DEPENDENCE RELATIONINPREGEOMETRIES

RAMIGROSSBERGANDOLIVIERLESSMANN

ABSTRACT. Theaimofthispaperistosetafoundationtoseparategeometricmodel theoryfrommodeltheory. Ourgoalistoexplorethepossibilitytoextendresultsfrom geometricmodeltheorytonon�rstorderlogic(e.g. Lω_1 ,ω ↽▷ We introduce a dependence relation betw een subsets of a pregeom etry and show that it satisΘ es all the form al properties that forking satisΘ es in sim ple Θ rst order theories▷ This happens w hen one is trying to lift forking to nonelem entary classes in contexts w here there exists pregeom etries but not necessarily a w ellbehaved dependence relation ↼see for exam ple ♭H ySh♯↽▷ We use these to reproduce S▷ Buechlerφs characterization of local m odularity in general▷ These results are used by Lessm ann to prove an abstract group conΘ guration theorem in ♭Le2♯▷

1 ▷ I N T R O D U C T IO N

T h e n o tio n o f f o r k in g is a t th e c e n te r o f s ta b ility th e o r y▷ F o r k in g is a d e p e n d e n c e r e la tio n d is c o v e r e d b y S ▷ S h e la h ▷ I t s a tis Θ e s th e f o llo w in g p r o p e r tie s in th e Θ r s t o r d e r s ta b le c a s e s e e ♭ S h b ♯ .

↼ 1 ↽ ↼ F in ite c h a r a c te r ↽ T h e ty p e p does not forkover B if andonlyif everyΘnite subtype q � p does not fork over B▷ ↼2↽ ↼Extension↽ Let p be a type which does not fork over B▷ Let C be given containing the domain of p▷ Then there exists q 2 S(C) extending p such that q does not fork over B, ↼3↽ ↼Invariance↽ Let f 2 Aut(C) and p be a type which does not fork over B▷ Then f (p) does not fork over f (B). (4) (Existence) The type p does not fork over its domain, ↼5↽ ↼Existence of κ(T)) For every type p there exists a set B � dom(p) such that p does not fork B, ↼6↽ ↼Symmetry↽ Let p = tp(ā/Bc̄). Suppose that p does not fork over B▷ Then tp(c̄/Bā) does not fork over B, ↼7↽ ↼Transitivity↽ Let B � C � A▷ Let p 2 S(A). Then p does not fork over B if and only if p does not fork over C and p „ C does not fork over B▷ Already in the introduction of Chapter III of ♭Sh b♯ S▷ Shelah states what is im portant about the forking relation is that it satisΘes properties ↼1↽�↼7↽▷ S▷ Shelah stated another property named by S▷ Buechler ♭Bu♯ the Pairs Lemma ↼see Proposition 17 for the statement↽ as one of the basic properties of forking which was proved in ♭Sh b♯ using the Date.April252000▷ ThisispartofthesecondauthorφsPhDthesisunderthedirectionoftheΘrstauthor▷Thesecondauthorwishes tothanktheΘrstauthorwholeheartedlyforhiskindguidanceandsupport▷ ThesecondauthorissupportedbytheSwissNationalScienceFoundation▷ 1

Finite Equivalence Relation Theorem. Later Baldwin in his book [Bl] presented an axiomatictreatmentofforkinginstabletheories. ThisallowedBaldwintoderiveabstractly Shelah’sPairsLemmafromtheotherpropertiesofforking. Followingtheseideas, ithas nowbecomecommontocharacterizevariousstabilityconditionsintermsoftheaxiomatic propertiesthatforkingsatis�es.

Oneofthemostdif�cultdirectionsofpuremodeltheoryistheareacalledbyShelahclassi�cationtheoryfor nonelementaryclasses. Amajor problemisto�ndadependencerelationwhichisaswell-behavedasforkingfor�rstordertheories. Seeforexample[Gr1], [Gr2], [GrHa], [GrLe1], [GrLe2], [GrSh1], [GrSh2], [HaSh], [HySh], [Ki], [KlSh], [Le1], [MaSh], [Sh3], [Sh47], [Sh87a], [Sh87b], [Sh88], [Shtape], [Sh299], [Sh300], [Sh362], [Sh394],[Sh472],[Sh576]and[Shh]. Thesituationinnonelementaryclassesisverydifferentfromthe�rstordercase. Inthe�rstordercase,theExtension propertyfor forkingcomes for free; it holds for anytheoryandis a consequence of the CompactnessTheorem. Thisisinstrikingcontrastwiththenonelementarycases;theExtension property is usually among the most problematic and does not hold over sets in generalforanyofthedependencerelationsintroducedthusfar.

Ageneraldependencerelationsatisfyingalltheformalpropertiesofforkinghas thusnotbeenfoundyetfornonelementaryclasses. Thereare,however,severalcaseswhere pregeometriesappear; i.e. setswithaclosureoperationsatisfyingthepropertiesoflinear dependence in a vector space. In the �rst order case, the pregeometries are the sets of realizationsofaregular type, andthedependenceistheoneinducedbyforkingandthus satis�esautomaticallymanyadditionalproperties. Innonelementaryclassesthesituation isdifferent.

Hereareseveralnonelementaryexamples: The�rstthreeexampleshaveincommonthatthereexistsarank,givingrisetoareasonabledependencerelation. Howeverthe ExtensionpropertyandtheSymmetrypropertyfail ingeneral (theyholdoversuf�ciently �rich�sets). Therankintroducedfor theseclassesaregeneralizationsof what S. Shelah callsR[¢ ,L,2]. Intuitively, a formula has rank α + 1 if it can be partitioned in two pieces of rank α with some additional properties that are tailored to each context▷ It is noteworthy that extensions of Morleyrankare inadequate as partitioninga formula incountablymany pieces makes sense only when the compactness theorem holds▷ In the last example no rank is known but pregeometries exist▷

Categorical sentences in L_{ω 1 ω} (Q): S. Shelahstartedworkingonthis context [Sh47] to answer a question of J.T.Baldwin: Can a sentence in L(Q) have exactly one uncountable model? Shelah answers this question negatively using V=L (and later using different methods within ZFC) while developing powerful concepts. A main tool is the introduction of a rank. This rank is bounded under the parallel to @_0-

stability. It gives rise to a dependence relation and pregeom etries. L ater, H . K ier-

stead [K i] uses these pregeom etries to obtain som e results on the countable m odels

of these sentences.

E xcellen t S cott sen ten ces: In [S h 87a] and [S h 87b] S helah introduces a sim pliΘ ca-

tion of the rank of [S h47]. S helah identiΘ es the concept of excellent Scott sentences

and proves (am ong m any other things) the parallel to M orley’s T heorem for them .

A gain, this rank induces a dependence relation on the subsets of the m odels. L ater,

R . G rossberg and B . H art [G rH a] proved the existence of pregeom etries (regular

DEPENDENCERELATIONINPREGEOMETRIES 3

types)forthisdependencerelationandusedittoprovethemaingapforexcellent Scottsentences.

Totallytranscendentaldiagrams: In[Le1]Lessmannintroducedarankfor @_0-stable

diagram s. F inite diagram s w ere introduced by S . S helah [S h3] in 1970 (see also

[G rL e1] for an exposition). T hey are classes of m odels om itting a prescribed set of

types, w ith an additional condition. W e call a Θ nite diagram tota lly tra nscenden-

ta l w hen the rank is bounded. T he rank gives rise to a dependence relation on the

subsets of the m odels and pregeom etries exist often. T his is used to give a proof of

categoricity generalizing the B aldw in-L achlan T heorem . In a w ork in preparation,

[G rL e2], w e prove the m ain gap for totally transcendental diagram s.

S u p er sta b le d ia gr a m s: In [H yS h], H yttinen and S helah study stable Θ nite diagram s

([S h3] or [G rL e1]) under the additional assum ption that κ(D) = @ 0. S uch diagram s

are called supersta ble. T hey introduce a relation betw een sets A B and an element a written a #_B A▷ The main result is that the parallel of regular types exist▷ More precisely for every pair of �sufΘciently saturated�models M � N M 6= N there exists a type p realized in N ¡ M such that the relation a #_M C ↼standing for a 62 cl(C)) induces a pregeometry among the realizations of p in N▷ Thus pregeometries seem to appear naturally in nonelementary classes while general wellbehaved dependence relations are hard to Θnd▷ The main goal of this paper is torecoverfromanypregeometryadependencerelationoverthesubsetsofthepregeometry that satisΘes all the formal properties of forking▷ While it is known that forking general izes the Θrst order notion of algebraic closure inside a strongly minimal set recovering a �forkinglike�dependence relation from an arbitrary pregeometry has not been done▷ This is of course particularly useful when the pregeometry itself was not induced by forking▷ In superstable diagrams for example using our formalism a good dependence relation can be recovered inside the pregeometry while the original dependence relation inducing the pregeometry is not as well behaved ↼see ♭HySh♯↽▷ Asimilar endeavor was attemptedbyJohnBaldwinintheearlyeighties▷ In♭Bl1♯ J▷BaldwinexaminedsomepregeometriesandseveraldependencerelationsintheΘrstorder case▷ From a pregeometry he deΘnes the relation a ⌣ B C by a 2 cl(B [ C) ¡ cl(B). He

did not however introduce A⌣ B C where A is a tuple or a set as opposed to an element which we do ↼see DeΘnition 8↽▷ This is a crucial step, it is builtin in the model theory of Θrst order since forking is naturally deΘned for types of any arity▷ To make this more precise Θx T a Θrst order stable theory▷ Let us write ā^∗⌣ B C for tp(ā/B [ C) does not fork over B.

Inside a regular type p(x) 2 S(B), the relation a 2 cl(C) given by a^∗_∝⌣ B C gives rise to a pregeometry▷ But the relation ā ∗ ⌣ B C is deΘned in general whether or not ā and C consist of elements realizing p▷ Inside the pregeometry the relation ā^∗⌣ B C holds ↼deΘned with forking↽ if and only if the relation ā ⌣ B C holds ↼deΘned formally fromour deΘnition using

4 RAMIGROSSBERGANDOLIVIERLESSMANN

theclosureoperatorofthepregeometry). ThisisaconsequenceofthePairsLemma,which holdsfor �rst order simpletheories. Whenwestart fromanabstract pregeometry(or an abstractdependencerelation),wedonothavetheformalismoftypesorthePairsLemma. Thereforetherelationā ⌣ B C has to be introduced for tuples using the relation a ⌣ B C for elements▷ As a consequence suppose we are given the corresponding notion of a regular type p 2 S(B) in a nonelementary context. Suppose there is some ambient dependence

relation, written A ∗ ⌣ B C such that over realizations of p the relation a 2 cl(C), given by a ∗ ∝⌣ B C induces a pregeometry▷ Then the truth value of the relation ā ∗ ⌣ B C ↼given from the ambient dependence relation↽ and ā ⌣ B C ↼deΘned from the closure operation in the pregeometry↽ may not coincide▷ They will coincide only if the Pairs Lemma holds for the dependencerelation↼andthisfactisnotknowningeneralfornonelementarycases↽▷ There fore this abstract formalism allows us to introduce for nonelementary classes a ↼possibly↽ better dependence relation inside the pregeometry▷ As an illustration of the value of this general relation we present S▷ Buechlerφs characterization of local modularity with parallel lines ↼see ♭Bu♯↽ in this general context▷ This also has esthetic value as it allows one carry out this work in the general context of combinatorial geometry without logic▷ Finally we add a short section with some easy settheoretic results▷ In a followup paper ♭Le2♯ Lessmann presents an abstract framework where using the �anchor relation� deΘned is this paper he derives a generalization of Zilber Hrushovski group conΘguration theorem▷ We expect this result to have a potential for the classiΘcation theory of nonelementary classes▷ We would like to thank John Baldwin and Saharon Shelah for valuable comments on a draft of this paper▷

2▷ PRELIMINARIES We recall afewstandardandwellknownfacts about pregeometries▷ The notation is standard▷ We write Abfor A [ f bg . D e � n i t i o n 1 . W e s a y t h a t (W,cl) is a pregeometryif W is a set and cl: P (W) ! P (W)

is a function satisfying the following four properties

(1) (Monotonicity) For every set X 2 P (W) we have X � cl(X); (2) (Finite Character) If a 2 cl(X) then there is a Θnite set Y � X such that a 2 cl(Y);

(3) (Transitivity) Let X,Y 2 P (W). If a 2 cl(X) and X � cl(Y) then a 2 cl(Y); (4) (Exchange Property) For X 2 P (W) and a, b 2 W if a 2 cl(Xb) but a 62 cl(X), then b 2 cl(Xa).

We always assume cl( ; ) 6= W▷

DEPENDENCERELATIONINPREGEOMETRIES 5 Thenexttwobasicpropertiesarestandardandeasy.

Fact 2. If(W,cl) is a pregeometry and B � C � W then cl(B) � cl(C).

Fact 3. If (W,cl) is a pregeometry and B � W then cl(cl(B)) = cl(B). DeΘnition 4. Let (W,cl) be a pregeometry. (1) For X � W we say that X is closed if X = cl(X); (2) I � W is independent if for every a 2 I we have a 62 cl(I ¡ f a g ); (3) We say that I � A generates A if cl(I) = cl(A); (4) A basis for a set A ‰ W is an independent set I generating cl(A); (5) For X � W the dimension of X written dim(X), is the cardinality of a basis for cl(X).

Fact 5. Using the axioms of pregeometry, one can show that for every set, bases exist and that the dimension is well-deΘned see for example Appendix in [Gr] DeΘnition 6. Let G = (W,cl) be a pregeometry. (1) A bijection f : W ! W is an automorphismofG if for every a 2 W and A � W we have a 2 cl(A) if and only if f (a) 2 cl(f [A]). We denote Aut_A(G) the set of automorphisms of G Θxing A pointwise▷ ↼2↽ We say that G is homogeneous if for every a, b 2 W and A � W such that a 62 cl(A) and b 62 cl(A) there is an automorphism of G Θxing A pointwise and taking a to b▷ Remark 7▷ While most of geometric model theory requires that the geometries are homo geneous in this paper homogeneity is not assumed▷

3▷ DEPENDENCEINPREGEOMETRIES In this section we introduce the main concept of the paper▷ DeΘnition 8▷ Let (W,cl) be a pregeometry. Let A,B and C be subsets of W▷ We say that A depends on C over B if there exist a 2 A and a Θnite A^′ � A ↼possibly empty↽ such that a 2 cl(B [ C [ A^′) ¡ cl(B [ A^′). If A depends on C over B we write A ◁⌣ B C, If A does not depend on C over B we write A⌣ B C▷ Remark 9▷ An alternative deΘnition with A^′ = ; d o e s n o t p e r m i t a s m o o t h e x t e n s i o n t o

s e t s A⌣ B C when A is not a singleton▷ Remark 10▷ A⌣ B C if and only if A [ B ⌣ B C [ B▷ Hence we will often assume that B � A \ C▷

6 RAMIGROSSBERGANDOLIVIERLESSMANN

We now prove that the properties of forking in simple theories hold with this formalism,directlyfromtheaxiomsofapregeometry. Proposition11(FiniteCharacter). Let (W,cl) be a pregeometry. Let A,B and C be sub sets ofW▷ Then A⌣ B C ifand onlyif A^′⌣ B C^′, for everyΘnite A^′ � A and Θnite C^′ � C▷ Proof▷ If A ◁⌣ B C then there exist a 2 A and a Θnite A^′ � A such that a 2 cl(B [ C [ A^′) ¡ cl(B [ A^′). By Finite Character there exist a Θnite C^′ � C such that a 2 cl(B [ C^′ [ A^′). Hence A^′_∝⌣ B C^′⇔ ⌊† ⌈⌉× \⟩⊔⟩≀\↙ F≀∇ ⊔⟨⌉ ⌋≀\⊑⌉∇∫⌉⇔ ⟩{ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔ ⊣ × \⟩⊔⌉ A′ � A and a Θnite C′ � C such that A^′_∝⌣ B C^′⇔ ⊔⟨⌉\ ⊒ ⌉ ⌋⊣\ × \⌈ a 2 A^′ ⊣\⌈ A^{′′} � A^′ ∫⊓⌋⟨ ⊔⟨⊣⊔ a 2 cl(B [ C^′ [ A^{′′}) ¡ cl(B [ A^{′′}). Since C^′ � C we have a 2 cl(B [ C [ A^{′′}), by Fact 2. Hence, A ◁⌣ B C by deΘnition▷ Proposition 12 ↼Continuity↽▷ Let (W,cl) be a pregeometry. Let h C_i j i < α i b e a c o n t i n - u o u s i n c r e a s i n g s e q u e n c e o f s e t s i n W and A,B � W▷ ↼1↽ IfA⌣ B C_i for ever y i < α then A⌣ B S i< α Ci▷ ↼2↽ If Ci ⌣ B A for everyi < α then^S_{i< α} C_i ⌣ B A▷

Proof▷ By the Θnite character▷ Proposition 13 ↼Invariance↽▷ Let G = (W,cl) be a pregeometry. Let A,B and C be sub sets ofW and let f 2 Aut(G). Then A⌣ B C ifand onlyif f (A) ⌣ f [B] f (C).

Proof▷ Immediate from the deΘnitions▷ Proposition 14 ↼Monotonicity↽▷ Let (W,cl) be a pregeometry. Let A,B and C be subsets ofW▷ Suppose A⌣ B C▷

↼1↽ IfA^′ � A and C^′ � C then A^′⌣ B C^′∅ ⇐∈⇒ I{ B′ � C then A ⌣ B [ B^′ C▷

DEPENDENCERELATIONINPREGEOMETRIES 7 Proof. (1)SupposethatA^′_∝⌣ B C^′↙ L ⌉⊔ a 2 A^′ ⊣\⌈ A^∗ � A^′ × \⟩⊔⌉ ∫⊓⌋⟨ ⊔⟨⊣⊔ a 2 cl(B [ C^′ [ A^∗) ¡ cl(B [ A^∗). Then by Fact 2 we have a 2 cl(B [ C [ A^∗) ¡ cl(B [ A^∗). But a 2 A and A^∗ � A so A ◁⌣ B C▷ ↼2↽ Suppose A ◁⌣ B [ B^′ C▷ Let a 2 A and A^′ � A Θnite such that a 2 cl(B [ B^′ [ C [ A^′) ¡ cl(B [ B^′ [ A^′).

Since B^′ � C we have cl(B [ B^′ [ C [ A^′) = cl(B [ C [ A^′). Also, cl(B [ A^′) � cl(B [ B^′ [ A^′). Hence a 2 cl(B [ C [ A^′) ¡ cl(B [ A^′). Therefore A ◁⌣ B C▷

The role of A^′ ⌊⌉⌋≀⇕ ⌉∫ ⌋↕⌉⊣∇ ⟩\ ⊔⟨⌉ \⌉§⊔ √∇≀≀{↙ P ∇ ≀√ ≀∫⟩⊔⟩≀\ ∞▽ ⇐S †⇕ ⇕ ⌉⊔∇†⇒↙ L⌉⊔ (W,cl) be a pregeometry. Let A,B and C be subsets of W▷ Then A⌣ B C ifand onlyif C ⌣ B A.

Proof▷ Suppose that A ◁⌣ B C▷ Choose a 2 A and a Θnite A^′ � A such that a 2 cl(B [ C [ A^′) ¡ cl(B [ A^′). ↼⇀↽ By Finite Character and ↼⇀↽ there exist c 2 C and a Θnite ↼and possibly empty↽ C^′ � C such that a 2 cl(B [ C^′ [ c [ A^′) and a 62 cl(B [ C^′ [ A^′). ↼⇀⇀↽ Therefore by the Exchange Property we have c 2 cl(B [ C^′ [ A^′ [ a).

But c 62 cl(B [ C^′ [ A^′), (**). Hence, c 2 cl(B [ C^′ [ A^′ [ a) ¡ cl(B [ C^′ [ A^′). Therefore C ◁⌣ B A^′⇔ {≀∇ ∫≀⇕ ⌉ × \⟩⊔⌉ ∫⊓⌊∫⌉⊔ A^′ ≀{ A▷ Hence C ◁⌣ B A by Finite Character▷

Proposition 16 ↼Transitivity↽▷ Let(W,cl) bea pregeometry. LetA,B,C andD besubsets ofW such that B � C � D▷ Then A⌣ C D and A⌣ B C ifand onlyif A⌣ B D.

Proof▷ Suppose Θrst that A ◁⌣ B D▷ Choose a 2 A and a Θnite A^′ � A such that a 2 cl(D [ A^′) ¡ cl(B [ A^′).

Either a 2 cl(C [ A^′), and so a 2 cl(C [ A^′) ¡ cl(B [ A^′),

8 RAMIGROSSBERGANDOLIVIERLESSMANN

whichimpliesthatA ◁⌣ B C▷ Or a 62 cl(C [ A^′), and therefore

a 2 cl(D [ A^′) ¡ cl(C [ A^′), which implies that A ◁⌣ C D▷ The converse follows by Monotonicity since B � C � D▷ The following is proved in ♭Sh b♯ directly using the Θnite equivalence relation theorem▷ The proof that it follows from the other axioms of forking is due to J▷ Baldwin▷ We present it here for completeness▷ Proposition 17 ↼Pairs Lemma↽▷ Let G = (W,cl) be a pregeometry. Let A,B,C and D be subsets ofW such that C � B \ D▷ Then A [ B ⌣ C D ifand onlyif A ⌣ C [ B D [ B and B ⌣ C D.

Proof▷ Notice Θrst that by deΘnition A ⌣ C [ B D [ B if and only if A ⌣ C [ B D. ↼⇀↽ Therefore by Symmetry and ↼⇀↽ it is equivalent to show that D ⌣ C A [ B if and only if D ⌣ C [ B A and D ⌣ C B, which is true by Transitivity▷ Remark 18▷ Let (W,cl) is a pregeometry. Let A,B,C and D be subsets of W▷ Then AD ⌣ B C if and only if A⌣ B CD.

Proof▷ Suppose A⌣ B CD▷ Then by Monotonicity we have A⌣ B D▷ Therefore by Sym metry we have D ⌣ B A▷ By Transitivity we have A ⌣ BD CD▷ Hence AD ⌣ B C by Con catenation▷ For the converse suppose that A⌣ B CD▷ Then by Symmetry we must have CD ⌣ B A▷ Hence by the Θrst paragraph we know that C ⌣ B AD so by Symmetry also AD ⌣ B C▷

This Θnishes the list of usual properties of forking▷ We now prove a few proposi tions relating closure and ⌣ ▷ Proposition 19 ↼Closed Set Theorem↽▷ Let (W,cl) be a pregeometry. Let A,B and C be subsets ofW▷ Then A⌣ B C ifand onlyif A^′⌣ B^′ C^′, provided that cl(A [ B) = cl(A^′ [ B^′), cl(B) = cl(B^′) and cl(C [ B) = cl(C^′ [ B^′).

DEPENDENCERELATIONINPREGEOMETRIES 9

Proof. Itisclearlyenoughtoproveonedirection. Furthermore,bySymmetry,itisenough toshowthat A⌣ B C implies A ⌣ B^′ C^′↙ S ⊓√√≀∫⌉ ⊔⟨⊣⊔ A ◁⌣ B^′ C^′↙ L ⌉⊔ a 2 A and A^∗ � A be such that a 2 cl(B^′ [ C^′ [ A^∗) ¡ cl(B^′ [ A^∗). But it follows from the assumption that cl(B^′ [ C^′ [ A^∗) = cl(B [ C [ A^∗) and cl(B^′ [ A^∗) = cl(B [ A^∗). Therefore

a 2 cl(B [ C [ A^∗) ¡ cl(B [ A^∗), which implies that A ◁⌣ B C▷ Remark 20▷ In view of the previous result when A⌣ B C we can Θrst choose a basis B^′ ≀{ B and choose A^′ � A and C^′ � C independent over B ↼or equivalently B^′⇒⇔ ∫⊓⌋⟨ ⊔⟨⊣⊔ cl(A [ B) = cl(A^′ [ B) andcl(C [ B) = cl(C^′ [ B), andthus A^′⌣ B C^′⊣\⌈ ⊣↕∫≀ A^′⌣ B^′ C^′↙ P ∇ ≀√ ≀∫⟩⊔⟩≀\ ∈∞↙ L⌉⊔ (W,cl) be a pregeometry. Let A,B and C be subsets ofW▷ A⌣ B C implies cl(A [ B) \ cl(C [ B) = cl(B).

Proof▷ Certainly cl(B) � cl(A [ B) \ cl(C [ B). Suppose that the reverse inclusion does not hold, and let a 2 cl(A [ B) \ cl(C [ B) such that a 62 cl(B). Then a 2 cl(C [ B) ¡ cl(B), so cl(A [ B) /⌣ B C▷ But the previous proposition implies that A ◁⌣ B C which is a contradiction▷ Remark 22▷ In view of the deΘnition and symmetry when we look at A⌣ B C we will generally assume that B � A and B � C▷ Further because of the closed set theorem we may assume that A,B and C are closed and Θnally that B = A \ C▷ 4▷ BUECHLERφSTHEOREM This section is devoted to reproducing a theorem of S▷ Buechler in general pre geometries▷ The point is to illustrate the following idea. Any geometric property valid in the Θrst order case which uses only basic properties of forking is in fact valid in every pregeometry in particular in nonelementary examples▷ We list a few more deΘnitions▷ DeΘnition 23▷ Let (W,cl) be a pregeometry. (1) (W,cl) is called modular if for every closed subsets S_1 and S_2 of W we have

dim(S_1 [ S_2) + dim(S_1 \ S_2) = dim(S_1) + dim(S_2);

(2) (W,cl) is called locally modular if for every closed subsets S_1 and S_2 of W we have dim(S_1 [ S_2) + dim(S_1 \ S_2) = dim(S_1) + dim(S_2), provided that S_1 \ S_2 6= ; .

10 RAMIGROSSBERGANDOLIVIERLESSMANN De�nition24. Let(W,cl) be a pregeometry.

(1) A closed set L � W is a line if dim(L) = 2; (2) Two disjoint lines L_1 and L_2 are pa ra llel if dim(L_1 [ L_2) = 3. DeΘnition 25. Let G = (W,cl) be a pregeometry and A � W▷ DeΘne the localization of G at A written G_A = (W_A,cl_A), by W_A = W ¡ A and cl_A(X) = cl(X [ A) ¡ A, for X � W_A. Remark 26▷ It is easy to see that if G is a pregeometry then G_A is a pregeom etry▷ In G_A w e denote the dim ension of X by dim(X/A). Remark 27. If G = (W,cl) is locally modular, then G_A is m odular for any Θ nite subset A of W ¡ cl( ; ). Proposition 28. Let (W,cl) be a pregeometry. Let S_1,S_2 be Θnite dim ensiona l closed sets

sa tisfying S0 = S1 \ S2. Then,

S_1 ⌣

S_0

S_2 if a nd only if dim(S_1 [ S_2) + dim(S_1 \ S_2) = dim(S_1) + dim(S_2).

Proof▷ Suppose Θrst that S_1 ⌣ S_0 S_2. L et I be a basis for S_0, and let I_i ¶ I be a basis for S_i for i = 1,2. Clearly, cl(S_1 [ S_2) = cl(I_1 [ I_2). We claim, in addition, that I_1 [ I_2 is

independent. O therw ise there is a 2 cl(I1 [ I2 ¡ f a g ). Without loss of generality, we may

assume that a 2 I_1. N ow, since I_1 is independent, a 62 cl(I_1 ¡ f a g ), thus a 2 cl(I_1 [ I_2 ¡ f a g ) ¡ cl(I_i ¡ f a g ), for i = 1,2. We may also assume that a 62 I▷ To see this assume that a 2 I▷ Choose I^′_i � I_i ¡ I minimal withrespect toinclusion suchthat a 2 cl(I^′_1 [ I^′_2 [ I ¡ f a g ), I^′_i 6= ; , f o r i = 1,2. By the Exchange Property, there is b 62 I such that b 2 cl(I^′_1 [ I^′_2 [ I [ f b g ) � cl(I_1 [ I_2 ¡ f b g ).

But if a 62 I then cl(I_1 ¡ f a g ) = cl(I [ I_1 ¡ f a g ) so a 2 cl(I_2 [ (I_2 ¡ f a g )) ¡ cl(I [ (I_2 ¡ f a g )), which means that S_{1 /}⌣ S_0

S_2, a contradiction. H ence I_1 [ I_2 is independent. T herefore dim(S_1 [ S_2) = j I_1 [ I_2 j . B u t j I_1 [ I_2 j + j I j = j I_1 j + j I_2 j , s o dim(S_1 [ S_2) + dim(S_1 \ S_2) = dim(S_1) + dim(S_2). For the converse suppose S_{1 /}⌣ S_0

S_2. L et a 2 S_1 and A_1 � S_1 such that

a 2 cl(S_2 [ A_1) ¡ cl(S_0 [ A_1). ↼⇀↽ Choose a such that A_1 has m inim al cardinality. T his im plies that A_1 [ f a g i s i n d e p e n d e n t

o v e r S0, and A1 is independent over S2. T hus, w e can pick a basis I0 for S0, and extend

I_0 [ A_1 [ f a g t o a b a s i s I_1 of S_1. N ow choose I^′_2 disjoint from I_0, such that I_0 [ I^′_2 is a

basis of S2. B ut, I0 [ A1 [ f a g [ I ′2 is not independent by (*). H ence

dim(S_1 [ S_2) + dim(S_1 \ S_2) < dim(S_1) + dim(S_2), which Θnishes the proof▷

DEPENDENCERELATIONINPREGEOMETRIES 11 In the previous section, we showed that in any pregeometry, there is a relation thatsatis�esallthepropertiesthatforkingsatis�esinthecontextofsimpletheories. This allowsustoshowatheoremofBuechler[Bu],originallyprovedforstabletheories,when thepregeometrycomesfromforking. Theorem29(Buechler). LetG = (W,cl) be a pregeometry. Then G is locallymodular if and onlyifG_A ha s no pa ra llel lines for ever y Θnite A � W such that A 6� cl( ; ). Proof. Suppose Θrst that there is a Θnite A � W such that A 6� cl( ; ) and G_A contain parallel lines▷ T hus let L1 and L2 be disjoint lines in GA such that dim(L1 [ L2/A) = 3. Let L^′_i = cl(L_i [ A) for i = 1,2. Then A � L^′_1 \ L^′_2, so L^′_1 \ L^′_2 6� cl( ; ), L^′_i is closed for i = 1,2, and dim(L^′_1 [ L^′_2) + dim(L^′_1 \ L^′_2) 6= dim(L^′_1) + dim(L^′_2). This shows that G is not locally modular▷ For the converse suppose that G is not locally modular▷ Then there are closed S_1 and S_2 subsets of W such that S_1 \ S_2 6� cl( ; ) and dim(S_1 [ S_2) + dim(S_1 \ S_2) 6= dim(S_1) + dim(S_2).

We may assume that S_1 and S_2 are Θ nite dim ensional. L et S_0 = S_1 \ S_2. B y P roposition

28, this im plies that S1 /⌣

S_0

S_2.

L et D b e t h e s e t o f p a i r s o f i n t e g e r s h d1,d2 i s u c h t h a t t h e r e a r e c l o s e d s e t s S1 and

S_2 such that

† S_0 = S_1 \ S_2 and S_0 6� cl( ; ); † d_1 = dim(S_1/S_0) and d_2 = dim(S_2/S_0); † S_{1 /}⌣

S_0

S_2.

B y assum ption D 6= ; . C h o o s e h d1,d2 i m i n i m a l w i t h r e s p e c t t o t h e l e x i c o g r a p h i c o r d e r .

W e c l a i m t h a t h d1,d2 i = h 2,2i . N o t e t h a t t h i s i s e n o u g h t o p r o v e t h e t h e o r e m s i n c e

cl_{S0} (S_1 ¡ S_0) and cl_{S0} (S_2 ¡ S_0) are parallel lines in G_{S0} .

C e r t a i n l y , d1 > 1. Otherwise, dim(S1/S0) = 1 and since S1 /⌣

S_0

S_1 there m ust

exist a 2 S1 ¡ S0 such that a 2 cl(S2) ¡ cl(S0). Since S2 and S0 are closed, w e have

a 2 S_1 \ S_2 ¡ S_0, a contradiction, since S_1 \ S_2 = S_0.

W e now show that d1 < 3. Suppose d1 = dim(S1/S0) ‚ 3. We will show that

this contradicts the minimality of d_1. W e Θ rst show that S_1 \ cl(S_2a) = cl(S_0a), for any a 2 S_1 ¡ S_0. (*) F irst, notice that S0a � S1 and S0a � cl(S2a), so

S_1 \ cl(S_2a) ¶ cl(S_0a), for any a 2 S_1 ¡ S_0. Hence if ↼⇀↽ does not hold it is because for some a 2 S_1 ¡ S_0, there exists b 2 (S_1 \ cl(S_2a)) ¡ cl(S_0a).

12 RAMIGROSSBERGANDOLIVIERLESSMANN Byde�nition,thisimpliesthat f a, b g_/⌣

S_0

S_2.

L et S′1 = cl(S0ab). Then S′1 \ S2 = S0 and S0 6� cl( ; ). Furthermore S′1 /⌣

S_0

S_2.

B ut dim(S2/S0) = d2 and dim(S′1/S0) = 2 < 3 • d1, w hich contradicts the m inim ality

of d_1. T herefore, (*) holds.

N ow, since S1 /⌣

S_0

S_2, there exist a 2 S_1 and a Θ nite A � S_1 such that

a 2 cl(S_2 [ A) ¡ cl(S_0 [ A). ↼⇀⇀↽ ButA 6� S_0. O therw ise, by (**) w e have a 2 cl(S_2) ¡ cl(S_0). Thisshowsthata 2 S_2 ¡ S_1

since S2 and S0 are closed. B ut a 2 S1, so a 2 (S1 \ S2) ¡ S0 = ; , w h i c h i s i m p o s s i b l e .

H e n c e , t h e r e i s b 2 A ¡ S0. T hen, since Ab= A we have

a 2 cl(S_2 [ A) ¡ cl(S_0b [ A). Hence S_{1 /}⌣ S_0 [ b

S_2.

N ow consider S′2 := cl(S2b). Then, S1 /⌣

S_0 [ b

S_2 im plies that S_{1 /}⌣ S_0 [ b

S^′_2. B y

(*) w e have S1 \ S′2 = cl(S0b). Finally, dim(S1/(S0b)) < dim(S1/S0) = d1 and

d_2 = dim(S_2/S_0) = dim(S^′_2/S_0b). This contradicts the minimality of d_1. W e prove

sim ilarly that d2 = 2, which Θnishes the proof.

5. SOME�SETTHEORY�

Inthissection, wegatherseveralobservationswithaset-theoreticΛavor. Thenext theorem is a generalization of a lemma from J. Baumgartner, M. Foreman and O. Spinas [BFS]. Although the proof is easy, it does not follow from the analog theorem involving models as we do not have control over the cardinality of the closures. The value of this theorem is that it makes it possible to attach a club as an invariant of the pregeometry. Theorem 30. Let G = (W,cl) be a pregeometry. Suppose dim(W) = λ is regular and uncountable▷ Let I = f a_i j i < λ g a n d J = f b_i j i < λ g b e b a s e s o f W▷ Then C = f i < λ : cl( f a_j j j < i g ) = cl( f b_j j j < i g ) g

i s a c l o s e d a n d u n b o u n d e d s u b s e t o f λ▷ Proof▷ We Θrst show that C is closed▷ Let δ = sup(δ \ C). Then, for any i < δ there is i_1 2 C such that i < i_1 < δ▷ Hence by deΘnition of C cl( f a_j j j < i_1 g ) = cl( f b_j j j < i_1 g ). ↼⇀↽ Lemma 4 and ↼⇀↽ implies that a_i 2 cl( f b_j j j < δ g ). Hence, f a_j j j < δ g � cl( f b_j j j < δ g ), and therefore cl( f a_j j j < δ g ) � cl( f b_j j j < δ g ),

DEPENDENCERELATIONINPREGEOMETRIES 13

byFact2again. Theotherinclusionissimilarandso

cl( f a_j j j < δ g ) ¶ cl( f b_j j j < δ g ). This shows that δ 2 C by deΘnition of C▷ We nowshowthat C is unbounded in λ▷ Let i < λ be given▷ We construct i_n < λ for n 2 ω increasing with i_0 = i such that ↼1↽ cl( f a_j j j < i_n g ) � cl( f b_j j j < i_{n+1} g ) if n is even, ↼2↽ cl( f b_j j j < i_n g ) � cl( f a_j j j < i_{n+1} g ) if n is odd▷ This is enough. Let i( ⁄ ) = sup f i_n j n 2 ω g . T h e n i( ⁄ ) < λ since λ is regular uncountable▷ Further cl( f a_j j j < i( ⁄ ) g ) = cl( f b_j j j < i( ⁄ ) g ), since if i < i( ⁄ ), then there is i_n w ith n even such that i < i_n so a_i 2 cl( f a_j j j < i_n g ) � cl( f b_j j j < i_{n+1} g ) � cl( f b_j j j < i( ⁄ ) g ), hence cl( f a_j j j < i( ⁄ ) g ) � cl( f b_j j j < i( ⁄ ) g ). The other inclusion is proved similarly▷ Thus i < i( ⁄ ) 2 C which shows that C is unbounded▷ This is possible. Given i < λ we let i_0 = i▷ Assume that i_n < λ has been constructed▷ Suppose n is even▷ For each j < i_n w e have that a_j 2 W = cl( f b_j j j < λ g ) since J is a basis▷ By Finite Character there is a Θnite S_j � λ such that a_j 2 cl( f b_k j k 2 S_j g ). Let k_j = sup S_j < λ so a_j 2 cl( f b_l j l • k_j g ), and by increasingk_j if necessary w e m ay assum e that k_j ‚ i_n ▷ S et i_{n+1} = sup f k_j + 1 j j < i_n g . T h e n in+1 < λ since λ is regular and satisΘes our requirement▷ The case when n is odd is handled similarly▷ Proposition 31 ↼Downward Theorem↽▷ Let G = (W,cl) be a pregeometry. Let A,B and C be subsets of W▷ Suppose A⌣ B C and A^′ ⟩∫ ⊣ ∫⊓⌊∫⌉⊔ ≀{ A of cardinalityat most λ for λ an inΘnite cardinal▷ Then there is B^′ � B ofcardinalityat most λ such that A^′⌣ B^′ C▷

Proof▷ Let A^′ � A of cardinality λ be given▷ Let f h a_i,A_i i j i < λ g b e a n e n u m e r a t i o n o f a l l t h e p a i r s s u c h t h a t ai 2 A′ ⊣\⌈ Ai � A′ ⟩∫ × \⟩⊔⌉↙ S ⊓⌋⟨ ⊣\ ⌉\⊓⇕ ⌉∇⊣⊔⟩≀\ ⟩∫ √≀∫∫⟩⌊↕⌉ ∫⟩\⌋⌉ λ is inΘnite▷ Since A⌣ C B necessarily a_i 62 cl(B [ C [ A_i) ¡ cl(B [ A_i), for every i < λ▷ ↼⇀↽ Hence either a_i 62 cl(B [ C [ A_i), or a_i 2 cl(B [ A_i). If the latter holds, by Finite Character, we can Θnd a Θnite B_i � B such that a_i 2 cl(B_i [ A_i). We let B_i = ; , i f a_i 62 cl(B [ A_i). Let B^′ = ⋃ B_i▷ T hen B^′ � B and j B^′j • λ▷ We claim that A^′⌣ B^′ C▷ Otherwise there exist a 2 A^′ ⊣\⌈ ⊣ × \⟩⊔⌉ A^∗ � A^′⇔ ∫⊓⌋⟨ ⊔⟨⊣⊔ a 2 cl(B^′ [ C [ A^∗) ¡ cl(B^′ [ A^∗). ↼⇀⇀↽

14 RAMIGROSSBERGANDOLIVIERLESSMANN

Choosei < λ such that a = a_i and A^∗ = A_i▷ T hus a_i 2 cl(B^′ [ C [ A_i), and so by Fact

2 we have a_i 2 cl(B [ C [ A_i). Therefore, by (*) we have that a_i 2 cl(B [ A_i). Hence a_i 2 cl(B_i [ A_i) by construction. But B_i � B^′⇔ ⊣\⌈ ∫≀ a_i 2 cl(B^′ [ A_i) by Fact 2. This contradicts (**) since A^∗ = A_i▷ C or olla r y 32▷ Let G = (W,cl) be a pregeometry. Let A,B and C be subsets of W▷ Suppose that A,B and C have cardinality at least λ for some λ inΘnite▷ If A⌣ C B then we can Θnd A^′ � A B^′ � B and C^′ � C ofcardinalityλ such that A^′⌣ C^′ B^′↙

P ∇≀≀{↙ B † ⊔⟨⌉ √∇⌉⊑⟩≀⊓∫ ⊔⟨⌉≀∇⌉⇕ ⊓∫⟩\} ⇕ ≀\≀⊔≀\⟩⌋⟩⊔†↙ P ∇ ≀√ ≀∫⟩⊔⟩≀\ ∋∋ ⇐U ↕⊔∇⊣√∇≀⌈⊓⌋⊔∫ ≀{ P ∇⌉}⌉≀⇕ ⌉⊔∇⟩⌉∫⇒↙ L⌉⊔ I be a set and D an @ 1-com plete ultra Θlter on I▷ Suppose that (Wi,cli) is a pregeometry for each i 2 I▷ Consider W = Π_{i∈ I} W_i a nd for a 2 W and B � W deΘne a 2 cl(B) if f i 2 I j a(i) 2 cl_i(B(i)) g 2 D.

Then (W,cl) is a pregeometry.

Proof. We only show Finite Character, since all the other axioms of a pregeometry are routine. Suppose a 2 cl(B). Then J = f i 2 I j a(i) 2 cl_i(B(i)) g 2 D, and by Finite Character of cl_i for each i 2 J there is a Θnite B^′(i) � B(i), such that a(i) 2 cl_i(B^′(i)). Let J_n = f i 2 J j B^′(i) has n elementsg . T h e n

f i 2 J j a(i) 2 cl_i(B^′(i)) g = ⋃ n< ω J_n . Hence by @_1-com pleteness, there exist n < ω such that J_n 2 D. We now write B^′(i) = f b^i_1,... ,b^i_n g f o r i 2 J_n ▷ L et A = f f_1,... ,f_n g � B be given by f_k(i) = b^i_k w hen i 2 J_n and f_k(i) 2 B(i) arbitrary when i 62 J_n ▷ T hen

f i 2 I j a(i) 2 cl_i(A(i)) g ¶ J_n 2 D, by construction▷ Hence f i 2 I j a(i) 2 cl_i(A(i)) g 2 D. Thus, a 2 cl(A) and A is a Θnite subset of B which is what we needed▷

REFERENCES ♭Bl♯ JohnT▷BaldwinFundamentalsofStabilityTheorySpringerVerlag1988Berlin ♭Bl1♯ John Baldwin First order theories of abstract dependence relation Annals of Mathematical Logic 26 ↼1984↽pages215�243 ♭BB♯ JohnT▷BaldwinandA▷Blass Anaxiomaticapproachtorankinmodeltheory Annalsofmathematical logic7↼1984↽pages295�324▷ ♭BlLa♯ JohnT▷ BaldwinandA▷ H▷ Lachlan Onstronglyminimal sets Journal ofSymbolicLogic 36↼1971↽ pages79�96▷ ♭BFS♯ JamesBaumgartnerMattForemanandOtmarSpinasThespectrumoftheΓ-invariant of abilinear space, J. ofAlgebra 189 (1997), no. 2, 406�418.

[Bu] Steven Buechler, Geometry of weakly minimal types, Journal ofSymb. Logic, 50, (1984) pages 1044�1054 [Gr] Rami Grossberg, A course in Model Theory, book in preparation. [Gr 1] Rami Grossberg. Indiscernible sequences in a model which fails to have the order property, Journal of Symbolic Logic 56 (1991) 115-123.

[Gr 2] Rami Grossberg. On chains of relatively saturated submodels of a model without the order property, Journal ofSymbolic Logic 56 (1991) 123-128.

DEPENDENCERELATIONINPREGEOMETRIES 15

[GrHa] RamiGrossbergandBraddHart,Theclassi�cationtheoryofexcellentclasses,JournalofSymbolicLogic 54(1989)pages1359�1381.

[GrLe1] RamiGrossbergandOlivierLessmann,AnexpositionofShelah’sStabilitySpectrumandHomogeneity SpectruminFiniteDiagrams.Preprint.

[GrLe2] RamiGrossbergandOlivierLessmann,Themaingapfortotallytranscendentaldiagramsandabstract decompositiontheorem.Inpreparation.

[GrSh1] RamiGrossbergandSaharonShelah.Onthenumberofnonisomorphicmodelsofanin�nitarytheory whichhasthein�nitaryorderproperty.I.TheJournalofSymbolicLogic,51:302�322,1986.

[GrSh2] RamiGrossbergandSaharonShelah.Anonstructuretheoremforanin�nitarytheorywhichhastheunsuperstabilityproperty.IllinoisJournalofMathematics,30:364�390,1986.VolumededicatedtothememoryofW.W.Boone;ed.Appel,K.,Higman,G.,Robinson,D.andJockush,C. [HaSh] BraddHartandSaharonShelah.CategoricityoverP for Θrst order T or categoricity for ϕ ∈ Lω_1 ω can stop at ℵk w hile holding for ℵ0,···,ℵk− 1. Isra el Journa l of Ma thema tics, 70:219�235, 1990. [H o] W ilfrid H odges, M od el T h eor y Cam bridge U niversity Press, (1993), Cam bridge [H r] Ehud H rushovski, Contributions to stability theory, PhD Thesis 1986, Berkeley [H ySh] T. H yttinen and S. Shelah. Strong splitting in stable hom ogeneous m odels preprint. [K i] H enry A . K ierstead, Countable m odels of ω 1-categorical theories in adm issible languages, Anna ls Ma th.

Logic 19(1980), pages 127�175. [K lSh] O ren Kolm an and Saharon Shelah. Categoricity for T ⊆ Lκ ,ω κ measurable▷ Fundamenta Mathemati cae ▷ ♭Le1♯ OlivierLessmannRanksandPregeometriesinFiniteDiagramsAnnalsofMathematicalLogicsubmitted▷ ♭Le2♯ Olivier Lessmann Forking in pregeometries part II. Group conΘguration▷ Preprint▷ ♭Ma♯ Michael Makkai A survey of basic stability theory with emphasis on regularity and orthogonality Israel Journal ofMathematics 49 ↼1983↽ pages 181�238 ♭MaSh♯ MichaelMakkaiandSaharonShelah▷CategoricityoftheoriesinL_{κ ω} , withκ acompactcardinal▷Annals ofPure and Applied Logic 47.41�97 1990▷ ♭Pi♯ Anand Pillay Geometric Stability Theory Oxford University Press ↼1996↽ ♭Sh b♯ Saharon Shelah ClassiΘcation Theory and the Number of Nonisomorphic Models Rev▷ Ed▷ North Holland 1990 Amsterdam▷ ♭Sh h♯ Saharon Shelah▷ Universal classes in preparation▷ ♭Sh3♯ Saharon Shelah Finite diagrams stable in power Annals Math▷ Logic 2 ↼1970↽ pages 69�118▷ ♭Sh47♯ Saharon Shelah Categoricity in ℵ_1 of sentences in L_{ω 1 ω} (Q), Israel Journal ofMath. 20 (1975), pages 127�148.

[Sh 87a] Saharon Shelah. ClassiΘcation theory for nonelementary classes. I. The number of uncountable models of ψ ∈ L_{ω 1 ω} ▷ Part A ▷ Isra el Journa l of Ma thema tics 46.212�240 1983▷ ♭Sh 87b♯ Saharon Shelah▷ ClassiΘ cation theory for nonelem entary classes▷ I▷ The num ber of uncountable m odels of ψ ∈ L_{ω 1 ω} ▷ Part B▷ Isra el Journa l of Ma thema tics 46.241�273 1983▷ ♭Sh 88♯ Saharon Shelah▷ ClassiΘ cation of nonelem entary classes▷ II▷ A bstract elem entary classes▷ In Cla ssiΘca tion theory ↼Chicago IL 1985↽ volum e 1292 of Lecture Notes in Ma thema tics pages 419�497▷ Springer Berlin 1987▷ Proceedings of the U SA �Israel Conference on ClassiΘ cation Theory Chicago D ecem ber 1985, ed▷ Baldw in J▷T▷ ♭Sh tape♯ Saharon Shelah▷ Cla ssifying genera l cla sses▷ ICM Series▷ A m erican M athem atical Society Providence RI 1 videocassette ↼N TSC, 1◁2 inch, V H S↽ ↼60 m in▷↽, sd▷ col ϖ49▷00 1988▷ ♭Sh 299♯ Saharon Shelah▷ Taxonom y of universal and other classes▷ In P roceedings of the Interna tiona l Congress of Ma thema ticia ns ↼Berkeley Ca lif▷ 1986↽ volum e 1 pages 154�162▷ A m er▷ M ath▷ Soc▷ Providence RI 1987▷ed▷ G leason A ▷M ▷ ♭Sh 300♯ Saharon Shelah▷ U niversal classes▷ In Cla ssiΘca tion theory ↼Chicago IL 1985↽ volum e 1292 of Lecture Notes in Ma thema tics pages 264�418▷ Springer Berlin 1987▷ Proceedings of the U SA �Israel Conference on ClassiΘ cation Theory Chicago D ecem ber 1985, ed▷ Baldw in J▷T▷ ♭Sh 362♯ O ren Kolm an and Saharon Shelah▷ Categoricity of theories in Lκ, ω w hen κ is a measurable cardinal▷ Part I▷ Fundamenta Mathematica 151 ↼1996↽ no3 209�240▷ ♭Sh 394♯ Saharon Shelah▷ Categoricity of abstract classes with amalgamation▷ Preprint▷ ♭Sh 472♯ Saharon Shelah▷ Categoricity for inΘnitary logics II▷ Preprint▷ ♭Sh 576♯ Saharon Shelah▷ On categoricity for abstract elementary classes. in three cardinals implies existence of a model in the next▷ Preprint▷ ♭Zi♯ Boris Zilber Uncountably Categorical Theories AMS Translations of Mathematical Monographs Vol▷ 117 ↼1993↽▷

E-mailaddress,RamiGrossberg:rami @cmu. edu E-mailaddress,OlivierLessmann:l essmann@cmu. edu DEPARTMENTOFMATHEMATICALSCIENCES, CARNEGIEMELLONUNIVERSITY, PITTSBURGH, PA15213