exists ¢ = ¢(n,p, T1) > 0 small enough such that the set

g= {x €H : UTI (l‘) >c ||UT1||L°°(H) ) ‘VUTI (.’L‘)| 2 ¢, vUT1 (l‘) “en 2 é} (31)
is nonempty. Note that G C B, for some p = p(n,T1) > 0. We define a = a(n,T1,m1) by
3a :=ml /QU%* > 0. (3.2)
Let R = R(n, T, mq, ma,t1,t2) > 2p > 0 be a large fixed number to be specified later in the proof. Let
fcz{zew;\zn| < %\z’l} (3.3)
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Here 2’ denotes the projection of z onto R*~! x {0} € R™. Since |K N B,| = or(1) for any fixed 7 > 0, we can take
R large enough so that

5::/ U;l*dzga.
KNH

Here and throughout, og(1) is a number whose absolute value can be made arbitrarily small by taking R sufficiently
large.

Step 2: Next we construct the main function w = wr € Ar. Let nn : R®™ — R be a smooth nonnegative cutoff
function supported in By with 0 <7 <1 on R" and n = 1 in By ;. The function Wy (x) = miUr, (2)n(5)x7 ()
satisfies

/ W de = mh + og(1), W dH" = ml TP + og(1), / VWA dz = m{ @ (T1)" + or(1).
H oOH H

The analogous estimates hold for Wy (z) = maUr, (2)1(%)x3(x). By construction, we have [, W7 Cda < m¥ " and

! !
faH WP dH ! < (miTi)p'i =¥ for i = 1,2. So, we may choose a nonnegative smooth function ¢ : H — R
supported in Bpr so that

w(z) = Wh (x — 2R+1en) + (Wg (x + 2R+len) +Yg (;v + 2R+1en))
lies in A7 and satisfies
/H|Vw|p de =mi®y (T1)" + mb®y (T2)° + or(1). (3.4)
The support of w is contained in BE U By where we let

Bf =Br (2"e,)NH, By =DBgr(-2%"e,)NH.

/ wh” dz >
B

R

Recalling that ¢p > 0 and my < meo, we have

DO =

Step 3: Let yu = wP L™ and v = Uff L™ and let T be the Brenier map from p to v. Consider the sets
E={zeB}:T(x) e, <0} =T '({yn <0})NBE, (3.6)
F={zeBy:T(x) e, >0} =T "({ya > 0})N By

of points in Bﬁ that get mapped across the plane {y, = 0} by 7. We claim that
W(E) < b (3-8)

As above b = [z Ufj dx = v(K). Suppose not, i.e. u(E) > b. From the symmetry of Ur and the transport
condition (2.7), we have

% = v ({yn < 0}) = 1 (T~ ({ya < 0}))
N

=1 (T ({yn <0} N B) + u(E) > 1 (T~ ({yn < 0}) N B) +0.
b

That is, (T ({yn < 0}) N By) < 2 —b. Since p (B) > 1 by (3.5), this means the set F defined in (3.7) has
w(F) > b as well. Now, with K as in (3.3), let

Fo={z€Bg:T(x)e{y e, >0}\K}CF,

E.={ze€B}:Tx)e{y e, <0} \K}CE
be the sets of points in Bﬁ mapping even further to the “wrong side” of the plane {y, = 0}. Since F' \ F. C
T 1({y, > 0} N K), we have

N | S

p(F\F) < pu(T {yn > 0N K)) =v({y, > 0}NK) =

The final identity comes from the reflection symmetry of K and Ur across {z, = 0}. Since u(F) = p(Fy) +
1 (F\ F,), we find pu(F,) > %, and analogous reasoning shows u(E,) > 5. In particular, letting A be the full
p-measure set on which (2.10) holds, the sets E, N A and F, N A are nonempty.
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Now, take any 1 € E, N A C BE and z2 € F, N A C By. Then x; — x2 lies in the positive cone
2R
— n . = /
K—{zER fan > g |z|}
Observe that z -y < 0 for any z € K and y € {y,, < 0} \ K. So, by cyclical monotonicity (2.10),
T (1) — T (22) ¢ {yn <0} \ K. (3.9)

On the other hand, from the definitions of E\ we have T (21) € {y» <0} \ K. Similarly, from the definition of F,
we have T (z2) € {y, > 0} \ K and so —7 (z2) € {y, <0} \ K. Since {y, < 0} \ K is a convex cone,

T(x1) = T(2) € {yn <0} \ K.
This contradicts (3.9). Thus (3.8) holds.

Step 4: Since T is a transport map and Ur is bounded, for any ¢ > 0,
p({z T (x) —se1| < e}) =v(B(ser,e)) < Ce™ (3.10)

where C' = C(n,p,T). Choose € > 0 small enough so Ce™ < @ with @ as in (3.2). (In the case s < 0 we can choose
¢ so that v(B(sey,€)) = 0.) Note that since R > 2p,

*

w(G + 2 e,)) = / w? dx = / (m1Ur,)* = 3a.
G+2R+le, g

So, thanks to (3.10), (3.8), and b < @, we have ;(G,) > @ where
G.=(G+2"e,)\ ({a: |T(2) - sel\ <elU{z:T(x) e, <0}).

From the definition of G in (3.1), we thus have | = ul \T Zih |2 > on G,. So, recalling (2.18) and noting that
pu—lzp*—n—p,wehave
—Vuw T — se1 2
Cy 5w2/wpn*1Vw~T se - dx
». 10T (W) . V|- | 1] Yal T se]
—n/(n— —Vuw T — se
:/ w™ ™ (P || - T — se| V| |T— Seh (3.11)

n/(n—p) - —Vw T —se;
L e A

Up to possibly further increasing R depending on n,p, Ty, a, ¢ and ¢, and thus on n,p, T, m,ma, t1,te, in (3.4) we
may take the error og(1) to be at most ¢, so absorbing it yields

mIffI)H (Tl) + m2<I>H (TQ) — CI)H(T)p > Co-
This completes the proof. O

du > ac HUTIHL?O/(I?) P e =: 2.

4. PROOFS OF THEOREM 1.1 AND COROLLARY 1.2

The strict binding inequality Theorem 1.3 is the main tool toward proving Theorem 1.1. To complete the proof
of Theorem 1.1, let us recall the first and second concentration-compactness lemmas in the present setting. Just
make the points in R”

Lemma 4.1 (Concentration-Compactness Lemma I). Let vy be a sequence of probability measures on R™. There
is a subsequence (unrelabeled) such that one of the following three conditions holds:

(1) (Compactness) There is a sequence x, € R™ such that for any € > 0, there is a radius R > 0 such that
Vk(BR(xk)) > 1—e.

(2) (Vanishing) For all R > 0, limy_, o0 (sup{vk(Bgr(x)) : z € R"}) = 0.
(3) (Dichotomy) There is a number A € (0,1) such that for all € > 0, there exist R > 0 and {z} C R"™ such
that

lim sup (\)\ —VERM)| 41— A) — V,f(R")D <e
k—o0
for the measures
vi = L Br(zy) and vi = v LR™\ Bgg(xy) .
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Compared to the usual statement (see [Lio84, Lemma I.1] or [Str08, Lemma 4.3]) the statement of Lemma 4.1,
we spell out the splitting measures v}, 2 in the dichotomy alternative more explicitly. The statement given above
is already present in the proof of the standard statement.

Lemma 4.2 (Concentration-Compactness Lemma II). Let n > 2 and p € (1,n). If {ux}, is a sequence in
Ll . (H),{Vuy}, is bounded in LP (H;R") and u, — u as distributions in H, then the Radon measures on H

loc

defined by
* #
pr = |Vug| LM H, vy = |ug|” L"H, 7 = |ug|” H"'LOH

have subsequential weak-star limits p,v and T which satisfy

v=|ul’ L' H + me*&ﬁ“

i€l
7=l 7 OH + Y S,
i€l
w> |VulPLMH + Z g0,
el

where {x;},.; C H is an at most countable set, m; > 0 and t; > 0 for every i € I, with t; > 0 only if x; € OH, and

t; )
gi > m;Py (), Viel.

%

In particular, g; > S, pm; whenever x; € H.

This form of the second concentration-compactness lemma, accounting for the trace term, was shown in [MNT23,
Lemma 2.1]. Its proof is a basic adaptation of the classical version on R", see [Lio85, Lemma I.1] or [Str08, Lemma
4.8]. In [MNT23], the lemma is stated on an open bounded domain  with C!' boundary rather than on H, but
the boundedness of the domain is not used in the proof; the only modification is to replace inequalities (A.2) and
(A.3) there by the inequalities (2.5) and (2.1) respectively.

Finally, in the proof of Theorem 1.1, we will also use the following simple lemma.

Lemma 4.3. Fizn > 2 and p € (1,n). Let ¢ > 0 and R > 0, and suppose u € W'P(H) has lull o= g1y = 1 and

fHﬁBgR\BR lulP” <e. Then

/ [uf”" dH" < O+ ([ Vull )P
(9Hﬁ(B7R\BQR)

for C' > 0 independent of R. In particular, if |Vul||Le )y < C, the right-hand side tends to zero as e — 0.

Proof. Choose a cutoff function ¢ : R — R with 0 < < 1,¢ =1 on B; \ By, ¥ =0 on By U(R"\ Bg), and let
Yr(z) = ¥(x/R). Then the function v = ¢ru has [}, [v|P" da < e and

”VU”LP(H) < HVUHLP(H) + ”uvaHLP(H) < ||VU||LP(H) + ||u||Lp*(B8R\BR)Hv,¢}R| Ln(H) -

By scaling, |Vr||pn gy = |Vl zn s 50 |Vl Loy < [ Vullpsary + Ce/P” for a constant C' independent of R.
Applying (2.6) shows that

ol ol ol
o + G = ol o) » irian o,
L™ (H) p ”UHLp*(H) pre
which, after rearranging, completes the proof. (|

With these lemmas in hand, we can now prove Theorem 1.1.

Proof of Theorem 1.1. Let {G} C Ar be a sequence with ér (i) — 0. For each k € N, choose y; € R™ and Ry, > 0

o
. x 1

sup / |t |P dx = / |Gg|P dx = —. (4.1)
TER™ HﬂBRk(rc) HNBR, (yx) 2
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It is apparent from set containment that we may choose y, € H. Writing y, = (y},}.), we set ax(-) = (- — (0, y},)),
so that @y € Az has (@) — 0 and satisfies (4.1) with y}e; in place of y. Next, consider the rescaled function

uy, € Ap defined by ug(x) = R,(f_")/pﬂk(%kL which has

* x 1
sup/ |ug|P dxz/ |uglP dox = =, (4.2)
z€R" JHAB, () HOB: (dyer) 2

where dj, = yi /R € [0, 00). Once again, dr(ug) = d7(ix) — 0 by scaling.
Apply Lemma 4.1 to the sequence of probability measures vy, = |uy, |p* L7 H. We will rule out both the vanishing

alternative and the dichotomy alternative using Theorem 1.3 as follows.

Vanishing does not occur. We claim that A := limsup,,_, . di < oo, which rules out the vanishing alternative,
since in this case vix(Ba12(0)) > 1/2 for all k large. Suppose by way of contradiction that, up to an un-relabeled
subsequence, di — oo. We will show this forces splitting of the sequence.

Let Jy = |logy(dy — 1)] — 1 € N, so that 27++1 < d;, — 1 < 2/%2 For at least one 1 < j < J, we have
p* 2
/BQJ'_H(dkel)\BQj (drer) ful?” dz < logy(di — 1)’
as otherwise [, lup[P" da > 2.J;/1ogy(dy, — 1) > 1 for k large enough. Let j;: be the first j for which (4.3) holds and
let R} = 27k,
Fix a smooth nonnegative cutoff function ¢ : R™ — [0,1] with ¢y = 1in By, ¢ = 0in R™\ By. Let ¢y (-) = ¥(-/R}).
Let (mp)P" := fBR;; (dyer) Jug |P" da

(4.3)

Dichotomy does not occur. Suppose by way of contradiction that the dichotomy alternative holds with splitting
proportion A € (0,1). Take a sequence € — 0. By Lemma 4.1 and a diagonal argument, up to a subsequence, we
may find Ry — oo and {xy} such that the measures v} = vgL Bg, (zx) and v = v (H \ Bsg, (z1)) satisfy

timsup {[u () = A| + [ (F) = (1= V)]} = 0. (4.4)

Now, take a smooth cutoff function ¢ with ¢ € [0,1], ¢ = 1 on Bs, and ¢ = 0 on R™ \ B;. Similarly let 7 be

such that n = 0 in Bg and 7 = 1 on R" \ By. Let ¢y (z) = ¢(*z*) and ni(z) = n(*z=). Then setting my =\

and mb =1 — ), from (4.4) we have
/ luror|P dz = mlf* + ox(1), / lurne|P” dz = mg* + ok (1)
H H
By (4.4) and Lemma 4.3, we also have faHﬂB7Rk (o0)\Ban, (o0) lug|P dH™! = 0, so in particular,
T — / |uk(pk‘pn dH™ ! + / ‘uknk|p” dH™ ! + or(1).
oH oH
Up to passing to a further subsequence, there exist t;,t5 > 0 with tﬁ’u + tgu = TP such that
1 f
/ fugpu P dH" = £ 4 0 (1), / g P dH" = 12 4 o (1)
oH oH

Similarly, using 1 > ¢? + n? and vi(Bsg, (k) \ Br, (1)) — 0, and applying Holder’s inequality and scaling as
in the proof of Lemma 4.3, we obtain

/|Vuk\pdx2/ |V(ukcpk)|pdx+/ |V (ugn)|P dz + ox (1) .
H H H

Therefore, applying (1.3) to ugyr and ugn separately and using the continuity of the mapping T +— @y (T), we
have

t p t p
/H|V(ukcpk)|pdx+/H\V(uknk)|pdx2m€<l>1q(m—ll) —&—mg(I)H(m—Z) + ox(1).

Since on the other hand, the left-hand side is bounded above by [}, |Vug[P dz = @5 (T)? + ox(1), we reach a
contradiction to Theorem 1.3 for sufficiently large k. Thus the dichotomy alternative cannot occur.
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So, the concentration alternative occurs in Lemma 4.1. In particular, we can find {z;} C H and Ry > 0 such
that [ (.. lug|P" > %. Thanks to (4.2), this means B;(0) N Bp, () is nonempty, i.e. |z < Ro+ 1. So, the
0
concentration alternative guarantees that for any € > 0, there exists R > 0 such that

/ dl/]C > 1—e.
Br(0)

So, up to a subsequence, v, — v for a measure v on H with v(H) = 1. Applying the argument of Lemma 4.3 but
now taking ¢ : R" — R to be a cutoff with ¢» = 0 in B; and ¢ = 1 on R™ \ By, we also see that the measures

7 = |ug|P" H"~1LOH have 7, - 7 for a measure T on OH with T(9H) = T?".

Now, let ux = |Vug|PL™ H. Up to a further subsequence, puy X i for measure 4 on H. We apply Lemma 4.2.
Up to a subsequence, uy — u in W'P(H), L (H), and LP* (OH). Then, since 67 (uz,) — 0,

flull, 2
P _ p LPr* (0H) D
®(T) klgrolo,uk(H)zu(H)Z||u||Lp*(H)(I)H(”u”Lp H)) § mk ‘I’H(m) (4.5)
fll] pt “\p/p* = )l/p p
> Jlul?.. @H(ﬂ)+ S M@H<zeu> .
|| ||L (H) ”u”LP*(H) (7;61 ) (Zzejm )1/p

In the last inequality, we use that Theorem 1.3 passes to countable sums at the expense of losing the strict inequality;
the proof is a basic analysis exercise. Finally, we apply Theorem 1.3 to bound the right-hand side below by ® g (T")P.
o

The inequality must be strict (a contradiction) unless either ||ul| Lo« gy or D ;c;my s zero. If [[ul| Lo+ gy = 0, then

Yier mf* = 1. Since the normalization (4.2) guarantees that mf* < 1/2 for each i € I, then instead peeling off
the first term in the sum on the right-hand side of (4.5) and again applying Theorem 1.3 yields a contradiction.
So, m; = 0 for each i € I and v = |u[’” £™. From Lemma 4.2, this means the index set I is empty and thus
7= [ulP'H"1LOH.

This means ||ug| o+ gy — [|ull o= () and ||uk||Lpu(3H) = [l (orr)» and so the weak convergence upgrades to

strong convergence: uy — u in L (H) and Lpﬁ(aH). In particular, u € Ay and [ [Vul? > @5 (T)?. Combining
this with lower semicontinuity and the fact that [, [Vup[P — @5 (T)P, we have ||Vugl|Lrmy = |Vulprmy =
Oy (T). This means (a) u € My, and (b) again the weak convergence upgrades to Vug — Vu in LP(H). Scaling
back, this means that for the original sequence, dr (i) — 0. We have passed to various subsequences, but since
each subsequence has a further subsequence to which the argument applies, we obtain the conclusion for the entire
sequence. (]

Finally we show how Theorem 1.1 combined with the local stability result of [FLZ26] implies Corollary 1.2.

Proof of Corollary 1.2. Observe that for any u € Ar,
dr(u)® < 2|Vulliz e + 2IVU L2y < 41VulZe )

So, for any fixed number §y € (0, 1), the desired inequality holds with constant a/f. = %U among those functions
u € Ap with dp(u) > 60||Vu||L2 (- 1t thus suffices to prove the inequality when dr(u) < 50||Vu|\2Lz(H), or

1%() &5 (T)? for a small enough fixed §y of our choosing.

equivalently after rearranging terms, when dr(u) <

Let £ > 0 be chosen so that, in the main result of [FLZ26], we have dr(u) > %Ldy(u)? provided dp(u)? < e.
By Theorem 1.1, there exists dp > 0 such that if op(u) < 1f050 ®y(T)?, then dr(u)®> < e. Thus the desired
stability inequality holds with o/, = % for u € Ap with ér(u) < 60||Vu||2L2(H), and therefore for all u € Ap with

ap = min{ % 50} O
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