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AssTrRACT. We prove three related quantitative results for the relative isoperimetric problem outside a convex body Q in the
plane: (1) Lojasiewicz estimates and quantitative rigidity for critical points, (2) rates of convergence for the gradient flow, and (3)
quantitative stability for minimizers. These results come with explicit constants and optimal exponents/rates, and hold whenever a
simple two-dimensional auxiliary variational problem for circular arcs outside of Q is nondegenerate. The proofs are inter-related,
and in particular, for the first time in the context of isoperimetric problems, a flow approach is used to prove quantitative stability
for minimizers.

1. INTRODUCTION

Two central themes in the study of geometric variational problems are stability and dynamics: how does the energy
grow near a minimizer or critical point, and how rapidly does the associated gradient flow converge to equilibrium? It is
well known that both properties are closely linked to nondegeneracy, and when the second variation at any critical point is
nondegenerate modulo symmetries, one expects a quadratic stability estimate for minimizers and exponential convergence
to equilibrium of the gradient flow. Verifying nondegeneracy, however, is in practice often delicate or intractable, espe-
cially in geometric settings where the space of competitors is constrained by curvature, topology, or boundary behavior.

This paper investigates these themes in the context of the exterior isoperimetric problem in the plane. Given a convex
body Q c R?, i.e. a compact, convex set with nonempty interior, with C?> boundary X and a prescribed area > 0, consider
the isoperimetric problem

Io(p) = inf [P(E:R*\ Q) : ECR?\Q, |E|=7}. (1.1
Here P(E;R?\ Q) is the relative perimeter, which is equal to H'(0E \ £) when E has C 1 boundary; see Section

An important aspect of this problem is that we can reduce the question of the nondegeneracy of the second variation
of critical points for the infinite-dimensional problem (I.I)) to the nondegeneracy of the Hessian for critical points of an
explicit two-dimensional variational problem over circular arcs; see Assumption below. For any convex body Q and
area constraint 7 > 0 for which this two-dimensional nondegeneracy condition holds, we establish a suite of sharp results
predicted by the second variation theory: (1) quantitative rigidity and L.ojasiewicz estimates, (2) exponential convergence
of the associated gradient flow, and (3) quadratic stability for minimizers.

We prove these three main results in an interconnected manner. In particular, to address quantitative stability—that is,
the question of whether a set almost achieving the infimum in (T.T)) must be quantitatively close to a minimizer—we evolve
the boundary of a set by the free boundary area-preserving curve shortening flow and then integrate out a Lojasiewicz-type
estimate along the trajectory. Flow-based approaches to proving quantitative stability have been developed in recent years
in the contexts of maps from S? to S? [37, [32] and Sobolev-type inequalities [3], but to our knowledge this is the first
application of the method in the context of isoperimetric problems. This constructive strategy yields sharp estimates with
explicit constants, and puts stability, quantitative rigidity, and gradient flow convergence in a unified analytic framework.

For any n > 0, the collection of minimizers Mff of (I.I) (among sets of finite perimeter, see Section [2)) is nonempty
by the direct method. The first variation shows that the relative boundary JE., \ X of any minimizer E, € /\/[,,Q is a union
of equal-radii circles and circular arcs meeting £ = dQ orthogonally, and a simple competitor argument then ensures that
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E, is connectecﬂ and intersects X nontrivially. Thus, the boundary of E. is the union of a single circular arc c¢* meeting X
orthogonally and a subarc o of X.

More generally, we consider oriented immersed curves 7y that lie outside of Q° and intersect Z only at their endpoints
x1(y) and x2(y); we let B denote the collection of such curves, see (2.9). We extend the notion of (signed) enclosed area
to any y € B by letting Ax(y) := Area(y + o) for the unique subarc o, of X for which the concatenation y + o, is
contractable in R? \ Q°. For positively oriented embedded curves y € B, this of course agrees with the area of the set E,
whose relative boundary is given by y. We let

B, :={yeB:|Az(»)| = n} (1.2)

be the collection of such (oriented) curves with prescribed enclosed area Ay. In addition to minimizers of the isoperimetric
problem (T.T), or equivalently, minimizers of the length among curves in 8B,, we consider critical points of the length
functional L in this class. As area preserving variations are characterized by fy Oryi vy, dsy, =0, cf. (2-T7), the usual first
variation formula for the length can be written as

dL(y)(X) = - f(Ky — ky)(vy, X) dsy + (X(x2), Ty (x2)) = (X(x1), 7,,(x1)) (1.3)

for vector fields X = dyy; induced by such variations. In particular, the set of critical points of the length functional in B,
is given by
C, :=1{y € B, : circular arc intersecting X orthogonally} . (1.4)

Here and in the sequel, we use the convention that 7, is the unit tangent of the oriented curve v, v, is the normal obtained
by rotating 7, counterclockwise by 7/2, k, is the average of the curvature «,, and s, is the arclength parameter of .

The quantitative results established in this paper for the aforementioned minimizers and critical points are closely
connected to our third main focus: the asymptotic behavior of the associated gradient flow, i.e. the free boundary area-
preserving curve shortening flow, or free APSCF, introduced by the first author in [23]]. This natural area-preserving
gradient flow of the length evolves families of curves y, by

Oryr = (Ky, = Ky, )vy,

subject to the constraint that the curves intersect X orthogonally and from the outside of Q at their endpoints x1(y;), x2(y;) €
%, see (.9) below for the precise definition. In general, this flow can be quite poorly behaved: it neither preserves
embeddedness nor remains entirely outside of €2, and singularities may develop in finite time. However, in [23]], the first
author established conditions on the initial data guaranteeing that the flow exists and remains outside of Q for all time.

A fundamental question addressed in this paper is the rate of convergence to equilibrium for such solutions; see Theo-
rem [1.3|below. The key ingredient to prove this is the quantitative control on the behavior of almost critical points of the
length functional on the set 8,; see Theorem This flow, in turn, will be the fundamental tool that we use to establish
quantitative stability of minimizers of (II)) in Theorem [I.4] as it provides a natural way of deforming a curve in a way
that preserves the enclosed area Ay while decreasing the length, thereby improving the isoperimetric ratio.

We prove results related to all three of the above problems with optimal exponents (respectively rates) in particular in
the case where X is a circle and more generally whenever £ = 0Q satisfies a simple non-degeneracy condition concerning
the behavior of the length functional on the set of circular arcs

Circ,, := {c € B, : ¢ subarc of a circle intersecting X transversally}. (1.5)

By the implicit function theorem Circ,, is a smooth 2-dimensional manifold, which we may locally parametrize by the
centers z € R? of the defining circles of these arcs c. The restriction of the length functional to Circ,, can hence locally be
written as a function z = £,(2) = L(c) of two variables, compare also Section@

In our main results below, we assume either that X is a circle, or that the pair (Z, i) satisfies the following nondegeneracy
assumption corresponding to the two-dimensional function .£;,.

Assumption 1.1. Given n > 0 and Z, we ask that the Hessian d2£n(z*) of L, is non-degenerate at any critical point 7* of
L, i.e. that the eigenvalues of this symmetric 2 X 2 matrix are non-zero.

In higher dimensions, it is not known whether isoperimetric sets are connected, while for the interior relative isoperimetric problem, they are known
to be connected [36].
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Our first main result is the following quantitative rigidity and Lojasiewicz estimate for critical points.

Theorem 1.2. Let Q C R? be a convex body with C? boundary £ = 0Q, fix n > 0 and assume that either X is a circle or
the pair (Z,n) satisfies Assumption Then for each L > 0 and ¢ > 0, there exist constants Coy = Co1(n, %, L, §) such
that the following holds. For any curve y € B, with length L(y) < L and turning angle | L kyds,| < ¢, we may find c* € G,
such that

ly = c*llcias,) < Colllky = Ryllz2ws,) + la1(y) = 51+ lea(y) — 3] (1.6)
and

IL(y) = L(c")] < Cilllky = Ky ll2as,) + laan(y) = 5l + laa(y) — 2P (1.7)
where a|» € [0, ] denote the intersection angles at which vy intersects .

We carry out the proof of this theorem using explicit geometric constructions, which in particular avoid any use of
compactness arguments. As such, the constants Cy; appearing in the above theorem are computable in terms of basic
geometric and analytic quantities associated to problemﬂ Here and in the following we use the convention that the
C 1(dsy) distance |ly — ¥llc14s,) Of @ curve ¥ to a given curve y is computed using the reparametrisation of ¥ over the
interval [0, L(y)] with constant speed. The expression

e) = llky = Kyllzs,) +laa (v) = 51+ la2(y) — 5 (1.8)

appearing in the above result is equivalent to the norm of the gradient of L on 8,, as the first variation of the length along
area preserving vector fields is given by (I.3) above and as [(X(x;), Ts(x))| = |X(x;)|| cos(a;)| is bounded from above and
below by a multiple of [X(x;)||la; — 7|. Thus is a quantitative form of the classification of critical points in (T.4).

Quantitative rigidity (or “quantitative Alexandrov™) estimates for isoperimetric problems along the lines of (I.6) have
been investigated intensively over the past decade—see, e.g, [10} 20, 21} 19,18} [31]]—motivated in part by applications to
flows [20, 21} [19]. For higher dimensional isoperimetric problems, quantitative ridigity theorems must be formulated to
account for the possibility of bubbling; this behavior is precluded in the present context, essentially because controlling
&(y) amounts to controlling the second fundamental form in a super-critical norm. The one-dimensional nature of the
problem allows for a hands-on proof of (I.6): we associate to ¥ an explicit, quantitatively close circular arc ¢ € Circ,,
and then prove (I.6) for curves in Circ, by using Assumption[I.T|or, in the case that ¥ is a circle, direct planar geometric
arguments.

The second Lojasiewicz estimate (I.7) will be obtained from using a first variation argument and will be the key
tool in the proof of our second main result, which establishes exponential convergence to equilibrium of global solutions
to the free boundary area-preserving curve shortening flow. We recall that, starting from the seminal work of Simon [33]],
Lojasiewicz estimates have been used as a powerful tool in the analysis of both asymptotics and singularities for gradient
flows in myriad settings.

Theorem 1.3. Let Q be convex body with C* boundary £ = 09, fix 5, L, ¢ > 0 and assume that either ¥ is a circle or the
pair (£, n) satisfies Assumption Lety : [a1,a2] % [0, 00) = R? be a global-in-time solution to the flow
Ory: = (Kyf - ’_(y,)vy, on [ay, ax] X [0, 00),
Yt(al), yt(az) € Z on [Os 00)9 (1 9)
7y, (a1) = —vs(yiar)), 7y,(a2) = vs(yi(az)) on|[0,c0).
Assume that the turning angle remains bounded by | f Ky, dsy,| < ¢ and that vy, intersects Q only at the endpoints x; »(y;) € L

Jor each t. Then there is a unique arc c* € Cj, such that y; converges smoothly exponentially to c*. More precisely, for
every k € N, there exists Cy = Ci(v0, 2,1, @) and ci = cx(yo, 2,1, ) > 0 so that

17: = & llexqoapy < Crexp(—cit) forallt € [1,00) (1.10)

for the constant speed parametrizations 7, and ¢ of y, and c¢* on [0, 1]. Furthermore, there is a constant C = C(Z,n, L, ¢)
such that if L(y,) < L, then the total L*-distance traveled by both the original flow and the reparametrized flow is bounded
by

f 18:vill2as,, At + f 10:74llz2q0,1ydt < C(L(yo) = L(c*)'/>. (1.11)
0 0

2An inspection of the proof shows that the constants can be bounded explicitly in terms of 7, the C? norm of the arclength parametrization o of Z,
the modulus of continuity of 0"/, and (for X not a circle) the spectral gap around 0 of the 2 x 2 matrix dz.C,](z*) at critical points z*.
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We always consider ¥ with a positive orientation, so in particular, vy, is the inner unit normal to Q in (I.9) above. The
results of [23]] give sufficient conditions on the initial data to ensure the assumptions of Theorem hold, which will be
essential in its application to the next result.

Our final main result is a sharp quantitative stability estimate for minimizers of the relative isoperimetric problem (I.T).
In the statement, k,u.(X) := maxy |kz| and T ~ .04 is an explicit universal constant whose precise value is given in 2.3).

Theorem 1.4. Let Q be convex body with C? boundary T = 0Q. Fix n € (0, tkyax(Z)™2), and assume that either ¥ is a
circle or the pair (Z,n) satisfies Assumption There is an explicitly computable constant ¢ = c¢(Z,n) such that

P(E;R*\ Q) — Io() > ¢ inf |EAE,[? (1.12)
E.eM}

for any set of finite perimeter E in R?> \ Q with |E| = n. If OE \ Q is a rectifiable curve, then additionally

P(E;R*\ Q)% — Io(n)* > cEin/aQ dy(OE, dE,)* . (1.13)

The second statement (I.13) is a free-boundary counterpart of the classical theorem of Bonnesen [6]. Simple examples
given by removing or adding a small ball from a minimizer show that (I.T3) is false without the additional assumption on
E. By [T}, any simple set of finite perimeter E in R?, i.e. one such that E and R? \ E are indecomposable, is bounded by a
rectifiable Jordan curve up to modification of E on a Lebesgue-null set. The assumption 7 € (0, Thomax(Z)72) is an artifact
of the proof; as described below, this is used to ensure the global existence of a well-behaved solution to the gradient flow.

Let us sketch how the we use the gradient flow to establish (I.12). (The proof of (I.13)) is similar.) Let E be a set as in
Theorem and assume without loss of generality that P(E; R? \ Q) lies below the energy level of any non-minimizing
critical point in (T.4). (Assumption guarantees that the critical values of L on B, are discrete, while if X is a circle,
minimizers are the only critical points.) In a by-hand reduction procedure in Proposition we associate to E a set F
with |F \ Q| =  whose relative boundary 0F \ Q is a convex C>“ curve yr meeting T orthogonally such that

6,(F) +|EAFI* < C6,(E).

Here we let 6,(E) = P(E; R?\ Q) — Io(n) denote the isoperimetric deficit appearing on the right-hand side of (C12). 1t
thus suffices to show that there is an isoperimetric set E, € /V(f]2 such that

Lyr) = Ia(n) = 6,(F) > c|FAE. . (1.14)

To this end, we evolve yr by the gradient flow above. The convexity of F and assumed bound 1 < TKmax(Z) 2 on the
enclosed area allow us to apply results of the first-named author [23]], which guarantee that the flow exists, remains
embedded, and satisfies the assumptions of Theorems [I.3]for all 7 € [0, c0). By Theorem [I.3] and the monotonicity of
length under the gradient flow, ¥, converges exponentially to an arc ¢* € C, that is the relative boundary 0E. \ Q of
a minimizer E, € Mff In particular, L(c*) = Iq(n). Finally, the fundamental theorem of calculus together with some
geometric estimates show that the left-hand side of the displacement estimate (T.1T)) bounds |FAE,| above. Thus (T.14)
follows from (I.TT).

The past two decades have seen tremendous advances in the theory of quantitative stability for isoperimetric inequal-
ities, see e.g. [16, (13 9] |15, 27, 2], including for the relative (and capillary) isoperimetric problems on half planes and
cones [12} 26, 22} 130, [7]]. The story for the classical planar isoperimetric problem starts nearly a century earlier with
Bonneson’s theorem [6] (and the earlier [4] for convex curves); see [29] for a survey of these early developments.

Various proofs of Bonneson’s inequality are known, using tools such as Steiner formulas for convex sets [29]], Fourier
analysis [17, [14]], an improved Wirtinger inequality [3]], or integral geometry [34]. None of these proofs admit direct
generalization to yield alternative proofs of Theorem[I.4] An alternative approach to prove Theorem [I.4 would be to use
a selection principle argument [9], where the spectral analysis is carried out in carefully chosen coordinates. While this
approach would likely allow for the removal of the assumption 7 < thuqc(X) 72, its use of a compactness argument would
prevent one from obtaining explicit constants. In contrast, the constants in all of our main results come from elementary
geometric arguments, making them explicitly computable, and our approach highlights the intertwined nature of these
three core problems of the quantitative analysis of PDEs.
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2. PRELIMINARIES

2.1. The isoperimetric profile. Throughout the paper, Q c R? will denote a convex body, i.e. a compact convex set with
nonempty interior, whose boundary X = dQ is of class C2. We let k,,,,(X) > 0 be the maximum curvature of .

For a set of finite perimeter E in R2, we denote by P(E) its perimeter, P(E; A) its relative perimeter in an open set A, and
O*E its reduced boundary, so that P(E; A) = H YO*E; A); see [25] Chapter 12] for basics on sets of finite perimeter. We
will tacitly choose a representative of a set of finite perimeter £ with &*E = OE; see [23] Prop. 12.19]. In two dimensions,
sets of finite perimeter have a simple structure thanks to [1]]; this structure will be recalled and utilized in Section[5.2]

The isoperimetric profile is continuous and non-decreasing and satisfies the upper and lower bounds
Q)2 n? < Io(y) < 277 52, @2.1)

The left-hand side is precisely the isoperimetric profile Iy of the half-plane, and the first inequality follows directly by
using the convexity of Q and the fact that n — Iy(n) is increasingE] The upper bound in 2:I)) comes from choosing as a
competitor in (I.T) a ball that is disjoint from Q.

We recall that the set of circular arcs that intersect X orthogonally and enclose a set of area 7 is denoted by C;. It
follows from convexity of X that the center z. of any ¢ € C;‘I isin R2\ Q°. So, for c € C;; with positive orientation,

dum(c) € [m,2m), nrf >n= %nrz and K; € [(7r/217)1/2, (Jr/r])l/z], 2.2)

where 7. and k. respectively are the radius and curvature of the circle containing ¢, and ¢ym(c) = fc k.ds. is the turning
angle of c¢. Given r > 0, we let @x(r) be the maximal turning angle of a circular arc of radius r in R? \ Q which meets £
orthogonally at the endpoints and note that a trigonometric exercise shows that

Oz (r) < 21 — 2 arctan(1/(rkpqx(X))) - (2.3)
We can hence get a slightly improved upper bound for Io(n) as follows. Let ¢* € C;, be a circular arc which bounds a
minimizer E. € M;. Then E, contains a circular sector of B,.(z.+) of angle ¢ = ¢um(c*). In particular, $ri¢ < m,ie.
re < (2n/¢)'2. Thus Ig(n) < (261)'/2, and so by (2.3),

Io(n) < 2n3n? (1 — 7" arctan ((57)%,@,,“,((2)—'))E . Q.4)
We fix the universal constant . X
- _ T . 2 L ~
€= o+ arcsin ( 4”) ~ 0415. 2.5)

In Theorem |1.4] we assume 77 < Tk, (X) 2, which guarantees the following upper bound for the isoperimetric profile.

Lemma 2.1. Suppose n < Kmar(2) 2. There is an explicitly computable constant 8y = 6o(n, Kmax(X)) > O such that for
any ¢ € [0, 6],

Io(m) +6 < (2.6)

. n
arcsin (m) .

4
Skmax(Z)

Proof. The estimate with 6 = 0 follows directly follows from the upper bound in 2.I]) and the definition of t. Since
the inequality with § = 0 is strict and both sides are continuous functions of ¢, it is clear the estimate holds up to
some &y. This &y can be made explicit with the claimed dependence by using ([2.4). O

Remark 2.2. The proof of Theorem [I.4]actually goes through for any 1 small enough such that holds with § = 0.

3The analogous comparison theorem holds in higher dimensions but is no longer trivial to prove, see [8].
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Remark 2.3. A basic geometric argument shows that Kmar(Z) ™! < ds /2, where
ds ;= min{jx — x| : x,x € Z,12(x) = —75(x")} 2.7)

is the width of X, that is, the minimal distance of two parallel lines touching X. Hence the right-hand side of (2.6) is
bounded by % arcsin(1/(2m))ds, and we can in particular use that Io(n) + § < dx/2 whenever (2.6) holds for a given (7, §).

The isoperimetric profile is differentiable outside a countable set and is left- and right-differentiable everywhere. A
classical argument shows that the left-and right-derivatives of I, at 1 are bounded above by the (constant) curvature « of
any minimizer of Io(7), and at differentiability points, Io’(r7) = k. So, I is absolutely continuous on compact subsets of
(0, o) and thus by the fundamental theorem of calculus, for any 0 < n; < 12,

(o) 0 =) < fa) ~ atn) < (Z) (= m). 28)

2.2. Notation and basic properties of oriented curves. For a regular oriented C> curve y from x;(y) to x2(y) we let

Y be the unit tangent to the curve, and let v, = Jr,, where J denotes a counterclockwise rotation by +r/2. We

'l
let L(y) be the length of ¥ and s, the arclength parameter. We denote by «, = <7W;|v2y> the signed curvature with respect

T, =

to v, = Jr,. We also set k, := ﬁy) fy Kk, ds, and denote by ¢um(y) = L Ky ds,, the total turning angle of y. We recall
that ky, Ky, ¢um(y), Ty, and v, are of course independent of the choice of parametrization, but that they flip a sign when the
orientation is reversed.

In the following we use the convention that X is parametrized with positive orientation (i.e. counterclockwise). With
this convention vs(p) is the inner unit normal and ks is nonnegative. Throughout the paper we consider curves y € 8 for

B :={y : 7y is an oriented H? curve for which vyNQ={x(y), xz(y)}} . 2.9)

Definition 2.4. Given a curve y € B, we concatenate y with the (unique) oriented sub-arc o, of X for which the oriented
immersed closed curve y + o, is contractible in R?\ int(Q) and define the relative area As(y) enclosed by y as

1
As(y) == A(y + o) 1= —E(fy-vy ds, + fay Ve, ds(,y). (2.10)

An explicit way to construct o, is by taking the projection &, = 7z oy of y onto X, and defining o, as the (unique)
oriented arc of X that is homotopic to —&, (with fixed endpoints). We note that o, can traverse X multiple times, may
have the same or opposite orientation as the full curve X, and can even just be a point. If y is embedded and oriented so
that y + o, has positive orientation, then Ax(y) coincides with the area of the region bounded by y and X.

Remark 2.5. As o, is determined uniquely by the above topological condition, this construction in particular ensures
that o), and As(y;) vary continuously along any continuous family of curves y; € 8, and that = Ax(y,) is differentiable
whenever ¢ — y; € B is differentiable with

d d
EAE (y)=- fX, “Vyds,, = — f X; - Jry, ds,, where X, := LR (2.11)

Y Yt
We note that the variation of ¢, does not appear in the above formula as 9,0, is tangential.

Since a change in orientation of y results in a change of sign of Ay(y), we define for each given > 0 the set of
admissible curves for the relative isoperimetric problem as

By ={yeB: 1Azl =n}.

It is immediate from the definition of Ay that L(y) > Io(n7) whenever y € B, is embedded and a short argument, which we
include in Appendix [A] ensures that we can always bound

L(y) = Io(n) for every y € 8, and every > 0 (2.12)
and hence in particular L(y) > (2)25? by @1).

We denote by «;(y) € [0, 7] the angles at which a given curve y € B intersect X, characterized by
Te(x1) = Ro, Ty(x1) and 75(x2) = R_o,7y(x2) . (2.13)
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Here and in the following R, denotes the rotation by angle ¢ in positive, i.e. counter-clockwise direction.

In what follows will often consider curves y € 8, whose length L(y) and turning angle |$y,m(y)| are bounded by given
numbers L and ¢ and whose intersection angles a; with T defined in (2.13) satisfy |a;(y) — 3l < 3 for some 8 < 5-AsZis
convex, this ensures that |¢um(y)| > 7 — 23 and hence, recalling (2-1)), that

m-2p ¢

— < |kl < -
L 2n)2 n?

(2.14)

In the following we also use that the parametrisation by arclength of any curve y : [0, L(y)] — R? can be expressed as

p p
v(p) =v(0) + j; (cos 8,(q),sinb,(q)) dg for 0,(q) = 6 + fo‘ Ky(8)dsy , (2.15)

where 6y(y) denotes the angle formed by the tangent vector 7, (0) at the starting point and the e; axis.

3. Proor oF THEOREM[I.2]

In this section, we prove Theorem Throughout the section, Q denotes a convex body with boundary ¥ of class C?.

For curves y as in Theorem whose deficit &(y) defined in (I.8) is bounded from below by a fixed constant &y > 0,
the theorem holds trivially by choosing y* € Cj, as a global minimizer of L in 8,,. Thus, we need only to consider curves
v € 8B, for which &(y) lies below an explicit threshold. The proof in this case has three main steps: We first show that for
any n > 0 and y € 8B,, there exists ¢ in the collection Circ,, of circular arcs belonging to 8B, (recall (I.5)) whose distance
toy in C! is controlled by Ce,(y), where we set

e(y) = llky — Ky llr2as,)» (3.1)

compare Lemma[3.1|and Proposition[3.4] This allows us to reduce the proof of the claimed distance Lojasiewicz estimate
(T.6) to the analysis of circular arcs, which is carried out in Section @] and which, unlike the other parts of the proof,
exploits the non-degeneracy condition on the curve X if X is not a circle. Combined, this will allow us to prove the claimed
bound on the distance of y to the nearest critical point y* with a short argument that is carried out at the beginning
of Section @]before we show how this distance Lojasiewicz estimate yields the claimed estimate (I.7) on |L(y) — L(y*)| .

3.1. Reduction to circular arcs. We first prove that curves for which &(y) is small are C'-close to a circular arc ¢, whose
enclosed area will be close, but not necessarily equal, to . We note that an argument in a similar spirit was used also in
[20] for closed curves. In a second step, we modify this initial circular arc in a way that the area constraint is satisfied. In
what follows, we will always take £(y) small enough such that, in particular,

lai(y) = 31< {5, i=12, (3.2)
for the intersection angles «; defined in (2:13)). For the first step we begin with the following lemma.

Lemma 3.1. For any n,L,$ > 0, there are explicit constants &1 = &(Z,n,L,¢) > 0 and C, = C2(Z,n, L, $) > 0 such
that the following holds. Let y € B, be any curve with L(y) < L, bum)| < ¢, and (y) < &1. Then 7y is embedded.
Moreover, letting ¢, € B be the circular arc with radius 7 := |k,|”" emanating from y(0) which has the same intersection
angle ai(cy) = a1(y) at this initial point and turns counterclockwise if k, > 0 and clockwise if k, < 0, we have

lly = cyllcias,) < Callky = &ylli2as,)- (3.3)

Remark 3.2. As mentioned above, we will take £; small enough so that any for any curve y as in Lemma [3.1] the

intersection angles of y with X satisfy (3.2). Then by 2.14), Ix,| > g—g and in particular, &, # 0 so ¢, € B is well defined.

For the proof of Lemma [3.1| we will use the following elementary geometric fact.

Lemma 3.3. Let ¢ be a circle with radius R and let ¢ be an oriented circle with radius r through a point x in the exterior
of ¢. Suppose that there exists a point xy € ¢ so that |x; — xo| < ﬁ min(r, R) and |£(t¢, (x1), ve(x0))l < 1—”2, where v; is the
inward unit normal of ¢. Then c, intersects ¢ and the length of the circular arc c from x| to the first point x, where c

(with the given orientation) intersects ¢ is bounded by L(c) < 2|x; — xg|.
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We note that the analogous statement also holds if ¢ is replaced by a straight line 7~ and that the proof of this variation
of the lemma can be either obtained in the limit R — oo or by a simplified version of the proof below.

Proof of Lemma[3.3] As the claim is invariant under rescaling, translation and rotation we can assume without loss of
generality that |x; — x| = 1, that ¢ = dBg(0) and that xo = (—R,0) and hence v;(x9) = e;. We parametrize ¢ : R — R?
by arclength so that ¢;(0) = x; and denote by 6, (p) the angle between the tangent of 7., and e;, compare (2.13). If ¢,
intersects ¢ we set p* :=inf{p > 0 : ¢;(p) € ¢}, so that p* is the parameter of the first intersection point, while in the case
where ¢; N ¢ = 0 we simply let p* = co. We note that this choice of p* ensures that |c(p)| > R for all p € [0, p*] and that
the claim of the lemma follows provided we show that p* < 2.

To prove this we first note that the assumptions of the lemma (and the above normalisation) ensure that |6, (0)| < 1”2 as

well as that r > 24 and hence that |«,, | < 24 This ensures that |6, (p)| < 2|k, | + 16,(0)] = 2r 4 E <% Z for all p € [0, 2].

ci(p)
ler(p)l
least R from the origin and e, coordinate no more than |x; —xy| < 1, hence allowing us to bound |3(0)| < | tan(B(0))| < R'<

35+ Aslci(p)l = R for all p € [0, p*] we can bound the change in 8 by |8'(p)| = mﬂ'[m(p)(c’] p) < m <R'< %
for all such p, where we let I1;,(,) denote the projection onto T, (B¢, (p)- We hence conclude that |8(p)| < [B(0)| + 3 p <

wt13 <% f0r all p € [0, min(p*, 2)].

To obtain a similar estimate for the angle 5(p) between —

and e; we recall that the initial point x; has distance at

ap)

Combined this ensures that the angle between — ol

[0, min(p*, 2)], which ensures that on this interval

and 7., (p) remains bounded by |0, (p)| + |B(p)l < £ + £ = § on

c1(p)
ler(p)l
As —lc1(p)| £ =R = —|xp| on [0, p*] we can integrate this bound to deduce that

—lei(p)l" = (7, (p), - ) > cos(n/3) = 1.

min{p*,2}
5 min(p*,2) < —f lei(p)I'dp < |xi| = R = |x1| — |xol < |x1 — x0l = 1,
0

and hence indeed that p* < 2 as required. O
Based on this lemma we can now complete the proof of Lemma3.1]

Proof of Lemma[3.1] Let dy = do(Z,n,¢) > 0 be chosen so that any (full) circle with radius r > (27)2p2 ¢~ which
intersects X at an angle a; with |a; — 7| < {5 contains a point in Q whose distance to X is greater than 2dp. Then set

, F 3. _ T ody L
g) = 2"PL7 min (ka7 2 (22)1/2’ 2,3) (3.4)
and &1 = min{e},n/12}. As the claim is invariant under change of orientation, it suffices to consider the case where y
has k, > 0 and hence ¢wm(y) > 0. We parametrize y by arclength on the interval [0, L], L := L(y), and recall that this
parametrization can be expressed in terms of 8, (p) = 6y + fop ky(s)ds, as described in (2.15)). Setting 6,(p) = 6y + k, p for
p € [0, c0), we get an analoguous parametrization y; : R — R? by arclength of the circle that contains the circular arc ¢,

of radius 7 := &'

The fundamental theorem of calculus and the fact that 6, (L) = 6,(L) ensure that |6, (p) — 6:(p)| < (L/ 2)!2g,(y) for all
p € [0, L], which, when inserted into (2.13)), immediately imply that
P -vipl <2721 e (y)  and () =) < 27 P e (y). (3.5

As the angle between two unit vectors wy, w; is given by Z(wy,w;) = 2arcsin(%|wQ — wil) and as (3.3) ensures that
IT,(p) — 7y, (P)] < i < 2sin(r/10) we can in particular bound

Lry(p) Ty (P) <5 and  ly(p) - 71(17)I<mm(4 7 (271)'/2) for all p € [0, L]. (3.6)

We now want to show that this ensures that y is embedded. For this we first note that ¢ym(y) = dwum(Yilo,r;) < 27, ie.
L < 2n¥, since the full circle ylj 2.7 contains a point y;(po) with dist(y;(po), y([0,L]) > dist(y1(po), R* \ Q) > 2d,.
Combined with (Z.I) this also gives an improved upper bound of x, < (27/ r])% , and hence an improved lower bound of



QUANTITATIVE ESTIMATES FOR THE RELATIVE ISOPERIMETRIC PROBLEM AND ITS GRADIENT FLOW IN THE PLANE 9

F>m/ 271)%. The second estimate of (3.6) hence in particular ensures that |y(p) — y1(p)| < % min(dy, 7) for every p. It is
now useful to observe that whenever 0 < p; < p, < L are so that |y;(p) — y1(p2)| < min(dy, 7) we have

£1,(q1), 7y,(q2)) < L(1y,(P1), T, (p2)) Tforall q1,q> € [p1, p2].

This implication is immediate if ¢y (yiljo,r)) < 7. Conversely, if ¢uwm(¥1lj0,2;) = 7, the implication holds since in this case
we can bound [y1(0) —y1(L)] = [y1(0) =y1(po)l = [y(0)—y1(po)l = 1y(0) = y1(0)| > dp which ensures that G (¥1lip,.p,1) < 7-

If there were any 0 < p; < p, < L for which y(p;) = y(p»), then this estimate would be applicable since |y;(p;) —
Y1(P2)l < ly(p) = vip)l + ly(p2) — y1(p2)l < min(dy, F) by (B.6). At the same time, as y; parametrises a circle with
radius 7, this estimate would ensure that |7, (p1) — 7y, (p2)| = vy, (P1) = v, (p2)| = Fy1(p1) = v1(p2)| < 1 and hence that
£(1y,(p2), Ty, (p1)) < /2. We could hence conclude that

2n o«
L(1y(q1), Ty(q2)) < 5 t5< n for all g1, g2 € [p1, p2]

which contradicts the assumption that the curve 7y intersects itself at y(p;) = y(p,). Hence our choice of €; indeed ensures
that y is embedded.

While the parametrization of ¢, by arclength is y{lj,z,;, where L; := L(c,), the constant-speed parametrization of ¢,
that is used to compute the C' distance in the lemma is given by ¥(p) := yl(L—L‘ p), p € [0,L]. To derive the desired
estimate (3.3) from (3.3) it suffices to to prove that

IL = Li| < 21y(L) = yi(L)], (3.7

which will allow us to deduce that |L — L;| < 21/2L3%¢,(y).

To prove (3.7) we first note that the tangent to y; at x; := (L) agrees with y’(L) since 6, (L) = 6;(L). Setting xo := y(L)
we can hence use the assumed bound (3.2) on the intersection angles to conclude that the angle 8 between /(L) and the
Vg

inner normal vz(xp) to X is so that |8 = |aa(y) — 71/2| < {5. We furthermore note that 7 > 77% / (27r)% using (2.14) and
Gum(Y) = Pum(y1) < 2. We also recall that we have already shown that |xo — x1| < 271/2L3/2¢; in (3.3). Our choice of &
hence ensures that 7 and 7 := (maxy ks)~! are so that |xo — x;| < Z min(7, 7s). To prove (3.7) we can hence apply Lemma

=
[3.3]for this choice of xo = y(L) and x; := y;(L) as follows:

If Ly < L, we choose ¢ as the tangent 7“;:) = {xo + q7s(x0),q € R} through xo to £ and choose c¢; as the circle
which contains y; but is parametrised with opposite orientation. Lemma then ensures that ¢; intersects ‘7'}; and that
pri=inf{p>0:y(L-p)e Téj} is bounded by p* < 2|xp — x1| = 2|y(L) — y1(L)|. We then observe that vy, ;; cannot
intersect 7, f} as this would force the total turning angle of y; on [0, L] to be at least 27, which is excluded by our choice
of &y. Thus we must have L — p* < L;, allowing us to deduce the desired bound of |L; — L| < p* < 2|y(L) — y1(L)| in this
first case where L > L.

In the case where L; > L we argue analogously, but now choose & to be the circle of radius #s = (max z)~! which
touches X in xp = y(L) from the inside, and which is hence fully contained in €, and let ¢ be the circle that contains y,
and that has the same orientation as ;. Lemma([3.3]then yields that y; intersects ¢ and that p* := inf{p > 0 : y|(L+p) € ¢}
is bounded by p* < 2|xp — x1|. As L; is the first (positive) time at which y; intersects X, we know that y|..1,) is contained
in the exterior of Q and hence disjoint from ¢. Thus we must have L + p* > L; which implies the claimed inequality
L — L{| < p* < 2|xp — x| if this second case where L; > L.

The reparametrised curve ¥ (p) := yl(% p) hence satisfies

~ ~/ ’ - 7] 12 Us
@) -n@I<IL-Lil, W@ -7 < (F+R)IL- L < BRIL- L) < 522 - L, (3.8)
where we use in the last step that ¢um(y) < 27 and €.I). The proof now follows by combining (3.5), (3.8), and 3.7). ©

This allows us to prove the following key ingredient for the proof of Theorem [I.2]
Proposition 3.4. Let X and y be as in Lemma@ Then there exists a circular arc &, € Circ,, so that

Ity - 57||C1(dsy) < Cie(y) for &(y) == ”K)/ - Ry”Lz(dsy) (3.9
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and a constant C3 = C3(Z,n, L, §). In particular, we have
la;(y) — @;(&))| < Cae(y), i=1,2 (3.10)
for a constant C4 = C4(Z, 1, L, §).

Proof of Proposition It suffices to consider curves for which &,(y) is less than a fixed constant &, = &,(Z,n, L, ¢) > 0,
as the claims trivially hold for &(y) > & and any &, € Circ, by choosing the constants depending on &;. As before, we
write for short L = L(y) and let 7 = k,, ! be the radius of the circular arc ¢, of Lemma We also recall that by Lemma

v is embedded and |¢um(y)| < 27, and that combining this latter fact with (2.14) guarantees that (%)1/ 2<F< 2—.

Furthermore, since X is embedded, there exists a constant C = C(X) so that Z(7s(x), Tg(X)) < C|x — | for all x, X € X. "

Lemma [3.T] hence in particular ensures that the angle between the tangent to X at the endpoints x;(y) of v and xx(c,)
is bounded by Clly — ¢,llco < Ce,(y). Our construction furthermore ensures that 7,(x1(y)) = y;(L) and that the angle
between this vector and 7., (x2(c,)) = y{(L1) is given by %|L(7) - L(cy)l £ (%)’1/ 22y(L) — y1(L)| £ Ce,(y). Combined
we hence obtain that |a:(y) — a2(cy)| £ Clly — ¢,ller < Ce(y), C = C(1, Z). For &, small enough this in particular ensures
that the second intersection angle a»(c,) is bounded away uniformly from O and =, say so that a;(c,) € [n/4,3nr/4] for
i = 2, while this estimate is trivially true for i = 1.

Since y is embedded, we can bound
|As(cy) — 17l = 1As(cy) — As()| < 27(F + lley — Vleows)lley = Vicoas,) < Cen(y), (3.11)

for an explicitly computable constant C = C(Z, 7, L, ¢), where in the final inequality we use 7 < % After reducing &; if
necessary, we assume Ce, < n/4 for this constant, and thus (3.TT) guarantees that |Ax(c,) — 7| < 17/4.

We now let z € R? be the center of the circle that contains ¢, and consider the (continuous) family of circular arcs
¢/(z) in B parametrized on [0, L] with center z for which ¢;(z) = ¢,. The uniform a priori bounds on the angles a;(c,), the
radius 7, and the area of ¢, ensure that the map r - ¢,(z) € B is a well-defined C*> map into C'([0, L], R?) at least on an
interval of the form (¥ — co, 7 + ¢p) for a number ¢y = co(n,Z) > 0 (compare Remark below). The first variation of
the area along families of circular arcs ¢,(z) € B with fixed center is given by 9,Ax(c-(2)) = L(c(2)); see (3.18) below. In
particular, 9,Ax(c,(2)) > Ig(%n) > ﬂ%n% for all r for which As(c,(2)) > %77.

So, after reducing &, if necessary, we deduce that there is a (unique) 7 € (¥ — ¢,  + co) for which As(c,(z)) = n and

pore 2D o) (3.12)

T2 172
Thus &, = ¢#(z) € Circ,,. Itis simple to check that ||¢, — ¢, llc1 o,y < Clr — 7| for an explicit C = C(L,n). Combining this
with (3.12) and the bound (3.3) on [lcy — ¥llc1(4s,) obtained in Lemma([3.1} we obtain the first claim (3.9).

The second claim follows from the first. As noted above, |£(15(x), 7(X))| < C|x—X| for all x, X € X. So, again using that
L(wy, w) = 2 arcsin(3|w, —w|) for unit vectors wy, wa, we have |a;(&,) — ()| < Clxi(@,) — xi(y)| + 2 arcsin(3 |7z, (xi(&,)) —
7y (xi(Y)D) < Clic, = Yllc1(as,)» which combined with (3.9) completes the proof. O

3.2. Analysis of circular arcs. We let Circ be the subset of B that is made up of circular arcs which intersect X transver-
sally and let Circ,, := Circ N 8,, compare (1.5). Given c € Circ, we denote by z. and r. the center and radius of the circle
that contains c.

We first note that for any ¢ € Circ there exist neighborhoods U, of z., U; » of the endpoints x;(c), x2(c) of ¢ and I of r.
so that for every z € U, and any r € [ there is a unique circular arc ¢,(z) € B with radius r and center z whose endpoints
xi(cr(2)) are in U;. As X is assumed to be C2, a simple argument using the implicit function theorem, which is applicable
when the intersection angles of these circular arcs remain bounded away from 0 and x, furthermore gives the following.

Remark 3.5. For any ryp > 0 and 8y < 7/2 there exist numbers dy | = do 1 (10,80, %) > 0 so that the following holds true.
If the radius and intersection angles of ¢ € Circ are so that r. > ry and |a;(c) — /2| < By, i = 1,2, then the above family
(r,2) = c,(z) is well defined on (r. —dy, r. +do) X B4, (2.), and the maps (r, z) +— x;(c,(z)) and (r, z) = 6;(c,(z)) which assign
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to each such pair the endpoints and the angles between x; — z and e are given by C*> maps whose norms are bounded by a
constant that only depends on ry, 8y and the C? norm of X.

In the following it suffices to consider circular arcs with positive orientation and it will be convenient to parametrize
these arcs c¢,(z) with constant speed over [0, 1], i.e. as

p — z+ r(cos,sin)(8(p)), O(p) =061+ p6, —6),p €[0,1], (3.13)

which then provides a way of viewing (r, z) = ¢,(z) as a C? function from (r. — do, r. + do) X By, (z.) to C*([0, 1], R?) with
uniformly bounded norms. We can furthermore use that the dependence of the intersection angles «;(c,(x)) on r and x is
controlled in C! since X is C?.

For families of such circular arcs we now show the following useful lemma.

Lemma 3.6. Let c. = ¢, (z.) be a differentiable family of circular arcs in Circ which have positive orientation. Then the
variation of the enclosed area is given by

digA;(cg) = 0.1 L+ (0:2,—J(x2 — x1))). (3.14)

Furthermore, the variation of the endpoints along general variations c. can be expressed as

_asr + <Vc(xi)’ 68Z>

Ocx1 = uts(x1)  and 0.2 = —pots(x2)  for  pi = . (3.15)
sin(a;)
For area preserving variations (3.15) this formula reduces to
1
pi = (B, Yie)  for Yi{&)i=vex) - L n-x), i=1,2 (3.16)

sin(a;)

where v, is the inward unit normal of ¢, which in turn ensures that the variation of the length along area preserving
variations is given by

BsLics) = = ) cot(@ )Xz, Yi(c). (3.17)

1

In the above lemma and its proof we use the convention that all geometric quantities, such as the length L, the endpoints
X;, the intersection angles «; are evaluated for the corresponding circular arc ¢ = c,.

Remark 3.7. From (3:T4), we see that along families of circular arcs with fixed center, the first variation of the area is
given by
0,A5(cr(2)) = L(c/(2)), (3.18)

and is in particular bounded below by (27;)!/? > 0 whenever ¢,(z) € Circ,,.

Proof of Lemma[3.6] We parametrize the circular arcs ¢, as in (3.13)) and use that the orientation of ¢, ensures that v,,
is the inner normal to ¢, to write v(p) = —(cos, sin)(B:(p)). As Jvs(p) = —1(p) = (sin, — cos)(6:(p)), this allows us to
express the generating vector field X = d.c; as

X = 0,05 = 0:2c — OcteVe — r00:JV,. (3.19)

As|c’| = L and as 92_591 = r, the formula (2.TT) for the variation of the area hence yields that

d 1
d—Az(crg(zg)) =— fX “veds, =0,r-L+L- <<9gz,f (cos, sin)(6; + p(6; — 91))dp> =J+1I (3.20)
&€ c 0
For term /1, we integrate to find
11 = ﬁ(é‘sz, (sin, — cos)(62) — (sin, — co8)(61)) = (0ez, rIve(x2) — rIve(x1)) = (Oeze, —J (X2 — 2) + J(x1 — 2))
= <aszs’ _J(x2 - )C]))

which together with (3.20) establishes the first claim (3:14)) of the lemma.

(3.21)
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Next, we note that since the endpoints xj, x, are contained in X, their variation can be written as d.x; = +u;7x(x;) for
some y; = p;(€) € R, where here and in the following =+ is to be understood as + for i = 1 and as — for i = 2. To determine
M; we can use that

Oere = 5171 0elxi = 2P = (7 (0 = 2, 2piTs(00) = Be2) = —pidve(x), £75(x)) + (ve(x), B2)
since v (x;) = —*= is the inner unit normal. We can now use that 75(x;) = R.q,7.(x;), compare (Z.13)), to write
Ve(xi), 212(x;)) = (JTe(X), 2R, Te(X1)) = cos(m/2 — ;) = sin(a;).

Thus d.re = —p; sin(e;) + (v.(x;), 0.2). This establishes the formula (3.13) for the variation of the endpoints.

Now, by (3.14), area preserving variations are characterized by d.r = L™ 0,2, J(xo — x1)). Making this substitution
in (3.15) directly yields the expression (3.16) for u; in the case of area preserving variations. Inserting the resulting
expression for d,.x; into the formula (T.3) for the first variation of the length yields the claimed expression in (3.17) of

asL(Ca) = (0sx2, Tc(x2)> —(0ex1, Tc(xl» = - Zﬂi(TZ(xi)’ Tc(xi» == Z COt(aixasZs Yt(c» (3.22)

i

]

We note that (3:18) in particular ensures that Circ, is a C> manifold that can be parametrized locally using the center.
To be more precise, given a local C?> parametrization (r,z) + c.(z) of a neighborhood of a given ¢ € Circ,, in Circ
as considered above, the implicit function theorem ensures that for z in a sufficiently small neighborhood there exists a
unique r(z) so that the corresponding arc c,(;)(z) encloses the required area 17 and that the function z — r(z) is C 2,

This allows us to view the restriction of the length functional to this 2-dimensional manifold locally as a C? function
L,(2) := L(cy(»)(2)) of z whose first variation is described by @B17). As Circy, is a submanifold of 8, and since the critical
points of the length functional (with prescribed enclosed area) are always circular arcs which intersect X transversally (and
indeed orthogonally), it is trivially true that any critical point y € C;, of our original problem is also a critical point of this
restricted functional. Conversely, as the vectors Y; = v (x;) — L' —x),i=1,2, appearing in the formula 3:.I7) of
dL,(z)(0,7) are trivially linearly independent, we can immediately deduce that V.Z, vanishes if and only if cot(a;) = 0
for both i = 1,2, i.e. if and only if both intersection angles are «; = ’21 We also note that |Y;(c)] < 2 and hence that
|d L(9:2)] < 2(| cot(ar)] + | cot(@2))|dszl.

We can hence use that £, and L are related by the following.

Lemma 3.8. For any > 0 we have C;, = {c € Circ, : d.L,(c) = 0} and, parametrizing Circ, locally by the center of the
circular arcs as described above, we can estimate

VL) < 2(sin8)' [lar () = §1 + laa(y) = 5] (3.23)

for & > 0 chosen so that «; € [6,m1— 6], i=1,2.

We now want to use these basic properties of .L,, to show

Lemma 3.9. Ler p > 0 and assume that either X is a circle or that (X,n) satisfies the non-degeneracy assumption (I.I).
Then there exists a constant Cs = Cs(n, X) so that for every c € Circ;, there exists ¢* € C;, with

llc = c*llerqo.ny < Csealc)  where  g4(c) := |ai(c) = 5| + laa(c) = 5. (3.24)

Proof. We note that the lemma is trivially true (with ¢* chosen as a global minimizer of Ay) for curves with max |a;(c) —
/2| > n/4. Hence we only need to consider circular arcs with |a;(c) — n/2| < n/4 for i = 1,2 which we can furthermore
assume to be positively oriented. As this subset of Circ, is compact and as our assumption on (Z,7) ensures that the set
of critical points is finite (up to symmetries in the case of the circle), the claim of the lemma hence follows provided we
show that for any ¢* € Cj there exist C > 0 and a neighborhood U, of ¢* in Circ,, so that (3.24) holds true. As Circ,
can locally be represented by z - ¢,(;(2) as described above and as £, and L are related as described in Lemma 3.8} this
follows provided we prove that for every positively oriented ¢* € C;, there exist & > 0 and C > 0 so that for any z € B(z"),
where 7" := 7. is the centre of ¢*, there exists £* with V.£,(Z") = 0 so that

|z =2 < CIVL, (D). (3.25)
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We first prove that this holds for 2* = z* in the case where (Z,7) satisfies the non-degeneracy assumption (I.I), i.e.
where the eigenvalues A, ; of the Hessian DZLU(z*) are non-zero. In this case we set Ay := min(|4,], |12]) > 0 and use that
2 Ly(z) is C? and that 7 — a;(2) := ai(cyy(2)) 1s C! with a;(z*) = n/2 to choose & > 0 (depending on the modulus of
continuity of DZL,] and thus on 7 and the modulus of continuity of the arc length parametrization of X) so that

ID*Ly(z") - D’ Lyl < 249 and  ai(cnn(@) — 21 <% forall z € B.("). (3.26)

We then let E;, be orthonormal eigenvectors of Dan(z*) to the eigenvalues A,,, and given any unit vector w € R?
consider the unit vector w := Y; sign(4;){w, E;)E; which is chosen so that

D> L,&)(w, W) > D> L,(Z)w, W) — 30 = [4[(w, E1)* + |2l w, E2)* = 320 > 329

=

for all Z € B.(z"). Given z € B.(z") we apply this for Z, := z" + t(z — z"), t € [0, 1] and w = I;EZI lza_‘—?l AsVL,(z)=0
this yields
1
d
VL, = VL) - W= (VL) - VL)) W= f —V.L, (%) - wdt
o dt
1 (3.27)
=lz— Z*If D> L,G)(w, Wydt > Lglz — 27|
0
hence establishing that
|z — 2| < 245" IV L, (2)] for all z € B.(z").

It hence remains to prove the analogous claim in the case where X is circle, without loss of generality given by X =
0B,,(0) for some py > 0. As the symmetries of this setting ensure that L, (z) = L,(z]), we can assume without loss of
generality that Z* = zje; where z] > 0 is given by a critical point of x — £, (xe;) and it suffices to prove that there exists
&> 0and C > 0 so that

|z1 — 2| < Cl0,, Ly(z1e) forall|z; —zjl < & (3.28)
The main step in the proof of this is to establish that
82 L,(z") > 0. (3.29)

To see this, we can differentiate the expression d;, L, (zie1) = — 3 cot(;(z1)){Yi(z1e1), e;) which results from (3.17) and
use that a(z1e1) = ax(z;e;) for all z; by symmetry. Evaluating the resulting expression at z; where a; = 7/2 we hence
obtain that at z* = zjey,

02 Ly(2") = —cot' (1/2)(0z, )2 Ner, Yi(2") + Ya(2")) = (0, 1)@ Ker, Ve (x]) + ve (x3) — 2L7 (x5 — x})) (3.30)
Letting ﬁT,z be so that the endpoints x? = x;(c*) of ¢* = ¢,+(2") are given by x;* = po(cos, sin)(8}), we now note that the
symmetries ensure that 87 = —;. Furthermore, as the intersection of ¢* and £ = dB,,,(0) is perpendicular, we can use that
B; € (0,7/2) and that v-(x]) = 7e(x]) = (= sin, cos)(B]) = (sin, cos)(;) while v.(x3) = —75(x3) = (sin, — cos)(53).

Thus the vector

Ver (X)) + v (1) = 2171 J (x5 — x7) = 2sin(B;)er — 2L J(2p0 sin(B;)ea) = [2 + 4poL "] sin(B3)e; .

appearing in the above formula is given by a positive multiple of ¢, since 8; € (0,7/2). Inserted into (3.30), this yields
6; L,(Z") = [2 +4poL™"] sin(B3)d;, a1(z*), and thus to show (3:29) it remains to show 4., @ (z*) > 0.

To see this we differentiate the relation

cos(ay) = (rs(x1), 7e(x1)) = (Ts(x1), =Ive(x1)) = (T5(x1), =Ir~ (2 = x1)) (3.31)

along ¢, = ¢(,)(z,) for z; = (z] + &)e| and evaluate all resulting expressions at & = 0 where we can use that @(z") = 7/2
and hence v, (x]) = 7s(x]). This yields

0, 01(2") = DelooTs(61), ~Jve (6) + (T5(6}), =S elomo (™' (2 = x1)))]
= ~(uiksve(X), Jve () = r Nrs(x)), Jer) + 7 (), Jre(x)) + 1 20,r(rs(x}), J(2* = x7)) - (3.32)
= —[/J]KE + <T2(xl)7 €2>]

where we use in the last step that J(z" — x1) = —rJve(x]) = —rJ7g(x]) is normal to 7x(x}). Combined with the formula
for p; obtained in (3.16)) this yields that indeed

0,a1(2) = ks [(ve (x]), €1) + 2p0L7! sin(B3)] + (ts(x]), e2) = kx[1 + 2p0L 71 sin(B;) + cos(B;) > 0. (3.33)
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Having hence established that 82 £,(z") > 0 we can now choose & > 0 small enough so that 82 L,(zje1) > 302 L,(z") =

277
C'>0o0n (z] — & 2] + ) to deduce that |8, L, (z1e1)| = |0;, Ly(z1€1) — 0, Ly(zjer)] 2 Clz - zZj|, which immediately
implies (3:28) for this choice of C. This completes the proof of the lemma in this second case where X is a circle. O

3.3. Proof of Theorem [I.2} In this section we explain how the results from the previous two subsections allow us to
complete the proof of the Lojasiewicz estimates (I.6) and claimed in Theorem[1.2} So let L > 0 and ¢ be any given
numbers and let y € B, be so that L(y) < L and |$um(y)| < ¢. As discussed at the beginning of the section, it suffices to
consider curves y € B, with &(y) < & for a fixed constant &y = &o(Z, 7, L,$) > 0, which we can in particular choose so
that gy < & for the constant £; obtained in Lemma|3.1

For such curves, Proposition [3.4] applies and ensures that there exists a circular arc ¢ € Circ, so that
lly = clicias,) < Cze(y)  and  ai(c) — ai(y)l < Caely), i=1,2. (3.34)
Lemmathen yields the existence of ¢* € C;, for which we can bound
lle = c*lleras,y < max(1, L) Dlle = clleiqoy < Cs max(1, In(m) ™ eq(c) < Cs max(1, Io(n) ™ [ea(y) +2Caey)]. (3.35)
Combined, (3.34) and (3.35) provide the claimed distance Lojasiewicz estimate (1.6).

It remains to show that this estimate on the C' distance of y to c* ensures that the difference of their lengths is controlled
by (1.7). To this end we first note that the length of the segments o; of X between x;(c*) and x;(y) is bounded by

1
L) < Clly = ¢'lleo < Cey) < min (3. (55)*). (3.36)

where the last estimate holds after reducing & if necessary.

We now note that since ¢* meets X orthogonally, the turning angles of ¢* (when parametrized with positive orientation)
and of the subarc o~ by which we close up ¢* are related by ¢wm(c*) = T + dum(—0 ). This immediately implies that
Gum(—0 ) € [0, ) and hence that L(Z\ o) > KL(Z) If ppum(—0 ) € [7/2, 7] we can furthermore bound L(o ) > #(2)
while otherwise we can use that ¢ym(c*) € [, 371 and hence L(op) > |xi(c*) — x2(c*)| = (2 — ZCos(qﬁtum(c*))”zm >
2%rc» > 2%(777r’1)%. The above estimate (3.36)) hence in particular implies that min(L(o), L(Z \ o)) = L(o) + L(03)
which ensures that o and o, are disjoint.

We now consider the modified support curve 3 which we obtain from T by replacing these short segments o; of = with
the line segments &; between x;(y) and x;(c*) and denote by 8 and As : 8 — R the set of admissible curves and enclosed
area for this modified support curve.

The convexity of X ensures that the sets E;, i = 1,2, which are enclosed by o; and & are contained in the triangle
formed by the line segment &, whose length is |x;(c*) — x1(y)| £ Ce(y), and the two tangents T'y,~Z and T,,)X, whose
intersection angles with &; can be no larger than L(0)kn.x(X) < Ce(y) < m/4. This implies that

. 1
i < S (e = xi(Y)P tan(kax (Z)L(0)) < Ce(y)’, (3.37)

from which we deduce that |[Az(¥) — As(¥)| < C e(y)3 forall 7 € BN8B. Applied for ¢* and y and combined with the fact
that As(y) = n = Ax(c”) this in particular ensures that

[As(c™) — As(¥)] < Ce(y)’. (3.38)

We now want to argue that this implies that the first variation of both the modified area functional and of the length
functional at ¢* in direction of the vector field X(p) = (y(p) — ¢*(p)), are of order O(e(y)). To this end, we note that since
the modified support curve is flat between the respective endpoints of ¢* and vy, the curves y; € C (o0, L(y)], R?),re[0,1],
obtained by interpolating linearly

v(p) =c*(p) +t(y(p) - c*(p)), pel[0,L], L:=L(y)

between the constant speed parameterizations of ¢* and 7, are all in 8 and so that d,y, = X for every r. While these
parameterizations of y;, t € (0, 1) will in general not be by constant speed, we can use that ||[y;| = 1llco < [ly: = Yllerqo.zy <
llc* = Yooy < Cely) < %, where the last step holds after reducing &y if necessary, and hence that III)/;I‘l = 1f|co <
2llc* = yllerqo,opy < Cely).
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As the first variation of the length along these curves can be computed as dL(y,)(X) = fOL ly,(p)I" 'y, (p)- X' (p)dp while
L
dAs(y)(X) = - fo X(p) - Jy/(p)dp, we can bound

ldL(y)(X) = dL(c*)(X)| + [dAs (y)(X) = dAg(c)X)| < Clly; = " ller - IXler < Ca(y)*. (3.39)
Writing Ag(y) — Ag(c?) = fol d%Ag(y[)dt = fol dAs(y)(X)dt and using (3.38) and (3:39) we can thus conclude that

lf*X-vc*dsc*

Since the curvature k. of the circular arc ¢* is constant, the first variation of the length along the (in general not area
preserving) vector field X can be written as

= |dAs(c)(X)| < JAs(y) — As(c)] + Ce(y)? < Ce(y)* + Ce(y)? < Ce(y)*. (3.40)

dL(c")(X) = ke f X - vedse +(X(L), (L)) — (X(0), 7c-(0)).

Since X is parallel to the line segment & at the endpoints and since the intersection angles &;(c*) between ¢ and & are
so that |@;(c*) — /2| = |@i(c*) — a;(c*)| = £(Gi, Ty, ;)Z) < Ce(y), we can hence bound

ldL(c*)(X)| < Ce(y)* + Ce(y) (cos(@;(c")) + cos(dr(c™))) < Ce(y)>. (3.41)
Combined with (3.39) we thus conclude that

1 1
)=zl = [ Grovd] =| [ dLoncoad < Lol + et < cet? (3.42)
0 0
which establishes the second claim (I.7) of Theorem[I.2]

Remark 3.10. If X is analytic, then the expected analogues of the Lojasiewicz estimates (I.6) and (I.7) hold (without
imposing any form of non-degeneracy). Namely, there exist 81, = 812(17,Z) € (0, 1] such that (T.6) holds with exponent
1 replacing 1 on the right-hand side, and holds with exponent 1 + 3, replacing 2 on the right-hand side. Indeed, as
the map z — L£,(2) is analytic whenever X is analytic, the classical Lojasiewicz inequality for analytic functions on finite
dimensional spaces guarantees that |z —Z*| < C IV.[Z,,(z)Iﬁ‘ for some B; € (0, 1]. The first estimate can be shown in the same
way as (1.0) but with this Lojasiewicz inequality in place of the estimate (3.23).

To prove the second estimate, observe that, up to minor modifications, one could replace the arc ¢* € Cf, with the arc
¢, € Circ,, obtained in Propositionin the estimates starting from (3.36) and ending with (3.42), to obtain |L(¢,)—L(y)| <
Cs(y)? in place of (3.:42). Next, the classical finite dimensional (gradient) F.ojasiewicz estimate for analytic functions
guarantees that | L,(c,) — L,(c")| < C IV.[:,,(cy)IlJrﬁ2 for some B, € (0, 1]. Pairing Lemma with the estimate (3.34)), we
know |V.L,(¢,)| < Ce(y), thus allowing us to conclude the second estimate.

4. EXPONENTIAL CONVERGENCE OF THE GRADIENT FLOW

In this section, we recall some background on the area preserving curve shortening flow with Neumann free boundary
conditions, including results of the first author that will be crucial to apply the flow to prove Theorem [I.4]in the next
section. Then, we prove Theorem [I.3]

4.1. Background on the flow. Parabolic regularity theory implies that a solution of (1.9) with initial regularity C**®
satisfies
y € CHol+s ([a1,a2] % [0, Tmax)st) nC® ([a1,az] x (0, Tmax),RZ) for0<a<1

where C2*1*% denotes the usual parabolic Holder spaces and 7,,, > 0 is the maximal time of existence. We will use
the notation y; := (-, ). This flow was constructed as (formal) L*-gradient flow of the length with the constraint that the
enclosed area is constant. It satisfies in particular

d -2
ZL0) = =y, = Ryl - @.1)

Due to the flow’s non-local nature and the free boundary condition, preserved properties are rare to find. In [23] it was
shown that convexity of y, is preserved under the flow. However, embeddedness and the property of being contained in
R? \ Q is not preserved in general. Thus, for general initial data, understanding how to close up the curve to define the
enclosed area is subtle, as doing this naively might produces a family of closed curves whose enclosed area jumps by
+|Q]. An example to illustrate this behavior can be found in Figure
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Yt

Figure 1. A solution of the flow vy, can cross at the endpoints y,(a;), ¥,(a;) at some time ¢t > 0. If we naively
close the curves y, for each ¢ by connecting y,(a,) with y,(ay) via the positive orientation of X, then the enclosed
area jumps by |Q| or —|Q|. Our choice of boundary curves closing up ¥, Definition 2.4} ensures that the algebraic
enclosed area is continuous with respect to # along the flow.

In this paper, we only deal with flows that stay outside of Q, and therefore we avoid this subtlety. Instead, Definition[2.4]
gives a simple canonical way to close up the curve and hence to define the enclosed area, which by Remark is
continuous along the flow.

The following result due to the first author in [23]] shows that, if the initial curve 7y is short enough in relation to the
maximal curvature of X and if its shape is not too bad regarding its isoperimetric quotient, then the above mentioned
pathological behavior does not appear. In particular, the curves stay embedded and stay outside of Q. This theorem will
be essential in the proof of Theorem [I.4]together with Theorem

Theorem 4.1 ([23]). Let T be a convex C*-Jordan curve and suppose 1 € (0, Honax(Z)2). Let Yo € B, be an embedded,
convex curve of class C>* satisfying

L(y0) < 55 aresin(p/L(yo)°)- 4.2)

Then the solution {y;}~¢ of the free boundary area preserving curve shortening flow emanating from vy exists for all t > 0.
Moreover, | f kdsy,| < 2 and for each t > 0, vy, is embedded and intersects Q only at the endpoints. In particular, v, € 8B,
forall t € [0, o).

Proof. This theorem is a summary of the several main results of [23]. We note that condition @I) implies L(yp) <
m < ds, where dy is the width defined in (2.7). By [24] Proposition 2.7], if {y;}«0.7; is a solution to the flow (T.9)
with initial curve y satisfying L(yy) < ds, then for every ¢ € [0, Tnqx), the closeup curve o, from Definition @] has
turning angle at most &, and moreover there exists some / € Z such that (2/ — 2)r < f Ky, ds,, < 2In for all ¢t € [0, T)yqy).
The assumption that vy, is convex and embedded guarantees that [ = 1 if y, is positively oriented and / = 0 if y is
negatively oriented.

Furthermore, by [23| Theorem 5.6], we know that vy, stays outside of Q and, together with the line segment from x,(y,) to
x1(y:), : traces out a convex domain for ¢ € [0, c0). In particular, y; € B, ]

4.2. Proof of Theorem In this section, we prove Theorem In the proof, we will need to compare the L* norm
of the velocities of y, and of its constant speed reparametrization on a fixed interval:

Lemma 4.2. Let T > O and y : [a1,a2] X [0,T) — R? be a C>'-family of curves moving in normal direction, i.e.
0,y)" = 0. We denote by ¥ its orientation preserving reparametrization by constant speed on [0, 1]. Then we have

2
L0 10700, = 107 | < 4200 f Ko ds,,) 43)

Proof. We closely follow [33]. We write v,(p) = y(p,1) and use the notation y’(p, t) to mean d,¥(p,t). Fort € [0,T),
consider the strictly increasing function p — ¢(p, 1) := L(y,)_1 faf l¥' (g, 0| dq and let ¥ (-, ¢) : [0, 1] — [a;1,a] denote its
inverse. This way, the unit speed reparametrzation of vy, on [0, 1] is given by ¥(p, 1) := y(¥(p, 1), t). By the chain rule,

0y (p, 1) = Oy, 1) + Op(p, )Y (Y, 1) where ¢ = Y(p, 1).
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2
L2(ds,,

the lemma, it remains to estimate the squared L? norm of the tangential speed, which by the same change of variable is

For the normal speed, the change of variable p = (g, f) shows J;)l 10,y (p, 1), D dp = L(y,) 10yl ) So, to prove

1 -
’ _ 2, ,
I:= f B, (p, O Iy W(p, D dp = Liy,)™" f |6rtﬁlw , t)| (@0l dg. @4
0 o 0,
Toward this aim, we differentiate the identity g = ¥/(¢(q, ), t) with respect to ¢ and ¢ to find
= — _ Lo
6rw|(‘p(17,t),t) - apw|(tp(p,t),t)al‘p(p’ t) - Iy (p. D) af‘p(p’ t)

Now, from the Frenet equation 0,7 = kv|0,,y| and the fact that d,y is orthogonal to 7, we have

P P P P
o f | = f @y 1) = f 3,7, 7)) = Dy Iyt = f )

Therefore, 0,0(p,t) = —L(y,) " (8,L(y:) ¢(p, f) + fa [:(6;7, «)yi]). Substituting this into the expression for I in (@4) and
keeping in mind that |¢| < 1, we have

) q 2 2
I=Liy)" fﬂ (000 e + f D0/ 1) dsy @) < 2 @iLr)? +2 f Olids,)

Finally, noting that %L(y,) = - f (Ory,kv)ds,, < f |6,y dss,, completes the proof. ]

Proof of Theorem[I.3] We proceed in several steps. Let y, be a global-in-time solution to the flow as in the statement of
the theorem. We recall that L(¢) := L(y;) is monotone along the flow and bounded below by L(¢) > Io(n). In particular,
and thus L(c0) := lim,_,, L(¢) exists and is contained in [Io(1), L(0)]. Let L be an upper bound on L(y).

We recall that by the Lojasiewicz estimate (1.7) of Theorem|1.2} there is a constant C; = C1(1, %, L,$) > 0 such that

IL(1) = O] < Crllky = Ry, 22y @.5)

for €.(¢) chosen so that |L(z) — £.(r)| = min{|L(r) — L(c")| : ¢* € C}}. Note that this minimum is achieved: in the case of
the circle, £y(17) = Io(n) is the only critical value, while otherwise our assumption on (X, ) implies that the set of critical
values of the length L is discrete for the given 7. In the following, we denote by

Io(m) =: Lo(n) < Li() < ... < Lu() < ... (4.6)
the critical values of the length, and let N be so that £y_1 (i) < L < £y(1).

Step 1: As a first step, we show there is a constant C = C(17, %, L, ) such that for any 0 < #; < f, < oo,

15}
f 10 ¥illz2qas, ydt < C(LA) — L(ta))'? . 4.7
a1

We divide the time interval [0, T) into subintervals defined by Ty = 0 < T} < ... < Tk, where T; are the times where
L(vy,) either reaches a critical value or one of the midpoints of the intervals [£,,(17), {1()], 1.6, L(y;) € {€n(n) : m <
N} U {%(fmﬁ(n) —€,(m) : m < N — 1}. Notice that K < 2N is bounded by a constant depending only on L(yy) since the
length is monotone along the flow.

On intervals [T}, T;+1] on which L(y,) € [£,,(n), %(5m+1 () = Lw(n)] for some m, we can apply @.3) with £.(r) = €,,(n),
and use that length decays according to .I)) to bound

— 4 L) = ) = 5 (L) = a0 (= 5200

L L) - tatny f (1 = 5, sy, = 5 10 -
Integrating over subintervals [¢', 7] C [T;, T;+1] and using the fact that (a — b)> < a®> — b* fora > b > 0 yields

ﬁ t 10villz2(as, dt < 2C1 (L) = Eum)® = (Lyer) = Eu()?) < 2C1 (L) = Ly ))? 4.8)
The same argument is applicable also on intervals [T}, T;;1] on which instead L(y;) € [%(fm_ 1) = €,(), €n(1)], except

that we have to consider the evolution of the square root of —(L(y;) — £,,(1)) instead of (L(y;) — €,,(1)) since L(y;) < €,n(n)
on such intervals. Thus (@.8) holds in this case as well.
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Given arbitrary 0 < #; < 1, < oo, we can divide the interval [}, #,] into finitely many subintervals [; such that each Iy
is fully contained in one of the intervals [T}, T;+1] and add the inequalities from the two cases above. Applying Cauchy-
Schwarz inequality to bound the resulting sum on the right-hand side and using that the resulting series is telescoping, this
yields @7) with C = 2C,K'/2.

Step 2: Next, we prove analogue for the constant speed reparametrization ¥, of y, on [0, 1], i.e. show that for any

0<ti<tp<oo,
153
jﬁ@mmmmmsaum—umw? 4.9)
il
To this end, we first recall from Lemma Lemma [4.2] that
~ 1
10:¥:llz20.17) < W”&%HU(@,) + 2llky,llz2(ds, ) 10yl 2 as, ) -
Since 10,74l = iy, = Ry we have [l s, = (1071l g, |+ LON' < 10,7llizaas,) + Ry L)% Moreover, v, € B,
and thus L(y,) > Io(n7). So, keeping in mind that [k, |L(y,)1/ 2= |Deurn (Y| LCye)~ 172 we find
~ 2(1 +
||(9z%||L2([0,1]) < W ||¢9t)’z||L2(ds,,) + 2”at7t”i2(dsw) .

Using the fact that < Loy = ||8,7/,||i2 (ds,) and integrating, we find

1
fﬁ@mm@mw_fgﬁf‘m%mmﬂm+aum—um> (4.10)
Combining (#.10) with (@.7) and using that L(t,) — L(t;) < LY?(L(t;) — L(t2))"/? completes the proof of (9).

As @77) and [@.9) are in particular applicable for #; = 0 and #, = oo, and in this case yield the claimed estimate (T.I1),
it remains to prove the asymptotic convergence (T.10).

Step 3. We recall that it is one of the main results of [23] that for global-in-time solutions with bounded turning angle
|k(?)| < co and L(y;) = ¢; > 0 for all 7 € [0, o0), all derivatives of the curves are bounded |8kﬁl y| < C(k,1,Z, co, c1, L(y0))
on [0, 1] X [1, 00), see also Theorem 2.11 in [24].

At the same time, from the Sobolev inequality and Gagliardo-Nirenberg interpolation inequalities (see, e.g. [28
p.125]), for any k € N, there is a constant C = C(k) such that

12 12
lullco.ny < Cllullg o,y < CUlloein g1 11l 20,1y + etll2g0.17)) (4.11)

for any u € H**2([0, 1]). As the estimate (#.9) obtained in step 2 allows us to bound

2
n%—nmmwsj‘wmmmmmsaum—umwz (4.12)
1

we can thus apply (@.I1)) and the aforementioned derivative estimates to y; for # > 1 to find that
174, = Follckqo.ny < Cr(L(t1) = L(t2)"* for any k and forall 1 < #; <1, < . (4.13)

In particular, the curves y, are Cauchy with respect to any C* norm, and so converge smoothly to a unique limit y.,, which
must be an element of C;, since &(y;) — 0, compare (I.6). Thanks to (#.13), it remains to show that L(t) — L(c0) decays
exponentially as # — oo. Since this trivially holds for 7 less than a fixed constant #; and suitably chosen C, it suffices to
consider times ¢ > t; with #; chosen below.

If L(t) = L(o0) for some ¢ < oo, then this trivially holds by monotonicity @.I) of the length. Otherwise, we let m be so
that L(co) = ¢€,,(n) (recall (4.6)) and choose #; > 1 sufficiently large so that L(f;) < %(fm(n) + €nr1(1)). This allows us to
apply the the Lojasiewicz inequality (@.3) with £,(z) = €,,(17) = L(c0) on all of [#;, ).

This ensures that for any ¢ > #

—GL0) [k, —&y,)dsy, s -l

d
- log (L(1) — L(e0)) = L(f) — L(c0) ~ L(t) — L(0) ~ “
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Integrating this over [11, 1] yields — log (L(f) — L(e0)) > C;'(t—1;)—log (L(t;) — L(e0)) = C;'t—C which yields the desired
exponential decay (L(f) — L(c0)) < C €1 that is required to complete the proof of the theorem. ]

5. QUANTITATIVE STABILITY

This section is dedicated to the proof of Theorem [I.4] We fix, for the entirety of the section, a convex body Q whose
boundary X is a C? curve with positively oriented parametrization o : S! — R2. Recall the universal constant ¢ defined in
([2-3). Given a set of finite perimeter E in R? \ Q with |E| = 5, define the isoperimetric deficit

5,(E) := P(E;R*\ Q) = Ia(n). 5.1

Theorem [I.4]is shown in two steps. First, in Proposition we prove Theorem [I.4]for relatively convex sets with acute
contact angle and small isoperimetric deficit. More precisely, we call an open set F C R? \ Q relatively convex (with
respect to R? \ Q) if F is connected and F is the intersection of R? \ Q and an open convex set in R2. If F is a relatively
convex set whose boundary coincides with X on a (connected) set of positive length, then dF \ X is a (geometrically convex)
rectifiable curve in R? \ Q with distinct endpoints xo, x; € Z. Let H, be the half-plane containing F \ Q with x; and x; in
O0H.. The interior contact angle @ € (0,7) of OF \ X at x is defined as the smallest interior angle of a wedge containing
F\ Q formed by H, and a half plane H with xo € 0H. The interior contact angle @, at x, is defined analogously.

Proposition 5.1. Fix 7 € (0, T Kyar(X) 2] and assume that either X is a circle or that the pair (2, 1) satisfies Assumption
There are explicit constants 8y = 6o(Z,1) > 0 and Cy = Co(Z, 1) such that the following holds. Let F ¢ R*\ Q be an open,
relatively convex set with |F| = n whose boundary coincides with  on a set of positive length and whose interior contact
angles are at most /2. If 6,(F) < o, then

inf dy(9F,0E,)* + inf |FAE.]* < Cy6,(F). (5.2)
E.eM$ E.eM§

Recall that M? denotes the collection minimizers of (I.I). Proposition is shown in Section Next, through a
by-hand reduction procedure, we show that it is always possible to reduce to the setting of Proposition|3. I|

Proposition 5.2. Fixn € (0, EKmaX(E)’Z]. There are explicit constants 61 = 61(Z,n) > 0 and C; = C1(Z,n) > 0 such that,
for any set of finite perimeter E in R? \ Q with |E| = 1 and 0y(E) < 01, there is an open, relatively convex set F' C R2\ Q
with |F| = n whose boundary coincides with ¥ on a connected subset of T of positive length and whose interior contact
angles are at most /2 such that

6,(F) + |[EAFI* < C, 6,(E). (5.3)
Moreover, if OF \ Q is a rectifiable curve, then

dy(OE,0F)* < C16,(E). (5.4)

Proposition [5.2]is shown in Section [5.4] Once we have Proposition [5.1] and Proposition [5.2] Theorem [T.4] follows in a
straightforward manner:

Proof of Theorem Let § = min{6y/C;, 8} where dy is from Proposition and 0; and C) are from Proposition
Since |EAE.| < 2n for any E, € M, the first statement (T.12)) in Theorem|1.4|holds trivially when 6,(E) > & by choosing
c < 6/(4nP).

The second statement (T.13)) also holds trivially when &,(E) > 6, after the following small argument. Up to a translation,
assume 0 € Q°. Choose p such that Q € B, and let p = max{po+2(2n/n)'/2, 2Io(n)}. From (2.2), we know any minimizer
E. € M3} is contained in B,. Let E be a set as in the second part of Theorem and first consider the case that £\ By,
is nonempty. Let Rz > 2p be the smallest radius such that E C Bg,. Then dy(0E, OE.)* < 4R§ for any E, € Mflz while

by the connectedness of JE, we have P(E;R* \ Q)% — Io()* > 4(Rr — p)* — (p/2)* > ¥R% > 1RZ. Thus (T:13) holds for
such a set with ¢ = 1/8. Next consider the case when E C By,. In this case dy(0E,0E,) < 4p, and thus if 6,(E) > J, the

estimate holds by taking ¢ = 6/(16p?).

We henceforth assume 6,(E) < 6. Let F be the set obtained by applying Proposition to E. Observe that 6,(F) <
C16,(E) < ¢ thanks to (5.3) and the choice of 0, and thus F satisfies the assumptions of Proposition So, letting
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F. € M; achieve the infimum in infz . e [FAE.|* and combining (5.2) and (-3) yields

inf |EAE.]* < |[EAF.I* < 2|FAF.* + 2|EAF* < 2Co8,(F) + 2C16,(E) < (2CoCy + 2C1)6,(E).
E.eM;
Thus the first statement (I.12)) of Theoremholds with ¢ = min{6/(41?), 1/(2CoC; + 2C;)}. When JE is a rectifiable
Jordan curve, the second statement (T.13) of Theorem [I.4]follows analogously using (5.4). i

5.1. Proof of Proposition[5.1} To prove Proposition[5.1] we need three preparatory lemmas. The first lets us approximate
a set F' as in the statement of Propositionby a set bounded by X and a convex C>? curve meeting X orthogonally.

Lemma 5.3. Fix n € (0, ka2 2] and @ € (0,1) and let 69 = 601, kmax(X)) be chosen according to Lemma Let
F cR2\ Qbean open, relatively convex set with |F| = n and 6,(F) < 6o such that OF \ X meets T with contact angles at
most /2. Then for any & > 0, there is an open, relatively convex set F, C R2\ Q with |F,| = n for which 0F ;. \ X is given
by a convex curve of class C>® which meets ¥ orthogonally at the endpoints and which is so that

dy(OF,0F ) + |[FAF | +16,(F) — 6,(F,)| < €.

The proof of Lemma [5.3]is postponed to Appendix [B] The next lemma will let us estimate the symmetric difference
between the regions enclosed by curves v, at different times along the flow.

Lemma 5.4. Fix L > 0 and lety, € B, t € [t1,1,], be a smooth family of embedded curves of class C* with L(y;) < L
such that y; meets X orthogonally at its endpoints. Let E; be the open bounded set bounded by y, and the sub-arc o, of X
described in Deﬁnitionand let V; = 8yy; - vy, denote the normal velocity. Then

15}
-1
|E, AE, | Ssz ”Vt”Lz(dsy,)dt-
1

Proof. Fix ty € (1, 1,). Since the curves ;.. and Tyre VALY smoothly in &, so does the area of the region R, = E; .. AE,,.
We claim that

| Rl | IVyldsy,. (5.5)

=0 Yoo

Indeed, let L = L(y,,) and reparametrize each v, by constant speed on [0, L]. Since
Yire(P) = V1o(P) + £ (), + 0(e)
for p € [0, L], and since tangential motion does not affect the region enclosed by the curve, we have |[R,AS ;| = o(¢) where

Se:={y(p) + qv,(p) : p € [0, L], g € (=eV~(p), eV (p)}.

Here V*(p) := max(xV,,(p),0), so the interval takes the form [0, &V, (p)] or [V, (p),0] . Since y,, is smooth and
embedded, there exists gy > 0 such that the map ¥(p, q¢) = y,,(p) + gv;,(p) is a diffeomorphism from [0, L] X (=&, &)
onto its image. By the area formula,

L eVi(p) L
1S = f f det D¥(p, g)dgdp = f VPl dp + o(2).
0 - 0

eV=(p)
In the second identity we use the fact that the Jacobian det D¥(p,q) = 1 — gky, (p) satisfies det D¥(p,q) = 1 + O(q).
Dividing by ¢ and passing & — 0 establishes (5.3).
Since @]} holds for every ty € [¢1, 1,], integrating with respect to ¢y shows that

53
E,AE, | < f Villiias, .
h

The lemma then follows from Holder’s inequality and the assumed bound L(y,) < L. ]

The final preparatory lemma lets us upgrade from L? control to H' control of the displacement along the flow. The
lemma holds in greater generality than stated, but we only state and prove it in the setting where it is applied.
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Lemma 5.5. Fix n € (0, EKmax(Z)’z] and let 69 = 60N, kmax(X)) be chosen according to Lemma There exists a
constant C = C(n, X) such that the following holds. Lety € B, be an embedded curve with L(y) < Iqo(n) + 6o meeting
X orthogonally and bounding an open, relatively convex set in R* \ Q. Let y, € C;, be the relative boundary OE. \ Q for
some E, € /\/(fl2 and suppose both curves are parametrized by constant speed on [0, 1] and oriented so that the normal to
the curve coincides with the inward unit normal of the bounded set. Then

1 1
fo b (9) —¥.(P dp < C(Ly) — Liy.)) + C fo () = v () dp. (5.6)

Proof. Let w(p) := y(p) — y.(p). First, let us see the information we get from the fact that y and v, both enclose area 7.
Recall from (2:10) that As(y) = —3 fol y-Jy dp-% f(ry oy-Jo’, ds,, where oy is as in Definition[2.4] Since E is relatively
convex by assumption, o, coincides with the projection of —y onto Z. The analogue holds for the subarc o, = ..

If the traces of o, and o, do not intersect, then y and v, lie in two separate half spaces. Denote by [ a line dividing
them and IT;, = T, the projection onto the line /. Then fol ly — y.* > fol ly. — o(y.)l> = Igl(n) f by — Mo(y.)P ds,y,.,
which is bounded below by the corresponding quantity for a semi-circle of the same radius and its diameter. Keeping in
mind @2.I) and 7r? > 5, compare (2.2), we hence get fol ly =7 = 57 | sin® > s 25 = n'/?/(4x'7%). Since the
left-hand side of (5.6) is bounded above by 4(Iq(17) + 6o)?, the estimate (5.6) holds trivially in this case.

We can thus assume the traces of o, and o, intersect nontrivially. To prove the claim in this main case, it is now
convenient to fix the coordinate system so that the center z,, of the circular arc v, is at the origin. This ensures that . (i)
is normal to y.(i), i = 0, 1. As v, intersects X orthogonally, this hence allows us to use that y.(i) is normal to vs(y.(i)) in
the following proof. As a first step we show that

1:=| f oy Joydse, — f o - Jol dsgy. | < C(wO) + w(D]?) (5.7)
(Ty Ty

To see this we first note that the integrands o, - Jo, and o,.- Jo, coincide on the intersection of their traces. The symmetric
difference between their traces is parametrized by two sub-arcs oy and o; of X such that the endpoints of o are y(0) and
7v:(0), and the endpoints of oy are y(1) and y,(1). Moreover, since o, N o, # 0, we can bound since L(c7) < Io(n7) + 6g <
ds/2 by Remark [2.3] Hence there is an explicit constant C depending on X such that L(o) < Cly(0) — y.(0)] = Clw(0)|.
Similarly, L(o;) < Clw(1)|. The above quantity / can hence be bounded by

1S|f o0 - Joydse,
o)

+| f 01 - I s | < L) suploo - vs(@o)l + L@ suplory - vs(@)l (58)
oy

g0 a1

As remarked above, our choice of coordinate system ensures that y.(0) is orthogonal to vs(y;(0)). The inner product
0 - vs(0p) hence vanishes at one of the endpoints of o, namely at y.(0). Since X is a fixed C? curve, this ensures that
sup,, 100 - vs(oo)l < 0scyylog - vs(oo)l < CL(07p) for a constant C = C(Z) that only depends on an upper bound on the C?
norm of (the arclength parametrisation) of X. Inserting this, and the analogue bound on oy, into (5.8), immediately yields
the claimed estimate (3.7)).

To address the other term coming from the difference of areas, we add and subtract terms, the integrate by parts, and
use the identity Ja - b = —a - Jb to find

1 1 1 1 1
fy-]y'—f y*-Jylzf w-Jw'+f w-Jy;+f Ve o IW
0 0 0 0 0
1 1 1 |
:f w-Jw’-i—f w-Jy;—f y;~Jw+(y*-]w)’ (5.9)
0 0 0 0

1 1 |
=fw-]w'+2f W-Jy;+(y*~Jw)|.
0 0 0

While we could of course estimate the boundary terms y.(i) - Jw(i) = y.(i) - J(y.(i) — y(i)) by a multiple of |w(7)|,
i = 0, 1, this would not suffice to prove our result. Instead, we can exploit that

w(i) = y(i) = y.(D) = £L(c)Ts(y. (D) + err; (5.10)
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(with + chosen according to the orientation of the subarc o; from 7. (i) to y(i)), for an error term that is bounded by
lerr;| < L(07;)0SCq)Ts < CL(c)* < Clw(@)>. As our choice of coordinate system ensures that ¥, (i) is orthogonal to

vs(y.(i)) = Jrs(y.(i)), we can hence indeed bound |y.(i) - Jw(@)| < Clw()[?

Inserting this into (5.9), rearranging this identity and applying the bounds above and the fact that 2(Ax(y) — As(y.)) = 0
by assumption, we hence find
1
2| f w-Jy.
0

Now we turn to the main estimate. Letting £ = L(y) and £, = L(y.) and using the fact that both curves are parametrized
with constant speed, we have £2 = £2 +2y(p) - w'(p) + |w'(p)]*. Rearranging and integrating over [0, 1] gives

< Iwllzlw'llz2 + CCw(O) + [w(1)). (5.11)

1 1
f |w'|2dp=(€2—{f$)—2f Y. -w dp. (5.12)
0 0

We integrate the second term by parts, using that y; = £,7,, and vy (p) = {.k.Jy,(p) for the (constant) curvature «, of y,:

1 1 | 1 |
—2f y;-w'dp=2f y;’~wdp—2y;~w|0=2{’*/(*f Jy;-wdp—%*'ry*-wo. (5.13)
0 0 0

As above, the boundary terms can be controlled by C(W(O)]? + [w(1)]?) since 7,, is normal to 75 at the endpoints and since
w can be written as in (5.10) So, applying (5.11) gives us

1
2| f Yoo w dp| < kI Nz + COWHO)] + W (D) (5.14)
0
where C depends only on X and n (from (2.I) we can bound . above in terms of 7). We estimate the boundary terms
using the Sobolev embedding (which simply follows from the fundamental theorem of calculus and Holder’s inequality):
Iwlige < 20wl lwllzz + lIwll7..

Substituting these estimates in (5.12) and using 2 — £2 < (2Ia(17) + 6o)(€ — .), we find

1
f Wdp < 2Io() + 60)(€ — £.) + C'(Wll2lw'llz2 + [Iwll2,) (5.15)
0

for C’ = C'(Z,n). Applying Young’s inequality and absorbing the resulting term % f [w’|?> completes the proof. O
We are now ready to prove Proposition

Proof of Proposition[5.1] Thanks to Lemma [5.3] it suffices to prove the proposition when dF \ X is parametrized by an
embedded convex C>® curve y € B, meeting X orthogonally at the endpoints.

Taking 6o = 60(17, Kmax(X)) > 0 as in Lemma [2.1} the assumption 6,(F) < & and Lemma together ensure that y
satisfies the hypotheses of Theorem 4.1} Theorem [4.1] guarantees the existence of a global-in-time solution {y,} to the free
boundary area-preserving curve shortening flow with initial data y = y, such that | f kdsy,| < 2n and y, € B, forall t > 0.

By Theorem@, there is a unique arc ¢* € C;, such thaty, converges (smoothly, exponentially) to ¢*. Since L(c*) < L(y),
¢” is a minimizer of L in 8B, provided we choose 6¢ < €1(17,Z) — Ia(1), where £1(5,Z) > Io(n) is the lowest energy level
of a non-minimizing critical point. Let F, € Mf72 denote the set bounded by ¢* and X. By (I.11) and Lemma (passing
t; — 0 and t, — o0), we find

FAF.| < f 107l s, di < CO,(F)2
0

Next, to bound dy(dF, OF.), let ¥,%;, and ¢* be the constant speed parametrizations of 7y, y;, and ¢* on [0, 1]. We apply the
Sobolev inequality and Lemma [5.5]to find

||5* - ’7”2‘0([&1]) < CH(E*), - 7’”%2([0’1]) + C”E* - '7”%2([0,1]) < C67](F) + C”E* - 5/”12‘2([0’“) . (516)
Then, by (I.T1)) we find

le* = Fll 2oy = Hf 0,y dt
0

This completes the proof of the proposition. o

Sf 10712 o.17ydt < CS,(F)'V2.
o1y Jo
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5.2. Reduction to a set bounded by a rectifiable curve. The remainder of the paper is dedicated to proving Propo-
sition The first step is to replace E with a simply connected set. To do so, we need the following quantitative
sub-additivity estimate for the isoperimetric profile.

Lemma 5.6. Fix n > 0. There is a positive constant co = co(Knax(X), 1) such that the following holds. Let {n;}ic; be a
non-increasing finite or countable sequence of positive numbers with ,;c;n; = n. Then

D da(m) ol = ¢ ) 1} (5.17)

i>1 i>2

Proof. 1f the index set I has cardinality 1, there is nothing to show, so we assume it is at least 2. For each i € I, let r;
denote the radius of a minimizer of Ig(ni)ﬂ Up to reindexing, we may assume that r; > r, > .... It suffices to show (5.17)
for this reindexed sequence, since for the two sequences, the left-hand sides of (5.17) are equal and the right-hand sides
are ordered.

Set & = ! arctan(1/(r; knar(Z))). The bound (2:3) guarantees that Io(77;) < 27(1 — &)r; for each i € I. Combining this
with the lower bound (2.1I)) on the isoperimetric profile shows that

Io(m)? _ _
n; < % <A -=-8la@m)r; <A - &lam)r1. (5.18)

T

We construct a competitor for the area-n isoperimetric problem as follows. Up to a rotation and translation, we may
assume that a minimizer E; of In(7;) is bounded by X and a circular arc of radius r; centered at the origin with one
endpoint at (r,0) and the other endpoint in the third quadrant. For each i > 2, let {; = n;/ry, so that {; < (1 — &) Io(1;).
Define the rectangle R = (—ry, 1) X (0, 25, £i/2). Then, letting H* = {(x,y) : £y > 0} and E} = E; N H*, consider the set

F =E] URU(E] + (0, %5, ti/2)).
The convexity of Q guarantees that F ¢ R? \ Q, and by construction |F| = Y,c; n; = 17 and
P(FR2\Q) = Io(q) + Y & < () + (1= 8) Y Ia(m:).
i22 i22
Using P(F;R? \ Q) > Ia(n) and applying the lower bound Io(n;) > (271;)'/? from (2-T) once again, the desired estimate
(5.17) follows with the constant
1_ 2 % 4 % -1\ _.
2n)2E > (;) arctan ((z—n) Kmax(Z) ) =: ¢cg.
This completes the proof. o

Lemma 5.7. Fix n > 0. There exist positive constants Cy = Cy(Kyax(X), 1) and 63 = 62(Kimax(X), 1) such that the following
holds. Let E ¢ R*\ Q be a set of finite perimeter with |E| = n and 0y(E) < 8. Then there is a connected open set I in
R2\ Q with |F| > n whose boundary is a rectifiable Jordan curve, coinciding with T on a connected, positive H'-measure
set, such that

|EAF|? < C,6,(E) and P(F;R*\ Q) < P(E;R*\ Q) + C, 6,(E). (5.19)

Proof. Step 1: Recall that a set of finite perimeter G is said to be indecomposable if |G;||G,| = O for any disjoint sets
G1,Gy such that G = Gy U G, and P(G) = P(Gp) + P(G,). By [1, Theorem 1], E admits a unique decomposition
as the union of at most countably many pairwise disjoint indecomposable sets {E;};c; such that |E;| > 0 and P(E) =
>icr P(Ey). Tt follows from [[I, Proposition 3] and Federer’s and De Giorgi’s theorems [25, Theorem 16.2, Theorem 15.9]
that P(E;R? \ Q) = Y,; P(E;;R? \ Q) as well. Therefore, letting 17; = |E;| and reindexing so the 7; are non-increasing,
Lemma[5.6]implies that

6.(E)> Yt —Tam = co Yt = col Ym)’ = cotn—mt. (5.20)

icl i>2 i>2
Here ¢y = co(kmax(X), n) is the constant from Lemma @] and the final inequality follows from concavity. Therefore, the
indecomposable set E; satisfies

5,(E) = cop—m)? = colEAE)|* and P(E;;R*\ Q) < P(E;R*\ Q). (5.21)
We choose 8, < con'/?/2, so that the first estimate in (5.21)) guarantees that n; > /2.

4While not needed for the proof, we recall from Sectionthat for almost every 7, there is a unique such r.
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We claim that P(E|;R? \ Q) < P(E)), which in turn guarantees that 0E intersects £ on a set of positive ' measure
and that E; U Q is indecomposable. To see this, take a ball of area n — |E;| = |[EAE}| at positive distance from E; and Q.
By the first bound in (5.21)), this ball has perimeter at most Co,(E) for C = C(kmax(Z),m). So, using the second bound in
(5:21), the union E of E; and this ball has perimeter

P(E;R*\ Q) < Io(n) + C6, < 2172,

Here, the second inequality holds thanks to the upper bound (2.4) for the isoperimetric profile, provided we choose
1 ~

0y < é 2757]% 1-1-n! arctan((%)fkmux(il)‘l)% }. On the other hand, P(E) > 2x'/?5!/? by the isoperimetric inequality.

Thus P(E;R? \ Q) < P(E), which by definition of E proves the claim.

Step 2: Next we “fill in the holes” of E| U Q. More specifically, since E; U Q is indecomposable, [[1, Corollary 1] says
that the essential boundary oM (E; U Q) admits a unique decomposition into at most countably many rectifiable Jordan
curves C* and {C]’.} jes With int(ij) C int(C*) such that

EyuQ=in(CH\ [ JinCy),  PEIUQ) =H'C)+ ) H'C)).
jeJ ' el
Let G = int(C*) and F| = G \ Q. Notice that by construction, F; > Ey, 0F; \ £ = C* \ X is a single rectifiable curve in
R?\ Q with endpoints on £, and 0F; N X = £\ C* is a connected set with positive ' measure. Letting C* := C* \ T and

A

C;=C/\X for each j € J, it follows from the decomposition above together with Federer’s and De Giorgi’s theorems

that P(E;; R*\ Q) = H(CH) + X ey (H'(C’]T) and hence
P(F1;R*\ Q) < P(E;;R*\ Q). (5.22)
To bound |F{AE||, leta; = |int(CjT)|, so that |[F,AE;|'/? = X jes aj)l/2 < Yjes a}/z. From the lower bound (2-I)) on the
isoperimetric profile, (Zﬂaj)1/2 < 7'(1(@/7). So, as |F| > |E{| = n; and hence Io(|F]) = Ia(n1), we have
Q@mIEAF|? < P(E;R?\ Q) - P(F1;R?\ Q)
< P(EGR\ Q) = Io(n) < 6,(E) + (Ia(p) ~ Ia(m).

So, recalling from above that7; > 1/2, the local Lipschitz estimate (2.8) and (5.20) show that Io (1)~ Ia(71) < (r/n1)*(n—
m) < C 6,(E) where C = nt'/?/cy. Combining this with (5.23), (3.22) and (5.21)) shows the existence of C = C(kpax(Z), 1)
such that

(5.23)

|EAF\|? < C6,(E) and  P(F;;R*\ Q) < P(E;R*\ Q). (5.24)

Step 3: If |F| > n, we complete the proof by taking F = F|. Otherwise, as in step 1, take a ball of area  — |F'|, and
thus of perimeter at most Co,(E). Since F is bounded, we may translate this ball from infinity along some ray so that
it is disjoint from Q U F and its boundary intersects F \ X. Then, by a slight deformation of F; = F U B gives a set
satisfying the conclusions of the lemma. O

5.3. Reduction to a set bounded by a convex curve. The next step toward Proposition [5.2] is to replace a set of the
type obtained in Lemma[5.7] by a relatively convex set with acute contact angle. First we prove the following elementary
geometric lemma.

Lemma 5.8. Fix L > 0. There exists C = C(L) > 0 such that the following holds. Lety : [0,1] — R? be a rectifiable
curve with L(y) < L and let ¥ : [0,1] — R? be a parametrization of the linear segment joining y(0) and y(1).

du(y, 77 < C(L(y) — L(¥)). (5.25)

Proof. Tt suffices to bound the distance between any point z € 7y to its projection Z onto the line through the endpoints xg
and x; of y. Pythagoras, applied to the triangles A(xo, z,Z) and A(xy, z, Z), immediately gives the required bound of

212 2 N 2 2 S 2
2|z =21" =z = xol” = 12 = xol” + |z = x1" = |2 = xq]

. . . i, 5 (5.26)
<2L-(Jz = xol + |z = x1| = [I12 = X0l + |2 = x11]) < 2L - (L(y) — L(¥)).

]
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Lemma 5.9. Fixn € (0, EKmax(Z)’z]. There are positive constants 63 = 03(, Kmax(X)) and C3 = C3(1, Kpax(X)) such that
the following holds. Let E C R* \ Q be a connected open set with |E| > 1 whose boundary is a rectifiable Jordan curve
coinciding with X on a connected, positive H'-measure set such that

P(E;R*\ Q) < Io(n) + 65. (5.27)

Then there is an open, relatively convex set F O E such that OF \ L meets X with interior angles at most /2 and
P(F;R*\ Q) < P(E;R*\ Q), (5.28)
du(0E,dF)? + |[EAF| < C3(P(E;R?\ Q) — Io(n)). (5.29)

Proof. Lety : [0,1] — R? be a parametrization of 0E \ Z. Note that y(0), (1) € £ and y(p) ¢ Q for p € (0, 1) and that by
assumption L(y) < L := Ig(n) + 65.

Step 1: Let £ C X be the set of points x € X for which the normal ray
ny:={ye R?: y=x-—tvs(x):t >0} (5.30)

has nontrivial intersection with the trace of y. Recall we orient X positively so that vy is the inner normal of X. The set £
is connected thanks to the continuity of y. Choose d3 < &y, where dy is from Lemma so that L(y) < dx/2 by (3.27),
Lemma and Remark Using this, a basic geometric argument shows that ¥ is a proper subset of X and the image
of £ under the Gauss map of X is a connected proper subset of a half circle of S'.

Let jo < j; be the endpoints of the interval J for which % is the trace of ¢ restricted to the interval J, and let xy = o7( Jjo)
and x; = o(ji). Assume y is oriented such that jo < jij < ji < j1 where o(jj) = y(0) and o(j}) = y(1). With this
orientation, we have a < a where

a=sup{p € [0,1]: y(p) € ny}

a=inf{p € [0,1] : y(p) € ny}.
Note that y(a) € n,, and y(@) € n,,. Define the curve # : [0, 1] — R? \ Q by letting ¥ = y on [a, a], and on the (possibly
trivial) intervals [0, a] and [a, 1], letting y parametrize the segments joining xy to y(a) and joining y(a) to x| respectively.
The convexity of X and a simple trigonometric argument show

L®@) < L(y). (5.31)

Moreover, we claim that

du(3,9)* <3L(L(y) - L(9)). (5.32)
To see (5.32)), first let ¥ : [0,1] — R2 \ Q be the curve that is equal to y on [0, 1], joins y(0) to y(a) linearly on [0, a],
and joins (@) to y(1) linearly on [a, 1]. It is simple to see that di(,7)> < L(#)* — L(})*> < 2L(L(¥) — L(})). Next, by
Lemma du(¥,y)* < L(L(y) — L(¥)). Combining these two bounds yields (5.32).

Let E be the set bounded by % and the segment joining xy to x;. As E\NQ| > |E\Q| > 1, we have PE;RZ\ Q) =
L#) = Io(), so (3.31)) and (5.32) imply
P(E;R?\ Q) < P(E;R*\Q),  du(0E,8(E \ Q) < C(P(E;R*\ Q) — Io()). (5.33)

Note the E C £ and that E is contained in the convex region % bounded by Ny, Ny, » and the segment joining xg to xi.

Step 2: Next, let F be the convex hull of £ in R2. Then F' > E and P(F) < P(E) (this classical fact is shown in the
context of indecomposable sets of finite perimeter in [11, Theorems 1 and 6]). So, since FNQ=ENQ by construction,
the relatively convex set F = £\ Q satisfies

P(F;R?\ Q) < P(E;R*\ Q). (5.34)
Moreover, since dF \ X is locally linear where it is not contained in dE, an application of Lemma shows that
du(9F,d(E \ Q))*> < C(P(E;R*\ Q) — P(F;R*\ Q)) < C(P(E;R*\ Q) — Io(n)) < C65. (5.35)

The final inequality comes from while the penultimate inequality uses the fact that |F| > 1 and thus P(F;R? \ Q) >
Io(n). Finally, F is also contained in the convex region K. So, the rectifiable curve parametrizing dF \ £ meets X at the
points xy and x| with interior angle at most r/2. Combining (5.33)), (5.34), and (5.33)), we obtain and the Hausdorff
distance estimate of (5.29).
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Step 3: It remains to show the bound on the symmetric difference in (3.29) above. Let & = |[FAE| = |F| - |E|. Since the
isoperimetric profile is a nondecreasing function of 7 and |F| > n + &, we have P(E,R>\ Q) > P(F,R?2\ Q) > Io(n + &) >
Io(n). Combining this with the lower bound from (2.8) yields

(5ims) & < I + &)~ fan) < PE.E*\ ©) ~ Ia().

So, the desired estimate holds provided we bound (%)% below by a constant depending only on 7 and ;4 (). To this
end, let G = F \ E, s0 |G| = &. By e.g. [25 Theorem 16.3], we have P(G;R? \ Q) < P(E;R*\ Q) + P(F;R? \ Q). So,
applying the lower and upper bounds of (2:I) and recalling (5.27) and (3.28)), we obtain

Qne)? < In(e) < P(GR*\ Q) < 2(Io() + 63) < 4(mn)? + 265

This completes the proof. m}

5.4. Proof of Proposition[5.2} We now combine the results of the previous two subsections with a final area-correction
step to show Proposition[5.2}

Proof of Proposition[5.2] Let 6, and C, be as in Lemmal[5.7]and let 53 and C3 be as in Lemma(5.9] Let §; = min{65, §3/C>, 1}.
Applying Lemma[5.7] we obtain a set F satisfying the assumptions of Lemma [5.9] with

|EAF||* < C)6,(E) and  P(Fi;R*\ Q) < P(E;R?\ Q) + C26,(E) . (5.36)

Next, applying Lemma[5.9]to F;, we obtain an open, relatively convex set F, D F; such that dF \ £ meets X with interior
angles at most /2 and

P(F2;R*\ Q) < P(F|;R*\ Q), (5.37)
dy(0F1,0F,)* + |F1AF,| < C3(P(F1;R*\ Q) — In()) < C6,(E) (5.38)

where C = C3(C, + 1). Combining this with (5.36), we see that
|EAF,| < C8,(E),  P(Fy;R*\ Q) < P(E;R*\ Q) + C5,(E). (5.39)

The set F, has |F,| > n by construction. If |F,| = n, we let F = F, and see that @ holds. Otherwise, let jo < j;
be chosen such that o([ jo, j1]) = dF, N X. For j € [jo, j1], let F; be the intersection of F, with the convex region R;
bounded by the normal rays nyj), ns(j,), and the segment joining o(j) to o(j;). The area of F; varies continuously in j
with |Fj| > nand |F}| = 0, so we may find j € [jo, ji] such that F := F; has area 5. Thanks to the convexity of X, we
immediately have

P(F;R*\ Q) < P(F1;R*\ Q), (5.40)

and by construction and (5.39), we have |[FAF,| = |F,| — n < C§,(E). Combining these estimates with (5.39) yields (5.3).

Finally, assume that 9E\X is a rectifiable curve with endpoints on X. The same argument used in the proof of Lemmal5.7]
shows that JE intersects T on a positive '-measure set. Thus, there was no need to apply Lemma|5.7|because the set E
already met the hypotheses of Lemma[5.9] Hence we may take F; := E in the above argument, still have (5.39) and now
additionally obtain from Lemmathat dy(OE,0F,)* < C36,(E). Next, the same argument used in step 1 of Lemma
using Lemma [5.8|shows that

dy(OF,0Fy)* < C(P(Fy;R*\ Q) — P(F;R*\ Q)) < C6,(E).
Together with (5.39), this shows (5.4). This completes the proof. i

ApPENDIX A. ProoF of (Z:12)

Proof of @12). Fix y € B,. It suffices to consider the case when 7 is oriented so that As(n) > 0. We further assume
without loss of generality that y is parametrized by arclength. Fix any small € > 0. Since y stays outside of Q2 away from
the two endpoints and is defined on a compact set, we may obtain an approximation y. € 8 of y such that

(1) IL(y) = L(ye)l < € and |Ax(y) — As(y)| < €, and moreover
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(2) the image of vy, is the union of finitely many piecewise C? curves Yo, ¥1, - - - yx where yo € B is embedded and y;
are closed and embedded for i = 1,--- , k, where for i, j € {0,--- ,k}, ¥; and y; do not intersect except possibly
meeting transversally at their endpoints.

As vy is of class H?, and hence C!, such a e can be easily constructed to be in fact even piecewise linear; taking a fine
enough subdivision fp = 0 < #; < --- < t; = i/k < --- <t = L(y) of [0, L(y)] for a large integer k and replacing ¥l 1., ,]
with the line segment connecting ¥(#;) and ¥(#;11), we can get a piecewise linear curve which satisfies (T). Then, up to
slightly perturbing the vertices of the piecewise linear y, to avoid any overlapping segments, y. can be taken to satisfy (2).
Denote by E the region bounded by yy and X, and E} the region bounded by y; fori = 1, - - - , k. By the usual isoperimetric
inequality for closed curves we have L(y;)> > 4n|E;|, and L(y,) > Io(|Eo|). Therefore,

k k
Ly = D Ly) = Io(Eo) + ), V4rlEil
i=0 i=1

On the other hand, note that |Ey| + |E| + - - - + |Ex| > n — € since the E;’s are counted with a sign in the algebraic area of
Ye. By (2.1) we have that Vara > Ig(a) for any a > 0. We can now use that the isoperimetric profile is sub-additive in the
sense that Io(a) + Io(b) > Ig(a + b) for any a,b > 0; see Lemma for a more general and quantitative version of this
statement. Because Ig(a) is nondecreasing in a, combining all of the above we have that

k k
L(ye) = Io(Eo) + Y VAlE] 2 )" la(IE) = a(IEol + - -+ + |Exl) = Ia(n - €).
i=1 i=1

Taking € — O finishes the proof. O

APPENDIX B. PrROOF OF LEMMA

Proof of Lemma Step 1: Lety : [0,1] — R?\ Q° be a constant speed parametrization of 0F \ Z, so that y(0), y(1) € £
and y(¢) ¢ X fort € (0,1). For N € N large to be fixed later, let p; = j/N for j = 0,...,N and let y; : [0,1] — R? be
the polygonal curve defined as follows. For j = 1,..., N —2, define y1lfp, »,,,1 to be the constant speed linear interpolation
from y(p;) to y(p;+1). Let y((0) and (1) be the nearest point projéctions of y(p;) and y(py-1) on X respectively.
Define y1lip,,p,1 as the constant speed linear interpolation from y;(0) to y(p) and y1lip,_, py1 as the constant speed linear
interpolation from y(py_;) to y(1). By construction, vy, is a piecewise linear convex curve whose endpoints meet X
orthogonally. Provided N is chosen sufficiently large, y,(p) lies outside Q for all p € (0, 1). Together with X, y; bounds
an open and relatively convex set F'; C F. The errors

dy(OF,0F,), |F\Fil, |L(y) =Lyl (B.1)

can be made arbitrarily small by choosing N sufficiently large.

Step 2: The curve 7y is smooth away from the corners at py, ..., py—1. We can smooth each of these corners in a c?!
fashion as follows. Choosing o0 <« 1/N, lety, : [0, 1] — R? be the curve that is equal to y; outside of U?’_ ‘11 [pj—o,pj+o]
and such that for each j = 1,...N = 1, y2|p,—0,p,+0] 18 defined as the cubic Bézier curve with parameters chosen so that,
at the endpoints p; — o and p; + o, the tangents match those of y; and the curvature vanishes. By construction, vy is a
convex curve, and provided o is chosen sufficiently small, y,(p) lies outside of Q for each p € (0, 1). Since y; and y,
agree in neighborhoods of their endpoints, v, meets X orthogonally at its endpoints. Together with Z, v, bounds an open,
relatively convex set F, C F'|, and the errors

dy(0F>,0F)), |Fi\ Fal, |L(y2) — L(y1) (B.2)

can be made arbitrarily small by choosing o sufficiently small.

Step 3: Reparametrize y, on [0, 1] with orientation such that the normal v,, to y, coincides with the outward unit
normal to F,. For p > 0 to be chosen later, define y3, : [0, 1] — R? as follows. For p € [0, 1 — o], let

Y30(P) = v2(p) + pvy,(P), (B.3)

which is a C?!, embedded convex curve. Let 7v3,0(0) be the nearest point projection of 3 ,(p) on X and define ;3 y|j,+ to be
the constant speed linear interpolation from 3 ,(0) to 3 ,(0). Define 3 ,(1) and y3 ,|[1-¢17 analogously. By construction,
v3p(p) € R?\ Q for all p € (0, 1) and 3 , meets X orthogonally.
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Let F3 = F3, be the open, connected region bounded by 3, and . We claim that F7 is relatively convex, provided 6o,
p, o, and 1/N are sufficiently small. To this end, we will show the set Gz, bounded by 3 and the segment joining y3(0)
and y3(1) is convex. First notice that, by the convexity of Q and orthogonal contact angle between X and the segment
Y2l10,1/N-o1, the linear extension of the shifted segment 3 |(+,1/n-o1, Which intersects X if p is small, has contact angle at
most /2, and likewise for the other side. Consequently, the interior angles of y3, at p = o and p = 1 — o are at most
n. Up to replacing 3, by the curve obtained by running the corner-smoothing procedure (with a smaller o) of Step 2 at
p=oand p =1 -0, we may also assume 3, is C>.

Consequently, G3, is convex provided the turning angle of y3, is at most 2x, or equivalently (given the orthogonal
contact angle of 3 ), if the set of normals A, = {vs(x) : x € £ N 0F3,} to X lies in a half-circle of S!. Choose 6y > 0
according to Lemma@ Since 6,(F) < 0o, Lemma@ and Remark@] guarantee that the endpoints y(0) and y(1) of y
cannot be antipodal points of X, and that the set of normals {vy(x) : x € £ N dF} lies in a strict subset of a half-circle of
S!. By the continuity of the construction, there exist N and p such that the same holds for A, provided p < p, N > N, and
o is small enough depending on N as in Step 2. This yields the desired convexity.

Now, the area |F3,| varies continuously and is monotonically increasing with respect to p. Moreover, there exists N
such that for any choice of parameters N > N and o~ < 1/N, there exists p < 5 such that |F 3pl > . Since Fzg=F, CF
has area at most 7, for each N (and o depending on N as in step 2) we may choose pg such that |F3, | = 77. Let y3 = y34,.
From the construction we see that pg — 0 as /N — 0 and that

du(y2,v3), |F2AFs],  |L(y2) — L(y3)l (B.4)
can be made arbitrarily small by choosing 1/N (and thus py) sufficiently small. Choosing 1/N small enough depending on
¢ and taking F, = F3, the proof follows by combining (B.1)), (B:2), and (B-4). ]
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