SeriesLogo Volume00,Number00,Xxxx19xx

ON CARDINALITIES IN QUOTIENTS OF INVERSE LIMITS OF GROUPS

SAHARONSHELAHANDRAMI GROSSBERG

ABSTRACT. Letλ be ℵ_0 or a strong lim it of coΘ na lity ℵ_0. S uppos e tha t

⟨G_m ,π_{m,n} : m ≤ n < ω ⟩ ⊣\⌈ ⟨H_m ,π^t_{m,n} : m ≤ n < ω ⟩ ⊣∇⌉ √∇≀|⌉⌋⊔⟩⊑⌉ ∫†∫⊔⌉⇕∫ ≀{ }∇≀⊓√∫ ≀{ ⌋⊣∇⌈⟩\⊣↕⟩⊔† ↕⌉∫∫ ⊔⟨⊣\ λ and suppose that for every n < ω there is a homorphism σ : H_n → G_n suc h tha t all the

di agr am s com m ut e▷

If for eve ry μ < λ there exists ⟨f i ∈ Gω : i < μ⟩ ∫⊓⌋⟨ ⊔⟨⊣⊔

i ≠ j =⇒ f_if^{− 1}_j ∉σ_ω (H_ω ) then there exists ⟨f_i ∈ G_ω : i < 2^λ ⟩ ∫⊓⌋⟨ ⊔⟨⊣⊔ i ≠ j =⇒ f_if^{− 1}_j ∉σ_ω (H_ω ).

1. INTRODUCTION

The main result of this paper was motivated by our interest in the structure of the group Ext_p ( G, Z ) f or G abelian torsion free▷ For basic re

sultsaboutthestructureofExt ( G, Z ) t he r e a de r i s r e f e r e d t o s e c t i ons 47 a nd

52 of La s z l o F uc hs book [ F u ] , how e ve r a l l w e ne e d i s D e � ni t i on 1.21 be l ow .

S i nc e S he l a h’ s pr oof of t he i nde pe nde nc e of W hi t e he a d’ s pr obl e m of ZF C

↼see ♭Sh �♯↽ much was done since that paper for a summary see the intro duction to ♭GrSh♯ and Chapter XII of Eklof ς Meklerφs book is dedicated ↼♭EK♯↽ to the structure of Ext▷

In ♭GrSh♯ we have dealt with the cardinality of Ext_p ( G, Z ) . The

m a i n The or e m of [ G r S h ] s t a t e s t ha t f or a s t r ong l i m i t λ of coΘnality ℵ0 for

e ve ry tor sion fre e G of cardinality λ either

|Ext_p ( G, Z ) | < λ or |Ext_p ( G, Z ) | = 2^λ.

ReceivedbytheeditorsOctober�▷ PartiallysupportedbytheUnitedStatesIsrael Binational ScienceFoundationandby theNationalScienceFundationNSFDMS�▷ ©′′′′ A⇕⌉∇⟩⌋⊣\ M⊣⊔⟨⌉⇕⊣⊔⟩⌋⊣↕ S≀⌋⟩⌉⊔†

′′′′↖′′′′∝′′ ↔∞↙′′ ⇓ ↔↙∈▽ √⌉∇ √⊣}⌉ ∞

2 SAHARONSHELAHANDRAMIGROSSBERG

In section 2 of [GrSh] we indicated that the proof of the main theorem can be adapted to give a result concerning cardinalities of inverse systems of abelian groups subject to certain conditions (See Theorem 1.1 below). We did not include a proof there. Recently we were asked to supply a complete proof to that theorem. Charles Megibben in a widely circulatedpreprint[Me](whichtoourknowledgedidnotappearyetinprint)even claimed that he proved a result that contradicts Theorem 1.1.

The aim of this paper is to present a complete proof of Theorem 1.1 below.

Notice that we do not make any assumptions on the groups, in particular the groups need not be commutative and can be even locally �nite. See more on the subject in [Sh 664].

Theorem 1.1. [TheMainTheorem] Supposeλ isℵ_0 or it is strong lim it c ar -

di nal of c oΘnal ity ℵ0.

(1) L e t ⟨Gm ,πm,n : m ≤ n < ω ⟩ ⌊⌉ ⊣\ ⟩\⊑⌉∇∫⌉ ∫†∫⊔⌉⇕ ≀{ }∇≀⊓√∫ ≀{

⌋⊣∇⌈⟩\⊣↕⟩⊔† ↕⌉∫∫ ⊔⟨⊣\ λ whose inverse limit is G_ω w ith π_{n,ω} suc h that |G_n | < λ▷ ↼ π_{m,n} is a hom om or phi sm from G_m to G_n ,α ≤ β ≤ γ ≤ ω ⇒ π_{α,β} ∘ π_{β,γ} = π_{α,γ} and π_{α,α} is the ide nt ity↽▷

↼�↽ L e t I be a Θnite index set. Suppose that for every t ∈ I, ⟨H tm ,πtm,n :

m ≤ n < ω ⟩ ⟩∫ ⊣\ ⟩\⊑⌉∇∫⌉ ∫†∫⊔⌉⇕≀{}∇≀⊓√∫ ≀{⌋⊣∇⌈⟩\⊣↕⟩⊔†↕⌉∫∫ ⊔⟨⊣\ λ and H^t_ω w ith π^t_{n,ω} be the c or re spondi ng inv e r se lim it▷

↼�↽ L e t for e ve r y t ∈ I,σtn : H tn → Gn be a hom om or phi sm suc h that al l

di agr am s c om m ut e ↼i▷e ▷ πm,n ∘σtn = σtm ∘πtm,n for m ≤ n < ω ↽ and

let σ^t_ω be the induc e d hom om or phi sm from H^t_ω int o G_ω ▷

As sum e that for e ve r y μ < λ there is a sequence ⟨f i ∈ Gω : i < μ⟩

∫⊓⌋⟨ ⊔⟨⊣⊔ {≀∇ i ≠ j and t ∈ I ⇒ f_if^{− 1}_j /∈ R⊣\}(σ^t_ω ). Then there is ⟨f_i ∈ G_ω : i < 2^λ⟩ ∫⊓⌋⟨ ⊔⟨⊣⊔ i ≠ j and t ∈ I ⇒ f_if^{− 1}_j /∈ R⊣\}(σ^t_ω ).

Notation 1.2. Since λ has coΘnality ℵ_0 w e c a n Θ x λ_n < λ for n < ω such that λ = � n<ω λ_n for a ll n < ω ,λ_n is re gul a r a nd 2^{λn} < λ_{n+1} < λ and |G_n | + � t∈ I |H t n | ≤ λ_n ▷

D e not e by eG_α ,eH t_α t he uni t e l e m e nt s ▷ W i t hout l os s of ge ne r a l i t y t he

gr oups a r e pa i r w i s e di s j oi nt ▷

D e Θ n i t i on �▷�▷ ↼ �↽ F or α ≤ ω let Hα = � t∈ I H t α a nd H<α = � β<α H_β H_{≤ α} = � β≤ α Hβ ▷

ONCARDINALITIESINQUOTIENTSOFINVERSELIMITSOFGROUPS 3

(2) For ḡ ∈ H_α le t le v (ḡ) = α for g ∈ H^t_α le t le v (g) = α ↼without loss of generality this is well deΘned↽▷ ↼�↽ For α ≤ β ≤ ω ,g ∈ H^t_β le t g ↾ H^t_α = π^t_{α,β} (g) and we say g ↾ H^t_α is

be low g and g is above g ↾H tα or e xte nd g ↾H tα ▷

↼�↽ F or α ≤ β ≤ ω ,f ∈ Gβ le t f ↾Gα = πα,β (f ).

We will now introduce the rank function used in the proof of Theorem 1.1, it is a measure for the possibility to extend functions in Lemma 1.7 we show that it is an ultrametric valuation.

DeΘnition 1.4. (1) For g ∈ H^t_n ,f ∈ G_ω w e sa y tha t (g,f ) is a nice t pair if σ^t_n (g) = f ↾G_n ▷

↼�↽ D e Θ ne a ra nki ng func tion rk t(g,f ) for any nice tpair▷ First by induc

tionontheordinalα ↼wecanΘxf ∈ G_ω ↽ w e de Θ ne w he n rk_t(g,f ) ≥ α simultaneously for all n < ω and every g ∈ H^t_n

↼a ↽ rk t(g,f ) ≥ 0 iff (g,f ) is a nice tpair

↼b↽ rk_t(g,f ) ≥ δ for a limit ordinal δ iff for every β < δ we have rk_t(g,f ) ≥ β ↼c↽ rk_t(g,f ) ≥ β + 1iff (g,f ) is a nice tpair and letting n = lev(g) there exists g^′ ∈ H^t_{n+1} e xt e ndi ng g such that rk_t(g^′,f ) ≥ β ↼d↽ rk_t(g,f ) ≥ − 1.

(3) For α an ordinal or − 1 (stipulating − 1 < α < ∞ {≀∇ ⊣\† ≀∇⌈⟩\⊣↕ α↽ we have rk_t(g,f ) = α iff rk_t(g,f ) ≥ α and it is false that rk_t(g,f ) ≥ α + 1.

(4) rk_t(g,f ) = ∞ ⟩{{ {≀∇ ⌉⊑⌉∇† ≀∇⌈⟩\⊣↕ α we have rk_t(g,f ) ≥ α▷

The following two claims give the principal properties of rk_t(g,f ).

Claim 1.5. Let (g,f ) be a nice tpair▷

↼�↽ The following statements are equivalent.

↼a↽ rk_t(g,f ) = ∞ ⇐⌊⇒ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ g^′ ∈ H^t_ω e xte ndi ng g such that σ^t_ω (g^′) = f ▷ ↼�↽ Ifrk_t(g,f ) < ∞ ⇔ ⊔⟨⌉\ ∇‖_t(g,f ) < λ^+ .

(3) If g′ ⟩∫ ⊣ √∇ ≀√⌉ ∇ ⌉ §⊔⌉ \∫ ⟩≀\ ≀{ g and (g′,f ) is also a nice tpair then

↼a↽ rk_t(g^′,f ) ≤ ∇‖_t(g,f ) and (b) if0 ≤ ∇‖_t(g,f ) < ∞ ⊔⟨⌉\ ⊔⟨⌉ ⟩\⌉∐⊓⊣↕⟩⊔†⟩∫ ∫⊔∇⟩⌋⊔↙

P∇≀≀{↙ ⇐∞⇒ (a) ⇒ (b): Let n be such that g ∈ H^t_n ▷ It is e nough to de Θ ne g_k ∈ H^t_k for k < ω ,k ≥ n such that

↼i↽ g_n = g ↼ii↽ g_k is be low g_{k+1} tha t is π^t_{k,k+1} (g_{k+1} ) = g_k a nd

↼iii↽ rk t(gk+1 ,f ) = ∞ ¬

4 SAHARONSHELAHANDRAMIGROSSBERG

Let g^′ := lim−→ g_k it is a s re qui re d▷ The de Θ ni tion is by induc tion on k ≥ n▷ For k = n let g_0 = g▷ For k ≥ n suppose g_k is de Θ ne d▷ B y

↼iii↽ w e ha ve rk t(gk,f ) = ∞ ⇔ ⟨⌉\⌋⌉ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ g∗ ∈ H tk+1 e xt e ndi ng

g_k suc h tha t rk_t(g^∗,f ) = ∞ ⇔ ⊣\⌈ ↕⌉⊔ g_{k+1} := g^∗↙

(b) ⇒ (a): Since g is below g^′⇔ ⟩⊔ ⟩∫ ⌉ \≀⊓}⟨ ⊔≀ √∇ ≀⊑⌉ ⌊† ⟩\⌈⊓⌋ ↖

⊔⟩≀\ ≀\ α that for every k ≥ n when gk := g′ ↾ H tk w e ha ve tha t

rk t(g,f ) ≥ α▷

For α = 0, since σ^t_ω (g^′) = f ↾ G_n c le a rly for e ve ry k we have σ^t_k(g_k) = f ↾G_k so (g_k,f ) is a nice tpair▷

For limit α by the induction hypothesis for every β < α and every k we have rk_t(g_k,f ) ≥ β hence by DeΘnition �▷�↼�↽↼b↽ rk_t(g_k,f ) ≥ α▷ For α = β + 1, by the induction hypothesis for every k ≥ n we have rk_t(g_k,f ) ≥ β▷ Let k_0 ≥ n be given▷ Since g_{k0} i s be l ow g_{k0+1}

a nd rk t(gk_0+1 ,f ) ≥ β DeΘnition �▷�↼�↽↼c↽ implies that rkt(gk_0 ,f ) ≥

β + 1; i.e. for every k ≥ n we have rk_t(g_k,f ) ≥ α▷ So we are done▷ ↼�↽ Let g ∈ H^t_n a nd f ∈ G_ω be gi ve n▷ It is e nough to pr ove tha t if

rk t(g,f ) ≥ λ+ the n rk t(g,f ) = ∞ ↙ U∫⟩\} √⊣∇⊔ ⇐∞⇒ ⟩⊔ ⟩∫ ⌉\≀⊓}⟨ ⊔≀

×\⌈ g^′ ∈ H^t_ω suc h tha t g is below g^′ ⊣ \⌈ f = σ^t_ω (g^′).

We deΘne by induction on k < ω ,g_k ∈ H^t_{n+ k} suc h tha t g_k is be low g_{k+1} a nd rk_t(g_k,f ) ≥ λ^+ . F or k = 0 let g_k = g▷ For k + 1, for every α < λ^+ , a s rk_t(g_k,f ) > α by �▷�↼�↽↼c↽ there is g_{k,α} ∈ G_{n+ k+1}

e xt e ndi ng gk suc h tha t rk t(gk,α ,f ) ≥ α▷ But the number of possible

g_{k,α} is ≤ |H^t_{n+ k+1} | ≤ 2^{λn + k+1} < λ^+ he nc e the re a re a func tion g and a set S ⊆ λ^+ of c a rdi na lity λ^+ suc h tha t α ∈ S ⇒ g_{k,α} = g▷ Now take g_{k+1} = g▷ ↼�↽ Immediate▷ □_{1.5}

L e m m a 1.6. (1) L e t (g,f ) be a nice tpair▷ Then we have rk(g,f ) ≤

∇‖(g^{− 1},f^{− 1}). (2) For everynice tpair (g,f ) we have rk(g,f ) = rk(g^{− 1},f^{− 1}).

Proof. (1) Byinductiononα provethatrk(g,f ) ≥ α ⇒ ∇‖(g^{− 1},f^{− 1}) ≥ α ↼see more details in Lemma �▷�↽▷ ↼�↽ Apply part ↼�↽ twice▷ □_{1.6}

In the fol low ing le m m a w e show tha t the ra nk is inde e d ul tra m e tric

(or di na l va lue d) .

L e m m a 1.7. L e t n < ω be Θxed and let (g1,f 1),(g2,f 2) be nice tpairs

with g_ℓ ∈ H^t_n (ℓ = 1,2).

(1) If(g_1,f_1) and (g_2,f_2) are tnice pairs then (g_1g_2,f_1f_2) is a nice pair and rk_t(g_1g_2,f_1f_2) ≥ M⟩\{∇‖_t(g_ℓ,f_ℓ) : ℓ = 1,2}↙

ONCARDINALITIESINQUOTIENTSOFINVERSELIMITSOFGROUPS 5

(2) Let n, (f_1,g_1) and (f_2,g_2) be as above. If rk_t(g_1,f_1) ≠ rk_t(g_2,f_2), then rk_t(g_1g_2,f_1f_2) = Min{∇‖_t(g_ℓ,f_ℓ) : ℓ = 1,2}↙

P∇≀≀{↙ ⇐∞⇒ I⊔ ⟩∫ ⌉⊣∫† ⊔≀ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊔⟨⌉ √⊣⟩∇ ⟩∫ tnice▷ We show by induc tion on α simultaneously for all n < ω and every g_1,g_2 ∈ H^t_n tha t

M in {∇‖(gℓ,f ℓ) : ℓ = 1,2} ≥ α implies that rk(g1g2,f 1f 2) ≥ α▷

When α = 0 or α is a limit ordinal this is easy▷ Suppose α = β + 1 and that rk(g_ℓ,f_ℓ) ≥ β + 1; by the deΘnition of rank for ℓ = 1,2 thereexistsg^′_ℓ ∈ H^t_{n+1} e xt e ndi ng g_ℓ suc h tha t (g^′_ℓ,f_ℓ) isanicepairand rk_t(g^′_ℓ,f_ℓ) ≥ β▷ By the induction assumption rk_t(g^′_1g^′_2,f_1f_2) ≥ β▷ Hence g^′_1g^′_2 is a s re qui re d in the de Θ ni tion of rk_t(g_1g_2,f_1f_2) ≥ β + 1.

(2) Suppose without loss of generality that rk(g_1,f_1) < rk(g_2,f_2), let α_1 = rk(g_1,f_1) andletα_2 = rk_t(g_2,f_2). Bypart(1),rk_t(g_1g_2,f_1f_2) ≥ α_1, by P ropos ition 1.6, rk_t(g^{− 1}_2 ,f^{− 1}_2 ) = α_2 > α_1. S o w e ha ve

α_1 = rk_t(g_1,f_1) = rk_t(g_1g_2g^{− 1}_2 ,f_1f_2f^{− 1}_2 ) ≥ M⟩\{∇‖_t(g_1g_2,f_1f_2),rk_t(g^{− 1}_2 ,f^{− 1}_2 )} = rk_t(g_1g_2,f_1f_2) ≥ α_1.

Hence the conclusion follows▷ □_{1.7}

D e Θ n it ion 1.8. (1) Le t μ < λ and let ᾱ = ⟨αt : t ∈ I⟩ ⊒⟨⌉∇⌉ αt is a n

or di na l le ss or e qua l to λ+ . W e sa y tha t f̄ = ⟨f i : i < μ⟩ μexempliΘes

ᾱ ∈ Γ_n ↼or f̄ is a μwitness for ᾱ ∈ Γ_n ↽ iff

↼a ↽ f i ∈ Gω a nd f i ↾Gn = eG_n

↼ b↽ f or i ≠ j and t ∈ I we have rkt(eH t

n ,f_if^{− 1}_j ) < α_t ↼pos sibl y is − 1).

(2) Let

Γ_n = � ᾱ : ᾱ = ⟨α_t : t ∈ I⟩,α_t a n or di na l ≤ λ^+ ,

and for every μ < λ there is a sequence ⟨f_i : i < μ⟩

⊒⟨⟩⌋⟨ μexempliΘes ᾱ ∈ Γ_n � . ↼�↽ Δ_n = {ᾱ ∈ Γ_n : for no β̄ we have β̄ ∈ Γ_n ,β̄ ≤ ᾱ ↼i▷e▷ � t∈ J_n βt ≤

α_t) and β̄ ≠ ᾱ}↙

C↕⊣⟩⇕ ∞↙∃↙ ⇐∞⇒ Γ_n is not e m pt y▷

↼�↽ Δ_n is not e m pt y in fac t (∀ᾱ ∈ Γ_n )(∃β̄ ∈ Δ_n )(β̄ ≤ ᾱ).

Proof. (1) Let α^∗_t = sup{∇‖_t(g,f )+ 1 : g ∈ H^t_n ,f ∈ G^ω a nd rk_t(g,f ) < ∞} ⇔ ⌊† ∞↙▽⇐∈⇒⇔ ⊔⟨⟩∫ ⟩∫ ⊣ ∫⊓√∇⌉⇕⊓⇕ ≀\ ⊣ ∫⌉⊔ ≀{ ≀∇⌈⟩\⊣↕∫ < λ^+ (a s − 1+ 1 = 0) hence is an ordinal ≤ λ^+ . S o ⟨α^∗_t : t ∈ I⟩ ⟩∫ ⊣∫ ∇⌉∐⊓⟩∇⌉⌈↙

6 SAHARONSHELAHANDRAMIGROSSBERG

(2) If not, then choose by induction on ℓ < ω a sequence β̄^ℓ ∈ Γ_n suc h

tha t β̄0 = ᾱ,β̄ℓ+1 ≤ β̄ℓ,β̄ℓ+1 ≠ βℓ▷ S o for e a c h t ∈ I, the sequence

⟨β^ℓ_t : ℓ < ω ⟩ ⟩∫ ⊣ \≀\↖⟩\⌋∇⌉⊣∫⟩\} ∫⌉∐⊓⌉\⌋⌉ ≀{ ≀∇⌈⟩\⊣↕∫ ⟨⌉\⌋⌉ ⟩∫ ⌉⊑⌉\↖ ⊔⊓⊣↕↕† ⌋≀\∫⊔⊣\⊔⇔ ∫⊣† {≀∇ ∫≀⇕⌉ ℓ_t < ω we have ℓ ∈ [ℓ_t,ω ) ⇒ β^ℓ_t = β^{ℓt}_t

so a s I is Θnite, ℓ(∗) = max{ℓt : t ∈ I} < ω so β̄ℓ(∗) = β̄ℓ(∗)+1 , a

c ont ra di c tion. □ 1.9

C lai m 1.10. (1) If μ ≤ μ′ ⊣\⌈ ⟨f i : i < μ′⟩,μ′↖⌉ §⌉ ⇕ √↕ ⟩{† ᾱ ∈ Γn and

h : μ → μ^′ ⟩∫ ≀\⌉ ⊔≀ ≀\⌉ ⇔ ⊔⟨⌉ \ ⟨f_{h(i)} : i < μ⟩,μexempliΘes ᾱ ∈ Γ_n ▷

↼�↽ If ⟨f i : i < μ⟩,μexemplify ᾱ ∈ Γn and f i ↾ Gn+1 = f for i < μ

then ⟨f_if^{− 1}_0 : i < μ⟩,μexemplifyᾱ ∈ Γ_{n+1} .

(3) If ᾱ ∈ Γn the n ᾱ ∈ Γn+1 .

(4) If ᾱ ∈ Δ n the n som e β̄ ≤ ᾱ belongs to Δ n+1 .

(5) For som e n < ω there is ᾱ ∈ � m≥ n Δ n ▷ ↼�↽ In c laus e ↼b↽ of D e Θni tion �▷�↼ �↽ it suf Θ c e s to de al w ith i < j▷

Proof▷ ↼�↽ Trivial▷

↼�↽ Clearly▷

Clause ↼a↽. (f_i ∘ f^{− 1}_0 ) ↾ G_{n+1} = σ^ω_{n+1} (f_if^{− 1}_0 ) = (σ^ω_{n+1} (f_i))(σ^ω_{n+1} (f_0))^{− 1} = f f^{− 1} = e_{Gn +1} .

C l a us e ( b) :

F or i ≠ j and t ∈ I, note that

(f_if^{− 1}_0 )(f_j f^{− 1}_0 ) = f_if^{− 1}_0 f_0f^{− 1}_j = f_if^{− 1}_j

so w e c a n us e the a ssum pt ion▷

↼�↽ S o le t μ < λ and we should Θnd a μwitness for ᾱ ∈ Γn+1 . W e c a n

c hoos e μ′∫⊓⌋ ⟨ ⊔⟨⊣ ⊔ μ× |Gn+1 | < μ′ < λ▷ Asᾱ ∈ Γn c le a rly the re is a

μ^′↖⊒ ⟩⊔\⌉ ∫∫ ⟨f_i : i < μ^′⟩ {≀∇ ⟩⊔↙ N≀⊒ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ √≀∫∫⟩⌊↕⌉ f_i ↾G_{n+1} is ≤ |G_{n+1} | ⇐∇⌉⊣↕↕†⇒ ⌉⊑⌉\ ≤ |R⊣\}(π_{n+1 ,ω} )∩ K⌉∇(π_{n,n +1} )|) hence for some f ∈ G_{n+1} a nd Y ⊆ μ^′ ⊒ ⌉ ⟨⊣ ⊑⌉ ¬ |Y| ≥ μ and i ∈ Y ⇒ f_i ↾ G_{n+1} = f ▷ By renaming {i : i < μ} ⊆ Y now ⟨f_if^{− 1}_0 : i < μ⟩ ⟩∫ ⊣ μwitness by part ↼�↽▷ ↼�↽ Follows by �▷�↼�↽ and �▷�↼�↽▷ ↼�↽ By �▷�↼�↽ by the well foundedness of the ordinals ↼as in the proof of �▷�↼�↽↼�↽▷ ↼�↽ Because for i < j,(f_j f^{− 1}_i )^{− 1} = (f_if^{− 1}_j ) and 1.6(2). □_{1.10}

C on ve n t ion 1.1 1. B y re na m ing a nd 1.10( 4) , w ithout los s of ge ne ra lity ᾱ∗ ∈

Δ_n for e ve ry n▷

Claim �▷�▷ Each α^∗_t (t ∈ I) is a non-successor ordinal (i.e. limit or zero).

ONCARDINALITIESINQUOTIENTSOFINVERSELIMITSOFGROUPS 7 Proof. Fix n < ω ▷

Assume s ∈ I is a counterexample. So α^∗_s = β^∗ + 1,β^∗ ≥ 0. Let β̄ = ⟨β_t : t ∈ I⟩ ⌊⌉⌈⌉×\⌉⌈⊣∫{≀↕↕≀⊒∫¬ β_{t is} α_{t if} t ≠ s andisβ∗_{⟩{} t = s▷ We shall prove that β̄ ∈ Γ_{n+1} thus ge tting a c ont ra di c tion. S o le t μ < λ and we shall Θnd a μwitness for β̄ ∈ Γ_{n+1} . Le t μ^′ ⌊⌉ ∫⊓⌋ ⟨ ⊔⟨⊣ ⊔ μ|G_{n+1} | < μ^′ < λ▷ As ᾱ^∗ ∈ Γ_n ↼se e �▷� �↽ the re is a μ^′↖⊒ ⟩⊔\⌉ ∫∫ ⟨f_i : i < μ^′⟩ {≀∇ ᾱ^∗ ∈ Γ_n a s

e a rlie r w ithout los s of ge ne ra lity i < μ ⇒ f i ↾ Gn+1 = f for some f ▷ We

shall prove that ⟨f_if^{− 1}_0 : i < μ⟩ ⟩∫ ⊣ μwitness for β̄ ∈ Γ_{n+1} . Le t f^′_i = f_if^{− 1}_0 for i < μ▷

Clause ↼a↽. f^′ ↾ G_{n+1} = (f_0f^{− 1}_0 ) ↾ G_{n+1} = e_{Gn +1} be c a us e f_i ↾ G_{n+1} = f_0 ↾ G_{n+1} .

C la us e (b) :

Le t i ≠ j < μ▷ If t ∈ I\{s} ⊔⟨⌉\

∇‖_t(e_{Gn +1} ,f^′_i (f^′_j )^{− 1}) = rk_t(e_{Gn +1} ,f_if^{− 1}_j ) ≤ ∇‖_t(e_{Gn} ,f_if^{− 1}_j ) ≤ α^∗_t = β_t▷

↼W hy⋆ B y gr oup the or y by �▷�↼ �↽ (α), by choice of f̄ by choice of βt re spe c tive ly↽ ▷

If t = s thenrk_t(e_{Gn} ,f_if^{− 1}_j ) < rk_t(e_{Gn +1} ,f_if^{− 1}_j ) by1.5(3)(β), and proceed as above. □_{1.12}

N ot at ion 1.13. F or α ≤ ω let Tα := � k<α λ_k,T := � n<ω T_n ↼not e . tre e

ne ss us e d↽ ▷

C lai m �▷�▷ T he re ar e for n < ω a sequence ⟨f n,i : i < λn ⟩ ⊣\⌈ ⊣\ ≀∇⌈⟩\⊣↕

γ^t_n < α^∗_t ↼α^∗_t is the or di nal from �▷� �↽ suc h that

↼�↽ f_{n,i} ∈ G_ω ,f_{n,i} ↾G_{n+1} = e_{Gn +1} f or al l i < λ_n ,

↼�↽ for e ac h t ∈ I for everyh ∈ H tn and i < j < λn w e hav e .

r kt(h, f n,i f − 1 n,j ) ≤ γ^t_n ,

↼�↽ r kt(eH t_n ,f n,i f − 1 n,j ) ≥ γ^t_{n− 1} for i < j < λ_n and γ^t_{n− 1} ≥ 0 ⇒ ∇‖_t(e_H t_n ,f_{n,i} f^{− 1}_{n,j} ) > γ^t_{n− 1} (4) γ^t_{n− 1} < γ^t_n if α^∗_t > 0 and γ^t_n = − 1 ifα^∗_t = 0.

We delay the rest of proof for a while. Convention 1.15. Let γ^t_n ,g_{n,i} (n < ω ,i < λ_n ) be as in 1.14.

8 SAHARONSHELAHANDRAMIGROSSBERG

De�nition 1.16. We set f_η = g_{n− 1,η(n− 1)}g_{n− 2,η(n− 2)} ...g_{0,η(0)} for η ∈ T_n ▷

The n de Θ ne f η for η ∈ Tω a s fol low s. f η is the e le m e nt of Gω sa tisfyi ng

f_η ↾G_n = f_{η↾n} ▷ It is w e ll de Θ ne d by.

Fac t �▷�▷ ↼�↽ For η ∈ Tω and m ≤ n < ω we have

f_{η↾n} ↾G_{n+1} = f_{η↾m} ↾G_{n+1} .

↼�↽ For η ∈ T_ω w e hav e f_η ∈ G_ω is w e ll de Θne d ↼as the inv e r se lim it of ⟨f_{η↾n} ↾G_n : n < ω ⟩⇔ ∫≀ n < ω → f_η ↾G_n = f_{η↾n} ▷

Pr oof ▷ ↼�↽ A s πn,ω is a hom om or phi sm it is e nough to pr ove

(f_{η↾n} (f_{η↾m} )^{− 1}) ↾G_{n+1} = e_{Gn +1} , he nc e i t i s e nough t o pr ove n ≤ k < ω ⇒ (f_{η↾k}f^{− 1}_{η↾(k+1)} ) ↾ G_{n+1} = e_{Gn +1} w hi c h f ol l ow s f r om k < ω ⇒ f_{η↾k}f^{− 1}_{η↾(k+1)} ↾G_{k+1} = e_{Gk+1} , w hi c h m e a ns f_{k,η(k)} ↾G_{k+1} = e_{Gk+1} w hi c h hol ds by c l a us e ( a ) of 1.1 1.

( 2) F ol l ow s by pa r t ( 1) a nd Gω be ing a n inve rse lim it▷ □ 1.17

Pr op os it ion 1.18. L e t η,ν ∈ Tω ▷ If η ≠ ν and t ∈ I, thenf ηf − 1ν /∈ σtω (H tω ).

Proof. Suppose for the sake of contradiction that for some g ∈ H^t_ω w e ha ve σ^t_ω (g) = f_ηf^{− 1}_ν ▷

Le t k be minimal such that η ↾k = ν ↾k,η(k) ≠ ν(k), without loss

of generality η(k) < ν(k). For ℓ ≥ k let ξ^ℓ be rk_t(g ↾ H^t_ℓ ,f_{η↾(ℓ+1)} f^{− 1}_{ν↾(ℓ+1)} ). We will reach a contradiction by showing that ℓ ≥ k ⇒ 0 ≤ ξ^ℓ ≤ γ^t_k a nd ℓ > k ⇒ ξ^{ℓ+1} < ξ^ℓ▷

N ot e

(∗)_1 if ℓ ≤ α ≤ ω then rk_t(g ↾ H^t_ℓ ,f_{η↾α} f^{− 1}_{ν↾α} ) ≥ 0 as σ^t_ℓ(g ↾ H^t_ℓ ) = σ^t(g) ↾ G^t_ℓ = (f_ηf^{− 1}_ν ) ↾F^t_ℓ a nd �▷�▷

F or ℓ = k we show that ξk ≤ γtk▷ Le t i = η[k],j = ν[k]. By

the choice of k,i ≠ j▷ In this case f_{η↾(ℓ+1)} f^{− 1}_{ν↾(ℓ+1)} = f_{k,η(k)}f^{− 1}_{k,ν(k)} by the

m ini m a lity of k and of course f k,η(k)f − 1 k,ν(k) = f k,if − 1 k,j he nc e ξ

k = rk_t(g ↾ H^h_k ,f_{k,i}f^{− 1}_{k,j} ) ≤ γ_k by c la us e ↼b↽ of �▷�▷ N ot e . if α^∗_t = 0, then γ^t_m = − 1 for m < ω hence ξ^k = − 1, but (f_ηf^{− 1}_ν ) ↾ G_k = (f_{η↾(k+1)} f^{− 1}_{ν↾(k+1)} ) ↾ G_k

im m e di a te c ont ra di c tion▷ S o a ssum e α∗t ≥ 0 hence 0 ≤ γtm < γtm+1 .

N ow w e pr oc e e d induc tive ly. W e a ssum e tha t ξℓ ≤ ξk a nd show tha t

ξ^{ℓ+1} < ξ^ℓ▷ Le t i = η[ℓ + 1],j = ν[ℓ + 1], and let ζ = rk_t(g ↾H^t_{ℓ+1} ,f_{η↾(ℓ+1)} f^{− 1}_{ν↾(ℓ+1)} ). Observe:

ONCARDINALITIESINQUOTIENTSOFINVERSELIMITSOFGROUPS 9 (∗)_2 ζ < rk_t(g ↾ H^t_ℓ ,f_{η↾(ℓ+1)} f^{− 1}_{ν↾(ℓ+1)} ) = ξ^ℓ ♭w hy⋆ by �▷�↼ �↽ a nd (∗)_1

a bove .] S o (∗)_3 ξ^{ℓ+1} = rk_t(g ↾H^t_{ℓ+1} ,f_{η↾(ℓ+2)} f^{− 1}_{ν↾(ℓ+2)} )

= rk_t(g ↾H^t_{ℓ+1} ,f_{ℓ+1 ,η(ℓ+1)} (f_{η↾(ℓ+1)} f^{− 1}_{ν↾(ℓ+1)} )f_{ℓ+1 ,ν(ℓ+1)} ) = rk_t(e_H t_{ℓ+1} (g ↾H^t_{ℓ+1} )e_H t_{ℓ+1} ,f_{ℓ+1 ,η(ℓ+1)} (f_{η↾(ℓ+1)} f^{− 1}_{ν↾(ℓ+1)} )f_{ℓ+1 ,ν(ℓ+1)} ).

Now: (∗)_4 rk_t(e_H t_{ℓ+1} ,f_{ℓ+1 ,η(ℓ+1)} ) > γ^t_ℓ ↼w hy⋆ by c la us e ↼c ↽ of �▷�↽ (∗)_5 rk_t(g ↾H^t_{ℓ+1} ,f_{η↾(ℓ+1)} f^{− 1}_{ν↾(ℓ+1)} ) = ξ^ℓ ≤ ξ^k ≤ γ^t_k ≤ γ^t_ℓ

↼w hy⋆ the e qua lity by the de Θ ni tion of ξℓ the Θ rst ine qua lity by the induc tion hypot he sis a nd the se c ond ine qua lity w a s pr ove d a bove ↼for ℓ = k↽ the last

inequality by �▷� clause ↼d↽ (∗)_6 rk_t(e_H t_{ℓ+1} ,g_{ℓ+1 ,ν(ℓ+1)} ) > γ^t_ℓ ↼w hy⋆ by c la us e ↼c ↽ of �▷�↽ ▷

H e nc e by �▷�↼ �↽

(∗)_7 rk_t(e_H t_{ℓ+1} (g ↾H^t_{ℓ+1} )e_H t_{ℓ+1} ,f_{ℓ+1 ,η(ℓ)}(f_{η↾(ℓ+1)} f^{− 1}_{ν↾(ℓ+1)} )f_{ℓ+1 ,ν(ℓ+1)} ) = rk(g ↾G_{ℓ+1} ,f_{η↾(ℓ+1)} f^{− 1}_{ν↾(ℓ+1)} ).

Together we get the induction demand for ℓ + 1. □_{1.18}

B e for e pr ovi ng 1.14 a nd Θ ni shi ng w e pr ove C lai m 1.19. As sum e − 1 ≤ βt < α∗t for t ∈ I and n < ω and μ < λ▷ Then

we can Θnd ⟨f_i : i < μ⟩ ∫⊓⌋⟨ ⊔⟨⊣⊔

⇐∞⇒ f_i ∈ G_ω and f_i ↾G_{n+1} = e_{Gn +1}

( 2) t ∈ I and i ≠ j ⇒ ∇‖t(eH t

n ,f_if^{− 1}_j ) ∈ [β^t,α^∗_t ) (3) t ∈ I and i < μ = rk_t(e_H t_n ,f_i) ∈ [β_t,α^∗_t ).

Proof. For each s ∈ I we deΘne β̄^s = ⟨β^s_t : t ∈ I⟩ ⌊†¬ β^s_t = � α_t if t ≠ s β_t if t = s So β̄^s ≤ ᾱ^∗,β̄^s ≠ ᾱ^∗⇔ ∫≀ ⊣ ∫ ᾱ^∗ ∈ ×_{n<ω} Δ_m ne c e ssa rily β̄^s /∈ Γ_n he nc e

for som e μs < λ there is no μsw itne ss for β̄s a nd n ↼check the deΘnition of

Γ_n ↽▷

10 SAHARONSHELAHANDRAMIGROSSBERG

Let μ_1 < λ be > μ + max{μ^s : s ∈ I}↙ L⌉⊔ χ < λ be large enough ↼so that it will be possible to use the Θnite Ramsey theorem when λ = ℵ_0 a nd w he n λ > ℵ_0 the Er d Υos R a do the or e m

w e re qui re tha t χ → (μ1)2θ w he re θ = 2 � t |H^t_n |⇒↙

L⌉ ⊔ ⟨f i : i < χ⟩ ⌊⌉ ⊣ χwitness ᾱ ∈ Γn a nd e ve n ᾱ ∈ Γn+1 . F or e a c h t ∈ I,h ∈ H tn de Θ ne the tw o pl a c e func tion Ft,h from [χ]2 to {0,1} {≀∇

i < j < χ let

F_{t,h} {i, j} := � 0 if rk_t(h, f_if^{− 1}_j ) < β_t 1 Otherwise.

DeΘnethetwo-placefunctionF from[χ]^2: F or i < j < χ letF {i, j} = ⟨F_{t,h} (i, j) : t ∈ I,h ∈ H^t_n ⟩↙

C↕⌉⊣∇↕† |R⊣\}(F )| ≤ 2^{� t |H tn |}↙

H ⌉ \⌋ ⌉ ⊣ \ ⊣ √√↕ ⟩⌋ ⊣ ⊔⟩≀\ ≀{ ≀\⌉ ≀{ ⊔⟨⌉ ⊣ ⌊≀⊑⌉ √⊣ ∇⊔⟩⊔⟩≀\ ⊔⟨⌉ ≀∇ ⌉ ⇕ ∫ √∇ ≀⊑⟩ ⌈⌉ ∫ ⊓∫ ⊒ ⟩⊔⟨ ⊣ ∫⌉ ⊔ Y ⊆ χ, |Y| = μ1 suc h tha t F ↾ [Y]2 is c ons ta nt . W ithout los s of ge ne ra lity Y = μ1.

F or e a c h s ∈ I, clearly ⟨f if − 1 0 : i < μ^s⟩ ⟩∫ \≀⊔ ⊣ μ^sw itne ss for β̄s_{but the onl y thi ng tha t m a y go w rong is the ine qua lity} i < j < μs ⇒ ∇‖_s(e_H s_n ,f_if^{− 1}_j ) < β_s so for som e i < j < μ^s w e ha ve tha t rk_s(e_H s_n ,f_if^{− 1}_j ) ≥ β_s hol ds he nc e (∗) s ∈ I and i < j < μ_1 ⇒ ∇‖_s(e_H s_n ,f_if^{− 1}_j ) ≥ β_s▷

Thi s m e a ns c la us e ↼b↽ hol ds a nd c la us e ↼a ↽ by de Θ ni tion of ⟨f i : i <

χ⟩ ⟩∫ ⊣ χwitness for ᾱ ∈ Γ_n ▷ C la us e ↼c ↽ fol low s▷ S o ⟨f_i : i < μ⟩ ⟩∫ ⊣∫ ∇⌉∐⊓⟩∇⌉⌈↙ □_{1.19}

Pr oof . of 1.14

S tipul a te γt− 1: if α∗t > 0 it is 0, otherwise is it − 1. Assume n < ω

and ⟨γ^t_{n− 1} : t ∈ I⟩ ⟩∫ ⊒⌉↕↕ ⌈⌉×\⌉⌈⇔ γ^t_{n− 1} < α^∗_t ▷ Le t γ^{t,∗}_n be . γ^t_{n− 1} + 1 if α^∗_t is

a lim it or di na l a nd γtn− 1 = − 1 otherwise (i.e. α∗t = 0, see 1.12). Note that

to construct the family {f_{n,i} : i < λ_n } ⊒⌉ ⊒⟩↕↕ ⌋≀⇕⌊⟩\⌉ C↕⊣⟩⇕ ∞↙∞∃ ⊒⟩⊔⟨ ⊣ ∫⌉⌋≀\⌈ ⊣√√↕⟩⌋⊣⊔⟩≀\ ≀{ ⊔⟨⌉ E∇⌈∓≀∫ R⊣⌈≀ T⟨⌉≀∇⌉⇕↙

L⌉⊔ θ = (2^{|H tn |×| H tn |}) × |I| ⊣\⌈ χ < λ be such that χ → (λ_n + 2)^3_θ

↼e xi sts by R a m se y the or e m if λ = ℵ0 a nd by Er d Υos R a do the or e m if λ > ℵ0). A ppl y C la im 1.19 to ge t a fa m ily {f i : i < χ} ∫⊣⊔⟩∫{†⟩\}¬

ONCARDINALITIESINQUOTIENTSOFINVERSELIMITSOFGROUPS 11 (1) f_i ↾G_{n+1} = e_{Gn +1} ,

( 2) f or i ≠ j and t ∈ I, we have γ t,∗ n− 1 ≤ ∇‖t(eH^tn ,f if − 1 j ) < α^∗_t ▷

F or t ∈ I,ḡ = ⟨g1,g2⟩,g1,g2 ∈ H tn suc h tha t σtn (g) = eG_n de Θ ne

a c ol or i ng Ft,ḡ of [I]3 by tw o c ol or s a c c or di ng to the fol low ing sc he m e : for

ε < ζ < ξ < χ let

F_{t,g} {ε, ζ,ξ} := � �~� �~ �_t(g_1,f_{iε} f^{− 1}_ζ ) ≤ ∇‖_t(g_2,f_ζf^{− 1}_ξ ); green if rk_t(g_1,f_{iε} f^{− 1}_ζ ) > rk_t(g_2,f_ζf^{− 1}_ξ ) . By the Ramsey theorem ↼if λ = ℵ_0) or Er d Υos R a do The or e m if λ > ℵ_0

the re is a se t J ⊆ χ, otp(J ) = λn + 2 such that each coloring is constant

on [J ]^3. Le t the va lue of F_{t,ḡ} on [J ]^3 be de not e d c_{t,ḡ}▷ O bs e rve tha t c_{t,ḡ} is

ne ve r gr e e n a s thi s w oul d pr oduc e a de sc e ndi ng ω sequence of ordinals as

if ε_ℓ ∈ J,ε_ℓ < ε_{ℓ+1} for ℓ < ω then rk_t(g,f_{εℓ} f^{− 1}_{εℓ+1} ) > rk_t(g,f_{εℓ+1} f^{− 1}_{εℓ+2} ), so ⟨∇‖_t(g,f_{ε2ℓ} f^{− 1}_{ε2ℓ+1} ) : ℓ < ω ⟩ ⟩∫ ∫⊔∇⟩⌋⊔↕† ⌈⌉⌋∇⌉⊣∫⟩\}↙

L⌉⊔ ε(∗) = Min(J ) and J_0 = {ε ∈ J : otp(ε ∩ J ) < λ} ⊣\⌈ α is the λ_n th m e m be r of J,β the (λ_n + 1)-th member of J and let γ^t_n = rk_t(e_H t_n ,f_α f^{− 1}_β ),byclause(b)aboveγ^{t,∗}_n ≤ γ^t_n < α^∗_t so α^∗_t = 0 ⇒ γ^t_n = − 1 and α^∗_t > 0 ⇒ γ^t_{n− 1} < γ^t_n ▷

W e c la im tha t {f if − 1 ε(∗) : i ∈ J 0} ⇐∇⌉⇕⌉⇕⌊⌉∇ J 0 ⊆ J,|J 0| = λn )

provides a set that can play the role of {f_{n,i} : i < λ_n }↙ W⌉ \≀⊔⌉ (∗)_1 rk_t(g,f_εf^{− 1}_ζ ) ≤ γ^n_t for ε < ζ in J_0 [w hy? c le a rly α < β < ε < ζ are in J hence by the choice of J we have rk_t(g,f_εf^{− 1}_ζ ) ≤ ∇‖_t(g,f_ζf^{− 1}_α ) ≤ ∇‖_t(g,f_α f^{− 1}_β ) = γ^t_n ♯▷

N ow c la us e s ↼�↽ ↼�↽ of �▷� hol ds by c la us e ↼�↽ a bove c la us e ↼�↽ of �▷� hol ds by (∗)1 a nd c la us e (4) of 1.14 hol ds by the c hoi c e of the γ∗t ▷ W e a re le ft w ith c la us e ↼�↽ ▷ Le t h ∈ H tn a s a bove c le a rly for Υ < ξ < ζ < ξ in

J we have rk_t(h, f_εf^{− 1}_ζ ) ≤ ∇‖_t(h, f_ζf^{− 1}_ξ ). Hence for Υ ε < ζ < ξ in J_0 w e

ha ve

γ^n_t ≥ ∇‖_t(e_H t_n ,f_εf^{− 1}_ζ ) = rk_t(h^{− 1},(f_εf^{− 1}_ξ )(f_ζf^{− 1}_ξ )^{− 1}) ≥ M⟩\{∇‖_t(h, f_εf^{− 1}_ξ ), rk_t(h^{− 1},(f_ζf^{− 1}_ξ )^{− 1}} = Min{∇‖_t(h, f_εf^{− 1}_ξ ), rk_t(h, f_ζf^{− 1}_ξ )} ≥ M⟩\{∇‖_t(h, f_Υ f^{− 1}_ε ), rk_t(h, f_Υ f^{− 1}_ε )}

12 SAHARONSHELAHANDRAMIGROSSBERG

= rk_t(h, f_Υ f^{− 1}_ε ).

So giving also clause ↼�↽ of �▷�▷ □_{1.14} □_{1.1}

R e m ar k 1.20. The re sul t a bout the c a rdi na lity of Extp(G, Z) can be de-

rived from Theorem 1.1 using the following deΘnition (which constructs an isomorphic group ot Ext_p(G, Z)).

DeΘnition 1.21. GivenanabeliangroupG letG^∗ := Hom(G, Z) andfora primepdenotebyG^p the gr oup Hom(G, Z/pZ). Forg ∈ G^∗ ↕⌉ ⊔ g → g/pbe the natural homomorphism from G^∗ ⟩\⊔ ≀ G^p▷ B y G^∗/pdenote the subgroup of G^p w hi c h is the im a ge of G^∗/punder g → g/p▷ Finally

Ext_p(G, Z) := G^p/(G^∗/p).

Recall that when λ is ℵ_0 or strong lim it of c oΘ na lity ℵ_0 the n λ^{ℵ0} = 2^λ▷

The gr oup Hω c or re sponde to the subgr oup G∗/pand the σφs are in

clusions▷

WehavelearnedfromPaulEklofthatChristianU▷Jenseninhisbook ♭Jen♯ have a proof of Theorem �▷� of ♭GrSh♯ for the case that λ = ℵ_0.

R EFER EN C ES

[EK] Paul C. Ekl of and Al an H. M ekler. Al m os t Fr ee M od ules, set-theor etic m ethod s.

Nor th- Hol land Publ ishing .C o., Am sterda m, 1990. [Fu] La zslo Fuc hs , InΘnite Ab elian G rou ps I, Ac ade mic Press 1970 [Gr ] Rami Gr os sbe rg. A cou r se in m od el theor y. Book in pr epa ration. [Gr Sh] Rami Gr os sbe rg and Saha ron She lah. On the struc tur e of Ext p(G, Z). Journal of

Algebra, 121:117�128, 1989. [Je] Thomas Jech. Set Theory. Academic Press, New York, 1978. [Jen] Christian U. Jensen. Les Foncteurs Derives de lim←− ⌉⊔ ↕⌉⊓∇∫ A√√↕⟩⌋⊣⊔⟩≀\∫ ⌉\ T⟨⌉≀↖ ∇⟩⌉ ⌈⌉∫ M≀⌈⊓↕⌉∫↙ S√∇⟩\}⌉∇↖V⌉∇↕⊣}⇔ L⌉⌋⊔⊓∇⌉ N≀⊔⌉∫ ⟩\ M⊣⊔⟨⌉⇕⊣⊔⟩⌋∫ ⊑≀↕⊓⇕⌉ ∈▽△⇔ ∞∃∈↙ ∪M⌉⊎ C⟨⊣∇↕⌉∫ M⌉}⟩⌊⌊⌉\↙ ↙↙↙↙↙ A √∇⌉√∇⟩\⊔↙ ∪S⟨ △△⊎ S⊣⟨⊣∇≀\ S⟨⌉↕⊣⟨↙ I\×\⟩⊔⌉ ⊣⌊⌉↕⟩⊣\ }∇≀⊓√∫⇔ W⟨⟩⊔⌉⟨⌉⊣⌈ √∇≀⌊↕⌉⇕ ⊣\⌈ ∫≀⇕⌉ ⌋≀\∫⊔∇⊓⌋↖ ⊔⟩≀\∫↙ I∫∇⊣⌉↕ J≀⊓∇\⊣↕ ≀{M⊣⊔⟨⌉⇕⊣⊔⟩⌋∫⇔ ∞∀¬∈△∋�∈▽⇎ ∞∃△↙ ∪S⟨ ̸△⊎ S⊣⟨⊣∇≀\ S⟨⌉↕⊣⟨↙ O\ ∫⊔∇≀\} ⌈⟩⌋⟨≀⊔≀⇕† ≀{ ⌋⊣∇⌈⟩\⊣↕⟩⊔†⇔ ⟩\ √∇⌉√⊣∇⊣⊔⟩≀\↙

ONCARDINALITIESINQUOTIENTSOFINVERSE LIMITSOFGROUPS 13 E-mail address, Saharon Shelah: shelah@sunset.ma.huji.ac.il INSTITUTE OF MATHEMATICS, THE HEBREWUNIVERSITY, JERUSALEM, IS- RAEL, & RUTGERS UNIVERSITY, MATHEMATICS DEPARTMENT, NEW BRUNSWICK, NJ 08903 USA

E-mail address, Rami Grossberg: rami@cmu.edu DEPARTMENTOFMATHEMATICALSCIENCES, CARNEGIEMELLONUNIVER- SITY, PITTSBURGH, PA 15213