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1 Problems

Putnam 1991/A4. Does there exist an infinite sequence of closed discs D1, D2, D3, . . . in the plane, with
centers c1, c2, c3, . . . , respectively, such that

1. the ci have no limit point in the finite plane,

2. the sum of the areas of the Di is finite, and

3. every line in the plane intersects at least one of the Di?

Putnam 1991/A5. Find the maximum value of∫ y

0

√
x4 + (y − y2)2 dx

for 0 ≤ y ≤ 1.

Putnam 1991/A6. Let A(n) denote the number of sums of positive integers

a1 + a2 + · · ·+ ar

which add up to n with

a1 > a2 + a3, a2 > a3 + a4, . . . ,

ar−2 > ar−1 + ar, ar−1 > ar.

Let B(n) denote the number of b1 + b2 + · · ·+ bs which add up to n, with

1. b1 ≥ b2 ≥ · · · ≥ bs,

2. each bi is in the sequence 1, 2, 4, . . . , gj , . . . defined by g1 = 1, g2 = 2, and gj = gj−1 + gj−2 + 1,
and

3. if b1 = gk then every element in {1, 2, 4, . . . , gk} appears at least once as a bi.

Prove that A(n) = B(n) for each n ≥ 1.

(For example, A(7) = 5 because the relevant sums are 7, 6+1, 5+2, 4+3, 4+2+1, and B(7) = 5 because
the relevant sums are 4+2+1, 2+2+2+1, 2+2+1+1+1, 2+1+1+1+1+1, 1+1+1+1+1+1+1.)
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