Mary Radcliffe Math 241 Homework 7 Solution

Anika Li

Due 25 October 2018

Complete the following problems. Fully justify each response.

1. Calculate each of the following determinants:

1 2 -1
(b) det 21 0
01 0
1 0 2 0 2 1
1xdet {1 0})—2*det({0 0})+(—1)*det [0 1]
=1x0—-2+x0—-1%x2=-2

(2.5 each, 5 in total)

2. Prove that the determinant of an upper triangular matrix is equal to the
product of the diagonal entries of the matrix.
Prove by Induction: induce on the dimension of the upper triangular ma-

trix nzn.

BC:n=1: det([ a ]):a/

n=2: det<[ a b}) =axc—bx0=ax*xcV
0 ¢

TH: the determinant of an (n—1)*(n—1) upper triangular matrix is equal
to the product of the diagonal entries of the matrix.

IS: NTS the claim holds for an n * n upper triangular matrix. Let A be
an n * n upper triangular matrix:

ail a2 . .. Qin
0 ax .. . a
A:
0 0 ass . .
0 0 . - Qpp
@22 G23 - G2n 0 azs .. agn
det(A) = a‘ll*det 0 ass .. a3n +a12*det 0 as3 .. asp
0 0 . apn | 0 .. . ann
0 a9 . a?(n—l)
et an * det 0 a3(n—1)
0 - Op(n-1)

= a1 * (g2 * azz * ... * Qpp) + @12 * 0+ ... + a1, % 0 by TH

= Q11 * Q22 * A33 * ... X App v

Therefore, the determinant of an upper triangular matrix is equal to the
product of the diagonal entries of the matrix.

(1 for base case, 1 for IH, 3 for IS)



3. Complete problems 12.14.2, 12.14.3, 12.14.9 on pages 483-485 in Coding
the Matrix.
12.14.2:
7T —4 7T—-5 —4 2 —4
(a>[2 1 }_MI—{ 2 1—5}_[2 —4}

=21 — 4o =0= 21 =229 = 11 =

7 —4 7-3 —4
[2 1}&[{ 2 1—3}

I
—
DN W~

|

=221 — 200 =0= 211 =22 = vy = 1
(0.5 point for each eigenvector, 1 point in total)
4 0 O 4-3 0 0 1 0 0
M2 0 3| -MI= 2 0—-3 3 =2 -3 3
01 2 0 1 2—-3 0o 1 -1
=21 =027 — 322+ 3x3=0,20 —23 =0
:>$1=0,$2=$3
0
= V] = 1
1
4 0 0 441 0 0 5 0 0
2 0 3| —XI= 2 0+1 3 =12 1 3
0 1 2 0 1 241 0 1 3
=511 =0,201 + 22+ 323 =0,22 4+ 323 =0
= x1 =0,20 = —3x3
0
= Uy = -3
1

ok

12.14.3:
1 1
= 2l=-1] Vi |=Mn=-1
V2 V2
A?)Q = )\27)2_

(0.5 point for each eigenvector, 1 point in total)
(a) AUl = )\11}1
[z ]
4 3 |
1 2 | 5 1
P I R O R Rt

DN

(0.5 point for each eigenvalue, 1 point in total)
(b)A’Ul = )\1’[)1

5 0 0 0 0
=[5 s ][] 8] -2l ]on
A’Ug = )\2’1)2: :
5 0 3 15 3
=[5l [T ][]
(0.5 point for each eigenvalue, 1 point in total)
12.14.9
Let v; be the eigenvector correspond to the eigenvalue \;
For an arbitrary v;
(A — /4}])’01 = AU,’ — k‘IUi = AUZ‘ - kvi = /\ﬂ}i - ]411},‘ = (/\1 - k)?]l
Thus the eigenvalues of A — kI are \; — k,i=1,....m
(1 point)

4. Suppose that A is an eigenvalue of the invertible matrix A having a corre-
sponding eigenvector v. Prove that % is an eigenvalue of A~!. What is a



corresponding eigenvector?

Av = v
A "Av = A"
v=A"1)w
%v =At

v is the corresponding eigenvector
(4 points for the proof, 1 points for the corresponding eigenvector)

. Use the previous problem to prove that a square matrix A is invertible if
and only if 0 is not an eigenvalue of A.

(=) AFSOC 0 is an eigenvalue of A

Since A is invertible, from Problem 4, we know that % is an eigenvalue for
A~ which is a contradiction.

(<) If 0 is not an eigenvalue of A, there isn’t a trivial solution that Av =
0v =0, so A is invertible

(2.5 for each direction, 5 in total)

. Complete the problem set found at autolab.andrew.cmu.edu. The sub-
mission for this is directly on autolab, no need to hand it in on paper.


autolab.andrew.cmu.edu

