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Foreword

These notes have been written to supplement my lectures given at the University of Cambridge
in the Lent term 2017-2018. The purpose of the lectures is to provide an introduction to
optimal transport. Optimal transport dates back to Gaspard Monge in 1781 [11], with significant
advancements by Leonid Kantorovich in 1942 [8] and Yann Brenier in 1987 [4]. The latter
in particular lead to connections with partial differential equations, fluid mechanics, geometry,
probability theory and functional analysis. Currently optimal transport enjoys applications in
image retrieval, signal and image representation, inverse problems, cancer detection, texture
and colour modelling, shape and image registration, and machine learning, to name a few. The
purpose of this course is to introduce the basic theory that surrounds optimal transport, in the
hope that it may find uses in people’s own research, rather than focus on any specific application.

I can recommend the following references. My lectures and notes are based on Topics in
Optimal Transportation [15]. Two other accessible introductions are Optimal Transport: Old and
New [16] (also freely available online) and Optimal Transport for Applied Mathemacians [12]
(also available for free online). For a more technical treatment of optimal transport I refer to
Gradient Flows in Metric Spaces and in the Space of Probability Measures [2]. For a short
review of applications in optimal transport see the article Optimal Mass Transport for Signal
Processing and Machine Learning [9].

Please let me know of any mistakes in the text. I will also be updating the notes as the course
progresses.

Some Notation:
1. CP(Z) is the space of all continuous and bounded functions on Z.

2. A sequence of probability measures 7, € P(Z) converges weak* to 7, and we write
T, —, if for any f € Cy(Z) we have [, fdm, — [, fdr.

3. A Polish space is a separable completely metrizable topological space (i.e. a complete
metric space with a countable dense subset).

4. P(Z) is the set of probability measures on Z, i.e. the subset of M (Z) with unit mass.
5. M. (Z) is the set of positive Radon measures on Z.

6. PX : X xY — X is the projection onto X, i.e. P(x,y) = z, similarly PY : X xY — Y
is given by PY (z,y) = v.
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. Afunction © : E — R U {+00} is convex if for all (21, 20,t) € E' x E x [0, 1] we have

O(tz1+(1—1t)2zy) < tO(21)+(1—1)O(22). A convex function O is proper if O(z) > —o0
for all 2 € E and there exists 2" € E such that ©(z') < +o0.

. If F is a normed vector space then E™ is its dual space, i.e. the space of all bounded and

linear functions on FE.

. For a set A in a topological space Z the interior of A, which we denote by int(A), is the

set of points a € A such that there exists an open set O with the property a € O C A.
All vector spaces are assumed to be over R.

The closure of a set A in a topological space Z, which we denote by A, is the set of all
points a € Z such that for any open set O with a € O we have O N A # ().

The graph of a function ¢ : X — R which we denote by Gra(y), is the set {(z,y) : = €

The k™ moment of jn € P(X) is defined as [ |x|* du(x).

The support of a probability measure . € P(X) is the smallest closed set A such that
n(A) =1.

L is the Lebesgue measure on R? (the dimension d should be clear by context).

We write 1| 4 for the measure y restricted to A, i.e. 1| 4(B) = u(AN B) for all measurable
B.

Given a probability measure ;. we say a property holds p-almost surely if it holds on a
set of probability one. If ;4 is the Lebesgue measure we will just say that it holds almost
surely.
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Chapter 1

Formulation of Optimal Transport

There are two ways to formulate the optimal transport problem: the Monge and Kantorovich
formulations. We explain both these formulations in this chapter. Historically the Monge for-
mulation comes before Kantorovich which is why we introduce Monge first. The Kantorovich
formulation can be seen as a generalisation of Monge. Both formulations have their advantages
and disadvantages. My experience is that Monge is more useful in applications, whilst Kan-
torovich is more useful theoretically. In a later chapter (see Chapter 4) we will show sufficient
conditions for the two problems to be considered equivalent. After introducing both formula-
tions we give an existence result for the Kantorovich problem; existence results for Monge are
considerably more difficult. We look at special cases of the Monge and Kantorovich problems in
the next chapter, a more general treatment is given in Chapters 3 and 4.

1.1 The Monge Formulation

Optimal transport gives a framework for comparing measures y and v in a Lagrangian framework.
Essentially one pays a cost for transporting one measure to another. To illustrate this consider
the first measure p as a pile of sand and the second measure v as a hole we wish to fill up.
We assume that both measures are probability measures on spaces X and Y respectively. Let
c¢: X xY — [0,+00] be a cost function where ¢(x, y) measures the cost of transporting one
unit of mass from z € X to y € Y. The optimal transport problem is how to transport y to v
whilst minimizing the cost c.! First, we should be precise about what is meant by transporting
one measure to another.

Definition 1.1. We say that T : X — Y transports € P(X) tov € P(Y), and we call T a
transport map, if

(1.1) v(B) = u(T~'(B))  forall v-measurable sets B.

'Some time ago I either read or was told that the original motivation for Monge was how to design defences for
Napoleon. In this case the pile of sand is a wall and the hole a moat. Obviously one wishes to to make the wall
using the dirt dug out to form the moat. In this context the optimal transport problem is how to transport the dirt
from the moat to the wall.



To visualise the transport map see Figure 1.1. For greater generality we work with the
inverse of ' rather than 7' itself; the inverse is treated in the general set valued sense, i.e.
x € T (y) if T(x) = v, if the function T is injective then we can equivalently say that
v(T(A)) = p(A) for all y-measurable A. What Figure 1.1 shows is that for any v-measurable
B,and A = {z € X : T'(z) € B} that u(A) = v(B). This is what we mean by 7" transporting
o to v. As shorthand we write v = Tl p if (1.1) is satisfied.

Proposition 1.2. Let p € P(X), T: X —-Y,S:Y — Zand f € L'(Y). Then

1. change of variables formula

(1.2) /Y F(y) d(Tpp) () = /X F(T(2)) du(e)

2. composition of maps
(S oT)pp = Su(Typ).

Proof. Recall that, for non-negative f : Y — R

/ f(y) A(Typ)(y) := sup {/Y s(y) d(Typ)(y) : 0 < s < fand s is simple} :

Now if s(y) = SV, a;0p, (y) where a; = s(y) for any y € U; then

/Y () d(Tg)(y ZazT#u Zazu / r(z) dp(z)

for V; = T7Y(U;) and r = Zf\il a;0y;,. For z € V; we have T'(x) € U, and therefore r(z) =
a; = s(T'(z)) < f(T(x)). From this it is not hard to see that

swp [ s @) = sw [ 1@ duta)

0<s<fJYy 0<r<foT JX

where both supremums are taken over simple functions. Hence (1.2) holds for non-negative
functions. By treating signed functions as f = f™ — f~ we can prove the proposition for

ferL\y).
For the second statement let A C Z and observe that T~'(S7!(A)) = (S o T)~'(A). Then

Sp(Tpn)(A) = Typ(S™H(A)) = (T (S (A))) = u((S o T) " (A)) = (S o T)yp(A).
Hence Sy (Typ) = (S o T)yup. O]

Given two measures £ and v the existence of a transport map 7' such that 7l ;1 = v is not
only non-trivial, but it may also be false. For example, consider two discrete measures ;1 = 9, ,
v = 36, + 30, where y; # yo. Then v({y1}) = % but u(T"'(y1)) € {0,1} depending on
whether z; € T~ (y;). Hence no transport maps exist.

There are two important cases where transport maps exist:
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1. the discrete case when = £ 3" 4, andv =+ > i1 Oy
2. the absolutely continuous case when du(z) = f(z) dz and dv(y) = ¢(y) dy.

It is important that in the discrete case that ;2 and v are supported on the same number of points;
the supports do not have to be the same but they do have to be of the same size. We will revisit
both cases (the discrete case in the next chapter, the absolutely continuous case in Chapter 4).

T

A={x: T(x)EB}
Figure 1.1: Monge’s transport map, figure modified from Figure 1 in [9].

With this notation we can define Monge’s optimal transport problem as follows.

Definition 1.3. Monge’s Optimal Transport Problem: given ;. € P(X) andv € P(Y),

minimise I\\/JI(T):/XC(:E,T(x))d,u(x)

over p-measurable maps T' : X —'Y subjectto v = Ty 1.

Monge originally considered the problem with L' cost, i.e. ¢(x,y) = |z — y|. This problem
is significantly harder than with L? cost, i.e. ¢(z,y) = |z — y|*. In fact the first correct proof with
L' cost dates back only a few years to 1999 (see Evans and Gangbo [6]) and required stronger
assumptions than the L? cost, Sudakov thought to have proven the result in 1979 [14] however
this was found to contain a mistake which was later fixed by Ambrosio and Pratelli [1, 3].

In general Monge’s problem is difficult due to the non-linearity in the constraint (1.1). If we
assume that 1 and v are absolutely continuous with respect to the Lebegue measure on R?, i.e.
du(z) = f(x)dr and dv(y) = g(y) dy, and assume T is a C'* diffeomorphism (7" is bijective
and T, T~! are differentiable) then one can show that (1.1) is equivalent to

f(x) = g(T'(x)) |det (VT (2))] .
The above constraint is highly non-linear and difficult to handle with standard techniques from
the calculus of variations.
1.2 The Kantorovich Formulation

Observe that in the Monge formulation mass is mapped « — T'(x). In particular, this means that
mass is not split. In the discrete case this causes difficulties concerning the existence of maps 7'
such that Tyt = v, see the example ;1 = 0,,, v = %5y1 + %5y2 in the previous section. Observe
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that if we allow mass to be split, i.e. half of the mass from x; goes to y; and half the mass goes
to v, then we have a natural relaxation. This is in effect what the Kantorovich formulation does.
To formalise this we consider a measure 7 € P(X x Y') and think of d7(z, y) as the amount of
mass transferred from x to y; this way mass can be transferred from x to multiple locations. Of
course the total amount of mass removed from any measurable set A C X has to equal to 1(A),
and the total amount of mass transferred to any measurable set B C Y has to be equal to v(B).
In particular, we have the constraints:

T(AXY)=pu(A), m(X x B) =v(B) for all measurable sets A C X, B CY.

We say that any 7 which satisfies the above has first marginal ; and second marginal v, we
denote the set of such 7w by II(u, ). We will call II(y, v) the set of transport plans between p
and v. Note that I1(1, v) is never non-empty (in comparison with the set of transport plans) since
i ® v € I(p, v) which is the trivial transport plan which transports every grain of sand at x to y
proportional to v(y). We can now define Kantorovich’s formulation of optimal transport.

Definition 1.4. Kantorovich’s Optimal Transport Problem: given ;i € P(X) andv € P(Y),
minimise K(7) = / c(x,y)dn(z,y)
XxY

over € I1(p, v).

By the example with discrete measures, where we showed there did not exist any transport
maps, we know that Kantorovich’s and Monge’s optimal transport problems do not always
coincide. However, let us assume that there exists a transport map 77 : X — Y that is
optimal for Monge, then if we define d7(x,y) = du(r)d,—7+(,) a quick calculation shows that
m € (p,v):

74 Y) = [ Sriger dute) = n(a)

7% B) = [ bpvendu(o) = wl(T')(B) = Tju(B) = v(B).

Since,

| cwmdnteg) = [ [ e dydute) = [ e T duto)
XxY X JYy X

it follows that

(1.3) inf K(r) < inf M(T).

In fact one does not need minimisers of Monge’s problem to exist. If M(77) < min M(T') + ¢

for some ¢ > 0 then inf K(7) < inf M[(T) + . Since € > 0 was arbitrary then (1.3) holds.
When the optimal plan 7' can be written in the form dr(z,y) = du(x)d,—r() it follows

that 7" is an optimal transport map and inf K(7) = inf M[(7"). Conditions sufficient for such a
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condition will be explored in Chapter 4. For now we just say that if c(z, y) = |z — y|?, p, v both
have finite second moments, and 1« does not give mass to small sets? then there exists an optimal
plan 7' which can be written as dn' (2, y) = du(2)d,_r+(,) where T is an optimal map.

Let us observe the advantages of both Monge and Kantorovich formulation. Transport maps
give a natural method of interpolation between two measures, in particular we can define

= (1= )1+ 1Ty

then u; interpolates between ;. and v. In fact this line of reasoning will lead us directly to
geodesics that we consider in greater detail in Chapter 5. In Figure 1.2 we compare the optimal
transport interpolation with the Euclidean interpolation defined by 2 = (1 — )y + tv. In many
applications the Lagrangian nature of optimal transport will be more realistic than Euclidean
formulations.

Geodesic in the 2-Wasserstein space Geodesic in the Euclidean space
| i

| .‘ I |
A i I | , .
I\ NP~ J\

U A ‘j\
t=0 t=025 t=05 t=075 t=1 t=0 t=025 t=05 t=075 t=1

Figure 1.2: Interpolation in the optimal transport framework (left) and Euclidean space (right), figure
modified from Figure 2 in [9].

Notice that the Kantorovich problem is convex (the constraints are convex and one usually
has that the cost function ¢(z,y) = d(z — y) where d is convex). In particular let us consider
the Kantorovich problem between discrete measures jt = » .* | 0, V = > . =1 B3j0y; where
Yoo =1=3"7" Bj,a; > 0,8 > 0. Let ¢;; = c(x,y;) and w5 = 7(z;, 75). Then the
Kantorovich problem is to solve

m n m n
minimise E E Ci;T;; OVer WSUbjeCt to Tij > O, E Ty = 5j7 E T = Q.
Jj=1

=1 j=1 =1

This is a linear programme! In fact Kantorovich is considered as the inventor of linear pro-
gramming. Not only does this provide a method for solving optimal transport problems (either
through off the shelf linear programming algorithms, or through more recent advances such as

2 € P(R?) does not give mass to small sets if for all sets A of Hausdorff dimension at most d — 1 that
n(A) = 0.



entropy regularised approaches see [5]) but the dual formulation:

inf c-T= su o+ U
7>0,CTr=(uT,vT)T C(SOT’({IP)T <c (N 14 (b)
is an important stepping stone in establishing important properties such as the characterisation of
optimal transport maps and plans. We study the dual formulation in the Chapter 3. In the next
section we prove the existence of transport plans under fairly general conditions.

1.3 Existence of Transport Plans

Section references: Proposition 1.5 is taken from [15, Proposition 2.1].

We complete this chapter by proving the existence of a minimizer to Kantorovich’s optimal
transport problem. For the proof we use the direct method from the calculus of variations.
Approximately the direct method is compactness plus lower semi-continuity. More precisely
if we are considering a variational problem inf,c F'(v) then we first show that the set 1/
is compact (or at least a set which contains the minimizer is compact). Then, let v, be a
minimising sequence, i.e. F'(v,) — inf F. Upon extracting a subsequence we can assume that
v, — v! € V. This gives a candidate minimizer. If we can show that F" is lower semi-continuous
then lim,, ,, F(v,) > F(v") and hence v is a minimiser.

Proposition 1.5. Let p € P(X), v € P(Y) where X,Y are Polish spaces, and assume c :

X xY — [0,00) is lower semi-continuous. Then there exists w1 € (1, v) that minimises K
(defined in Definition 1.4) over all m € I1(p, v).

Proof. Note that I1(u, v) is non-empty. Let us see that I1(x, /) is compact in the weak* topology.
Let 0 > 0 and choose compact sets K C X, L C Y such that

WX\K)<s,  uv(Y\L)<é

(Existence of sets follows directly since by definition Radon measures are inner regular.) If
(r,y) € (X xY)\ (K x L) then either z ¢ K ory ¢ L, hence (z,y) € X x (Y \ L) or
(x,y) € (X \ K) x Y. So, forany 7 € II(u, v)

(X x Y)\ (K x L)) < 7(X x (Y \ L) + 7((X \ K) x V)
— WY \ L) + u(X \ K)
< 26.

Hence, TT(p, v) is tight. By Prokhorov’s theorem the closure of TI( 1, v) is sequentially compact
in the topology of weak* convergence.?

To check that I1( s, ) us (weak*®) closed let 7, € II(u, v) be a sequence weakly* converging
tor € M(X xY),ie.

fla,y) dma(z,y) — flz,y)dm(z,y) VfeCHX xY).

XxY XxY

3Prokhorov’s theorem: if (S, p) is a separable metric space then K C P(.S) is tight if and only if the closure of
K is sequentially compact in P(S) equipped with the topology of weak* convergence.
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We choose f(x,y) = f(x), where f is continuous and bounded. We have,

[ F@an@ [ fwyany = [ f@drine
X XxY X
where PX(x,y) = x is the projection onto X (so P%ff 7 is the X marginal). Since this is true for
all f € CP(X) it follows that P¥m = p. Similarly, P} 7 = v. Hence, 7 € II(p, v) and IT(y, v)
is weakly* closed.

Let 7, € II(u, v) be a minimising sequence, i.e. K(m,) — inf e, K(7). Since II(1, v)
is compact we can assume that m, Sonte I1(1, v). Our candidate for a minimiser is 7'. Note
that ¢ is lower semi-continuous and bounded from below. Then,

inf K(7)= lim c(x,y)dm,(z,y) 2/ c(x,y) dWT(%y)

mell(u,v) n—=o Jxxy XxY

where we use the Portmanteau theorem which provides equivalent characterisations of weak*
convergence. Hence 7' is a minimiser. 0



Chapter 2

Special Cases

In this section we look at some special cases where we can prove existence and characterisation
of optimal transport maps and plans. Generalising these results requires some work and in
particular a duality theorem. On the other hand the results in this chapter require less background
and are somehow "lower hanging fruit". Chapters 3 and 4 are essentially the results of this
chapter generalised to more abstract settings. The two special cases we consider here are when
measures /i, v are on the real line, and when measures u, v are discrete. We start with the real
line.

2.1 Optimal Transport in One Dimension

Section references: a version of Theorem 2.1 can be found in [15, Theorem 2.18] and [12,
Theorem 2.9 and Proposition 2.17], versions of Corollary 2.2 can be found in [15, Remark 2.19]
and [12, Lemma 2.8 and Proposition 2.17], Proposition 2.3 can be found in [7, Theorem 2.3].

Let us consider two measures y, v € P(R) with cumulative distribution functions " and G
respectively. We recall that

Fa) = [ du=p((=0.)

—0o0

and F is right-continuous, non-decreasing, F'(—oo) = 0 and F(+o0c0) = 1. We define the
generalised inverse of F' on [0, 1] by

F't)=inf{z €R : F(z) > t}.

In general F~!(F(z)) > z and F(F~'(t)) > t. If F is invertible then F'~'(F(z)) = x and
F(F~'(t)) = t. The main result of this section is the following theorem.

Theorem 2.1. Let ji, v € P(R) with cumulative distributions F and G respectively. Assume
c(z,y) = d(x — y) where d is convex and continuous. Let ' be the measure on R? with cumu-
lative distribution function H(x,y) = min{F(x), G(y)}. Then ' € I(u, v) and furthermore
7t is optimal for Kantorovich’s optimal transport problem with cost function c. Moreover the



optimal transport cost is
1
min K(r) = / d(F(t) - G-\(1)) dr.
rel(p,v) 0
Before proving the theorem we state a corollary.
Corollary 2.2. Under the assumptions of Theorem 2.1 the following holds.
L. If c(z,y) = |z — y| then the optimal transport distance is the L' distance between

cumulative distribution functions, i.e.

inf K(m /]F x)| da.

eIl (p,v)

2. If v does not give mass to atoms then mingery(,,,) K(7) = ming. 7, ,—, M(T) and further-

more TT = G~' o F is a minimiser to Monge’s optimal transport problem, i.e. T;;u =v
and
inf  M(T) = M(T").

T:Typ=v

Proof. For the first part, by Theorem 2.1, it is enough to show that

/01 Pt — G (1) di = /|F )| da.

A=A{(z,t) : min{F(z),G(x)} <t <max{F(z),G(x)}, x € R}.

Define A C R? by

From Figure 2.1 we notice that we can equivalently write
A={(z,t) : min{F' (), ()} <z < max{F'(t),G'(t)}, t €[0,1]}.

By Fubini’s theorem
max{F(z),G(z)} 1 pmax{F~1(t),G~(t)}
ca- [ f drar= [ da
R Jmin{F(z),G(z)} 0 Jmin{F~-1(¢),G-1(¢)}
where L is the Lebesgue measure. Since max{a,b} — min{a, b} = |a — b| then

//max{F ),G(z)} dtdx:/min{F(fL'),G(ZE)}—maX{F(:(:),G(;(;)}dg;

in{F(z),G(z)}
/ F(z) — G(x)| da.

1 pmax{F~1(t),G~
/ / dxdt / |F~(t) — G7(1)] dt.
0 Jmin{F~1(t),G~

10
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JAVAN

Figure 2.1: Optimal transport distance in 1D with cost ¢(z,y) = |z — y|, figure is taken from [10].

X

This proves the first part of the corollary.
For the second part we recall by Proposition 1.2 that Ty = G; (Fyp). We show that (i)

G;EUOJ]: v and (ii) £|[p,1j= Fjgpu. This is enough to show that 7%/ = v. For (i),

Gy Ll ((—00,y]) = Lo ({t - G7(1) < y})
= Llpy{t : Gly) = t})
= G(y)
= v ((—00,y])
where we used G71(t) <y < G(y
(

give mass to atoms). So for all ¢ €
(—o00, x;] for some x; with F(z;) =

> t. For (i1) we note that F' is continuous (as i does not
1) the set F~1([0, t]) is closed, in particular F'~*([0,¢]) =
Now, for ¢t € (0, 1),

Fup([0,]) = p({z : F(z) <t})
=p({z sz <m})
= F(x)
=t.

)
0,
t.

Hence Flup = Ly ).
Now we show that 7' is optimal. By Theorem 2.1

inf K(r) = /0 (P - G ) at

mell(p,v)

= / d(z—G Y (F(z))) du(z) since Fiujt = L[ [0,1 and by Proposition 1.2
R

= /Rd (z —TH(2)) du(x)
> inf  M(T).

T T:Typ=v

Since infr. 7, ,—, M(T) > mingemn,,) K(7) then the minimum of the Monge and Kantorovich
optimal transport problems coincide and 7" is an optimal map for Monge. [

Before we prove Theorem 2.1 we give some basic ideas in the proof. The key is the
idea of monotonicity. We say that a set ' C R? is monotone (with respect to d) if for all
(z1,91), (w2, y2) € T that

d(xy — 1) + d(z2 — y2) < d(2y — y2) + d(x2 — Y1).
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For example, if ' = {(z,y) : f(x) = y} and [ is increasing, then I" is monotone (assuming
that d is increasing). The definition generalises to higher dimensions and often appears in convex
analysis (for example the subdifferential of a convex function satisfies a monotonicity property).
As a result, this concept can also be used to prove analogous results to Theorem 2.1 in higher
dimensions. The definition should be natural for optimal transport. In particular, let I' be the
support of 7', which is a solution of Kantorovich’s optimal transport problem. If 7' transports
mass from x; to y; and from zo > x; to y» we expect y > v, else it would have been cheaper to
transport from x; to y,, and from x5 to y;. The following proposition formalises this reasoning.

Proposition 2.3. Let ji,v € P(R). Assume n' € 1I(u,v) is an optimal transport plan in the
Kantorovich sense for cost function c(x,y) = d(x — y) where d is continuous. Then for all

(x1,91), (22, y2) € supp(n!) we have
d(z1 —y1) + d(z2 — y2) < d(@1 — y2) + d(z2 — y1)-
Proof. LetT' = supp(n') and (x1, 1), (z2,%2) € I'. Assume there exists 7 > 0 such that
d(z1 —y1) + d(z2 — y2) — d(z1 — y2) — d(x2 — Y1) = 1.
Let Iy, I5, J1, J5 be closed intervals with the following properties:
1. v, € Ly, € Ji,i =1,2;
2. dx —y) > d(z; —y;) —eforz e I,y € Jj,i,j = 1,2, where e < 1;
3. I; x J; are disjoint;
4. 7t x J)) = 7l (Io x Jy) = 6 > 0.

Properties 1-3 can be satisfied by choosing the intervals I;, J; sufficiently small. It may not be
possible to satisfy property 4, however since (z;,y;) € I' then we can find set [;, J; that satisfy
1-3and 7f(I; x J;) > 0, 7' (Iy x Jy) > 0. It makes the notation in the proof easier to assume
that 7' (1, x J;) = 7'(I x Jo) however if not the proof can be adapted and we briefly describe
how at the end.

The idea of the proof is to, instead of transferring mass from x; to y;, and from x, to s,
transfer mass from x; to y,, and from x5 to y;. To make the argument rigorous we talk about the
mass around each of z;, y; (hence the need for the intervals [;, .J;).

Let

fir = Pyt 1, fio = Pyt 1yxss,

=Py 1%, Uy = Pynl |1y,
And choose any 719 € I1(fiq, Do), To1 € I1(fi2, 71). We define 7 to satisfy
71(A x B) if (Ax B)N (I; x J;) =0 foralli,j
0 if A x B C I, x J; for some 7

WT(A X B)—i-ﬁ'lg(A X B) ifAx B - Il X JQ
WT(A X B) —I—ﬁ'gl(A X B) if Ax B - ]2 X Jl.

T(Ax B) =
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For sets (A x B)N (I; x J;) 0 but A x B Z (I; x J;) then we define 7(A x B) by
T(Ax B)=7((Ax B)N(L; x J;))+7((A x B) N (I; x J;)).
By construction, for B N (J; U Jy) = 0,
#(R x B) = n'(R x B) = v(B).
If B C J; then

R\ (LU L)) x B) +7(ly x B) +7(Is x B)
(R\ (I; UI5)) x B) + 0+ 7'(Iy x B) + 7z (5 x B)
(R\ I,) x B) + n'(I; x B)

x B)

T(R x B) = 7((
= 7l(

"(
"R

(B)

since 71 (I x B) = 01(B) = 7' (I; x (BN Jy)) = 7' (I; x B). Similarly for B C .J,. Hence we
have 7(R x B) = v(B) for all measurable B. Analogously 7(A x R) = u(A) for all measurable
A. Therefore 7 € II(u, v).

Now,

| da=-nasia) = [ de—y)dra)

-/ dla=)dri(ey) - [ d(e-y)diale.y)
I x J1Ula x Jo I1 xJo

—/‘ Az — ) ditas (2. )
Isx Jy

> 0 (d(x1 —yn) —e) + 0 (d(zz —y2) —€) =0 (d(x1 — 42) +¢) =0 (d(z2 — 1) +¢)
> 6(n — 4e)
>0

1
t>\>\

since yo(11 X Jo) = iy (1) = 7 (I, x Jy) = &, and similarly 75, (I x J;) = 6. This contradicts
the assumption that 7' is optimal, hence no such 7 can exist.

Finally we remark that if 77(I; x J;) > «f(I, x .J,) then one can adapt the constructed plan
7 by transporting some mass with the original plan 7'. In particular the new constructed plan is

chosen to satisfy
T(Iy x Jy)
~(Ax B)=a(Ax B) (1~ \12x72)
A x B) =m(4 )( (I x )
if Ax B C I x Ji, and ji;, 7 are rescaled:

7TT<IQ X Jg)
7TT<11 X J1>

.|.
X o _7T (IQXJQ) Y
P#WTLHXJN Vl—mP#WTLIIXJl.

M1 =

All other definitions remain unchanged. One can go through the argument above and reach the
same conclusion. O
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We now prove Theorem 2.1.

Proof of Theorem 2.1. Assume d is continuous and strictly convex. By Proposition 1.5 there
exists 7 € II(p, v) that is an optimal transport plan in the Kantorovich sense. We will show that
7* = 7! By Proposition 2.3 T = supp(7*) is monotone, i.e.

d(z1 —y1) +d(zg — y2) < d(x1 —y1) + d(72 — 31)

forall (x1,41), (x2,y2) € I'. We claim that for any 1, 2, 11, Y2 satisfying the above and x; < x5
that y; < y5. Assume that y» < y; and leta = 1 — y1, b = x5 — yo and 6 = x5 — x1. We know
that

d(a) +d() <d(b—105)+d(a+9).

Lett = 7>, itis easy to check that ¢ € (0,1) andb— 6 = (1 — )b+ ta,a+ 6 = tb+ (1 — t)a.
Then, by s rlct convexity of d,

d(b—6)+d(a+6) < (1 —t)d(b) +td(a) +td(b) + (1 —t)d(a) = d(b) + d(a).

This is a contradiction, hence y5 > .

Now we show that 7' = 7*. More precisely we show that 7* ((—o0, z], (—00,y]) =
min{ F(z),G(y)}. Let A = (—o0, z| X (y,+o0), B = (x,+00) X (—00,y]. We know that if
(x1,11), (T2, y2) € I'and 1 < x4 then y1 < yo. This implies that, if (2o, yo) € I then

Fc{(z,y) : <20,y <o} U{(z,y) 1 >0,y >0}

Hence 7(A) and 7(B) cannot both be non-zero. In particular

T ((—00, 2] X (—00,y]) = min {7" (((—o0,z] x (—o0,y]) U A),
But,

" (=00, 2] X (=00,y]) UA) = 7 ((—00,2] X R) = F(x)
" (=00, 2] x (=00,y]) U B) = m (R x (=00, 9]) = G(y).

s
™

Hence 7* ((—o0, 2] X (—00,y]) = min{F(z), G(y)}.

Now we generalise to d not strictly convex. Since d is convex it can be bounded below by an
affine function. Let d(z) > (az +b). One can check that f(z) = /4 + (az + b)?>+ 3 (az +b)
is strictly convex and satisfies 0 < f(z) < 1+ d(x). Then d. : d 4 <f is strictly convex and
satisfies d < d. < (1 +¢)d + €. Now let w € II(y, v), then

/R (e —y)del () < / o =) dsl(a.g)
S/R Rds(x—y)dﬂ(x,y)

< (1+5)/}R Rd(x—y)dw(m,y)+6.
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Taking ¢ — 0 proves that ' is an optimal plan in the sense of Kantorovich.
Now we show that [, . d(z —y)dri(z,y) fo — G7(t)) dt. We claim that
= (F1,G™1) 4L [0,1)- Assuming so, then

/R d(a—y)dvl(2.9) - / =) d (PG48 (20) = / AP (6)—G (1)) dt

by the change of variable formula (Proposition 1.2).
To prove the claim we have

(F G )L oy((—00,2] x (—o0, D:cm( (—o0 ]x(—oo W)

(FHa=H)™
{t : F7'(t) <zand G7'(t) < y})
{t (x) > tand G(y) > t})

where we used F71(t) <z & F(z) > t. O

Remark 2.4. Note that we actually showed that if d is continuous and strictly convex then 7' is
unique.

2.2 Existence of Transport Maps for Discrete Measures

Section references: the discrete special case is based on the proof outlined in the introduction
to [15]. The proof of the Minkowski-Carathéodory Theorem comes from [13, Theorem 8.11]

Proving the existence of a transport map 7'' that are optimal for Monge’s optimal transport
problem, i.e. 7" minimises M(T') over all T satisfying Tyt = v, is difficult and in fact for
general measures we will only consider this problem for a specific cost function ¢(z, y) = |z—y|*.
Here we consider general cost functions but restrict to discrete measures y = 1 =30 1 0y, and
v=_1%" =1 0y;- Note that since all points X = {z;}}",Y = {y;}}_, have equal mass that the
map T:X — Y defined by T'(x;) = Yoy where o : {1,...,n} — {1, ...,n} is a permutation
is a transport map (i.e. satisfies (1.1)). Hence the set of transport maps is non-empty.

For a convex and compact set B in a Banach space M we define the set of extreme points,
which we denote by £(B), as the set of points in B that cannot be written as nontrivial convex
combinations of points in B. Le. if B 5 # = >_" aym; (where ", a; = 1, oy > 0,
m € B)then 7 € £(B) if and only if a; € {0,1}. We recall two results. The first is
the Minkowski—Carathéodory Theorem. The theorem is set in Euclidean spaces but can be
generalised to Banach spaces where it is known as Choquet’s theorem.

Theorem 2.5. Minkowski—Carathéodory Theorem. Let B C RM be a non-empty, convex and
compact set. Then for any ' € B there exists a measure 1 supported on £(B) such that for any

affine function f
— [ fmyanm



Furthermore 1 can be chosen such that the cardinality of the support of 1 is at most dim(B) + 1
and (the support is) independent of .

Proof. Letd = dim(B). Itis enough to show that there exists {a;}%_, such that 71 = >>7  a,7(?)
where > ja; = 1and {7V}¢_ | C £(B). We prove the result by induction. The case when
d = 0 is trivial since B is just a point.

Now assume the result is true for all sets of dimension at most d — 1. Pick 7 € B and assume
mt ¢ £(B). Pick () € £(B) and take the line segment [7(*), 7] and extend it until it intersects
with the boundary of B, i.e. let § parametrise the line then {0 : (1 — 6)7(® + 07 € B} = [0,
for some o« > 1 (where « exists and is finite by convexity and compactness of B). Let
¢ =(1-a)m® +arthenn = (1 —6p)¢ + o' where 6y = 1 — 1. Now since £ € F
for some proper face F' of B! then by the induction hypothesis there exists {7()}¢ | such
that ¢ = 37 0,7 with 3% 6; = 1. Hence, 7 = 3.7 (1 — 6)0inD + Gy ©®. Since
(1 —60) 32, 6; 4+ 6y = 1 then 7 is a convex combination of {7 }¢_,. Note that we chose 7(*)
independently of 7. O

Theorem 2.6. Birkhoff’s theorem. Let B be the set of n X n bistochastic matrices, i.e.
B = {WGR"X" : VZ], ﬁijZO; \V/], Zﬂ'ijzl;Vi, Z?TU:]_}
i=1 j=1

Then the set of extremal points £(B) of B is exactly the set of permutation matrices, i.e.

£(B) = {ﬂ € {0,1}"" = vy, Zﬂ'z’j = 1;Vi, 27@‘]’ = 1} )
=1 j=1

Proof. We start by showing that every permutation matrix is an extremal point. Let m;; = 0;—,(;)
where o is a permutation. Assume that 7 ¢ £(B). Then there exists 7(1), 7®) ¢ B, with
) £ 7 # 7@ and t € (0,1) such that 7 = t7™) + (1 — ¢)7@®. Let ij be such that
0=my # 7D, then

= T >

1]

O:Wij:tﬂz-(;)+(1—t)ﬂ(2) — @=_T
This contradicts wﬁf) > 0, hence m € £(B).
Now we show that every 7 € £(B) is a permutation matrix. We do this in two parts: we (i)
show that 7 € £(B) implies that 7;; € {0, 1}, then (ii) show m = §;_,(;) for a permutation o.
For (i) let 7 € £(B) and assume there exists i1 j; such that m; ;, € (0,1). Since )\ m;;, =1
then there exists iy # 4, such that 7;,;, € (0,1). Similarly, since > 7, m;,; = 1 there exists
J2 # 71 such that m;,;, € (0,1). Continuing this procedure until 7,, = i; we obtain two
sequences:

= "{ixjr : ke{l,...,m—1}} 7 = {igsrgr - ke {l,....m—1}}

' A face F of a convex set B is any set with the property that if 7)), 7(2) € B, ¢ € (0,1) and t7(") 4 (1—t)7(?) €
F then 7)) () ¢ F. A proper face is a face which has dimension at most dim(B) — 1. A result we use without
proof is that the boundary of a convex set is the union of all proper faces.
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with 441 # i), and jy41 # ji. Define 7(9) by the following

. T, +0  if 7§ = 447y for some k
T =

i =\ Tigeaie — 0 if 4 = igq1J for some k
ij else.

Sord =S "my+ol{ijeT ief{l,...np —s|{ijeTt sie{l,...,n}}|.

i=1 i=1

Now if ij € Z then there exists ¢ such that i'j € Z, and likewise, if ij € Z then there exists i’
such that 7'j € Z. Hence,

{ijeZ ief{l,....n}}={ijeTt ie{l,....,n}}|.

It follows that 3", 7%

n §
;=1 T;; = 1 and analogously > 7, 7rz-(j) =1.
Choose § = min {min{m;;,1 —m;;} : ij € ZUZT} € (0,1). Define 7V = 7(=9 70,
We have that 7TZ(]1 ), WZ(JQ ) > 0 and therefore 7V, 7 € B with 7 # 7. Moreover we have

7 =17 4+ 17 Hence, 7 ¢ £(B). The contradiction implies that there does not exist 4, j;
such that 7;1;, € (0,1). We have shown that if 7 € £(B) then 7;; € {0, 1}.

We’re left to show (ii): that 7;; = d;—,(;). Since 7 € B then for each i there exists j* such

that m;;« = 1 (else 22:1 m;; 7 1). We let o(i) = j* so by construction we have 7;,;) = 1. We
claim ¢ is a permutation. It is enough to show that o is injective. Now if j = o(i1) = o (i2)
where i; # iy then

n
1= Zﬂ'ij Z 7Ti1j +7Ti2j = 2.

=1

The contradiction implies that 7; = 75 and therefore o is injective. [

We now show that the existence of optimal transport maps between discrete measures
1 n 1 n
,u:ﬁ g izl(Sxi andl/:g 5 jzléyj.

Theorem 2.7. Let p = = > 5, andv =13 5, . Then there exists a solution to Monge’s
n i i n j j
optimal transport problem between i and v.

Proof. Let ¢;; = c¢(x;,y;) and B be the set of bistochastic n x n matrices, i.e.

B = {ﬂ' e R™"™ . Vij, 5 > 0; Vy, Z’ﬂ'i]‘ = 1; Vi, ZTI’Z’J’ = 1} .
i=1

j=1

The Kantorovich problem reads as

|
minimise — E cijTi; overm € B.
n

1,J
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Although, by Proposition 1.5, there exists a minimiser to the Kantorovich optimal transport
problem we do not use this fact here. Let M be the minimum of the Kantorovich optimal
transport problem, € > 0 and find an approximate minimiser 7° € B such that

M Z ZCZ']'WE —¢&.
ij

If we let f(m) = >_,; cijmi; then assuming that B is compact and convex we have that there
exists a measure 7 supported on £(B) such that

) = [ £ due)
Hence

me&(B)

M Z /Zcijﬂide](ﬂ') — & Z inf Zcij’/rij — & 2 M —e.
ij ij

Since this is true for all € it holds that inf ce(p) D _,; ¢ijmi; = M. We claim that £(B) is compact,
in which case there exists a minimiser 7' € £(B). Note that we have also shown (independently
from Proposition 1.5) that there exists a solution to Kantorovich’s optimal transport problem.
By Birkhoff’s theomem 7 is a permutation matrix, that is there exists a permutation o' :

{1,...,n} = {1,...,n} such that 7}, = 0,_,1(;). Let T : X — Y be defined by T*(z;) =
Yo (i)-

| )We already know that the set of transport maps is non-empty. Let 7" be any transport map
and define m;; = 5yj:T(xi), (it is easy to see that m € B) then

n n

Z C(l’i, T(l’l)) = Z Cij T4 Z Z Cijﬂ';[j = Z C([L’Z‘, TT(ZEZ))

i=1 ij i=1

Hence 7' is a solution to Monge’s optimal transport problem.

We are left to show that B is compact and convex, and £(B) is compact. To show B is
compact we consider the ¢' norm: ||7||, := >~ |m;| (since all norms are equivalent on finite
dimensional spaces it does not really matter which norm we choose). Clearly B is bounded as for

all 7 € B we have ||7||; < n?. For closure, we consider a sequence 7™ € B with 7™ — 7.
Trivially ij’,”) — m;; for all ij and therefore ;; > 0, likewise > | m;; = limy, 00 Y1y WZ(;”) =
1 and Z?Zl m;; = 1. Hence m € B and B is closed. Therefore B is compact.

Convexity of B is easy to check by considering 7!, #® € B and 7 =tz 4 (1 — t)7(?

for t € [0, 1] then clearly 7;; > 0,

Yomp =t P+ 10> w) =t+(1-t) =1,
=1 i=1 i=1

and similarly >, 7;; = 1. Hence 7 € B and B is convex.
For compactness of £(B) it is enough to show closure. If £(B) > 7(™ — 7 then we already
know that 7 € B and by pointwise convergence of w,f;”) — m;; we also have 7;; € {0, 1}. Hence

7 € £(B) and therefore £(B) is closed. O
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Chapter 3

Kantorovich Duality

We saw in the previous chapter how Kantorovich’s optimal transport problem resembles a linear
programme. It should not therefore be surprising that Kantorovich’s optimal transport problem
admits a dual formulation. In the following section we state the duality result and give an intuitive
but non-rigorous proof. In Section 3.2 we give a general minimax principle upon whoch we can
base the proof of Kantorovich duality. In Section 3.3 we can then rigorously prove duality. With
additional assumptions such as restricting X, Y to Euclidean spaces we prove the existence of
solutions to the dual problem in Section 3.4.

3.1 Kantorovich Duality

Section references: The statement and proof of the main result, Theorem 3.1, come from [15,
Theorem 1.3].

We start by stating Kantorovich then give an intuitive proof with one key step missing. The
proof is made rigorous in Section 3.3.

Theorem 3.1. Kantorovich Duality. Let ;o € P(X),v € P(Y') where X,Y are Polish spaces.
Letc: X XY — |0, +00] be a lower semi-continuous cost function. Define K as in Definition 1.4
and J by

(3.1) J:LYu) x L'(v) — R, J(go,w):/ <pd,u+/2/1dy.
X Y
Let @, be defined by

®, = {(p,0) € L'(n) x L'(v) : p(x) +¥(y) < c(z,y)}

where the inequality is understood to hold for p-almost every x € X and v-almost everyy € Y.
Then,
min K(7) = sup J(p,v).
mellp.v) (pp)ede
Let us give an informal interpretation of the result which originally comes from Caftarelli
and I take from Villani [15]. Consider the shippers problem. Suppose we own a number of coal
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mines and a number of factories, we wish to transport the coal from mines to factories. The
amount each mine produces and each factory requires is fixed (and we assume equal). The cost
for you to transport from mine x to factory y is ¢(x, y). The total optimal cost is the solution
to Kantorovich’s optimal transport problem. Now a clever shipper comes to you and says they
will ship for you and you just pay a price ¢(x) for loading and )(y) for unloading. To make it
in your interest the shipper makes sure that ¢(x) 4+ 1(y) < ¢(z,y) that is the cost is no more
than what you would have spent transporting the coal yourself. Kantorovich duality tells us that
one can find ¢ and 1 such that this price scheme costs just as much as paying for the cost of
transport yourself.

We now give an informal proof that will subsequently be made rigorous. Let M =
inf cr(y,) K(m). Observe that

(3.2 M= inf sup (/ c(x,y)dw—l—/ gpd(u—Pﬁw)%—/wd(y—Piw))
XxY X Y

TEM4 (X XY) (0.0)

where we take the supremum on the right hand side over (¢, 1)) € CP(X) x C2(Y"). This follows
since o
+oo if Pym
sup /gpd(,u—P;fﬂ):{O l,u# #
peCs(x) Jx else.

Hence, the infimum over 7 of the right hand side of (3.2) is on the set where P;f m = i and,
similarly, P;Z 7 = v (which means that 7 € II(u, v)). We can rewrite (3.2) more conveniently as

M = inf sup(/ c(x,y) — p(x) — Yy d7r—|—/g0d,u+/wdy).
TEM4L(XXY) () XxY ( ) ( ) ( ) X v

Assuming a minimax principle we switch the infimum and supremum to obtain

(33) M =sup (/X edp + /Y¢dy+ inf /X Yc(x,y) —p(z) — Y(y) d7r> :

(o) TEM (X XY)

Now if there exists (zg,%y) € X x Y and € > 0 such that p(z0) + ¥(yo) — c(z0,%0) =€ > 0
then by letting my = Ad(4,,y,) for some A > 0 we have

inf / c(z,y) —p(x) —Y(y)dr < —Ae - —oc0  as A — oo.
XxY

TEM4(XXY)

Hence the infimum on right hand side of (3.3) can be restricted to when ¢ (z) + ¥ (y) < ¢(z,y)
forall (z,y) € X xY,ie. (p,%) € ®. (this heuristic argument actually used (¢, ) € CP(X) x
CP(Y) not L' (1) x L*(v) and there is a difference between the constraint () + ¢ (y) < c(z,y)
holding everywhere and holding almost everywhere, these are technical details that are not
important at this stage). When (¢, 1) € ®, then

inf /X ) = (o) = 6(y)dm = 0

TEM4 (X XY)
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which is achieved for m = 0 for example. Hence,
it Km) = sw [ plo)duto)+ [ o) dviy)
mell(py) (ph)E€De J X Y

This is the statement of Kantorovich duality. To complete this argument we need to make the
minimax principle rigorous. In the next section we prove a minimax principle, in the section
after we apply it to Kantorovich duality and provide a complete proof.

3.2 Fenchel-Rockafeller Duality

Section references: I take the duality theorem (Theorem 3.2) from [15, Theorem 1.9]. Lemma 3.3
is hopefully obvious and the Hahn-Banach theorem is well known.

To rigorously prove the Kantorovich duality theorem we need a minimax principle, i.e.
conditions sufficient to interchange the infimum and supremum when we introduced the Lagrange
multipliers ¢, v in (3.2). The minimax principle is specific to convex functions; at this stage it is
perhaps not clear how to apply it to Kantorovich’s optimal transport problem when we made no
convexity assumption on c. We define the Legendre-Fenchel transform for a convex function
© : E — RU {400} where F is a normed vector space by

O": EF* - RU {400}, O*(z") =sup ((z*,2) — O(z)).

zelE

Convex analysis will play a greater role in the sequel, in particular in Chapter 4 where we will
provide a more in-depth review. We now state the minimax principle taken from Villani [15].

Theorem 3.2. Fenchel-Rockafellar Duality. Let E be a normed vector space and ©,= : E —
R U {+o0} two convex functions. Assume there exists zy € E such that ©(zy) < oo, Z(z0) < 00
and © is continuous at zo. Then,

irElf (0 + =) = max (—O"(—2") — Z*(2")).

Z*EE
In particular the supremum on the right hand side is attained.
We recall a couple of preliminary results (that we do not prove) before we prove the theorem.
Lemma 3.3. Let E be a normed vector space.

1. If© : E — R U {400} is convex then so is the epigraph A defined by

A={(zt) e ExR : t>0(2)}.

2. If©: E — RU {400} is concave then so is the hypograph B defined by

B={(zt) e ExR : t<0O(z)}.
3. If C C E is convex then int(C') is convex.
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4. If D C E is convex and int(D) # () then D = int(D).

The following theorem, the Hahn-Banach theorem can be stated in multiple different forms.
The most convenient form for us is in terms of separation of convex sets.

Theorem 3.4. Hahn-Banach Theorem. Let E' be a topological vector space. Assume A, B are
convex, non-empty and disjoint subsets of E, and that A is open. Then there exists a closed
hyperplane separating A and B.

We now prove Theorem 3.2.

Proof of Theorem 3.2. By writing

—O*(—z*) —E*(z") = inf (O(z)+E(y) + (5,2 —y))

z,yelE

and choosing y = x on the right hand side we see that

inf (O(z) +Z(z)) > sup (—O*(—z") —E*(z")).

zeE z2xeB*

Let M = inf (© + =), and define the sets A, B by

A={(z,\) e EXR : A >0(x)}
B={(y,0) e ExR:0<M-Z=(y)}.

By Lemma 3.3 A and B are convex. By continuity and finiteness of © at z; the interior of A is
non-empty and by finiteness of = at zy B is non-empty. Let C' = int(A) (which is convex by
Lemma 3.3. Now, if (z, \) € C'then A > O(z), therefore A\+=(z) > O(x)+=(x) > M. Hence
(x,\) € B. In particular B N C' = (). By the Hahn-Banach theorem there exists a hyperplane
H = {® = a} that separates B and C, i.e. if we write ®(z, \) = f(z) + kX (where f is linear)
then

V(z,\) € C, flz)+ kN>«
V(z,\) € B, fz)+ kX < a.

~—

Now if (z, ) € A then there exists a sequence (z,,, A\,) € C such that (z,, A\,) — (z, \). Hence
f(z) + kX« f(x,) + kA, > a. Therefore

(3.4 V(z, \) € A, f@)+ kA >«
(3.5) V(z,\) € B, fz)+ kX <a.

We know that (2, A) € A for A sufficiently large, hence £ > 0. We claim k£ > 0. Assume
k = 0. Then

V(z,\) € A, f(x) >«
V(z,\) € B, f(z)<a

~—

f(z) > a Ve Dom(O)

—_—
— f(z) <a Ve Dom(Z).
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As Dom(Z) 3 zp € Dom(0©) then f(zy) = a. Since © is continuous at 2, there exists r > 0
such that B(zp,r) C Dom(©), hence for all z with ||z|| < r and § € R with |§| < 1 we have

flaat+dz)2a = [f(2)+df(z) 2 = 4f(z) 20

This is true for all § € (—1, 1) and therefore f(z) = 0 for z € B(0,r). Hence f = 0on E. It
follows that ® = 0 which is clearly a contradiction (either H = E x Rif « = 0 or H = (). It

must be that k£ > 0.
By (3.4) we have
NaPAN f(z)
o (1)~ (- o0

since (z, M — Z(z)) € B. It follows that

() = —©" (—%) — = <i> > 24+ M- T =M

[1]

M > sup (—O"(—z") —

Z*ER* k ~— k
So
inf (©(x) +=(z)) = M = sup (—O"(—z") —E"(z")).
$€E Z*EE*
Furthermore 2* = % must achieve the supremum. [

3.3 Proof of Kantorovich Duality

Section references: The two lemmas in this section together prove the Kantorovich duality
theorem, both lemmas come from [15].

Finally we can prove Kantorovich dualiy as stated in Theorem 3.1. We break the theorem
into two parts.

Lemma 3.5. Under the same conditions as Theorem 3.1 we have

sup J(p,¥) < inf  K(r).
(0, 0)ED, mell(p,v)
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Proof. Let (¢,1) € ®cand 7 € II(i,v). Let A C X and B C Y be sets such that y(A) = 1,
v(B) =1and
o(x) +Y(y) < cz,y) V(z,y) € A x B.

Now 7(A° x B¢) < w(A° x Y) 4+ m(X x B°) = pu(A°) 4+ v(B°) = 0. Hence,

m(Ax B) =7n(X x B) — m(A°
=v(B)—m(A°xY) A x BY)
=1— pu(A%) 4+ w(A° x B°)
=1.

X B)
+ 7(

So it follows that ¢(x) + ¥ (y) < ¢(x,y) for m-almost every (z,y). Then,

S = [ ptnt [ = [ o) +v@draa) < [ de)dra)

The result of the lemma follows by taking the supremum over (¢, ) € ®. on the right hand side
and the infimum over 7 € II(y, ) on the left hand side. O

To complete the proof of Theorem 3.1 we need to show that the opposite inequality in
Lemma 3.5 is also true.

Lemma 3.6. Under the same conditions as Theorem 3.1 we have

sup J(p,7) > inf K(nm).
(0,h) €D, mell(p,v)

Proof. The proof is completed in three steps in increasing generality:
1. we assume X, Y are compact and c is continuous;
2. the assumption that X, Y are compact is relaxed, c is still continuous;

3. cis only assumed to be lower semi-continuous.

1. Let £ = CP(X xY) equipped with the supremum norm. The dual space of E is the space
of Radon measures £* = M (X x Y') (by the Riesz—Markov—Kakutani representation theorem).
Define

_J 0 ifu(r,y) > —c(x,y)
Ou) = { +o00 else,

(u) = { Jx (@) dp(z) + [ (y) dv(y) if u(z,y) = p(z) +¥(y)
+o00 else.

[1]

Note that although the representation u(x,y) = ¢(z) + ¥ (y) is not unique (¢ and 1 are only
unique upto a constant) = is still well defined. We claim that © and = are convex. For ©
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consider u, v with O(u), O(v) < +oo, then u(z,y) > —c(z,y) and v(z,y) > —c(z,y), hence
tu(z,y) + (1 —t)v(z,y) > c(x,y) for any t € [0, 1]. It follows that

O(tu+ (1 —t)v) =0=1t0(u) + (1 — t)O(v).
If either ©(u) = 400 or ©(v) = +oo then clearly
O(tu+ (1 —t)v) <tO(u) + (1 —1)O(v).
Hence © is convex. For = if either =(u) = 400 or Z(v) = 400 then clearly
E(tu+ (1 —t)v) <t=(u) + (1 —t)=E(v).
Assume u(z,y) = ¢1(2) + r(y), (2, ) = 2(x) + a(y) then
tu(z, y) + (1 = t)o(z, y) = toi(x) + (1 = t)pa() + 1 (y) + (1 = )2 (y)

and therefore

=(tu + (1 - t)o) = /

tor + (1 —t)padp + / th + (1 =)o dv = t=2(u) + (1 — t)Z(v).
b Y

Hence = is convex.
Let u = 1 then O(u), Z(u) < +oo and O is continuous at u. By Theorem 3.2

(3.6) ig}fg (O(u) + Z(u)) = max (—O*(—m) — E"(n)).

E*

First we calculate the left hand side of (3.6). We have

f O +=) 2 inf [ ple)dute) + [ B ) == s o)

u€E @) +y(y>—czy) Jx cd,
PEL (1) peL (v) o)

We now consider the right hand side of (3.6). To do so we need to find the convex conjugates
of © and =. For ©* we compute

©*(—m) = sup (—/ udmr — @(u)) = sup —/ udm = sup/ udm.
uel XXY uz—c XxY use JXXY

Then we find
Sy ¢l y)dm if e My (X xY)

+o0 else.

o"(-r) = {

For =* we have
E*(m) = sup (/ udm — E(u))
uekE XxY

= s ([ i [ [wma)
u(z,y)=p(z)+¥(y) XxY X Y

( sup / pd(Py — p) +/ Yd(Py — V))
u(z,y)=p(z)+¢(y) /X Y
_{ 0 ifmel(y,v)

+o00o else.

25



Hence, the right hand side of (3.6) reads

max (—O*(—7) — =*(7)) = — min c(x,y)dm = — min K(x).
mx (6" (-m) == (@) == min | lay)dr=— min K(x)
This completes the proof of part 1.

Parts 2 and 3 and more complicated (part 2 takes some work, part 3 is actually quite
straghtforward) and are omitted; both parts can be found in [15, pp 28-32]. [l

3.4 Existence of Maximisers to the Dual Problem

Section references: Theorem 3.7 is adapted from the special case X =Y = R", ¢(x,y) = |z—y|?
in [15, Theorem 2.9], the other results in this section, Lemmas 3.8 and 3.9 are adapted from [ 15,
Lemma 2.10].

The objective of this section is to prove the existence of a maximiser to the dual problem.
We state the theorem before giving a preliminary result followed by the proof of the theorem.

Theorem 3.7. Let p € P(X), v € P(Y), where X and Y are Polish, and ¢ : X x Y — [0, 00).
Assume that there exists cx € L'(11), cy € L*(v) suchthat c(z,y) < cx(x)+cy(y) for p-almost
every x € X and v-almost every y € Y. In addition, assume that

(3.7) M::/ cx(x) du(x)—i—/ ey (y) dv(y) < oo.
X Y
Then there exists (p, 1) € O, such that
supJ = J(¢p, ¥).

Furthermore we can choose (p, 1)) = (n°,n°) for some n € L* (), where 1° is defined below.

The condition that M < oo is effectively a moment condition on p and v. In particular, if
c(z,y) = |x — y|P then c(x,y) < C(]z|P + |y|P) and the requirement that M < oo is exactly the
condition that i, v have finite p™ moments.

The proof relies on similar concepts as the proof of duality, in particular, for ¢ : X — R, the
c-transforms ¢°, ¢ defined by

¢ Y =R, #°(y) = inf (c(w,y) — p(x))
X >R, #“(z) = inf (e(z,y) = ¢°(y))

for p : X — R are key; one should compare this to the Legendre-Fenchel transform defined in
the previous section. We first give a result which implies we only need to consider c-transform
pairs.

Lemma 3.8. Let 1 € P(X), v € P(Y). Forany a € R and (¢,
(3 — a,3° + a) satisfies J(p, 1) > J(, D) and @(x) + ¥(y) <
r € X and v-almost every y € Y.

Furthermore, if J(, 15) > —o0, M < 400 (where M is defined by (3.7)), and there exists
cx € LY(u) and cy € LY(v) such that ¢ < cx and 1) < cy, then (p,7) € ®..

b)) € ®, we have (p, 1) =
c(x,y) for u-almost every
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Proof. Clearly J(¢ — a,v + a) = J(p,7) foralla € R, ¢ € L'(n) and v € L(v), so it is
enough to show that p = o > @, 1 = ¢ > 1, p(x) + Y(y) < c(x,y).
Note that

U(y) = inf (c(z,y) — 3(z)) > d(y)

zeX

since () + ¥ (y) < ¢(x,y), and

p(z) = yig; Sup (c(z,y) —c(z,9) +&(2) = P(x)

by choosing z = .
We easily see that

() +9(y) = inf (c(z, 2) = 9%(2) + ¢(y)) < (@, y)

by choosing z = y.
For the furthermore part of the lemma it is left to show integrability of ¢, ¢). Note that

/X () — ex(x) du(z) + /Y b(y) — ev(y) dv(y) = I, ) — M > I3, §) — M

and since ¢ — cx < 0, ¥ — ¢y < 0 then both integrals on the left hand side are negative. In
particular

I —exlloig + 10 —evlloiw = — /X p(z) — ex(z) dp(z) — /Y‘?(y) — ¢y (y) dv(y)
< M —J(p,9).
Hence ¢ — cx € L' (i), v — cy € L'(v) from which it follows ¢ € L'(u), ¢ € L*(v). O
The next result gives an upper bound on maximising sequences.

Lemma 3.9. Let 4 € P(X), v € P(Y), andc : X xY — R. Assume that c(x,y) <
cx(x) + cy(y) where cx € L*(u) and ey € L'(v). Furthermore, assume that M given by (3.7)
satisfies M < oc. Then there exists a sequence (¢, ) € W, such that J(¢y, x) — supg, J
and satisfying the bounds

or(r) <cx(r) Vze X, VkeN
Ur(y) < ey(y) Yy eY,VkeN.

Proof. Let (@kﬂ;k) € ®. be a maximising sequence. Notice that since 0 < supg J <
infry,,) K < M < oo that ¢y, 1, must be proper functions (in fact not equal to 0o any-
where). Let (¢, V) = (@ — ak, ¢% + ax) where we will choose

ap = ylg£ (ey (y) — @r(y)) -

By Lemma 3.8 (¢, ¥x) € ®. and (¢, %) is a maximising sequence once we have shown that
¢ < cx and ¢y < ey
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We start by showing aj € (—o0, +-00). Since (Pr, Ux) € @ then @y (z) < c(z,y) — ¥r(y)
for all y € Y. Hence there exists yo € Y and by € R (possibly depending on k) such that
ér(z) < c(z, o) + bo. Then,

Filw) = inf (el ) — u(a)) = —ho.
Hence, a; < ¢y (yo) — ¢5(yo) < ¢y (yo) + by < co. We also have

ey (y) — @rly) = sup (ey (y) — c(z,y) + () > Sup (@r(7) — ex(x)) = @r(wo) — cx (o)

for any zy € X. Hence, a; > @(z9) — cx(x¢) which is greater than —oo. We have shown that
ay € (—o0, +00) and the pair (¢, 1) are well defined.

Clearly ¢y (y) = &5(y) + ax < ¢y (y). And,

or(r) —cx(z) = ;g§ (c(x,y) = Pr(y) — ax — cx(x)) < ;g (ey(y) — Pr(y) —axr) = 0.

So, (¢, 1) satisfy the bounds stated in the lemma. O
With the help of the preceding lemma we can prove Theorem 3.7.

Proof of Theorem 3.7. Note that inf cry(,,,) K(7) < M < oo by Lemma 3.5. Let (¢, 1) € @,
be a maximising sequence as in Lemma 3.9. Define go,(f), z/zlgg) by

o () = max{py(x) — ex(x), —} + ex(@)

D (y) = max{¥(y) — ey (y), —0} + ey (y)-

Note that ), < sol(f), Py, < %g)’

< P(x)—ex(z) <0  VoeX,VkeN VeN
<Oy —ey(y) S0 WyeY,VkeN, VWl eN
o) > ol >
19) > 1/1;(5) >
and
on) (@) + 6 (y) < max{pe(@) — ex(@) + ly) — ev(y), =0 + ex (@) + er ()
(3.8) < max{c(z,y) — cx(x) — ey (y), =0} + cx(x) + ¢y (y).

For each / the sequence go,(f) is bounded in L™ so {go,(f)} ren is weakly compact in LP(u)

for any p € (1,00) (for reflexive Banach spaces boundedness plus closure is equivalent to
weak compactness). Let’s choose p = 2 then, after extracting a subsequence, we have that

go,(f) — ) € L'(u) (since L?(p) € L'(p)). By a diagonalisation argument we can assume that
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go,(f) — ¢ forall £ € N. We can apply the same argument to z/J,Ef) to imply the existence of weak

limits (¥ € L'(v). We have that

(1) 2)

cx 2> ¢
cy >y

(AVARAVS
|\/ I\/

¥
s

Since ¢, 1)) are bounded above by an L' function and monotonically decreasing we can
apply the Monotone Convergence Theorem to infer

im [ ¢O()du(z) = / f(2) du(a)

{—o0 X

tim [ 604 / Wi () duly

where f, 1 are the pointwise limits of (), 1(®)

o) = lim p9(2),  ¥f(y) = Jim v1O(y).

L—o0

The functions (¢, ¢T) are our candidate maximisers. We are required to show that (', 1") €
. and J(p,v) < J(f, ") for all (¢, 1) € ..

Since supg, J = limy o0 J(@k, %) < limyo0J (e D) = J(p® ®) for any ¢ € N
then

IRTDES }LTOJ(SO(Z)M/J“)) > S;lpﬂ.

Hence (¢, 1) maximises J.
It follows from taking ¢ — oo in (3.8) that of(x) + ¥T(y) < c(x,y). Now integrability
follows from

0> /}(@T(x) — cx(z) dp(x) + /YW(?J) — ey (y) dv(y) > supJ — M.

c

In particular, since ng —cx <0, @DT — cy < 0 then it follows that both integrals are finite and
ot —cx € LY(p), ¥ — ¢y € L'(v). Hence o' € L* () and 97 € L(v).

For the furthermore part of the theorem we use the double c-transform trick as in the proof of
Lemma 3.9. For any a € R we have, by Lemma 3.8,

I, 0" <IN = a, (") + a) = ("), (¢)°).

We only have to show ((¢)*, (p1)¢) € L*(u) x L!(v). Let a = infyey (cy (y) — (¢7)%(y)) then
a € R for the same reasons that a;, € R in the proof of Lemma 3.9. Clearly (©")¢(y) +a < ¢y (y)
and

(¢")*(x) = inf (c(z,y) = (1)°(y) — a) < inf (ex(2) + v (y) = (1)(y) —a) < ex(@).

yey yey

Hence, ((¢") — a, (¢")¢ + a) € L*(u) x L*(v) by Lemma 3.8. Trivially ((¢)*, (o)¢) €
L' (u) x L(v). H
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Chapter 4

Existence and Characterisation of
Transport Maps

Our aim is to characterise the optimal transport plans that arise as a minimiser to the Kantorovich
optimal transportation problem and show sufficient conditions for the existence of optimal
transport maps. In this chapter we will restrict ourselves to the cost function c¢(z, y) = %]x -yl
Generalisations to other cost functions is possible but with an additional notational burden.! The
second restriction we make is to assume that X and Y are subsets of R".

The chapter is structured as follows. We first state our objectives and in particular the results
we will prove, then give motivating explanations. We will require some results and definitions
from convex analysis which we give in Section 4.2 before finally proving the main theorems
from the first section.

4.1 Knott-Smith Optimality and Brenier’s Theorem

Section references: Theorem 4.1, Theorem 4.2 and Corollary 4.3 form [15, Theorem 2.12].

We will give (1) a characterisation of optimal transport plans and (2) sufficient conditions for
the existence of optimal transport maps (and when mincry(,.,,) K(7) = ming,,—, M(T)).

We will restate the theorem in Section 4.3 with a change of notation (more precisely we
look at the equivalent problems sup,cyy(,.,) [y @ - ¥ dm(z,y) and infz J where  is defined in
Section 4.3).

The subdifferential 0 of a convex function ¢ is defined by

Io(x) ={y : p(2) 2 p(x) +y- (2 —2)Vz € R"}.

We will review some convex analysis in Section 4.2 which will inform the definition. For now it
is enough to know that the subdifferential is a generalisation of the differential which always
exists for lower semi-continuous convex functions. Note that the subdifferential is in general a
set however if ¢ is differentiable at x then 0p(z) = {V(x)}.

For example it is possible to show the existence of optimal transport maps for strictly convex and superlinear
cost functions, and characterise them in terms of c-superdifferentials of c-convex functions.
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Theorem 4.1. Knott-Smith Optimality Criterion Ler i € P(X), v € P(Y) with X, Y C R"
and assume that ji, v both have finite second moments. Then © € 1l(u, v) is a minimizer of
Kantorovich’s optimal transport problem with cost c¢(z,y) = %\x — y|? if and only if there
exists an L'(p1), convex lower semi-continuous function o such that supp(m) C Gra(dyp), or
equivalently y € Op(x) for w-almost every (x,y). Moreover the pair (@, ¢*) is a minimiser of
the problem inf g J(p, 1)) where ©* is the convex conjugate defined in Definition 4.4, J is defined
by (3.1), and D is defined by

&= {(p.0) € L'(w) x L'(¥) : @) +b(y) 2z -y}

Why do we expect the optimal plan to have support in the graph of the subdifferential of
a convex function? Let us first consider the 1D case and a map Txu = v. We should expect
any map that is ‘optimal’ to be order preserving, i.e. if 71 < x5 then T'(z1) < T'(x2). This is
equivalent to saying that 7" is non-decreasing.

Maps rule out splitting since each x — T'(x). However if we let T" set valued (i.e. we are
considering plans instead of maps) then the increasing property in some sense should still hold.
Let

I'={(z,y) :xe€Xandy € T'(z)}.

We can write the increasing property as: for any (x1, 41), (22, y2) € I' with 21 < x9 then y; < yo.
In convex analysis this property is called cyclical monotonicity. It can be shown that any
cyclically monotone set can be written as the subgradient of a convex function (since any convex
function has a non-decreasing derivative). Hence we expect any optimal plan to be supported in
the subgradient of a convex function. This turns out to also be true in dimensions greater than
one.
The next result specifically gives conditions sufficient for the existence of transport maps.

Theorem 4.2. Brenier’s Theorem Ler i € P(X), v € P(Y) with X, Y C R" and assume
that |, v both have finite second moments and that |1 does not give mass to small sets. Then
there is a unique solution ©' € 11(u, v) to Kantorovich’s optimal transport problem with cost
c(z,y) = 3|z — y|* which is given by

7l = (Id x V) upu or equivalently drf(z,y) = du(z)d(y = Ve(z))

where V¢ is the gradient of a convex function (defined p-almost everywhere) that pushes |
forwardto v, i.e. (NVp)up = v.

Any convex function is locally Lipschitz on the interior of its domain. It follows (from
Rademacher’s theorem) that ¢ is almost everywhere (in the Lebesgue sense) differentiable on the
interior of its domain. The fact that the set of non-differentiability is a small set and 7 gives zero
mass to small sets implies we can talk about the derivative of ¢ on the support of 7 as though it
exists everywhere.

The following corollary is immediate from Brenier’s theorem.

Corollary 4.3. Under the assumptions of Theorem 4.2 NV ¢ is the unique solution to the Monge
transportation problem:

1
— 2 [ p— pR—
/ ’x V(p )‘ ( N = 2T;nﬂfy/ ‘x (.TJ)
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We sketch the proof of the corollary. From the inequality
min K(7) < inf M(T)

w eIl (p,v) T:Typ=v

that was argued in Section 1.2 it is enough to show TH = Vi satisfies M(T T) < mingy,,) K
(T?Lu = v is given in Theorem 4.2). Now, let 7' € II(u, v) be as in Theorem 4.2,

—5 [l =Tl duta)

—5AWM—TWMMWWM

1
o LR R
2 X XY

= min K(7)
well(p,v)

since T (z) = y for -almost every (z,y) € X x Y. Uniqueness of T follows from uniqueness
of 7.

4.2 Preliminary Results from Convex Analysis

Section references: These results are a subset of the background in convex analsyis given in [15].
In particular Proposition 4.5 is [15, Proposition 2.4] and Proposition 4.7 is [15, Proposition
2.5].

In order to characterise subgradients we will use the convex conjugate defined below. This
is essentially a special case of the Legendre-Fenchel transform we defined in Section 3.2. The
convex conjugate is also sometimes called the Legendre transform.

Definition 4.4. The convex conjugate of a proper function ¢ : R" — R U {+oc} is defined by

©*(y) = sup (z-y— o).

The following proposition characterises the subdifferential.

Proposition 4.5. Let © be a proper, lower semi-continuous, convex function on R". Then for all
x,y € R"?
roy=p@)+e'(y) < yedp(r)
Proof. Since ¢*(y) > x -y — p(z) for all z,y we have
vy =o@)+¢"(y) & z-y=e)+ey)

e y>p@)t+y-z—9(z) VzeR

& ) >p)+y-(z—2) VzeR?
&y € dp(x)

which proves the proposition. 0
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In fact if ¢ is convex then ¢ is differentiable almost everywhere, hence we have that 0p(z) =
{Vp(zx)} for almost every .

Proposition 4.6. If ¢ : R" — RU{+oc} is convex then (1) p is almost everywhere differentiable
and (2) whenever o is differentiable 0p(x) = {V(x)}.

Proof. Let z € int(Dom(y)) and §* be such that B(z, 0*) C int(Dom(y)). We show that ¢ is
Lipschitz continuous on B(z, §*/4). Then, by Rademacher’s theorem?, ¢ is differentiable almost
everywhere on B(x,6*/4), and therefore differentiable almost everywhere on int(Dom(y)).
This will complete the proof of (1).

We show ¢ is Lipschitz on B(z,d*/4) by first showing that ¢ is uniformly bounded on
B(z,*/2). By the Minkowski-Carathéodory Theorem (Theorem 2.5) there exists {z;}!" , C
J0B(z,0*) such that for all y € B(z,0*) there exists {\;}, C [0,1] with > /A\; = 1 and
Yy = Z?:O )\ZZEZ SO,

oly) = e(Q_ Niwi) <) Nip(wi) < max [p(a,)].

..... n
i=0 =0

Now fory € B(x,6*) andy =z — (y — ) = 2z —y we have y € B(z,0*) and x = v/ + 3v.
Therefore p(z) < 2¢(y') + 2¢(y). In particular,

2p(2) — max [p(z;)] < p(y) < max |p(z)| Yy € B(w,0%).
Hence

101l o (a5 2y < max {ig}%xn ()| = 2p(x), max Iw(ﬂfi)l} < 0.
To show ¢ is Lischitz on B(x,0*/4) let z1, x5 € B(x,*/4) (1 # x2) and take z3 to be the
point of intersection of the line through = and x, with 0B(z, §* /2); there are two possibilities

for x3, we choose the option where x5 lies between z; and z3. Let A = % € (0,1). Now,

Axy 4+ (1 = N)xg = Azg + A1 — 22) + (1 = N)ag + (1 — N) (23 — 22)

w3 — wo| (w1 — @2) | (|w5 — 21| — |wg — @) (w3 — 32)

|23 — 21 |23 — 21
1
=29+ —— (|zg — ol (21 — x2) + |22 — 21| (23 — X2))
|23 — 21
:gj‘2

?Rademacher’s theorem: if U C R™ is open and f : U — R is Lipschitz continuous then f is differentiable
almost everywhere on U.
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since é;:iil = éi:ﬁ;l. So by convexity of ¢,
p(r2) — @(x1) < (1= A) (p(xs) — p(21))
’361 - 373\ — |372 - xs’

= ’351 _ $3| (90(373) - Sp(xl))

< 8M|CL’1 — .Z'2|

ST
where M = wo(B—5775y and we use that |z, — x3| > 0* /4. Switching x; and z, implies

PllLee (B(w,57/2)) &

that [p(z2) — p(21)| < w hence ¢ is Lipschitz continuous, with constant L = 3 in

B(x,0%/4).
For (2) let ¢ be differentiable at z. Then,

p(e + (2 = 2)h) — p(x)

o(x) + Ve(z) - (z —x) = p(z) + lim

h—0+ h
. (1= h)z + hz) — ()
IR h
< pla) + lim L) 3 ReC) o)
= ¢(2).

Hence Vy(x) € dp(x). Now if y € dp(z) then

plz) +y-(z—2) <p(2)
for all z € R". Let z = x + hw then we can infer that

p(z + hw) — p(x)
h

y-w <

for all h > 0 and w € R". Letting h — 0" we have y - w < Vy(x) - w for all w € R".
Substituting w — —w we have y - w = V() - w for all w € R™. Hence y = Vy(z). O

Our final preliminary result gives equivalent conditions for convexity and lower semi-
continuity.

Proposition 4.7. Let ¢ : R" — R U {400} be proper. Then the following are equivalent:
1. ¢ is convex and lower semi-continuous;
2. = * for some proper function \;

3. ™=

34



Proof. 3 clearly implies 2. We first show that 2 implies 1. Let ¢ = ¢)* and we will show that ¢
is convex and lower semi-continuous. For convexity let z1, 25 € R™,t € [0, 1] then

otz + (1 — t)xg) = " (txy + (1 — t)x2)
= sup ((te1 + (1 — t)z2) -y —¥(y))

yeR”
< seuRg (txy -y —tY(y)) + S;lﬂg (I=t)ze -y — (1 —=1)U(y))

=" (1) + (1 = 1)P"(22)
= tp(x1) + (1 = t)p(22).

For lower semi-continuity let z,,, — x, then

lim inf ¢ (2,) = lim inf sup (2, -y — ¢ (y)) 2 lm (25 -y —(y) =2y — ¥(y)
m—00 m—00 ycRn m—00
for any y € R™. Taking the supremum over y € R™ implies liminf,, ,. ¢(x,) > ¢(z) as
required.
Finally we show that 1 implies 3. Let ¢ be lower semi-continuous and convex. Fix = € R",
we want to show that p(z) = ¢**(x). Since ¢*(y) > = -y — ¢(x) for all y € R™ then

p(x) = sup (z-y — " (y)) = ¢ (x).
yER™
We are left to show ¢(x) < o™ (z).
Let x € int(Dom(y)), then since ¢ can be bounded below by an affine function passing
through o(x) (since ¢ is convex) then dp(x) # (. Let yo € Op(x). By Proposition 4.5
- yo = () + ¢ (yo) then

(@) =z -y — ¢"(yo) < sup (z-y—¢*(y) =" ().

Hence we have proved the Proposition for any ¢ with int(Dom(p)) = R

For all other ¢ we define ¢.(x) = 12 and

)

pe(r) = inf (o —y)+v(y)) = inf (o(y) +v(x —y)).

yeRd yeRd

In order to show . = ¢** on RY it is enough to show that (. is convex, lower semi-continuous
and int(Dom(¢p.)) = R?. For convexity we note,

Pe(tzy + (1 —t)zg) = ;Iel]fx (p(trr + (1 = t)ra — y) + ve(y))

= inf (o(t(r1 —y1) + (1 =) (22 — yo)) + Ye(tys + (1 — t)ya))

y1,y2€R?

< yligiRd (t (p(r1 — 1) +Ye(y1)) + (1 = 1) (0(r2 — y2) + V(y2)))

= tpe(a1) + (1 = )e(2).
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The pointwise limit of an arbitrary collection of lower semi-continuous functions is lower semi-
continuous, hence ¢, is lower semi-continuous. Now let z € R¢ and since ¢ is proper there
exists yo € R? such that p(yg) < oo, hence . (z) < ¢(yo) + . (z — yo). Since ¢ is everywhere
finite then it follows that o (z) is finite hence x € Dom(¢.). In particular int(Dom (i, )) = R

We now show that lim inf. g p.() > ¢(z) (we actually show that lim. o ¢.(x) = ¢(z)
but the former statement is all we really need). Fix x € R" and note that ¢ () < A + g Since
 is convex then it is bounded below by an affine function, say ¢(z) > a -z + b for all z € R".
Let y. be a minimising sequence, i.e. p.(z) > ¢(z — y.) + ¥-(y.) — €. Then

B y2 L+e)|al®*  |z]*  |y|?

This implies |y.| = O(1).

Now let £, — 0 be a subsequence with lim inf. o () = lim,,_, ¢., (x). Since y., is
bounded then there exists a further subsequence (which we relabel) and some y € R™ such that
Ye,, — Y. Furthermore,

lim ¢, (z) = lim (p(x —y.,) + Ve, (Ye,)) >

n—oo n—oo

{ o(z) ify=0

+oo  else.

In both cases the right hand side is greater than ¢(x) hence lim,,_,, ., () > p(z).
On the other hand, since p(z) > ¢.(z) then

() =sup inf (y-(x—2)+p(2)) > sup inf (y-(x—2)+ p(2)) = ™" (x).

yER™ z€R™ yeRn z€R™
Hence,
¢ (x) 2 lim inf 2" () = lim inf . (2) > p(2).
Which concludes the proof. 0

4.3 Proof of the Knott-Smith Optimality Criterion

Section references: The proof of the Knott-Smith optimality condition is based on Villani’s proof
in[15, Theorem 2.12].
Before proving the theorem we manipulate the Kantorovich optimal transport problem and
the dual problem. Let (¢, ¥)) € ®. (where c(,y) = |z — y[») and define ¢(z) = S|z> — o(x),
(y) = Ly|? = (y). Clearly ¢ € L' (p), v € L'(v ) whenever y, v have finite second moments.
Furthermore
1

i . 1 1 1 1
P(x) +¥(y) = §|:v|2 + §|y|2 —o(z) —Y(y) > §|:15|2 + §|y|2 — gl - Y>>z

In fact, (¢, 1)) € &, < (P, ) €  where
= {(p.0) € L) x L'(¥) : p(a) +9(y) 2 -y}
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Furthermore J(p, 1) = M — J(¢, 1) where

—5 [l dute) 5 [ 1P vty

/ v —yPdn(ey) =M — | o yda(ey).
XxY

X XY

And for m € I(u, v),

Hence,

—J(@,¢) = J(p, ) <K(r) = M — x-ydr(z,y).

XxY
Or more conveniently,

J(@vqjj) Z/X nydﬂ-(xvy)

Kantorovich duality (Theorem 3.1) implies that

4.1) min_ J(¢,¢) = max / x-ydr(z,y).
XxY

(g, 1/1)€<1> m€ll(p,v)

We notice that if 7! € TI(x, ) minimises K then it also maximises [, . «-ydm(z,y), and vice

versa. On the other hand, if (¢, ) € ®. maximises J, then (@, ¢) = Gl P=p 3 P-y)ed
minimises J, and vice versa.

Existence of maximisers of J over ®, imply there exists € L'(u) such that (1)) =
(31 2=, 3| 2= ¢°) € ® and (¢, ) minimise J over ®. Furthermore,

~ 1
v(y) = Slyl° = ()
1
= sup (bl = 3lo — ol + 410

= sup (x -y — 3(x))

zeX
=& (y)
where ¢p*. We also have,
b(x) = glaf? — o (a)
=sup (Glol* = glo — ol + ) )

1 1 1 .
= sup (§!$|2 — 5\56 —y|*+ 5\9!2 — ¢ (y))

yey

= sup (z-y—&"(y))

— ¢ ().
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Hence minimisers of J over ® take the form (&**, ¢*).
Let 7 = ¢** then by Proposition 4.7 1) is convex and lower semi-continuous. Furthermore,
Zkkk

again by Proposition 4.7 7* = ¢*** = ¢*. Hence there exists minimisers of J over ® with the
form (77, 77*) where 7] is a proper, convex and lower semi-continuous function.

Proof of Theorem 4.1. Let w! € I(p1, v) minimise K over II(p, /) and ¢ be the proper lower
semi-continuous function such that the pair (¢, ¢*) minimise J over ®. By Kantorovich duality
(in particular (4.1)) we have

| s@an@ + [ Fwae = [ oyl

Equivalently,
| e+ o gty =0
XxXY

By definition of the convex conjugate P(z) + @*(y) > x - y and therefore the integrand is
non-negative. We must have ¢(z) + @*(y) = x - y for 7'-almost every (x, %) and therefore by
Proposition 4.5 y € 9¢(x) for wf-almost every (z, ).

Conversely, suppose y € 9@ (z) for wf-almost every (,y) where @ is a L'(11) proper, lower
semi-continuous and convex function. Then by Proposition 4.5,

/X Ys?)(x) +@*(y) —x - ydr'(z,y) = 0.

Notice that by definition of the Legendre-Fenchel transform we have that ¢(x) + ¢*(y) > z - y.
We will show integrability of @* shortly, for now it is assumed then (@, ¢*) € ®. Hence,

minJ < J(¢, ¢%) = / z-ydr'(r,y) < max / x-ydmr(z,y).
b XxY m€ll(w,v) Jx«y

) in ® achieves the minimum of J and 7! achieves

By duality (i.e. (4.1)) it follows that (@, ¢*
is TI(y, v). Hence 7' is an optimal plan in the Kantorovich

the maximum of [, . x-ydnr(z,y)
sense.

The last detail we have to show is ¢* € L'(v). Since ¢ is convex then ¢* can be bounded
below by an affine function, in particular there exists xo € X such that o*(y) > z¢-y — @(xo) >
xo -y —bo =: f(y). So the integral,

~ % ~ % ~ o~k ~ 1 1
16" = fllrw) z/yso (y) — fly)dv(y) < I(p, @ )+||S0||L1(u)+§|x0|2+§/y|y|2dl/(y)+bo

is finite. Hence »* — f € L'(v), and since f € L'(v) then o* € L'(v) as required. O

4.4 Proof of Brenier’s Theorem

Section references: The proof of the Brenier’s theorem is based on Villani’s proof in [ 15, Theorem

2.12].
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Proof of Theorem 4.2. Let w' be a minimiser of Kantorovich’s optimal transport problem. If we
write (by disintegration of measures)

7TT X = 7TT T X
(A% B) / (Blz) du(x).

for some family {7'(:|z)}.ex C P(Y), then supp(7'(-|r)) C dp(x) for p-a.e. * € X by
Theorem 4.1. By Proposition 4.6, 0p(x) = {Ve(X)} for L-a.e. x € X (and therefore p-a.e.
z € X). Hence supp(7'(-|z)) C {V(z)} for p-a.e. x € X. This implies 7' (-|z) = Oy () for
p-a.e. v € X. We have shown that there exists an optimal 7' that can be written as

wh = (Id x V) yp
and
v(B) = 7' (R™ x B)
= (Id x Vp)uu(R" x B)
=1 ((Id x Vo) ! (R" x B))
=pu({z : (Id x Vo)(z) € R" x B})

=p({z : Vo(r) € B})
= (V)yn(B)

then we also have that (V) 4y = v.

We are left to show uniqueness. Assume ¢ is another convex function with (V@) xp = v.
We will show that Vi = V¢ upto p null sets.

By Theorem 4.1 we know that (Id x V@) is an optimal transport plan and the pair (¢, ¢*)

minimize J over ®. So,
/ gad;H—/ go*du:/ gpdu+/ ©* dv.
X Y X Y

/X ola) + 7 ) ' (a,0) = /X e@)+ ¢ ) d o)
:/ny.ydm?m
- /X @y d(1dx Ve)gu(e.y)

- /X 7 V() dpu(a)

The above implies that

where the second line follows as y € dp(z) for m-a.e. (z,y) and by Proposition 4.5. Also,

/X @) + 4 (5) drl () = / o(@) + 7" (Voo(a)) dpu(x).

X
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Hence
| 6@+ ¢ (Vet@)) 2+ V(@) duta) =0,
b
In particular, ¢(z) + @*(Ve(x)) — z - Vo(x) = 0 for u-almost every z. By Proposition 4.5 this

implies that Vo(x) € 0p(x) for p-almost every x and therefore Vip(z) = V@(x) for u-almost
every . [

40



Chapter 5

Wasserstein Distances

Eulerian based costs, such as LP, define a metric based on "pointwise differences". This has
some notable disadvantages, for example consider in 1D two indicator functions f(z) = xo,1)(2)
and f5(x) = xps,6+1)(¢). Notice that in LP,

25 if |§] < 1
AP =
If - sl = 3 5

In particular, we notice that once || > 1 the L? distance is constant. In more general examples,
where f and f; are not necessarily indicator functions, the L? distance will be the sum of the L”
norms whenever the supports of f and f; are disjoint.

Why do we care? Say we are trying to fit a parametrised curve fs to f. Then say we start
from a bad initialisation where the support of f5 is disjoint from the support of f. In this regime
the derivative < || fs — f||z» = 0, this is a problem for gradient based optimisation.

On the other hand, we would hope that a transport based distance would do a better job.
In particular, in the elementary example f(z) = x[.1(%) and f5(x) = X[s55+1)(2) the OT cost
would be )

min / |lx — T(z)|Pdz = |d]P
Tyf=fs Jg
where the cost is ¢(z,y) = |« — y|? and with an abuse of notation we associate f and fs with the
measures with density f and f;5 respectively. Note that the OT cost now strictly increases as a
function of |9|.

The objective of this section is to understand how the optimal transport can be used to define
a metric and some of the metric properties. In particular, we will define the Wasserstein distance
(also sometimes known as the earth movers distance) in the next section. In Section 5.2 we look
at the topology of Wasserstein spaces and show that the Wasserstein distance metrizes the weak™
convergence. Finally we will look at geodesics and the relation to fluid dynamics.

Throughout this chapter we will assume that ¢(z,y) = |z — y|? for p € [1,400) and X, Y
are subsets of R,

Before proceeding to the Wasserstein distance, let us note one other important example that
can be posed as an optimal transport problem. Let ¢(z, y) = I,,, i.e. ¢(z,y) = 0if x = y and
c(x,y) = 1 otherwise. Then the optimal transport problem coincides with the total variation
distance between measures.
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Proposition 5.1. Let j1, v € P(X) where X is a Polish space and c(x,y) = L,., then
1
inf K(r) = = || —
ot (m) = Sl = viry

where
v == QSlj‘p [1(A)].

Proof. We prove the proposition in 4 steps, in the first two steps we only assume that c is a
metric, in particular we use that c is lower semi-continuous, symmetric and satisfies the triangle
inequality. In the third step we use the specific form of ¢, but this can also be avoided, see
Remark 5.2.

1. Lety € L'(u), we claim that |p¢(z) — ¢°(y)| < c(z,y) for almost every (z,y) € X x X.
Indeed,

(7) — ¢(y) = Jnf ng( c(w,21) — c(y, 22) — p(21) — @(22))

< sup (¢(x, z9) — ¢y, 22)) choosing z; = 25
z0€X

< sup (c(z,y) + c(y, z2) — c(y, z2)) by the triangle inequality
z0€X
< (2, y).

By switching = and y we have that |p°(x) — ¢°(y)| < c(z,y).

2. Weclaim ¢ = —¢°. By part 1 we have c(z,y) — ¢°(y) > —¢°(x) and therefore
¢“(x) = inf (c(z,y) — ¢°(y)) =2 —¢"(x).
yeX

On the other hand
p“(z) = ylg)f( (c(r,y) — ¢°(y)) < —p“(2)

by choosing y = x. Hence ¢p“ = —° as claimed.

3. Since |n°(z) — n°(y)| < 1 we can, without loss of generality, assume that n°(x) € [0, 1] in
the following. By Theorem 3.1 and Theorem 3.7,

min K(7) = sup J(n*,n°) = sup J(—=n°,n°)

mell(p,v) neLl neL(u)
< sup J(—f, f) <supJ(p,¢) = min K(r)
0<f<1 b, mell(p,v)

where the penultimate inequality follows as (—f, f) € ®,, to see this we only need to show

—f(z) + fy) < c(z,y). Clearly —f(z) + f(y) < 1 = c(z,y) forz # y and —f(z) + f(y) =
0 = ¢(x,y) for z = y. It follows that

min K(7) = sup J(—f, f).

m€ll(p,v) 0<f<1
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4. Nowletv—p = (v—pu);—(v—pu)_ be the decomposition of v — px where (v —pu)+ € M(X)
are singular. It follows that

[ = vy =2(v — p) 1 (X).

And,
sup J(—f, f) = sup / Ay = p) = (v — )4 (X).
0<f<1 0<f<1
Hence mingeriy,) K(7) = supg< ;<1 J(—f, ) = §||u — Vl|v. O

Remark 5.2. In step 3 of the above proof we showed that

min K(r) = sup J(p, ) = sup/fdy— 1).

m€ll(p,v) (o)) EDe 0<f<1

This is actually a special case of the Kantorovich-Rubinstein Theorem (see [15, Theorem 1.14])
which states that, when c is a metric,

win, K(r) =sup { [ pau—0) o € L= vl ol < 1

mell(p,v)

where

lp(z) — o(y)|
[ellLip = sup ————.
P TH#Y C(:E7y)

5.1 Wasserstein Distances

Section references: The proof of that the Wasserstein distance is a metric, Proposition 5.4, comes
from [12, Proposition 5.1 and Lemma 5.4], with the preliminary result, Lemma 5.5, coming
from [12, Lemma 5.5]. The equivalence of Wasserstein norms is from [12, Section 5.1].

We will work on the space of probability measures on X C R? with bounded p™ moment,
ie.

P00 = {ne P+ [ o aute) < +oc.

Of course, if X is bounded then P,(X) = P(X). We now define the Wasserstein distance, it
will be the objective of this section to prove that the Wasserstein distance is a metric.

Definition 5.3. Let j1, v € P,(X), then the Wasserstein distance is defined as

dw»(u,v) = min & — ylP dr(z,y) )
ﬂ'EH(,u,,V) XxX

The Wasserstein distance is the p™ root of the minimum of the Kantorovich optimal transport
problem for cost function ¢(x,y) = | — y|P. The motivation is that this cost resembles an L”
distance (in fact we use properties of L” distances to prove the triangle inequality). One could
also consider an analogous distance for cost function ¢(x,y) = d(z,y) where d is a metric on
X. This type of distance is known as the earth movers distance. Notice that when p = 1 the
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Wasserstein distance is also a earth movers distance. We will not focus on earth movers distances
here.
Let us note here that 1, v € P,(X) is enough to guarantee dy»(u, ) < +o0. In particular,

&) <p inf / 2P + [yl? dn(z,y) = p / 2l du(z) + p / gl du(y).
XxX X X

mell(p,v)

We now state the result that dyy» is a metric. The proof, minus the triangle inequality, is given
below.

Proposition 5.4. The distance dy» : Pp(X) X P,(X) — [0, 00) is a metric on P,(X).

Proof. We give the proof of all the required criteria with the exception of the triangle inequality
which will require some preliminary results. Firstly, it is clear that dy»(p,v) > 0 for all
i, v € P(X) and by symmetry of the cost function ¢(x,y) = |z — y|P and 7 € II(p,v) <
Sym € (v, ;1) where S(z,y) = (y, ) we have symmetry of dy». Now if 1 = v then we can
take 7(z,y) = d,(y)p(zx) so that

Bplior) < [ oy () =0
XxX

as x = y m-almost everywhere. Now if dy» (i, v) = 0 then there exists 7 € II(u, ) such that
x = y m-almost everywhere. Hence for any test function f : X — R,

/X f(@) du() = /X | f@)dn(ay) = /X S)dn(ey) = /X 1) du(y).

As this holds for all test functions f then u = v. 0

The following lemma is known as the gluing lemma and we will use it to "glue" two transport
plans m; € TI(p,v) and o € II(v,w). The triangle inequality then follows from the triangle
inequality for L? distances.

Lemma 5.5. Given measures i € P(X),v € P(Y),w € P(Z) and transport plans m €
I(p,v) and mo € 1l(v,w) there exists a measure v € P(X X Y X Z) such that P;f’yv =m

and P;;’ZV = Ty where PXY (z,y,2) = (x,y) and PYZ(x,y,2) = (y, 2) are the projections
onto the two first and two last variables respectively.

Proof. By the disintegration of measures we can write

(A x B) = / m(Aly) du(y)

B

for some family of probability measures 7 (-|y) € P(X), and similarly for 7,

(B x C) = / mo(Cly) dv(y).

B
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Define v € M(X x Y x Z) by

VMXBXC%iémMMmK%NWW

Then,
VA X BxZ)= /Bm(Aly)m(Zly) dv(y) = /Bm(Aly) dv(y) = m1(A x B).

Similarly, (X x BxC') = my(B x (). Therefore, P;’Yv = 7 and P;’Zv = T asrequired. []
We are now in a position to complete the proof of Proposition 5.4.

Proof of Proposition 5.4 (the triangle inequality). Let p,v,w € P,(X) and assume 7xy €
(p,v), myz € (v, w) are optimal, i.e.

disvzo(,ua V) :/ |x_y|pd7TXY<$ay)
XxX
B = [y 2P dmyaly.2)
XxX
Let v € P(X x X x X) be such that P;f’yfy = mwxy and P;’ny = myyz (such 7 exists by
Lemma 5.5). Let x5 = P;:f’zfy. Then,

WXz(A X X) = P;E’Z’}/(A X X)

:7({(x,y,z) : PY(2,y,2) = (2,2) € A x X})
=7{(z,y,2) : w € A})

=7(Ax X x X)
= sz(A X X)
= u(A).
Similarly 7x 7 (X X B) = w(B). So, mxz € (1, w).
Now,
dwo (1, w (/ |a:—z|pd7rXZ(:E,z)>p
XxX
1
([ leslaens)
XxXxX
1
<(/ m—\mwwy,ﬁ H([ )
XxXxX XXxXxX
= (/ |z — ylP drxy (z,y ) ( |y_Z’pd7TYZ(?/aZ))
XxX XxX
= dw»(p,v) + dwr (v, w).
This proves the triangle inequality. 0
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One can also prove the triangle inequality using an transport maps and an approximation
argument. Slightly more precisely, if ;, v and w all have densities with respect to Lebesgue then
we know there exits transport maps 7" and S with Tzt = v and Syv = w. The map S o 7" then
pushes . onto w. One can argue, similarly to our proof, that dy» (i, v) +dwe (v, w) > dyw» (1, w).
To extend the argument to arbitrary probability measures p, v and w one uses mollifiers to
define fi. = p * J., analogously for 7., @., where J, = aidJ (-/¢) and J is a standard mollifier.
The measures ji, 7, w have densities with respect to the Lebesgue measure and one can show
dwr (fie, Ve) — dwwe (1, v) as € — 0. We refer to [12, Lemma 5.2 and Lemma 5.3] for full details.

Our final result of the section gives sufficient conditions for equivalence of Wasserstein
distances.

Proposition 5.6. For everyp € [1,400) and any j1,v € P,(X) we have dy»(p, v) > dy1(p, v).
Furthermore, if X C R" is bounded then db,,(p, v) < diam(X)P~ dy (i, v).

Proof. By Jensen’s inequality, for 7 € II(u, ), we have

([ le-wrasen) = [ lo-slanen.
XxX XxX

Hence, dw» (1, v) > dy1(p, v).
Now if X is bounded, then Vz,y € X,

o —ylP < (max |w— 2["")|z — y| = (diam(X))" |z — y].
S

Hence,
| o=yl dnay) < @m0y [ o= ylde(a)
XxX XxX
From which it follows d%,, (1, v) < diam(X)P~ dyp (u, v). O

In fact the above is also true for p = 400, however we do not consider (or even define) dyy
here and instead refer to [12, Section 5.5.1] for more information on the co-Wasserstein distance.

5.2 The Wasserstein Topology

Section references: The two results regarding the relationship between convergence in Wasser-
stein distance and weak™* convergence can be found in [12, Theorem 5.10 and Theorem 5.11].

In this section we prove the relationship of convergence in Wasserstein distance with weak*
convergence. We start with when X C R” is compact.

Theorem 5.7. Let X C R"™ be compact, and i, ;n € P(X). Then p,, B w if and only if
dwr (o, ) — 0.

Proof. By Proposition 5.6 it is enough to show the result for p = 1. Assume dy1 (g, 1) — 0.
By the Kantorovich-Rubinstein theorem, see Remark 5.2, we can write

dy (1, 1) :sup{/xsodm—u) e Do), lole) — oy)] < |x—y|}.
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Let ¢ be a Lipschitz function with Lip(y¢) > 0 then ¢ = —~—¢ is a 1-Lipschitz function and

Lip(¢p)
therefore 1

m/xwd(um—u)z/xsﬁd(um—u)del(umu)—>0-

By substituting ¢ — — we have that

/s@dum—>/sodu
X X

*
for any Lipschitz function ¢. By the Portmanteau theorem p,,, — pu.
*
For the converse statement we assume that y,,, — @ and let m;, be the subsequence such that

klim dw (fomy,, pr) = lim sup dyy (pom,, ).
—00

m—r00

Let ¢, be 1-Lipschitz and such that

. 1
Ay (Himy,, 1) < / Py Afhimy, — 1) + T
X

Pick z € supp(p). Note that, for any ¢ € L'(v) where v € M(X), ¢ € R that

/X(goJrc)dV:/Xgodu

if v(X) = 0. Hence if we let ¢, (¥) = P, () — Pm,, (7o) then

1
Ay (Himy 1) < / Oy, Ay, — 1) + o
X

©m, are 1-Lipschitz (in particular equicontinuous) and bounded. By the Arzela-Ascoli theorem
there exists a further subsequence (relabelled) such that ¢,,, — ¢ uniformly. In particular, ¢ is
1-Lipschitz. Hence,

1
lim sup dyy1 (ftm, ) < lim sup ( / Py Ay, — 1) + E)
X

m—00 k—o0

< lim sup (/ (my, — @) dfim, +/ @ d(pm,, — M))
k—o00 X X

< limsup ||@m, — ¢z~ + limsup/ O d(fm, — 1)
k—o0 k—ro0 X
= 0.
Hence, dy1 (fom, t) — 0 as m — oo. O
We now generalise to unbounded domains.

Theorem 5.8. Let fi,,, 1 € Py(R"). Then dwnr(pum, 1) — 0 if and only if [,
S |2|P dpp and g, — .

zP dpy, —
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Proof. Let dy»(ptm, ) — 0. Then by Proposition 5.6 we have dyy1 (g, t) — 0. Analogously
to the proof of Theorem 5.7 we have [ « @ d(pt — ) — 0 for all Lipschitz functions ¢. Hence,

by the Portmanteau theorem i, A L.
To show [o,, |2 At — [g. |2[P dp we note that

/ 2 djiy, = @, (s 60)  and / 2P dut = o (1, 50).

n

Now,
dwo (Hm, 00) < dwo (pm, 1) + dwo (1, 60) — dwe (42, 6o)

and
dws (fim, 00) > dwe (1, 00) — dwe (fm, ) — dwr (11, o)

Hence [, [[” dpim = [go [2[P dp.

For the converse statement let fi,, B pand [|zPdp — [|xPdp. For any R > 0 let
or(z) = (Jz| A R)? = (min{|z|, R})? which is continuous and bounded. We have

6. [ (el = ona) disn > [ (1l = on(a)

R

by weak* convergence and convergence of p" moments. Now

[ oy an@= [ - mraus [ g < oo

|z|>R

In particular, we let £ > 0 and choose R > 0 such that

[ (1 = on(a) dute) <

DO M

By (5.1) we also have [, (|z[? — ¢r(z)) djun(x) < € for m sufficiently large.

Fora > b > 0and p > 1 we have (a + b)P = a? + pb&P~! for some £ € [a,a + b]. Hence,
(a+b)P > aP + pa?~'b > a? + V.

Using the above, for |x| > R we have (|z| — R)? < |z|P — R = |z| — ¢r(x). So for n
sufficiently large,

/ (|2| = R)’ iy < ¢ and / (J2| = Ry dpu < e.
lz|>R

|z|>R

Let Pg : R® — B(0, R) be the projection onto the ball B(0, R), i.e.

Pr() = { x if z € B(0, R)

argmingcspo gy [y — 2| else.
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The map Py is continuous and equal to the identity on B(0, R). For all z ¢ B(0, R) we have
|x — Pr(x)| = || — R. Hence,

dye (1, (Pg) st g(/ |z — Pr(2)[" du(x ))

(/ P P aute))

( [ (el Ry o))’

=

and similarly,
dwr (pm, (PR)ghm) < €P.
For any ¢ € CP(R") we have

/sod(PR)#um = /@(PR(:L"))dum — /sD(PR(w))duz /sod(PR)#u

since ¢ o Pp is continuous and bounded. Hence, (Pg)ftm — - (PR) 4t
Now, (Pr)gftm, (Pr)xpt have support in B(0, R) (a compact set) so by Theorem 5.7 we
have dyw» ((Pr)4ftm, (Pr)xp) — 0. Hence,

lim sup dyye (fim, ) < limsup <de(,um, (Pr)gtm) + dwe ((Pr)4Hm, (Pr)#1)

m—00 m—0o00
; de«PR)#u,u))
< 25%.

Letting ¢ — 0 implies lim,;, oo dys (fim, ) = 0 as required. O

5.3 Geodesics in the Wasserstein Space

Section references: The result that the Wasserstein space is a geodesic space (Theorem 5.12) can
be found in [12, Theorem 5.27].

The aim of this section is to show that the Wasserstein space (P,(.X), dw») is a geodesic
space. We start with some definitions. The definitions are given in terms of a metric space (Z, d),
of course we have in mind that this will later be the Wasserstein space.

Definition 5.9. Let (Z,d) be a metric space and w : [0,1] — Z a curve in Z. We say w is
absolutely continuous if there exists g € L'([0,1]) such that d(w(to) ) < ft s)ds for
any 0 <ty < t; < 1. We denote the set of absolutely continuous curves on Z by AC( )
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Definition 5.10. Let (Z,d) be a metric space and w : [0,1] — Z a curve in Z. We define the
length of w by

Len(w —sup{Zd tk+1)):n21,0:t0<t1<---<tn:1}.

A curve w : [0,1] — Z is said to be a geodesic between zy € Z and z, € Z if
w € argmin {Len(®) : @:[0,1] = Z, ©(0) = 20, @(1) = 21 }.
A curve w : [0,1] — Z is said to be a constant speed geodesic between zy € Z and z; € Z if
d(w(t),w(s)) = [t = s[d(w(0),w(1)).

Note that if w : [0, 1] — Z is a constant speed geodesic then it is a geodesic. Indeed, assume
thatw : [0,1] — Zand @ : [0,1] — Z satisfy w(0) = 2o = ©(0), w(1) = 23 = @(1),

dw(t),w(s)) = |t —s|d(z0,21) YVO<t<s<I1, and Len(®) < Len(w).

I.e. we assume that w is a constant speed geodesic but not a geodesic. Then there exists n € N
and 0 <ty <t; < ---<t, =1suchthat

i
L

n—1

Len(@) < Zd(w(tk),w(tk+1)) =d(z0,21) Y (tkt1 —tr) = d(z0, 21).

k=0 0

>
I

This implies Len(w) < d(zo, 21). Clearly this is a contradiction (choosing n = 1 in the definition
of Len(w) implies Len(w) > d(zo, 21))-
Note also that if d(w(t),w(s)) = |t — s|d(zo, z1) then w € AC(Z) with g(s) = d(zg, 21).

Definition 5.11. Let (Z,d) be a metric space. We say (Z,d) is a length space if
d(z,y) = inf {Len(w) : w € AC(Z), w(0) =z, w(l) = y}.
We say (Z,d) is a geodesic space if
d(z,y) = min{Len(w) : w € AC(2), w(0) =z, w(l) =y} .
We now show that the Wasserstein space (P,(X), dw») is a geodesic space.

Theorem 5.12. Let p > 1, X C R" be convex and define P, : X x X — X by P,(x,y) =
(1 —t)x +ty. Let p,v € P,(X) and assume © € I(u, v) minimises K over I1(j1, v). Then the
curve ji; = (Py)x7 is a constant speed geodesic in (X, dy») connecting p and v. In particular, if
7 = (Id x T') g1 for some transport map T : X — X that pushes forwards puto v, i.e. Typ = v
(that is T is a solution to the Monge optimal transport problem), then iy = ((1 — t)Id 4 tT°) 4 pu.
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Proof. Note that Py = P~ and P, = PY. Therefore, o = (Py)ym = p, p1 = (Py)ym = v,
so p; connects g and v. To show dy»(ps, pie) = |t — s|dw»(u, v) it is enough to prove that
dw (s, pe) < |t — s|dwe(p,v). Indeed assuming this is true, then if dy»(us, 1) < [t —
s|dwr(u,v) forany 0 < s < t < 1 we have

dw (1, v) < dwe(p, prs) + dwr (s, 1) + dwe (pe, v)
<(s+(t—s5)+1—1)dwr(p,v)
= dw»(p1,v)
a contradiction.

To show dw» (fis, 1) < |t — s|dwe (1, ) let ws 1 = (Ps, P;)xm. Then for any (measurable)
ACX,

y): (1—s)z+syc A (1-t)r+ty e X})
=r({(z,y) : (1 —=3s)z+syec A})

Hence P 7,y = ps. Similarly, P}y, = 1y 50 w5y € I1(pss, 11). Now,

dWP(MSa Mt) S (/ |l’ - y|p dﬂ-s,t(x7y))
XxX

= ([ o - reparey)

P

([ ta=sie—-spranten))

=H—ﬂ</ u—mwmuwﬁ
XxX

= [t = sldw»(p, v)

as required.

If 7 = (IdxT) x4 where T is as in the statement of the theorem, then for A C X (measurable)
we have

e (A) = (P)gm(A)
=7 {(z,y) : (1—t)x+ty € A})
= ({d x T)pp ({(z,y) : (1 —t)z+ty € A})
=p({x: (1—-t)x+tT(x) € A})
=((1—=t)Id+tT)xu(A)

which shows p;, = ((1 — t)Id + ¢T") »p. O
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