RIGIDITY OF CRITICAL POINTS OF HYDROPHOBIC CAPILLARY FUNCTIONALS
A. DE ROSA, R. NEUMAYER, AND R. RESENDE

ABSTRACT. We prove the rigidity, among sets of finite perimeter, of volume-preserving critical points of the
capillary energy in the half space, in the case where the prescribed interior contact angle is between 90° and
120°. No structural or regularity assumption is required on the finite perimeter sets. Assuming that the
“tangential” part of the capillary boundary is H"-null, this rigidity theorem extends to the full hydrophobic
regime of interior contact angles between 90° and 180°. Furthermore, we establish the anisotropic counterpart
of this theorem under the assumption of lower density bounds.

1. INTRODUCTION

An equilibrated liquid droplet on a solid substrate exhibits capillarity: the cohesive forces driven by
surface tension and adhesive forces between the liquid and solid substrate together cause the droplet to
adhere to the substrate at a certain angle determined by Young’s law. Analogous phenomena emerge for
the equilibrated shapes of small solid particles, e.g. silver films [36], on a substrate. Starting from the work
of Gauss, the shapes of these equilibria have been modeled by critical points £ C R"™! (n = 2 being the
physical case) of free energy functionals subject to a volume constraint. In the absence of gravity and for a
flat, homogeneous substrate H := {x, 11 > 0} C R""1 the free energy functional for a liquid droplet is

(1.1) Eu(E):=P(E;H) —wP(E;0H).

Here, the adhesion coefficient w € (—1,1) is determined by the molecular makeup of the liquid and the
substrate, and the relative perimeter P(E; A) of a set of locally finite perimeter E, defined in Section 2, is
simply equal to H"(OE N A) when the boundary OF is sufficiently smooth.

The goal of the paper is to classify finite-volume sets of finite perimeter E in R"! that are critical points
of &,—or of its anisotropic counterpart defined in (1.4)—with respect to volume-preserving variations. By
this we mean %]t:() Eu(Pi(E)) = 0 for every smooth one-parameter family {W;},c(_c ) of diffeomorphisms
on H such that ¥;(0H) = 0H with |¥:(E)| = |E|. This stationarity condition reads, for some A > 0,

(1.2) 0 :/ divg X — w/ divg X — A X -vg, VX € %T(H)
o0*ENH 0*ENOH o0*ENH

Here and in the sequel, X7 (H) is set of vector fields X € C}(H,R""!) with X -vy = 0on 0H, vy = —epi1
is the outer unit normal to H, and 9" E is the reduced boundary of E (see Section 2). If E satisfies (1.2) and
the relative boundary 0,qF := 0F N H is a smooth hypersurface with smooth boundary I' := 0,qF N 0H,
then OF N H has constant mean curvature and Young’s law holds: 0, F meets OH with constant interior
contact angle # = arccos w.

Our first main result is the following unconditional classification of critical points of (1.1) in the regime
w € (—1/2,0].

Theorem 1.1. Let w € (—1/2,0] and E C H be a set of finite perimeter with finite volume satisfying (1.2).
Then E is a finite union of open balls and intersections with H of open balls meeting OH with interior
contact angle arccos(w), all pairwise disjoint and with the same radii.

We always choose a representative for a set of finite perimeter with 0F = 0*E. If |0E| = 0, which
in particular holds for E as in Theorem 1.1 (as discussed in Remark 2.1), then we choose a canonical
representative of E by an open set, see Section 2. It is well known, since the work [15] of Delaunay, that
the finite volume assumption for E is necessary for the validity of Theorem 1.1. Indeed, there are several
examples of non-compact surfaces with constant mean curvature. They can be easily used to produce
non-compact capillary surfaces satisfying (1.2).
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The restriction w > —1/2 in Theorem 1.1 is used only to prove that the set of points
(1.3) Tp:={peT NI E:vg(p) =vy}

in I" with tangent plane equal to 0H has H"™ measure zero. We in fact show that H"(I') = 0 in this case,
see Lemma 7.4. The set Ty arises naturally in the context of rigidity of critical points of (1.1), since for
instance a ball in H meeting 0H tangentially is a stationary configuration, though not a minimizer, for this
problem. If one simply assumes H"(Tg) = 0, then Theorem 1.1 generalizes to the full hydrophobic regime
w e (—1,0]:

Theorem 1.2. Let w € (—1,0] and let E C H be a set of finite perimeter with finite volume satisfying (1.2)
and H"(Tg) = 0. Then the conclusion of Theorem 1.1 holds.

This rigidity theorem was previously known for restricted classes of sets E satisfying certain regularity
assumptions. Classical work of Wente [35] characterized critical points of the capillary energy, for the full
range w € (—1,1), assuming O, F and I' are smooth. More recently, Xia-Zhang [37] were able to extend
Wente’s result to sets E such that the capillary boundary I' is smooth and the singular set of O, E is H™1-
null. These smoothness assumptions are needed in order to be able to integrate by parts and to deduce the
pointwise validity of Young law from the criticality condition (1.2). Moreover, smoothness is also used to
analyze the structure of blowups at every capillary boundary point as described in [37, Remark 1.6].

Theorem 1.1 is the first rigidity theorem in the literature for the capillary problem that applies un-
conditionally to the whole class of sets of finite perimeter. To achieve this, we first prove the rigidity for
sets of finite perimeter that are subsolutions to Young’s law in a viscosity sense. Then, we show that any
set satisfying the distributional stationarity condition (1.2) already is a subsolution to Young’s law in a
viscosity sense by using geometric measure theoretic arguments to characterize the blow-ups at capillary
boundary points where E is touched from the interior by a smooth set G. A key point here is that we can
leverage the touching set G to prove regularity at such points.

Our third main theorem is Theorem 1.3 below, which is an anisotropic counterpart of Theorem 1.2. In
the anisotropic setting, rigidity among sets E such that 0, F and I' are both smooth was shown in [24]. As
explained in the previous paragraph, blowup analysis is one of the crucial tools to remove such smoothness
assumptions. Thus, our extension of Theorem 1.2 to the anisotropic setting may be surprising, as critical
points of anisotropic functionals famously lack a monotonicity formula [2], meaning that generally speaking
blowups may not exist, and when they do, they need not be cones.

More concretely, let ® € C%*(R"*!\ {0},R) be an elliptic integrand; see Section 2 for the precise
definition. Its associated surface energy [y, ®(vE) dH" !, used in the modeling of solid crystals with
sufficiently small grains [21], is minimized among sets in R"*! of a fixed volume by translations and dilations
of the Wulff shape W; C R"!. When a particle lies on a flat, homogeneous substrate in the absence of
gravity, equilibria are modeled by critical points of the free energy functional

(1.4) &, (E) = /8 L B(vs) AR — wP(E; 0H).

Here w € (—®(vy), ®(vy)) is again determined by the makeup of the solid and the substrate. A set of finite
perimeter £ C H with finite volume is a critical point of (1.4) under volume preserving variations if and
only if it satisfies the distributional condition
(1.5) 0= / Bg(vg) : DX dH" — w/ divg X dH"™ — A X -vgdH",

9*ENH &*ENOH *ENH
for some A > 0 and for every X € Xr(H). Here Bg(v) := ®(v)Id — v @ V®(v) for v € S™. In the case E
is a smooth set satisfying (1.4), we can integrate by parts to show that E has constant anisotropic mean

curvature H(z) = A for x € 9E N H and the Cahn-Hoffman normal v (z) := V®(vg(z)) to E satisfies the
anisotropic form of Young’s law:

(1.6) vi(z) vy = —w, forz el

Among sets of finite perimeter in R"*! of a fixed volume, the energy ®,, is minimized by a Winterbottom
shape of radius r > 0:

Wy =HnN W, +rwvg) +p,
where W, = rW; and p € 0H.
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Theorem 1.3. Let ® € C2*(R"™1\ {0},Ry) be an elliptic integrand and w € (—®(vy),0]. Assume that
E C H is a finite perimeter set with finite volume that satisfies (1.5),

(1.7) H" (Tg) =0,

(1.8) H" ((OE\O*"E)NH) =0,

and for some € > 0,

(1.9) H"O"EN By(2)) > e for H"- a.e. € B(T)NO*ENH and r < Tp41.

wpr™

Then E is a finite union of w-Winterbottom shapes and Wulff shapes, all pairwise disjoint and with the same
radis.

In (1.9), B(I") denotes a tubular neighborhood of radius € of I'. We explicitly observe that in Theorem 1.3
we cover the full hydrophobic regime, since for w < —®(vg) the variational problem for (1.4) with a
volume constraint is simply equivalent to the boundaryless case, i.e. the standard (anisotropic) isoperimetric
problem, and w = 0 corresponds to the free boundary case. As stated above, among sets with 0,qF and I’
smooth, this conclusion was shown in [24].

Remark 1.4. For the area functional (i.e., ®(z) = |z|), the conditions (1.8) and (1.9), as well as (1.7) for
w € (—1/2,0], are consequences of the monotonicity formula.

Remark 1.5. The analogue of assumption (1.8) is the condition imposed by De Rosa-Kolasinski-Santilli in
[12] to characterize the critical points of the anisotropic isoperimetric problem. This assumption, as well as
(1.9), is needed due to the lack of lower density bounds for anisotropic stationary varifolds. Proving lower
density bounds is one of the major open problems in the regularity theory for anisotropic minimal surfaces.

Remark 1.6. Theorem 1.3 can be applied to characterize local minimizers of the anisotropic capillary
problem on closed manifolds with boundary, in the small volume regime. The proof would follow the same
line of arguments used for the local minimizers of the anisotropic isoperimetric problem in closed manifolds
in [13], replacing the use of the rigidity theorem [12, Corollary 6.8] with Theorem 1.3.

Remark 1.7. The characterization proved in Theorem 1.3 could be applied in characterizing the critical
points of the anisotropic 2-bubble problem, under convexity assumption of the chambers, in the spirit of
[14]. Indeed in this case each chamber would be a critical point for an appropriate ®,,, with respect to the
hyperplane separating the two chambers.

1.1. Discussion of the proofs. The proofs of Theorem 1.1, Theorem 1.2, and Theorem 1.3 are based on
proving a Heintze-Karcher type inequality following [23, 37, 24], which in turn are in the spirit of a general
scheme introduced by Montiel and Ros [29]. This basic approach has proved to be powerful for proving
geometric rigidity results in the smooth case [29, 4, 20, 34, 23, 24, 22], and consists of exploring the set E
by following the normal bundle. Moreover, it has been understood that for problems without a capillary
boundary, this proof scheme can be made to work for a critical point E with potential singularities, provided
E has almost-everywhere regular boundary and has bounded mean curvature in a viscosity sense [16, 12, 28].

In the capillary setting, there have been several formulations of Heintze-Karcher type inequalities, see
for instance [17, 25, 23, 37, 24]. Apart from [37], these results all deal with smooth sets. The formulations in
[23, 37, 24] are more suitable for relaxing regularity assumptions. However, as already mentioned, previous
approaches to relaxing regularity assumptions [37] still require enough smoothness to integrate by parts to
leverage Young’s law in a classical sense. Nevertheless, we introduce a suitable notion of viscosity subsolution
to Young’s law, and inspired by technical refinements of [16, 12, 28, 37], we prove a Heintze-Karcher inequality
for these viscosity subsolutions in Theorem 6.1 and a corresponding rigidity statement in Section 7.

In view of Theorem 6.1, one of the main challenges and new contributions of the paper is to show that
any set of finite perimeter F that is a critical point of &, or ®,, with respect to volume-preserving variations
is also a viscosity subsolution to Young’s law — unconditionally in the case of &, and under mild density
assumptions in the case of ®,,; see Theorem 1.8 and Remark 1.4 below.

We say an open set G C R""! with C' boundary touches E C H from the interior at a point p € T if
GNH C E and p € 0G. We say that E is a viscosity subsolution to Young’s law if, for any p € I and C!
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set G that touches E from the interior at p,
either pelr or vE(p) vy < —w.
Recall that the set T was defined in (1.3) and observe that this definition makes sense in view of (1.6).

Theorem 1.8. Let ® € C**(R" 1\ {0},R.) be an elliptic integrand, w € (—®(vy),0], and E C H be a set
of finite perimeter satisfying, for some € > 0,

H™M(&*E N By(z))

wpr?

(1.10) >¢€ forallz € B(I')NO*E and r < Tp41.

If E satisfies (1.5), then E is a viscosity subsolution for Young’s law.

As discussed above, in the absence of enough regularity to derive Young’s law in a classical sense for
critical points of &, (or, more generally, of ®,,), we instead argue locally through blowup analysis. A key
point is that we need only to analyze blowups at points at which E is touched from the interior by a C! set
G, and the very presence of G forces more regularity.

In the simpler case of the area functional, the basic idea of the proof of Theorem 1.8 is the following
contradiction argument. If there is a C! set G that touches E from the interior at p € I' with “too big” of
a contact angle, i.e. vg(p)- vy > —w, then any blowup of 9*FE at p, when intersected with H, is a cone
contained in the wedge H \ 7,G. A maximum principle argument by iteratively tilting the half-hyperplane
bounding the wedge until it meets this blowup shows that the blowup of 0*F in H is a finite union of
half-hyperplanes. As the blow-up is also stationary, integrating by parts in (1.2) for the blowup yields a
contradiction. This is carried out in Section 5. This is the part of the argument that fundamentally relies on
being in the hydrophobic regime w € (—1,0], as Young’s law for a finite union of half-hyperplanes meeting
along a common (n — 1)-plane only has a unique solution in the hydrophobic case; see Remark 5.1 for further
discussion of this point. This observation shows that proving Theorem 1.8 and more generally Theorems
1.1-1.2 in the hydrophilic regime cannot solely rely on the local analysis of the blow-ups at the capillary
boundary, requiring instead a global approach.

The monotonicity formula plays a central role in the strategy described above. Consequently, several
steps break down in the anisotropic setting. Indeed, blow-up analysis for anisotropic minimal surfaces is
well-known to be challenging due to the absence of a monotonicity formula. First, the existence of the
blow-ups themselves is not guaranteed, due to the possible existence of infinite density points. Next, when
blow-ups exist, they are not necessarily cones. Moreover, the lack of upper semi-continuity of the density
leads to compactness issues for integral varifolds, hence blowups are not necessarily integral.

Nevertheless, in Section 3 we prove that the density is actually finite at any point in I" where FE is
touched from the interior by a C! set G. The main idea is that, if such a point has infinite density, then a
suitable mass-rescaling of E would provide a varifold supported in a wedge, which is stationary with respect
to vector fields in X7(H). This comes from the fact that the touching set G' imposes a multiplicity bound
on the wetting region 0E N OH of E. Since the varifold touches the spine of the wedge, we construct an
appropriate vector field in X7 (H) that violates (1.5). This guarantees the existence of blow-ups, though not
necessarily with a conical structure. In Section 4, we prove the existence of a blow-up that is finite union of

half-hyperplanes by refining a non-linear maximum principle argument.

Acknowledgments. Antonio De Rosa was funded by the European Union: the European Research Council
(ERC), through StG “ANGEVA”, project number: 101076411. Views and opinions expressed are however
those of the authors only and do not necessarily reflect those of the European Union or the European
Research Council. Neither the European Union nor the granting authority can be held responsible for them.
Robin Neumayer is supported by NSF grants DMS-2340195, DMS-2155054, and DMS-2342349.

2. PRELIMINARIES

In this section, we fix notation, definitions, and background that will be used throughout this article.
The open ball of radius » > 0 and center x in R"*! is denoted by B,(x), and, if z = 0, we simply write B,.
The sphere of radius 1 is then S := dB;. For a vector v € S*, we denote by v its orthogonal space.
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2.1. Rectifiable sets and sets of finite perimeter. For any k£ € N, the Hausdorff measure of dimension
k in R*! is denoted by H* and the H*-measure of the k-dimensional unit ball is denoted by wy. For
any vector-valued Radon measure p on R"*1 we denote with |u| the total variation of u. A Borel set M
is m-rectifiable if M can be covered, up to a H™-null set, by countably many Lipschitz images of R". A
Lebesgue measurable set E is a set of locally finite perimeter if for every compact set K C R"*! we have

sup{/ divX(z)dzr : X € CHK,R"™) sup |X| < 1} < 00.
E K

If this quantity is bounded independently of K, we say that E is a set of finite perimeter. By the Riesz
representation theorem, for any set of locally finite perimeter E, there is a vector-valued Radon measure
pe, called the Gauss-Green measure of F, such that [, divI'de = [T -dpug for any T € CH(R"T! R,
The (relative) perimeter of E in A C R"! is P(E; A) := |ug|(A).

The reduced boundary 0*E of E and the outer unit normal vg(z) to E at = are then defined as follows:
. he(Br(r))

O*E = {a: € spt(up) : vp(r) := lim ————=—

) VB I (B )

For a set E of locally finite perimeter, 0*E is n-rectifiable and up = vgH" | 0*E; see [27, Remark 15.3 and
Corollary 16.1].

exists and is a unitary Vector} .

Remark 2.1. As stated in the introduction, we tacitly choose a representative for any set of finite perimeter
E in R*"! with OF = 0*F; see [27, Prop. 12.19]. If |0*E| = 0, we may, and always do, choose this
representative to be an open set. Indeed, by [27, Prop. 12.19] and its proof, any set of finite perimeter E
in R*™! has *F = {z € R""! : 0 < |[EN B,(z)| < w,r™, ¥r > 0}, and the open set A; = {z € R*"!:
|B.(z) N E| = w,r™ for some r > 0} has 9A; C 0*E and |[EAA;| < |0*E|. Thus, if |0*E| = 0, then A; is
the desired representative of E. Observe that if H"(OFE \ 0*E) = 0, i.e. if (1.8) holds, then in particular
|0*E| = 0 and we have such a representative.

A sequence of sets of locally finite perimeter {Ej} converges in Llloc to a set of locally finite perimeter
E if |(ExAE) N K| — 0 for every compact set K.

2.2. Elliptic integrands. We fix an elliptic integrand ® : R"*! — R, that is, an even, positively one-
homogeneous function ® € C**(R"*1\ {0}) satisfying the uniform ellipticity condition

2
72— (7 - )

(2.1) D2®,[r, 7] > v for any v, 7 € R"" v #£ 0, and some v > 0.

v
We let mg = inf{®(v) : v € S"} and Mg := sup{P®(v) : v € S"}. Let ®* be the dual norm to P, i.e.
(2.2) O*(y) =sup{y-z:z € R™ ! and d(r) <1}.

By duality, the Fenchel inequality = - y < ®*(x)®(y) holds for any =,y € R™*!. By one-homogeneity,
P(z) = z- VP®(z) and V& and VP* are zero-homogeneous. The Wulff shape of radius r > 0 centered at y is

Wi (y) = {:E eR"™  d*(y — 1) < 7“} :
For a set of finite perimeter E, we let v (x) = V® o vg(z) be the Cahn-Hoffman normal. Observe that
(2.3) Vo (ry(x)) = x for each x € OW and VO®*(z) = VW(CD*L@))'

In particular, ®* o V& =1 and V® o V&* = id for x € OW;.

Fix e € S"NJH. For vy, € S™ in the half 2-plane span{e,+1,e4} = {ae 1 +be : a € R;b > 0}, we
have

(2.4) Vi Vg > V- VH — V(I)(I/l) vy > V(I)(Vg) ‘- VH.

This is shown in [24, Proposition 3.1].

As a consequence of uniform ellipticity and one-homogeneity, there is a constant ¢ > 0 such that

(2.5) ®(z)P(y) — (VE(2) - y) (VE(y) - ) > clz — y[*, for any z,y.
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If Q is an open set with C? boundary, then the (scalar) anisotropic mean curvature Hg () is given by
HE(z) = div?? (b3 (z)) = div?? (VO (vq(z)), for x € IQ.

The eigenvalues of DV® (v (z)) are the anisotropic principle curvatures, denoted by & (z); clearly HE (z) =
S k2 (x). Another equivalent point-wise expression for H3 is given by

(2.6) HE(z) = mBQ(VQ(JI)) : Dvd(z), for x € ON.

Here A : B := tr(A!B) denotes the Hilbert—Schmidt inner product, B (v) := ®(v)Id —v & V®(v) for v € S"
is as defined above, and Dv&(z) denotes the derivative in R**! of the function v&(z) extended constantly
along normal rays to be defined in a tubular neighborhood of 9. Indeed, to see (2.6), fix z € 9 and an
orthonormal basis {ry,...,7,} for 7,09 that diagonalizes the second fundamental form Aq(z) of 00 at z,
ie. Ag(x) = Y7 k;Tj®7;, and let v = vo(x) so that {71,..., 7y, v} is an orthonormal basis for R"*1. Since
D2®, = 0;;®(v) 7; ® Tj by homogeneity, in this basis we have Dvd(z) = ii=11:;j0i;®(v)T; @ T;. So, we have
HE(x) = trace(Drvg (x)) = 371 k;0i®(v), while, since Dvd () is purely tangential, i.e. vo(x) € ker Dvd(z),
then Bg(vq(x)) : Dvd(x) is simply equal to ®(vo(x))Id : Dvd(z) = 31 k;0;®(v). This shows (2.6).

2.3. Varifolds. An n-varifold on R"*! is a positive Radon measure V on R"*1 x S” such that V(A x S) =
V(A x (=8)) for any A C R**! and S C S*. The weight ||V|| of V is the Radon measure defined by

IV[I(A) := V(A xS"), VAcCR".

An n-varifold V is n-rectifiable if there exist an n-rectifiable set M and a Borel function # : R**! — R, such
that V = 0H"L(MNU)®(30,,, @)+ 20 (z)) Where §, denotes the Dirac delta concentrated at a. To any n-
rectifiable set M in R"*!, we can associate the n-rectifiable varifold var(M) := H" L M®(%5VA{(1‘) +36_,,, (@))-

For a diffeomorphism 1 € C}(R"*!, R"*1) and an n-varifold V, the push-forward ¢#V of V with respect
to v is the n-varifold defined by

(2.7) /]R N f(z,)dW* V) (z,v) = /

Rn+1xSn

F(0(@), iz ) T, vh) Vv (,v),

for all f € CO(U x S™). Here D1, is the differential of 1) and Ji(x, v1) is the Jacobian determinant of the
differential D, restricted to v+, i.e.,

Jip(z,vt) = \/det ((walyl)*Dwx‘VL).
The upper and lower n-dimensional density of a Radon measure p on R*! at x are, respectively,

Oy, (i, z) := limsup #(B(z)) and O (u, ) := liminf M

r—0+ W™ r—0t  wpr™

If ©F (1, z) = O%(u,z), we call this number the density of u at x and denote it by ©"(u,x). For an
n-varifold, we let O (V,x) := O (||V||, z) and for an n-rectifiable set M, we let O} (M, z) := O} (H"_ M, z)
(and likewise for the lower density and the density).

Given z € R™™! and r > 0, we define the dilation map ¢4, (y) :== - and we let

(2.8) Ver = (tar)? V,

and let B, (V') denote the set of blow-ups of V at z, i.e. the set of all varifolds V' arising as subsequential
limits of V,, as r — 0. Here convergence is in the sense of varifolds, i.e. as Radon measures. In general,
B, (V) may be empty. However, if ©*(V,z) < 400, then any blowup sequence is pre-compact and thus
B, (V) is nonempty in this case.
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2.4. First variation and capillary varifolds. The anisotropic surface energy naturally extends to n-
varifolds by letting ®(V') = [gn41,g0 ®(v)dV (z,v). The first variation of an n-varifold V' with respect to
the energy @ is the order one distribuition defined by 6gV (X) 1= 4|,—o®((Id 4+ tX)#V) for a vector field
X € CHR™1). A classical computation (cf. [7, Lemma A.2]) shows that

(2.9) 58V (X / B (v (2)dV (2, v).

Recall that By (v) := ®(v)Id — v @ VO(v).

For a set E C H that satisfies (1.5), it is not useful to consider blow-ups of F as a set of finite perimeter
or blow-ups of the varifold var(0*FE), because the stationarity condition (1.5) is not preserved in either
blow-up limit, as an interior component could collapse on JH in the limit. This issue has already been
recognized, for instance, in [5, 33]. Instead, following [5], we associate to E the capillary varifold V on R™+!
with spt||V|| € H defined by

(2.10) V=var(0*"ENH) — var(0"E N OH).

w
O (vir)
V is indeed a well-defined varifold in the case w < 0. A direct computation shows that E satisfies (1.5) if
and only if V satisfies

(2.11) daV (X )\/X vdV(z,v) =0 for any X € Xr(H).

It is this stationarity condition that passes to the blow-up limit. To be more precise, for a point p € T', any
blow-up Vi € B,(V) — should it exist — satisfies g Vo(X) = 0 for any X € X7 (H).

3. FINITENESS OF THE UPPER DENSITY

Fix w € (—®(vg),0] and let E be a critical point of ®, among volume preserving variations, so that
E satisfies (1.5) for some A > 0. The proof of Theorem 1.8 in Section 5 is based on a blowup argument at
points on the capillary boundary I'.

In general, however, no such blow-up may exist. For the area functional and the capillary varifold V'
defined as in (2.10), a blow-up Vj exists and its support is a cone, see Lemma 4.5 below, but even in this
case, no further (useful) structural information can be deduced about Vj. The key idea is that, in order to
prove Theorem 1.8, we only need to analyze blow-ups of the varifold V' at those points p € I" where E is
touched from the interior by a C! set G with v&(p) - vy > —w.

This touching set imposes additional regularity of F at p and in particular yields a blow-up of the
capillary varifold V' with substantially more structure than merely being a cone (even for the anisotropic
case). More precisely, at such a point p, we prove in Theorem 3.1 below that ©}(V,p) < +oo, which in
particular guarantees that the blowup set B,(V') is nonempty. Later, in Proposition 4.1, we show that there
is a blowup Vj € B,(V') whose support in H is the union of finitely many half-planes.

Theorem 3.1. Let w € (—®(vy),0] and let E C H be a set of finite perimeter satisfying (1.5). For p € T,
suppose there is an open C' set G C R touching E from the interior at p with I/g (p) vy >0. Then

O, (0"E,p) < +o0.
Equivalently, ©}(V,p) < oo for the capillary varifold V' associated to E in (2.10).

Remark 3.2. In the case of the area functional, the conclusion of Theorem 3.1 is an immediate consequence
of the classical monotonicity formula, which holds for any p € 0H; see the proof of Lemma 4.5.

Before starting the proof of Theorem 3.1, we need some notation. Let W := W, and let K := W NO0H
be the intersection of the Wulff shape with OH. Since W is open, uniformly convex, and contains the origin,
K is relatively open in 0H and uniformly convex. Fix a direction e € S N 9H and let z. be the unique
point in 0K such that vi(xz.) = e. Here, 0K denotes the boundary relative to 9H. Thus, we have

(3.1) vw(xe) € spanfey,eni1} := {x € R" 2 = ae + be, .y for a > 0,b € R}.
Correspondingly, define the closed wedge
W(®,e):=HnN{zx Rz vy(zx.) >0}
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This wedge is invariant along span{e, en+1}L, and W (®, e) + z, is contained in the complement of W.
A set W C R"*L is called strict subwedge of W (®, e) if it takes the form

(3.2) W=Hn{zreR"":2.v>0} for v € span{ey, ept1} with v-vyg > vy (xe) - vy.

Note that W is a strict subset of W (®, e) and is a closed wedge that is invariant along span{e, e,;1}*. The
most relevant strict subwedges arise as follows.

Lemma 3.3. Let G C R*"! be an open set with C! boundary. Suppose p € OG N OH is a point such that
v&(p) vy > 0. Then either vg(p) = vy or H \ T,G is a strict subwedge of W(®,e), where e is the unique
vector in S" N OH with vg(p) € span{ey, ent1}-

Proof. Suppose vg(p) # vi. Since H\ T,G = HN{x € R""! : 2 - vg(p) > 0}, we need only to show that

(3.3) va(p) - ve > vw(ze) - vy.

By assumption, V®(vg(p)) vy > 0. On the other hand, V®(r(ze)) vy = 0 since, by (2.3), VO (v (ze)) =
T, € OH. So,

(3.4) Vo (va(p)) - v > VO(rw(ze)) - va.

Since vg(p) and vy (z.) lie in span{e, e,t1}, (3.3) follows from (3.4) and (2.4). O

Proof of Theorem 3.1. If vg(p) = vy, then p € 9*E. Thus O"(9*FE,p) exists and is equal to 1; c.f. [27,
Corollary 15.8].

Now assume vg(p) # vg. Let e be the unique vector in S” N dH such that vg(p) € span{ey, i1}
By Lemma 3.3, the closed wedge H \ T,G is a strict subwedge of W (®,e). Let W be a strict subwedge of
W (®,e) that contains H \ T,G as a strict subset. Let p € (0,1) be a fixed constant depending only on W,
®, and n to be specified below.

Assume by way of contradiction that ©7(V,p) = +oo for the varifold V' defined in (2.10). So, we may
find a sequence of scales {ry}), with 7, — 0 such that the varifolds Vj, = f, V satisfy ||Vi||(B;/2) — +oc.
Consider the area blowup set Z associated to the sequence ||Vj|| defined by

Z = {z € R" : limsup ||Vi || (Br(x)) = +oo for all r > 0}.
k
From our choice of W, spt(||V]|) N By is contained in W UOQH for k large enough. Since ||V ||LOH < H".0H,

this means that any « € Z N Bj/o has limsupy, ||Vi||(By(x) N W) = 400 for each 7 > 0. By [8, Lemma 4.2]
and the assumption ||Vi||(B;/2) — +00, the intersection Z N B/, is nonempty. Thus by set containment,

(3.5) lim sup ||V |[(Bs N W) = +o0.
k
Claim: We claim there are constants ¢, p > 0 and a vector field Y € X7 (H) supported in By, depending
only on W, ® and n, such that |Y(x)| > ¢ on BN W and, letting £ := spt(Y) N W,
(3.6) Bg(v) : DY (x) < —2¢|Y (x)| for all (z,v) € Q@ x S".

Assuming for now that the claim holds, let us see how it allows us to complete the proof of the theorem.
On one hand, by scaling, we know that

(3.7) ag =0 Vi(Y) — )\rk/Y -vdV =0.

On the other hand, for all k large enough, spt(||Vx||) Nspt(Y) C QU D where D = 90H N{x-e < 0} N By.
So, directly writing the first variation term and splitting the domains of integration shows

ak:/ (B@(V):DY—)\TkY-V)de—i—/ (Ba(v) : DY = Arp Y - v) dVi = off + ol .
QxSn D

xSn

By the claim above, we have

of < [(-2e 4+ M)Y]dVe < —¢ [ [VIdVi < =& [VAI(B; W),
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where the second inequality holds for k£ large enough. On the other hand, by construction, ||Vi||(D) <

¢(U;H)Hn(D) < wy/2 and hence af < C for a constant C = C(®,n, |V c1). So, by (3.5), we have

limkinf ay = limkimf(ozi2 +af) < —& limsup |Vi||(B; N W) + C = —o0,
k
contradicting (3.7). O

The rest of the section is dedicated to proving the claim inside the previous proof. The construction
is inspired by the proof of Solomon-White’s maximum principle [32] for varifolds that are stationary with
respect to anisotropic functionals, an argument that was later adapted to the context of (n,h)-sets in [8].
The main new challenge in the present setting is to construct the vector field Y to be tangential to 0H. The
first step is to construct a suitable auxiliary function f with V®(V f) tangential to 0H.

Lemma 3.4. Fize € ST NOH. There exist A > 0 and r1 € (0,1) depending on n,®, and e such that the
function f = f.: R* = R defined by

flx) =0 (x+2e) — 1 — Ax?H_l
has the following properties:

(i) f(0) =0 and Vf(0) € span(e, ent1),
(i) VO(Vf(x)) = (x +z.)/P*(x + x.) € OH for any x € OH.
(iif) [Vf(z)| > ﬁ > 0 for x € By, so the level sets {f = a} N B, are C%%, and

Hg}<a}($) < -1

for each x € {f =a} N B,,.
(iv) For any strict subwedge W of W(®,e), there exists 7 € (0,71] such that

Proof. The first half of (i) holds since z. € 0W, and the second half follows from (3.1) since Vf(0) =
Vo&*(z.) = |V®*(x.)|vw(xe). Similarly, (ii) follows from (2.3) since V f(z) = V®*(z + ) for any z € 0H.

Next we show (iii). We have |V f(0)| > 1/Mg since ®(V f(0)) = 1 so the lower bound on |V f(z)| follows
from continuity of V f by choosing r; sufficiently small, and the regularity of the level sets of f then follows
from the implicit function theorem and C% regularity of ®*. The same regularity guarantees that the
anisotropic mean curvature of level sets will vary continuously, so the upper bound on the anisotropic mean
curvature will follow by choosing r; small provided we show H Ebf <0}(O) < 2.

We show this by direct computation as follows, letting Q := {f < 0}. The outer unit normal to Q at p is
given by vo(p) = Vf(p)/|Vf(p)|. Thus by homogeneity, the Cahn-Hoffman normal is v3 (p) = V@(V£(p))
and, since Vf(p) = VO®*(p + z¢) — 2App+1€n+1 the anisotropic mean curvature (defined in Section 2.4) is
given by

Hg) (p) = traLC‘3(172‘1’%‘(19) DQ‘I);HE) - 2AD2(I)Vf(p) [en+1, ent1] = I(p) — I1(p).
Tangentially differentiating the identity V® o V®*(y) = y for y € oW yields I(0) = n. For 11(0), again

using that Vf(0) = [V®*(z¢)| vy (x.) € span(es, ept1). Writing vy (xe) = ae+bep4q for a > 0, the uniform
ellipticity of ® (2.1) guarantees that

I1(0) = 2AD? B ogr s 1 [enit, ent1] > 20 ——— 42> 0.
( ) Vo (xe)[e +1,€ +1] = |V(I>*(l‘e)|a >

Thus HE(0) = n — 2A ya?/|V®*(z.)|, which is at most —2 provided A > (n — 2)|V®*(z.)|/2va?. Hence, as
observed above, item (iii) follows by continuity.

We now show (iv). Let W be a strict subwedge of W (®, e). Let m denote the projection onto span(e, €,41)
and for x € W, write 2 = 7z + 2. Recall that, since ® is C?, ®* satisfies the ellipticity condition (2.1)
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for some v* > 0. Moreover, z - vy (x.) = 7z - vy (xe) > 0, with the inequality holding since W C W(®,e).
Next, a Taylor expansion at x = 0 shows

1
f(x) 2 |VO* (xe)| vw(ze) - T + §D2¢§e [, 2] = Ay + of|z]?)

> gt 2 — Alrzf? + o(|z[?).
‘xe‘

We consider two cases.

Case 1: For x € W N By such that |7z|?> < min{1, 2A7|;e|}la:ﬂz, we have

’7* 1,2 2 ’Y* 2 2 fy* 2
x) > x + o(|x > x|” +o(|lx > T,

where the final inequality holds provided we choose 7 small enough depending only on ® (via v* and |z.|).

Case 2: Notice first that, by definition—recall (3.2)—the hyperplane vy (z.)* intersects WNspan(e, e, 41)
only at the origin. So, by compactness, there is a positive constant «, depending on W and ®, such that
vw(xe) - mx > a|mz| for each x € W. So, the Taylor expansion above yields

f(@) 2 [VO (xe) | vw(e) - mx + o(|x]) = a| VO™ ()| [r| + of|z)).
So, for & € W N By such that |72|?> > min{1, ﬁ;e‘}\ﬁ-]?, we have |z| < C|rz| for C = 1/(1+min{1, m})

So, we may choose 7 small enough in terms of a and ®* so that we may absorb term o(|z|) to find f(z) > c|z|
in this case. This completes the proof.

We are now ready to prove the claim.

Proof of Claim. Recall that e € S® N OH is fixed and W is a strict subwedge of W (P, e).

Step 1: The vector field Y. Let f = f. and 7 € (0,1) be as in Lemma 3.4. By Lemma 3.4(iv) and continuity
of f, we may find n; > 0 such that

(3.8) f(x) >m for any x € W N (Br \ Bya).

For a fixed number 7 € (0,71) to be specified later in the proof, define

6 Clel F

Let p € C2°(Br) be a cutoff function that is identically equal to 1 in Bj/,, and for z € R et
Y(z) = p(x)n(f(z)) X (z)

where X (z) := V®(V f(z)). By Lemma 3.4(ii), Y € X7(H). By Lemma 3.4(iv), (3.8), and the definitions
of n and ¢, spt(Y) C By and spt(Y) N W is contained in the set Q2 := Bz N {0 < no f < 7i}. Since
f£(0) = 0, we may choose p € (0,7/2) small enough such that (again using Lemma 3.4(iv)) 0 < f(x) < 7/2
for allz € B;NW. In particular, |Y (z)| > me7/2 on B;NW, so the first part of the claim holds with ¢ < me1.

Step 2: Bounding Bg : DY above in 25 x S™. Direct computation shows that DY =no fDX - X @ Vf
for x € Q5. Thus for any (z,v) € Q5 x S*,

(3.10) Boe(v) : DY (x) =no f(z) Be(v): DX (z) — Be(v) : X(2) @ Vf(z).
=:1 =11

We will show that up to choosing 7 sufficiently small, the right-hand side of (3.10) is bounded above by
—c|Y (z)|. We first bound the terms I and IT separately. First, recall from Lemma 3.4(iii) that each level
set {f = a} is C>® in B;. So, observing that X(z) = V?f@} (z) for € By and a = f(x), the pointwise
identity (2.6) applied to Q = {f < a} gives

Vi) ). _ Vi(z) P
Be (W) :DX(z) =2 (W) Hep ooy (@).
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By Lemma 3.4(iii), the right-hand side is bounded above by —mg for each x € By. Since ® is C? (and thus
Bg € C1), we have |Bg(v) — Bo(VI@)/|vf())| < ) d(v,z) for a constant ¢} = ¢} (®) > 0, where we let

— mi _ V(=) Vi(z)
(v z) s=min {| = Y[ v + ©FET ]}
for v € S" and = € By. So, letting ¢; = ¢1 (7, @, f) := ¢} sup{|DX;| : © € B;}, we have
(3.11) I =Bg(v): DX(x) < —mg + c1 d(v, x).

Next we bound the term 17 from below as follows:
I =2W)(Vf(z)) — (v VO(Vf(2)(VO(v) - Vf(x)) > chd® (v, )|V f ()],

where in the equality we use the zero-homogeneity of V® and inequality follows (2.5) for a constant ¢, =
ch(®) > 0. Since |V f(z)] > 1/2Mg in By by Lemma 3.4(iii), we let ca = co(®, f) := c¢4/2Mg > 0 to find
(3.12) IT = By(v) : X(2) @ Vf(x) > cad*(v, z).
Putting (3.11) and (3.12) together, and introducing the short-hand notation ¢, := n(f(x)), we see that for
(x,v) € Q5 x S", the expression in (3.10) has the upper bound
(3.13) Bo(v) : DY (2) < —lymg + c1ly d(v, ) — c2 d(v, 2)% = ¢u(d(v, 2)),

where ¢, is the quadratic polynomial defined by ¢, (t) := —mal,; + 1€, t — co 2. Direct computation shows
that max; ¢, (t) = —maly + ¢34 /2co. Since £, < 7 for z € 25, we may choose 7 sufficiently small depending
on ¢1,mg and ¢z, so that max; ¢, (t) < —mel,/2. Keeping in mind that |Y (z)| > mqel, for any x € Q5, we
see that (3.6) holds. O

4. A BLOWUP GIVEN BY FINITELY MANY HALF-HYPERPLANES

The main goal of this section is to prove Proposition 4.1 below. For n € (0, 7), consider the closed wedge
W, with spine R"~! x {0} x {0}, and opening angle 1 € (0, 7) defined by

R
(4.1) Wy ={zcH : s <o)

cosm/2 _ (). We also set Il := OW, N H.

. 1 o
Here we interpret 2 = s

Proposition 4.1. Let V be a rectifiable n-varifold in R such that

(4.2) doV (X) =0 for all X € Xr(H).

In addition, we assume that there exists ¢ > 0 such that

(4.3) ©,,(V,0) < 400,

(4.4) ©"(V,p) € N for |V|LH-a.e. p,

(4.5) \VII(Br(z)) > er”, for ||V]-a.e. 2 € BeNH and r < Tpy1 .

If the support of ||V|| is contained in OH U W, for a wedge Wy, of opening angle n € (0,7), then there exist
Vo € Bo(V), J € NU{0}, {m1,...,ns} C (0,n], and {61,...,05} C N satisfying

J
(4.6) Vou(H x S™) = 6;var(Ily,),  where I, := OW,, N H
=1
. 1 1
(4.7) VoL (OH x S") = |Vo||L0H ® (5% + 55—VH)-

While the proposition is stated for blow-ups at the origin and for wedges with a specific spine and axis,
it is clear that the statement holds in a more general form after applying translations and rotations.

The proof of Proposition 4.1 follows the ideas in [10, Lemma 5.4] for sets of finite perimeter that minimize
an anisotropic capillary energy. Similar ideas arose earlier in [19, Lemma 4.5] and have since been used in
[6, Lemma A.2] and [9, Lemma 5.2].

First, we need two lemmas. The first shows that for a stationary varifold with support contained in
OH, the Grassmannian part of V is “rectifiable”. This will give additional information on the piece of the
blow-up in Proposition 4.1 that lies in 0H.
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Lemma 4.2. Fiz o € OH and v > 0. If V is an n-varifold in R™T* with spt(||V|)) N B.(x0) C OH that
satisfies 6oV (X) =0 for any X € Xr(H), then

1 1
V'—(Br/2(x0) X Sn) = ”VH‘—BT/Q(xﬂ) ® (55111{ + 56—VH>'

Proof. Let ¢ € C°([—7,7]) be a nonnegative cutoff function with ¢ =1 on [0,7/2] and fix n € C°([—1,1])
with 1(0) = 0 and 7/(0) = 1. Writing x = (2/, 2,,+1) € R" x [0,00) for € H, consider the vector field
X(x) = p(l2" = 26]) n(2n11) VE(vi).
Note that X € Xr(H) since n(0) = 0, and 1'(0) = 1 ensures DX (z) = (|2’ — z(|)\V®(vy) @ vy for x € H.
Therefore, using that spt(||V]|) N By(xg) C 0H, we obtain
0=10daV(X) = /w(lw’ — ) [2(ve)2(v) = (VO(va) - V)(VE(v) - vp)] AV (2, v).

Using the disintegration theorem for measures, there is a family {4, } .z of measures on S" such that

0= [ ¢a’ =) ( [ [@0m)®w) — (VW) - )(VEW) - vir)] diec(v)) | V] ).

=A

By the Fenchel inequality, the integrand A is nonnegative and equals zero if and only v = tvg. Since ¢
is nonnegative and is strictly positive on [0,r/2], we find that for ||V|-a.e. = € B(zg,r/2), the measure
y is supported on {vg,—vg} C S". Hence, we conclude the proof thanks to the symmetry property of
varifolds. O

Lemma 4.3. Let n € (0,7) and w, = —Vg) vy where vy, is the normal to II,, with vy - e, > 0. Then

Vy = var(Il,) — %var(aﬂ \ W,,) satisfies &V, (X) =0 for any X € Xr(H).
Proof. Fix X any compactly supported vector field in H tangent to OH. Integrating by parts, we obtain
the following equality:

6o Vy(X) =/

[y Bl DX (AR ) — / X (@) - endH" .

11,N0H

Next, denote by g the outward unit normal to II,, N H in I, integrating by parts, we get

6o Vy(X) :/

X (%) - Bo(vy)vodH"*(x) — Wn/ X(x) - e dH™ L
I,NoH

11,N0H

Then, we have B (1)1 = wyey,. Next, write vy = avy +br, and notice that b = (vg-ey,)/(vy-€ey,). Therefore,

2
. _ . . 1
a = 1/7] “ep — bl/n vy = (Vn €n> <V0 en)<y77 VH) — )
Up-€n Up - €en

From this, we conclude the proof as follows

en - Bo(vp)vo = —a(vy, - en)(y,? “VH) = —Vp VH.

We now prove Proposition 4.1.

Proof of Proposition 4.1. We proceed in several steps. After some initial observations, we prove (4.6) in
Steps 1-4 with an induction argument before establishing (4.7) in Step 5.

Step 0: The collection By(V) of blowups of V' at 0 is nonempty and compact by (4.3), and each
Vo € Bo(V) has spt(||Vo])) € W, UOH and ©},(V5,0) < ©5(V,0). By (4.2), any Vo € By(V) satisfies
(5«1:.V(X) =0for X € :{T(ﬁ)

Moreover, for any Vjy € Byo(V), the restriction VoL (H x S™) is an integral varifold, i.e. (4.4) holds for V4.

To see this, let Vy € By(V') be a blowup arising as a limit of Vj := (Lo’rk)# V (c.f. (2.8)) for a sequence of
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scales 71, \, 0. If = € spt(||Vp||) N H, there is spt(||[Vi|) > ry ' — @ (thus spt(]|V]|) > x5 — 0) such that V
satisfies the assumption (4.5) at each zj. By (4.5), for any 0 < s < x - €41, we have

VoI Bale) Vo Ba@) . IVI(Bryalrsa))

Wp 8™ k—o0 Wy, 8™ k—oo  wp(rgs)”
Therefore, ©7(Vp,z) > 0 for any z € spt(]|Vp]|) N H. This and the integrality assumption (4.4) for V allow
us to apply [11, Theorem 4.1] which ensures that Vj satisfies (4.4).

>e>0.

Step 1: For each V € By(V), let
(V) := inf {a : spt(|[V]) N H € Wa} € [0,7]

be the angle of the smallest wedge of the form (4.1) containing spt||Vp|| N H. It is not difficult to verify
that V — 77(1_/) is lower semicontinuous with respect to varifold convergence. So, since By(V') is compact,
this function achieves its minimum 7; at some V; € Bo(V). If 91 = 0, then spt(||Vi||) N H = 0 and thus
spt(||V1]|]) € OH. In this case, we take Vo = V; and J = 0 and the first conclusion (4.6) holds vacuously.

Step 2: We henceforth assume 7; € (0,7]. We first claim that
(4.8) M, < spt(Val).
To this end, consider the lower semicontinuous function w : R"~! x Ry — (—o0, +-00] defined by

w(z) =inf {t € R: (2,1, zn41) € spt([VA[)NW,, }  for 2z = (2, zn41) € R x Ry

Notice that w(0) > 0 and let p,(x) := (x1, ..., Tn_1, Tnt1) for z € R"L. By construction, spt(||V1|)NW,,
is contained in the epi-graph {(2/,t,z,11) : 2 = (2, 2n41) € R* L x Ryt > w(2)}, and (', w(2), zn11) €
spt(||V1]|) whenever w(z) < co. In particular, the graph of w is contained in the wedge W, , i.e.,

Tn+1
(4.9) w(pn(z)) > ﬁ for z € Wy, .

Now, suppose by way of contradiction that (4.8) does not hold, and choose a point & € II,, with
& & spt(||Vi]|). Since spt||Vi|| is closed, strict inequality holds in (4.9) for z = Z. So, setting r := |p,(Z)|,
Df :=={x € H:z,=0and |z| <7} C R"' and D := p,(D;) c R"! x R;, we may find a function
¢ € CYY(DF) N Lip(D;) satisfying

“n+1
(4.10) w(z) > p(z) > ta7;1 e Vz € 0D},
A i‘n+1
(4.11) plpnl®) >
(4.12) o=0o0n D, N{(¢,2n41) ER" xR, : 2,11 =0}

Let ®7 : R” — R be the one-homogeneous function defined on S"~! by ®#(v) := ®(v, —1). By part
two of [10, Lemma 2.11] applied to e = e,,+1, H, ¢, there is a solution u € C™ (D;F) N Lip(ﬁj) to

(4.13) {div(W#(W)) =0, inDj,

U=, on OD;t.

We claim that v < w in E:r by the maximum principle. Indeed, suppose by way of contradiction that
the lower semicontinuous function f := w — u on ﬁ:r has f(2) < 0 at a point 2 € E:r where f achieves its
minimum. Note that 2 € D;' by (4.10). Let 4 := u — |f(2)|. Since 4 solves (4.13) (with boundary data
© — |f(2)]), its graph induces a varifold V; in the open cylinder C, := {z € H : p,(z) € D;} satisfying
5o Va(X) = 0 for all X € CH(Cy,R"™). Moreover, (2,4(2), 2n+1) € spt(||Vall) Nspt(||Va]]) and spt(||V4]]) lies
in one connected component of C, \ spt(||V4]|). Thus spt(||Va||) € spt(]|Vi||) by Solomon-White’s maximum
principle [32]. Since spt(||Vi||)NW,, is contained in the epi-graph of w, this guarantees that @ > w on ﬁj ,
a contradiction to the assumptions that @(0) = —|f(2)| < 0 and w(0) > 0. Thus u < w.
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Now, let V e By(V1). Since spt([|Vi]|) N C, is contained in the epi-graph of u (as u < w on E;L) and
u=0on {z,+1 =0} by (4.12), we find that

Spt(HV”) - {.’B tXp 2 azn+1u(0).%'n+1} .
Applying Hopf lemma to v and using (4.10), we find that 9., ,,u(0) > 1/tann, i.e. spt(||V])) C Wy where

n <m € (0,m) has tanf) = 1/9,,,,u(0). This contradicts the definition of 77;. We conclude that (4.8) holds.
Now, since ViL(H x S") is an integer rectifiable varifold and (4.8) holds,

Vi == (Vi — var(IL,, ))_(H x S")

is a (non-negative) integer rectifiable varifold, and spt(||V1]) € W,,. Moreover, dgVi(X) = 0 for every
X € CHH;R"), since 6pV1(X) = dgvar(Il,;, )(X) = 0 for all such vector fields. (Note that this does not
hold for all X € X7 (H), as dgvar(IL,, ) does not vanish along all X € X7 (H) unless ny = 7/2.)

Step 3: We now argue by induction. For N € N with N > 2, assume there are Viy_; € By(V) and
m = -+ > nn-1 > 0 such that

N-1
(4.14) V1= [VN_l 3 var(1y, )} (H x S™)
=1

is a (non-negative) integer rectifiable varifold satisfying

(4.15) spt([|[Vv—_1]) € and SoVN_1(X) =0 for all X € C}(H;R").

77N 1
By Steps 1 and 2, this inductive hypothesis holds for N = 2 (in the case 71 > 0 as above).

Analogously to Step 1, let Vy € By(Vv—1) C Bo(V') be a minimizer of the lower-semicontinuous function

T](V) = inf {a : Spt(” [V — Nz_:l var(Hm)} LH

i=1

) - Wa} € [0,7n-1]

in the compact set Bo(Vy_1) and set ny = (V). Let Vy = [Vy — SN ? Var(H )]e(H x S™) and observe
that Vy is a (non-negative) integer rectifiable varifold that satisfies (4.15) with Vi in place of Vy_;.

If ny = 0, then ViyL (H x S*) = SN var(Tl,,). In this case, we take Vy = Vi and see that, up to
relabeling so that multiplicities in 7; are expressed through the integer-valued multiplicities 6;, the first
conclusion (4.6) holds.

Next suppose ny > 0. By repeating the argument of Step 2—which only used that dgV7(X) = 0 for

X € CL(H;R™)—with Vy in place of V4, we find that I, C spt(||Viv||). Together with the fact that Vi is
integer rectifiable, this guarantees that

Vi = Vi — var(Il,, [ Zvar } (H x S"™)

is a (non-negative) integer rectifiable varifold with spt(||Vi||) C W,,,. Moreover, for all X € C}(H,R"), we

have ¢V (X) = dgvar(IT,, )(X) = 0 and the same holds for 6o Vy. In other words, (4.14)-(4.15) hold with
N in place of N — 1.

Step 4: We now show that induction terminates after finitely many iterations, i.e. ny = 0 for some
N € N. Note that if ny > 0, ViyL(H x S") is the sum of the varifolds >V | var(IT,,) and Vi as defined
n (4.14). Thus ©%(Vy,0) > ©,(XN,var(Il,,),0) = N/2, where the second identity holds since that
the varifold induced by II, has density 1/2 for any n € (0,7). On the other hand, as observed in Step
0, ©%(Vy,0) < 0,(V,0) =: O, where © < oo by assumption (4.3). Thus, gy = 0 for N > 20. Thus, by
Steps 1-4, we have obtained Vi € By (V') (specifically, Vo = Vi for the first N with ny = 0) that satisfies (4.6).
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Step 5: We now prove that V| satisfies (4.7) using Lemma 4.2 and the structure (4.6) of Voo (H x S™).
Fori=1,..., N, consider the (possibly signed) varifolds

= var(IL,) — QTZL)Var(aH N{zn <0})

with wy,, = —vg - VO((0,...,0,sinn;, —cosn;)). Recall from Lemma 4.3 that égV;,(X) = 0 for any X €
X7(H). Consequently, V' = Vp — SN | V. is a signed varifold with spt(||V’||) C OH satistying dgV'(X) = 0
for all X € Xp(H). To turn this into a (non-negative) varifold to which we can apply Lemma 4.2, let

I C {1,...,N} be the set of indices such that w,, < 0, and let V"' = V' — 3., %var(aﬂ). Now V"

is a (non-negative) varifold with spt(||V”|) € OH and 6¢V"(X) = 0 for all X € Xr(H). So, Lemma 4.2
guarantees that V" = ||[V”|| @ (30,,, + 36_,,,). By construction, the same property holds for Vp, i.e. (4.7)
holds. 0

Vy

i

Remark 4.4. In the case of the area functional, assumptions (4.3) and (4.5) are straightforward conse-
quences of the classical monotonicity formula for stationary varifolds. In fact, in Step 0 and in the induction
Step 3 we used (4.3) to show By(V') is non-empty, and we used assumption (4.5) together with the integra-
bility theorem [11, Theorem 4.1] to show that every Vj € B,(V') has integer density ||Vp||-a.e. on H; these
are classical properties for the isotropic setting that we show in Lemma 4.5. Moreover, one could give a
substantially simplified proof of Proposition 4.1 in this case by tilting hyperplanes and using the fact that
any blowup is a cone to guarantee that the varifold cannot touch the hyperplane solely at infinity.

Lemma 4.5. Let V be a rectifiable n-varifold with spt||V|| C H such that, for some \ € R,
(4.16) /(Id —vQRv): DX, dV(z,v) = )\/X(x) cvdV(z,v) for all X € Xr(H) .

For any p € spt||V||NOH, the blowup set B,(V') is nonempty and any Vy € B,(V') satisfies (4.16) with A = 0.
Furthermore its support spt|| Vol is a cone in H. Moreover, if ©"(V,p) € N for |V|LH-a.e. p, then the
same is true for any Vo € B, (V).

Proof. The proof of the classical (almost) monotonicity formula for varifolds with bounded mean curvature,
see [1, Theorem 5.1], is based on testing the first variation with a vector field

X(z) = ¢(lz = pl)(z — p)
for a point p € spt||V| and a smooth compactly supported cutoff function ¢. For a varifold V as in the

statement of the lemma and for p € spt||V|| N OH, the restriction of this vector field to H lies in X7 (H)
and thus is admissible for the stationarity condition (4.16). Thus, repeating the classical proof of Allard

shows that the density ratio w is almost-monotone. This is also observed in [5, Lemma 2.9, Remark

2.11] and in [33, Section 3]. Classical arguments then show that any blowup sequence for V' converges

subsequentially to a varifold Vy € By(V) satisfying (4.16) with A\ = 0 with spt||Vy]| C H such that the
[Voll(Br)

arguments show spt||V|| is a cone. The final statement follows from the closure theorem for integral varifolds
with bounded first variation see [1, Theorem 6.4] or [31, Section 42.8]. O

density at the origin is constant in r > 0. Since this density ratio is constant, further classical

5. STATIONARY SETS ARE VISCOSITY SUBSOLUTIONS OF YOUNG’S LAW

This section is dedicated to the proof of Theorem 1.8. The proof will be obtained by a contradiction
argument taking the blow-up given by Proposition 4.1 and constructing a suitable tangential vector field
that increases energy.

Proof of Theorem 1.8. Step 1: Set up. Let E be a set as in the theorem statement satisfying (1.5). Suppose
by way of contradiction there is a C! domain G C R"*! touching E from the interior at p € I" such that
(5.1) vE(p) - v > —w >0,

and that p ¢ T. Since G is of class C!, the blowup of the open set G at p is a half space, which we denote
by Hg, with outer unit normal vg(p). Let W = H \ Hg.
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By (5.1), we can apply Theorem 3.1 to find that ©%(0*E,p) < 400, and equivalently, © := 0%(V,p) <
+oo for the capillary varifold

Vi=var(0"ENH) —

w *

Son) var(0"ENOH)
Thus B, (V) is nonempty. For any V € B,(V), ©%(V,p) < © and in particular V satisfies (4.3). Additionally,
V satisfies (4.2) by scaling and the fact that V satisfies (2.11). Repeating the argument of Step 0 of the
proof of Proposition 4.1 and using the assumption (1.9) shows that V additionally satisfies (4.4) and (4.5).
Moreover, since G N H C E, the support of V is contained in 0H U W¢. Up to a rotation (also replacing ®
with its rotation), we may assume W = W, in the notation (4.1), for  := arccos(vg(p) - vi). Thus, we may
apply Proposition 4.1 to an any V' € B,(V') to obtain Vj € By(V') C B,(V), J € NU{0}, {m1,...,ns} C (0,7],
and {01,...,0;} such that (4.6) and (4.7) hold.

We claim that J # 0. Indeed, if J = 0, then in particular spt(||Vy||) C 0H. Consider the blow-up F
(in L},,) of E at p associated to the same blow-up sequence {ry} generating Vy. We claim that F = H,
which then contradicts p ¢ Tr and shows J # 0. To show that F' = H, it suffices to prove 0*F C 0H,
since this implies F' is either empty or H, and F' cannot be empty since it contains Hg. By construction,
O*F\W C OH. Assume by way of contradiction that there exists x € 9* FN'WNH. Then P(F; B.(z)) > 0 for
any r > 0. Since € H, we have x ¢ spt(||Vo||) and thus ||V|| (B, (0)) = 0 for some 1 > 0. This and lower
semicontinuity of the perimeter imply that 0 = ||V ||(By, (x)) = limy P(Ep -, , By, (x)) > P(F, By, (x)) > 0.
This contradiction ensures that 0*F N'W C 0H and then 0*F C 0H.

For each i =1,...J, let v; # +vp denote the normal to II; such that v; is the outer unit normal to the
half space with boundary II; that contains Hg N H, i.e. v; - e, > 0. From the structure (4.6) and (4.7),

J
(5.2) 0 =doVo(X ; /HmH vi) : DX (2)dH"(x / Bo(vi) : DX (z)d[|Vol|(),

for all X € Xp(H). Since each II; is contained in W, we have vg(p) - vy < v; - vg. Similarly, as
v; € span{(ey,)+, v} by (2.4), we have v3(p) - vy < v - vy. This, together with (5.1) and the assumption
w < 0 guarantee that

(5.3) 0>w>w for any i € {1,...,J},
where we let v = V®(1;) and
(5.4) w; = —V;I) UK.

Step 2: The test vector field. Now, let ¢ € C2°(][0,+00)) be a smooth cutoff function and consider the vector
field Xo € %7(H) defined by

Xo(z) := —p(|z[)en
= /\aﬁ| direct computation shows DX(z) = —¢'(|z])e, ® . Thus, for each i = 1,...,J, we
i) 1 DXo(x) = —¢'(|z])Z - 7, where we let

Ti = (I)(Vi)en - (en : VZ)V(P(VZ)

Letting 2 :
have Bg (v

Notice that we also have Bg(vy) : DXo(x) = —¢'(|x|)®(vy)Z - e, since vy - e, = 0. Thus, taking X as
a test vector field in the first variation in (5.2), we have

J
=30 [ e)E man @)+ [ ()i end]Vol@)

o
n w / A n—1
>36 / (el - 7 dH (@) — s /8 o (2 () e 0

where the inequality follows since (i) —¢’ > 0 and e,,-& > 0 for any x € OH \ Hg; and (ii) HV0|| L (HgNOH) =
<1>(y )Var(H(; NOH). Next, by an application of the coarea formula and setting ¢, = — fo "L/ (r)dr > 0,
we obtain from the last displayed inequality that

w

4 —1
(5.5) 0> %(izlei/ z - dH N (z) — o)

II;NHNS™

/ i endH).
OHNHaNS™
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Recall that Lemma 4.3 ensures that V; := var(Il;) — %Var(aH N Hg) satisfies 0o Vi(X) = 0 for any
X € Xr(H) where w; is defined in (5.4).

So, evaluating 0 = g V;(Xp), analogously applying the coarea formula, and multiplying through by
¢, > 0, we conclude that for every ¢ = 1,...,J,

(5.6) / b omdHr = / & - endH.
IL,NHNS" O(vy) JHgnoHNS
Applying (5.6) to (5.5) and multiplying through by c, shows that
N
10w —w
(5.7) 0> 21—1”/ & - endH™.
®(vm) HenoHNS"

Since 7 - e, < 0 for any & € Hg NOH NS™, the integral in (5.7) is strictly negative, and thus Y ;w; —w > 0.
Recalling that 6; € N, this contradicts (5.3). O

5.1. The hydrophilic regime. We now explain why our techniques for the hydrophobic case cannot be
generalized to treat the hydrophilic case, i.e., w € (0,1). Fix 0y < 01 < 03 < --- < Oy. The proof above
(in the case of the area functional for simplicity) was based on the following elementary rigidity fact: if
0y > m/2 then ZZN w; > wo where w; := cos ;. This rigidity fails if 6y < 7/2: for instance, if N = 3 and
Oy < 01 < /2, then we can choose 62,03 > 0 such that Z?ZI Wi = wWy.

In this case consider F' = (H \ Wr_p, ) U (Wr_p, \ Wr_g,) and Vi := var(0*F N H) —wovar(0H \ Wr_g,).
It is straightforward to see (cf. Lemma 4.3) that §Vp(X) = (X3_; w; — wo)dvar(OH \ Wy _g, )(X) = 0 for any
X e xT(F)

The key point now is that F' is not a viscosity
sub-solution to Young’s law (cf. Theorem 1.8), as it
is clear that there exists G that touches F' from the Entl
interior at 0 with v¢(0) - v = cos (m —n) for some OWr_g,N H W, g, H
1 € (0p,01). This shows that the argument using OW,_g N H
blowups to deduce viscosity bounds from stationar-
ity in Theorem 1.8 does not work in this regime.

Remark 5.1. We note that similar problems arise
in recent works on the regularity of varifolds station-
ary for capillary energies [5, 33]. In both cases, the
authors impose assumptions that rule out examples
of the type described above. Similarly, if one adds
additional assumptions to Theorem 1.1 that exclude FIGURE 1
this behavior, it would be possible to extend the

proof to include the hydrophilic regime.

0H

Remark 5.2. We observe that, up to minor modifications, the same proof of Theorem 1.8 allows to prove
that, in the regime w € (0,®(vy)), a set of finite perimeter satisfying (1.10) for some € > 0, and that
is ®,-stationary under volume-preserving variations, is a viscosity “super”-solution to Young’s law. By
“super”-solution, we mean that the condition of touching from the interior would be replaced by touching
from the exterior with a set G D F with the opposite inequality 1/2 Vg 2 —w.

6. THE HEINTZE-KARCHER INEQUALITY

The main goal of this section is to prove the Heintze-Karcher inequality in Theorem 6.1 below. First, we
need some definitions. Fix w € (=®(vy), ®(vy)) and let A C H be a closed set. The (anisotropic) shifted
distance of a point z € H to A is

d2(y) :==sup {r > 0: Wi (y +rwvp) N A =0},
where 17}3 = vq)qzl(fﬁ). Observe that df(y) =d(y + dﬁ(y)wﬂj{},A) where d(y, A) := inf {®*(y —z) : z € A}.
We define the shifted (anisotropic) normal bundle as

No(A) | L :={(a,u) € L x (W) — wiy) : d2}(a + su) = s for some s > 0},
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for any L C H. We let N, (A) := N, (A) | A.
We let reg(de1 ) be the set of those points x in 0y F such that, for some r > 0, 0, F N B,(x) can be
written as the graph of a C? function, and let sing(d.E) be the complement of reg(0;qF) in 0ol E.

Theorem 6.1. Fiz w € (—®(vy), ®(vy)) and let E C H be a set of finite perimeter with finite volume.
Assume that E is a viscosity sub-solution for Young’s law,

(6.1) " (Nu(H\ B) | (sing(d E) 0 H)) =0,
(6.2) HE >0 onreg(0raF), and H" (Tg) = 0.
Then
n d(vp(x)) +wrp(x) vy
(63) Bl reg(rel B) Hg(z) @),

Remark 6.2. Property (6.1) is a natural qualitative regularity assumption. Indeed in Section 7 we first
introduce (n, h)-sets (sets with bounded mean curvature in a viscosity sense) and we show that if 0OE N H is
a (n, h)-set for some h > 0 and H"(sing(Ore1 ) N H) = 0, then (6.1) is satisfied.

6.1. Anisotropic shifted normal bundle. Before proving Theorem 6.1, we establish some properties of
the shifted distance and shifted normal bundle. As above, let w € (—=®(vg), ®(vh)) be fixed and let A C H
be a closed set.

Definition 6.3. We say that N, (A) satisfies the Lusin condition in H if and only if the following holds:
H" (N,(A) | L) =0 for any L C AN H with H"(L) = 0.
Lemma 6.4. The set
Noy(4) = [id x (id - wif)] (No(4))
is n-rectifiable. Moreover N, (A) satisfies the Lusin condition in H if and only if No(A) satisfies the Lusin

condition in H.

Proof. The inclusion (a,u) € N,(A) is equivalent to say that there exist v € W) and s > 0 such that
u = v—wiy and d2 (a+su) = s. As observed above, we have d2 (a+su) = d(a+su+swiry, A) = d(a+sv, A).
Hence, we deduce dOA(a—i— sv, A) = s which is equivalent to say that (a,v) € Ny(A). This concludes the proof
of
Noy(4) = [id x (id - wif)] (No(4))
@

since u = (id — wiH)(v). Since No(A) is n-rectifiable, see [12, Lemma 5.2, and id x (id — wi§) is smooth,
we deduce also that N, (A) is n-rectifiable. The moreover part is a consequence of the equality in the first
part of the lemma, using that the map id x (id — wﬂg}) is smooth, hence Lipschitz. O

Let Uf be the set on which we have a unique nearest point projection (with respect to dﬁ) onto A, i.e.
U4 = {x e R"1: Jlzg =: p2(z) € A such that d(z) = d(z + d(z )wl/H,:co)}

We call the map pf the nearest point projection onto A.

It is not difficult to check that d4 is Lipschitz, and thus differentiable almost everywhere. The following
lemma collects some further properties of dZ.

Lemma 6.5. Ify € R*™\ A and x € A such that d(y) = ®*(y + d4 (y)wiy — x), we have:

(i) d2(y + 7(z —y)) = (1 — 7)d2(y) for any choice of T € (0,1],
(ii) for any t >0 and u € OW, — wiry, if d2(x + tu) = t, then z + su € U4 and pZ(z + su) = x for any
€ (0,1).

In addition, if y is a differentiability point ofd , we obtain:
(iii) VdA(y) is parallel to (VO*) (y + dA (y)wiy — :C) and V®(VdA(y)) = y+dl (v —o

(iv) (1+ “l/fawm) ™" < ®(VAA(y)) < (1 = l/ewm) ",
(v) y € UJ and & = p)(y).
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Proof. We will drop A from the notation in this proof. We first show (i). Note that y + t(z —y) + (1 —
t)dy, (y)wis =: W satisfies

v+ do(wr; +1 (2= (v + du(y)wrh)) = W,

Then, by positive one-homogeneity of ®* and the last displayed equality, we readily see that d(z, W) =
O*(x — W) = |1 — t|dy,(y) which, by definition of d,,, leads to dy,(y + t(z —y)) < d(z, W) < |1 — ¢t|dy(y) for
any t € R. On the other hand, by a direct computation using convexity of ®* and the definition of 7§, we
have

Wii-do ) ¥ + tz = y) + (1 = 1)du(y)wv) € Wa, ) (Y + du(y)wrf) and
W (y+ t(@ = y) + 1w ) C Waspau ) + He — y) + (1= )du(y)wif),
for any ¢t <1 and r € [0, (1 — ¢)dy(y)). For any given r € [0, (1 — ¢)d,(y)), this immediately implies that
W, <y+t(:cf )+rw1/H) NA=40.

This guarantees that d,(y + t(x —y)) > (1 — t)d, (y) which finishes the proof of (i).

To prove (ii), we proceed as follows. First, applying (i) with 7 = 1 — s and y = z + tu, we get
dw(x + tsu) = st for any s € (0,1]. Assume by contradiction that there exists a € A\ {x} such that
®*(z+ su+dy (z + su)wry —a) = d,(z+su) = s. Notice that a # x+7u+twiy for any 7 € (0,t) otherwise
we would get the following contradiction

t=dy(z+tu) < O*(x +tu+twry —a) =D ((t —T)u) =t —7 < t.

Therefore, we have that su and © — a + tu + twﬁfl are linearly independent for any s € (0,t). By strict
convexity of ®* and recalling u € OW; — wﬂg, we obtain

t =dy(z +tu) < O (z + tu + twiy —a) < D (x — a + su + swiryy) + O*((t — s)(u +wify)) = s+t —s=t.
This gives a contradiction and ensures that z is the unique point with d,(z + su) = s. This concludes the
proof of (ii).
Let us prove (iii), thanks to [12, Lemma 2.38 (d)], we have that
o =2ty + do(y)wr @
6.4 P = (Vd d .
(6.4) (VoY) ( 0 (V) (y + du(y)wiry )
By differentiating d,,(y) = d(y + d,,(y)wisy, A), we obtain that
Vdy(y) = Vd(y + du(y)wrg)
= (VA)(y + du(y)wrfy) +w (7 - (V) (y + du(y)wrf) ) Vu(y)

(6.4) o [T+ y+ do(y)wiy
= (V®
(Ver) ( dw(y)

This and the zero-homogeneity of V&* clearly imply the first affirmation in (iii). The second affirmation in
(iii) follows from the latter and V® o V®*(z) = z for any z € W), see (2.3).

Next, we prove (iv). By (iii), we have

(6.5) y— = duly) (VO(Vdu(y)) —wif) -

) +w (7 - (VA)(y + du(y)wifh) ) Vdu(y):

Taylor expanding d,(y + t(z — y)) at y gives

(1= )du(y) 2 doly +ta — 1)) = duly) +Vdu(y) - (2 — y) + (1),
which rearranging and taking the limit ¢ — 0 provides
(6.6) —du(y) = Vdu(y) - (z —y).
By inserting (6.5) into (6.6) and using one-homogeneity of ® (namely that ®(z) = V®(z) - z), we derive
1= Vdu(y) - VO(Vdu(y)) —wVdu(y) - 7 = 2(Vdu(y)) — wVdu(y) - 7y
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Applying the Fenchel inequality to the dot product in the right-hand side and the definition of ’71?17 we obtain
(iv). Item (v) is a direct consequence of item (iii). O

6.2. Proof of the Heinze-Karcher inequality. We now proof Theorem 6.1.

Proof of Theorem 6.1. Following the proof of [24, Proof of Theorem 1.2], we consider the mapping

(6.7) C(,t) = a +t( = vp(2) —wi),
which is classically defined and differentiable on the set
(6.8) Z = {(z,t) € reg(dra E) x R: 0 < t < max{m?(x)}fl} )

Direct computation shows that

(1 tr? (@),

=

(6.9) T2 (1) = (2(vp()) + wrp(@) - i) |
1

(Note that ®(z) + wz - U5 > 0 by the Fenchel inequality since w € (—®(vg), ®(vy)).) We claim that
(6.10) |[E\¢((Z)|=0.

Once (6.10) is shown, the proof of the Heintze-Karcher inequality [24, Proof of Theorem 1.2] goes through
verbatim; we recall the proof here before proving the claim. By (6.10) and the area formula, we have

B < [¢(2)] < /Z HO(C L ()M (y) = /Z 2 dn,

.
I

Substituting (6.9) into the right-hand side then shows

maxi{/{g’}_l n
|E| §/ - </ ((vE) + wrg - I/H H (1—ts? dt)d’H”.
reg(Orel 0 =1

By the AM-GM inequality and since max;{x{(x)} > Hg(x)/n, we readily obtain

maxi{n?}_l n
|E S/ (/ (vg) +wvg - U ( (1—tr? )dt)d?—[”
’ reg(arelE) 0 ( ( " m z;

ar (| HE
g/ (®(vg) +wrg - vh) (/ B (l—tE> dt)d?—t”
reg(Orel E) 0 n

n O(vg) + cgyE y}(} dH".
N+ 1 Jreg(dye ) HE;
This establishes (6.3).

It remains to show (6.10). We set A := H \ E and let ¥4 := {y € H : d}(y) = s} for each s > 0. By
the coarea formula and the fact that [Vd4| > ¢y = co(®,w) > 0 (see Lemma 6.5(iv)), we have

W\ < [ ) = [ R ) s

So, to prove (6.10), it suffices to show H™ (X5 \ ((Z)) = 0 for every s > 0. Fix s > 0, and for z € X,
let ¢ = z + swﬂg and G = Ws(c). With this notation, G N H C E, and for any a € G N Oy F and
u:= s !(x — a), we have (a,u) € N,(A), and v&(a) = s~ !(a — ¢).

First, let X! be the set of those x € ¥ for which there is a € G N T, and fix any such z and a. We

claim that a € Tg. If not, then since E is a viscosity subsolution for Young’s law and G is a C' set touching
FE from the interior at a, we have

(6.11) va(x) vy < —w.
1

On the other hand, v&(a) = s~!(a — ¢) as observed above. Thus v&(a) vy = —s lc vy = —s7 1o vy —

ﬁu}} vy > —w, where in the strict inequality we use x € H. This contradicts (6.11). Thus a € Ty, and

in turn * = a — (1 — ws)vy. In other words, X! is a translation of a subset of T, so the assumption (1.7)
that H"(Tg) = 0 guarantees that H"(3!) = 0.
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Next, suppose € %2 := ¥\ X! and fix a € 9, E N H N IG. If a € reg(0;aF) then since G touches
E from the interior at a, we have s=! = /igé(a) > Kgg(a) for any i. Hence (a,s) € Z and therefore,
p=C((a,s) € ((Z). Consequently, if x € X2\ ((Z), then a € sing(d,e;E) N H. In particular, since z = a + su
with u as above, this means 2 \ ((Z) is contained in (N, (A)|(sing(0re1(E)) N H). From assumption (6.1),

it follows that H™(X2 \ ¢(Z)) = 0. Together with H"(X!) = 0, this completes the proof of (6.10). O

7. PROOF OF THE ALEXANDROV THEOREMS

The main goal of this section is to prove Theorems 1.1, 1.2, and 1.3. First, we prove some preparatory
lemmas.

Proposition 7.1. Let A C H be closed and r > 0. Suppose that, for every H"-measurable bounded function
[ H x (OW;—wird) — R with compact support, there are numbers c1(f),...,cns1(f) € R such that

n+1 )
(7.1) [Fﬂmhﬂﬁﬂ<mf(p£@xV@WV%ﬂm>cu%)drzggcxﬁpf for any p € (0,7).
Then
(7.2) reachy,(A) := sup {s >0:{ycH:d%y) <s} cUA= dmn(pf)} >

Proof. The proof goes along the same lines of [12, Theorem 5.9], we present it here for completeness. Since
A is fixed, in the proof we write d,,,p and U in place of d2, p}(x), and UZ respectively. Let r(a,u) :=
sup{s : dy(a + su) = s} for any (a,u) € N, (A).

First, observe that it suffices to show
(7.3) Hzx € H:0<dy(z) <rand r(p(z), VO(Vd,(z)) —wify) <r}| =0

Indeed, suppose (7.3) holds and fix # € H \ A with 0 < d,(x) < r. By (7.3) and the fact that d, is
differentiable a.e., we can find a sequence x; € U converging to  with

(7.4) 0<dy(z;) <r and 7 (pi,vi — wigy) >,

where p; := p(z;) and v; := V®(Vd,(z;)) = dw(mi)_l(xi —|—dw(xi)w17f] —p;) € OW (c.f. Lemma 6.5(iii)). As
{pi}i C A and {v;}; are bounded, we pass to a subsequence to obtain limits p; — p € A and v; — v € OW).
By continuity of d,, we have z = p + d4(z)(v — wiy) and 7(p,v — wiy) > r. Then, since d4(z) < r,
Lemma 6.5(ii) guarantees that « € U, completing the proof of (7.2).

Toward proving (7.3), we first let
S ={(a,u,t) : (a,u) € Ny(A4), t € (0,r(a,u))}.
and show that
(7.5) R (AU 6(8)) =0

where ¢ : N, (A) x (0, +00) — R*""! be defined by ¢(a,u,t) = a + tu. Once again, since d,, is differentiable
a.e., it suffices to show the claim with U in place of R"*1. Note that if z € U\ A, then r(p(x) x_p(m)) > dA(x),

while if 2 € U\ ¢(S), then r(p(x), 545)) < dy(x), and thus -
U\ (AU¢(5) € o({(a,u,t) = (a,u) € No(A), t =r(a,u)>0}).

Since ¢ is locally Lipschitz, to prove (7.5), it suffices to prove that, for any K C N, (A) bounded and M € N,

(7.6) H ' {(a,u,t) @ (a,u) € K, t =r(a,u) € (0, M)}) = 0.

To this aim, fix K C N, (A) bounded and n-rectifiable (so that H"(K) < oo), M € N, and for every q € R,
we define the Borel set

Vo =A{(a,u,t+q) : (a,u) € K, t =r(a,u) € (0,M)}.
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Since N,(A) is n-rectifiable (see Lemma 6.4), to prove (7.6), it is in turn enough to prove H"*1(V5) = 0.
Observe that V, NV, = @ whenever p # g, therefore

+00 > (M + 1YH"(K) = H" (K x (0, M +1)) > "™ Uye01)00 Va)
= Y wM )= Y ww)

q€(0,1)NQ q€(0,1)NQ
It follows that H""!(Vy) = 0, and thus (7.5) holds.

Now, since N, (A) is n-rectifiable (Lemma 6.4), we can choose a partition N, (A) = [J;2; N; such that
each N; is a n-rectifiable set and H"(NN;) < oo (see [18, 2.1.6]). For i € N, we define

S; == SN (N; x (0,+00)) and J(a,u,t) ZJN (a,u,t),

whenever the tangential Jacobian exists. For a given g : R"*! — R non-negative Borel function with compact
support contained in H, noticing that ¢|g is injective by Lemma 6.5(ii), we can apply the coarea formula

([18, 3.2.22]) to g o ¢ to find

(7.5)
/H\Ag(z)dx = /¢(S T dx—Z/(s)
:Z/ gla+ tu)JNip(a, u, t) AH"(a, u, t)

= Z/ / gla+ tu) JNig(a, u, t) dH" (a,u) dt
N;n{(w,v):r(w,w)>t}

_ / / g(a+ tu)J(a,u,t) dH" (a, u) dt.
0 (w,v):r(w,v)>t}

Let B C A be compact, 0 < 7 < p < r, and define N p = N,(A)N{(a,u) : r(a,u) < 7,a € B}. Consider
the function g = (1n, 5 o (p, V@ o Vd,, — wﬁfl))l{weﬁ:dw(w)@}. The assumption (7.1) applied to f = 1n,

guarantee there are constants cy, ..., cp+1 such that
n+1

(7.8) S epl = 1y, , (p(x), VO(Vdy () — wih) dz = / g(x) de.
j=1 (H\A){z:dy (z)<p} H\A

Applying (7.7) to the right-hand side and recalling d,,(a + tu) =t < r(a,u) < 7 < p, this implies

n+1 o
jz::l cip = /0 /{(w’v)ﬁw(w etwen) J(a,u, 1)L, (w)<py (@ + tu) dH™ (a, u) dt
= /00/ J(a,u,t)dH" (a,u)dt,
0 {(w,v):7>r(w,v)>t,weB}
As the right-hand side is independent of p € (7,r), and thus ¢; = ..., cp+1 = 0. Therefore, by (7.8), we have
Hzx € H : 0<d2(x) <rand (p(x), V®(Vdy(2)) — wify) € N.g}| = 0.
Since this holds for every 0 < 7 < r and for every compact set B C A, (7.3) follows. O

Lemma 7.2. Given A C H closed and x € q(N,(A)) where q : (a,u) € Ny(A) — a € A, there is no
blow-up of A at x (in the Hausdorff topology) that coincides with R+,

Proof. We observe that, by definition, there exists ¢ > 0 and u € W, — wiy such that d(z + tu) = t and,
thus, by Lemma 6.5(ii), we have d2(x + su) = s for any s € (0,#]. This implies that

ANW; (x4 mv) = @, for any 7 € (0,t) and where v = u + Wiy € V.

Otherwise, if a € ANW,, (z + mv) for some 19 € (0,1), it would imply 79 = d4(z + 7ou) < &*(z + Tov —
a) < 19 and we would have achieved a contradiction.
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Next, take any blowup sequence {7y} and assume without loss of generality r; € (0,¢) for any k. By
the last displayed equation with 7 = r, we obtain

Ay re "NWi(v) = @ for every k € N.

Since Wi (v) is open, this implies that the limit in the Hausdorff topology of A, ,, cannot be the whole
R™ 1 as desired. O

We show how Theorem 1.3 follows by combining Theorem 1.8 and Theorem 6.1. We will need the
following definition.

Definition 7.3. We say that Z C H is a (n, h)-set in H with respect to ® if Z is relatively closed in H and
for any open set G C H such that 0G N H is smooth and Z C G,

HE(p) <h, foranype ZNdGnNH.

Proof of Theorem 1.53. Let E be as in Theorem 1.3, so E satisfies (1.5) for some A > 0.

Step 1: First, we show that E satisfies the assumptions of Theorem 6.1. The density lower bound (1.9)
ensures that we can apply Theorem 1.8, and thus E is a viscosity subsolution to Young’s law. Since F is
satisfies (1.5), the anisotropic mean curvature Hi is equal to A, hence positive, on reg(de E). This together
with the assumption (1.7) guarantee that (6.2) holds.

We now show that F satisfies assumption (6.1). Let A := H \ E C H. Notice that q(N,(A)) C dA by
the definition of N, (A). Next, thanks to (1.8) and Lemma 7.2, we can invoke [30, Theorem 4.1], which relies
on Allard’s e-regularity theorem [3, 30], to deduce that H"-a.e. point of q(N,,(A))NH is a C1:*-regular point
of 0)ANH = OE N H (cf. [30, Remark 4.2]). Hence, by [12, Remark 6.3], H"-a.e. point of q(N,(A)) N H is

a C’Q’O‘Q-regular point of OE N H.

By [12, Lemma 4.11], )ANH = OEN H is an (n, A)-set in H with respect to ®. Thanks to Lemma 6.4,
we deduce from [12, Theorem 4.10 and Lemma 5.4] that N, (A) satisfies the Lusin condition in H. So, by
observing that

Ny,(A) | (0AN H \reg(draE)) = Nu(A) | ((a(Nw(A)) N H) \ reg(dre1 E)),

we conclude from the Lusin condition in H that
(7.9) H"(N,(A) | (0AN H \ reg(draE))) = 0.
This shows that (6.1) is satisfied, and therefore Theorem 6.1 applies to E.

Step 2: Next, choose a sequence R; — oo so that
(7.10) R; (P(E; Brj41 \ Br;) + |[E N (Bg;+1 \ Bg,)|) = 0;
it is not difficult to show such a sequence exists by the finiteness of perimeter and volume. Consider the
vector fields X;(z) := @;j(z)x where ; € C°(R™,[0,1]) is a cutoff function with ¢; = 1in Bg,, ¢; =0 in
R”+1\BRj+1, and [|[Vy;||re < 2. Testing the first variation (1.5) with X}, applying the divergence theorem,
and passing to the limit using (7.10) shows that for any x € reg(0reE),

HE(z)=X= ®(vp) + wvp - vHdH".

(n+1 |E ’ / Orel E

Substituting this into the right hand side of the Heintze-Karcher inequality (6.3), which we may apply by
Step 1, we see that equality holds in each step of the proof of Theorem 6.1. In particular, |((Z)\ E| = 0 where
¢ and Z are as in (6.7) and (6.8), H°(("1(y)) = 1 for almost every y € E, where ( is the function defined
n (6.7), and 2 (x) = \/n for any i and x € reg(d,q E). Consequently, letting p = p2 and d, = d2 where
A = H\ E, the function p(y) is defined, with (p(y),dw(y)) = ¢"1(y), and lies in reg(da F) for a.e. y € E.

At any such point, V®(Vd,(y)) = %&(y) = —v2(p(x)) by Lemma 6.5(iii), where c(y) = y + du(y)wiy.

For 7 € (0,n/)), let Z; := reg(0e1 ) X (0, 7]. Using (7.9) and arguing as in the proof of Heintze-Karcher
inequality (Theorem 6.1), we obtain

(7.11) [EN{z: do(z) <73\ ((Z7)] =
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Since |((Z) \ E| = 0 and Z; C Z, we have |((Z;) \ E| = 0 as well. Therefore, for an H"-measurable and
bounded function f : H x OW; — wﬂg — R with compact support, (7.11) and the area formula guarantee
that

Fp(@), VO(Vdu(a) —wrf)) do = [ [(p(@), VO(VAL(2) - wi) do

/E’ﬂ{y:dw(y)gr} EN¢(Zr)

- /Z F (2, —vB(2) — W) JZ7 (2, 1) AH Y (2, 8)

= [Ta—wyar | £, —vB(2) — o) (s () +wrb() - 7l) A" (2),
0 reg(Ora E)NH

where in the last equality we used the formula for the Jacobian of ¢ (see (6.9)), x¥(z) = n/), and 7 <

n/\. Evaluating the integral in ¢ shows that the assumptions of Proposition 7.1 hold with » = n/\, and
consequently reach,,(A4) > n/A > 0.

Step 3: Since reachy,(A) > n/\, the function d,, is differentiable on S := {y € H : d,(y) < n/A}, and
Vd,, # 0 on S by Lemma 6.5(iv). So, for any r € (0,n/)), the set T, = (dy,) "' ({r}) N H is a C'-hypersurface
in H with reach,(7,) > 0. Arguing as in [12, Lemma 5.7], using that ® € C'! is uniformly elliptic and
reach,, (7T}.) > 0, we find that T} is of class C™! and without boundary in H.

We claim that 7, has constant anisotropic mean curvature. For any z € T, by Lemma 6.5, we have
v (2) = =V®(Vdy(2)) = r1(p(2) — (2 + rwify)) and thus vf (2) = vi(p(z)). Therefore, D(vf ). =
D(Vg)p(z)Dpz-

Next, let ¢'(z) := ((z,7), again with ¢ asin (6.7). As observed above, p({’(z)) = z for any z € reg(Ga E).
Therefore, p = (¢')~! and Dp, = (D¢.)~!. From the definition of ¢, this implies

-1 A Id,xn O
(712) D(V%r)z = D(V%)p(z)DpZ = D(V%‘)p(z) (Id(n-l-l)X(’fH-l) - 7"l)(yg)p(z)) = m ( 0>< 0 ) )
n

where the final equality holds in a suitable basis (see the discussion after (2.6)). Thus anisotropic principal
curvatures of T, are given by A\, = /1 —r2.
Step 4: Finally, we conclude as follows. Let {T*}; be the connected components of T,. By (7.12), we

have Dy, (v (z) — Arz) = 0 where Dy, denotes the derivative restricted to the tangent space of T}, so the

1

vector field ¢ = )\—T(V%C(z) — \r2) is constant on every connected component TF. Since ®* o V& = 1,

1 1
D*(z — c) = — " (v (2)) = —, for any z € TF.
Ar r Ar
Since each Tf has no boundary in H, we can use the computation above to ensure that Tf is either an
entire Wulff shape or an w’-Winterbottom shape (possibly with w’ # w) in H, hence T, is a union thereof.
Since reach,,(A4) > n/\ > 0 and 7 < n/\, we have p2(T}) = ;1 E. Sending 7 — 0, and using that F has
finite perimeter, we see that F is a finite union of Wulff shapes entirely contained in H and w’-Winterbottom
shapes (possibly with w’ # w) all with the same radius 1/\. Finally, integrating by parts in (1.5) shows that
w’ = w. This concludes the proof of the theorem. O

Next, to prove Theorem 1.1, we need the following lemma.

Lemma 7.4. Let w € (—1/2,0] and let E be a set of finite perimeter satisfying (1.2). Then H™(T") = 0.

Proof. Assume for the sake of contradiction that H™(I') > 0, thus we can pick d € T NT, ie., d € T
is a density 1 point of I' with respect to H™. Thanks to the fact that d € 0, F, we can find a sequence
{di}ken C O*E N H converging to d. We claim that

(A) @"(0*ENH,d) =0,
(B) @ (0*ENH,d) =1 for any k,
(C) ©"(0*EN0H,d) = 1.

Since d, € 9*F for all k, (B) follows from finite perimeter set theory (see [27, Corollary 15.8]). Anal-
ogously, ©"(9*E,d) = 1 since d € 9*FE by assumption, and using this, it is easy to show that (C) implies
(A). Moreover, since d € T'"), we have 1 = ©"(T',d) < ©"(0E N dH,d) < 1, hence (C) follows.
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In [26, Theorem 3.2 and Corollary 5.1] it is shown, as a consequence of a suitable monotonicity formula,
that for w < 0, at every point x € O0.q F, the quantity
O(z) = lim P(E;HN By(z))+ P(E; HN B (%)) — 2wH™(By(x) NO*ENJH)

r—0 Wpr™

is defined, and is upper-semicontinuous as a function of z. Here, ¥ is the reflection of x across 9H. Observe
that for dj above, ©(dy) = 1, and thus by uppersemicontinuity, ©(d) > 1. On the other hand, by (A) and
(C), we have

- 2P(FE; H N B,(d
(7.13) 6(d) Q tim PEHO (D), @)

r—0 wpr™

Since —w < 1/2, this is a contradiction. O

Proof of Theorem 1.1. Since we proved above Theorem 1.3, in order to prove Theorem 1.1, we only need to
prove that all assumptions in Theorem 1.3 are satisfied for the area functional and for w € (—1/2,0].

First, the fact that the topological and reduced boundary are H"-equivalent in H, i.e., (1.8), is a well-
known fact that follows from density estimates, which in turn are a consequence of the monotonicity formula;
see [27, Corollary 17.18]. Similarly, the uniform lower bound on the mass ratio in a neighborhood of T, i.e.,
(1.9), holds with e = 1 again thanks to the monotonicity formula. Finally, the fact that H"(Tgr) = 0, i.e.,
(1.7), is an obvious consequence of Lemma Lemma 7.4 and the fact that Tg C T O

Proof of Theorem 1.2. The proof follows verbatim the proof of Theorem 1.1, with the only difference being
that we cannot prove that H™(I') = 0 with the same contradiction argument in (7.13). However this is now

an assumption of the theorem for w € (—1,0]. O
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