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Non-elementary classes:
Examples:

� Banach spaces,

Simple groups, solvable groups,

Zilber’s ACF with Pseudo-exponentiation,

Zilber’s example with Elliptic and Abelian
functions in place of exponentiation

many more...
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Stability theory for non-elementary classes:

� Henson and Iovino have a stability theory for
approximation logics which cover Banach spaces.
Ben-Yaacov extended work of Henson-Iovino and
Shelah with Compact Abstract Theories or CATs.

Buechler, Grossberg, Hyttinen, Lessmann and
Shelah have looked at stable as well as simple
non-elementary classes which satisfy the
amalgamation property over sets. These classes
are finite diagrams or homogeneous classes.

For -theories, Shelah has used the
assumption of stable amalgamation of

-diagrams to develop a stability theory for
excellent classes.
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Generalizations of Excellence

� Shelah generalizes the work of [Sh 87ab] by
looking at Good Frames, which are abstract
elementary classes endowed with a nicely
behaved dependence notion admitting
superstability-like properties. [Sh 600]

Tame Classes [Grossberg-V] are abstract
elementary classes with the amalgamation
property and a local character of consistency.
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Abstract elementary classes
Defn. Let be a class of structures all in the same
similarity type

� � 	

, and let ��� be a partial order on
.

The ordered pair

�
� ��� �

is an Abstract Elementary
Class (AEC) iff

�
� �� �

satisfy the following axioms:

A0 Closure under isomorphism
(a) For every and every -structure

if then .
(b) Let and such that

there exist (for )
satisfying then implies
that .
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Definition of AEC cont.
A1 For all � � if ��� then is a

submodel of .

A2 Let be -structures. If ,
and then .

A3 (Löwenheim-Skolem) There exists a cardinal
such that for every

and for every there exists
such that and

.
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Definition of AEC cont.
A4 (Tarski-Vaught Chain)

For every regular cardinal � and every � if� � �� �

� � � �

is increasing (i.e.

� � � � � �� � ) then �	� 
 � � and

� � 
 � ��

� � � �� � � �

Categoricity in Tame Abstract Elementary Classes – p.7/28



Definition of AEC cont.
A4 (Tarski-Vaught Chain)

For every regular cardinal � and every � if� � �� �

� � � �

is increasing (i.e.

� � � � � �� � ) then �	� 
 � � and

� � 
 � ��

� �� �� � � �� � � �

Categoricity in Tame Abstract Elementary Classes – p.7/28



Amalgamation Property
satisfies the Amalgamation Property iff for every

� � � � � � as below,

there exists and
-mappings and such that the diagram

commutes.

�
�

� �

OO

� �

// �

//

OO

//

OO
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Galois-types
Under the assumption of the amalgamation property,
there exists a large monster model

�

which is
saturated and homogeneous.

Defn. For �� �

and � �
� � �

, we say

�� � ��� � � 	 	
� �� � �� � � 	 	

iff there exists an automorphism of

�

fixing
pointwise such that

� � 	
� �

.

Notation. For a model , we write for

the set of all Galois-types over .
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Tame AECs
Capture Local Character of Consistency

Defn. An AEC is said to be �-tame iff

� satisfies the amalgamation property and

� for every model � of cardinality �

whenever � � � � �� � � � 	
then there exists a

model �� of cardinality � such that

� � � � �

.

Examples:

Homogeneous model theory,

Shelah’s excellent classes,

whenever syntactic types = Galois types e.g.
Zilber’s theory of covers (work with Gavrilovich).
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Categoricity
Defn. When a first order theory has only one model
of cardinality

�

up to isomorphism, we say that is
categorical in

�

.

Categoricity’s role in first order logic

Morley’s Theorem: Let be a countable first order
theory. If there exists such that has only one
model of cardinality up to isomorphism, then for
every , has only one model of cardinality
up to isomorphism.

Many model theoretic concepts including rank func-

tions, stability, superstability, minimal types, splitting

and prime models originate in proofs of Morley’s Thm.
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Categoricity as a Benchmark
Defn. A class is said to be categorical in

�

iff there
is exactly one model in of cardinality

�

.

Categoricity in Non-elementary classes Similar to
Morley’s Theorem it is projected that a solution to
Shelah’s Categoricity Conjecture will have an impact
on the development of a stability theory for
non-elementary classes.

Shelah’s Categoricity Conjecture: If is an AEC
categorical in some above , then is
categorical in every .
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Shelah’s Categoricity Conj.
There are over a thousand pages of partial solutions to
this conjecture.
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Shelah’s Categoricity Conj.
There are over a thousand pages of partial solutions to
this conjecture.
Partial Results:

� CATs. Ben-Yaacov uses an argument based on
Shelah’s first-order proof described in a 1975
paper.

� Homogeneous Models. Keisler uses a 2-cardinal
theorem. Lessmann provides a Baldwin-Lachlan
style argument.

� Excellent Classes. Shelah introduces� ��� 	

-diagrams.
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Shelah’s Categoricity Conj.
Using Set-theoretic Assumptions

Let be an AEC axiomatized by a

�
� � � -sentence

when � is strongly compact.

Thm. (Makkai-Shelah)

Thm.
(Kolman-Shelah,Shelah)

If the class, , is categorical in some

� �

� � �� �� , then is categorical in every � .
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Shelah’s Categoricity Conj.
Using Set-theoretic Assumptions

Let be an AEC axiomatized by a

�
� � � -sentence

when � is measurable.

Thm. (Kolman-Shelah,Shelah)
If the class, , is categorical in some

� � � � �� �� ,

then is categorical in every � with � � �

.

The proof hinges on the categoricity occuring in a
successor cardinal.

This is only a downward categoricity transfer result.
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Shelah’s Categoricity Conj.
Other Approximations

� [Sh 394] AECs with the amalgamation and joint
embedding properties having arbitrarily large
models.
Shelah proves a downward categoricity result for
these classes assuming that the class is
categorical in some

� �

sufficiently larger than the
Hanf number.

Tame AECs.
An upward categoricity transfer result.
Uses categoricity in a successor cardinal.
In ZFC.
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Categoricity in Tame Classes
Main Theorem: [Grossberg-V] Suppose is a �-tame
abstract elementary class satisfying the joint
embedding property with arbitrarily large models and

� � � 	
� ��
� . Let �� � � � �

� � 	

. Suppose

� � ��� �� .

If is categorical in some

� � � � ��� �� , then is
categorical in � for all � � � ��� �� .

Shelah’s Categoricity Conjecture: If is an AEC
categorical in some , then is
categorical in every .
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Main special case

Theorem: [Grossberg-V] Suppose that is a �-tame
abstract elementary class with arbitrarily large models
and satisfies the amalgamation and joint embedding
properties. Let

� � � � � 	

.

If is categorical in

�

and

� �

, then is categorical
in

� � �

.
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Saturated Models
To prove that a class is categorical in some � it
usually suffices to prove that every model of
cardinality � is saturated.

Defn. A model � 
 is saturated iff for every

�� of cardinality � � and every type

� � �� � � � 	

, � is realized in .

Fact. Suppose satisfies the JEP and AP. If � and

�

� 
 are saturated then �

� � � .
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Vaughtian Pairs
Defn. Let � and � � �� � � � 	

be given. A pair
of models � � �

� � is a

�
� �

� 	

-Vaughtian pair (vp)
iff

� �� �

�� � and

� no � �

�

�

� realizes �.

��

� � ���
�

A precursor appeared in Vaught’s 2-cardinal theorem
and was later used by Morley to characterize
countable, totally transcendental first order theories
that are uncountably categorical.
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Categoricity and No VPs
Thm. (Morley 1967). Suppose that is a countable
first order theory and

�
� -stable. TFAE

� is categorical in some uncountable �.

� is categorical in all uncountable �.

� There are no � � and � ��� � � 	 with � �

�

such that � �
� � � 	 � � �
� � � 	
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Categoricity and No VPs cont.

Thm. (Shelah). Suppose is an AEC satisfying the
JEP and AP. Fix and a minimal type � � �� � � � 	

.
If is categorical in some

� � � � �
� � 	

, then

has no saturated

�
� �

� 	

-vps.

Defn. A type is minimal iff is
non-algebraic and for each with
there is at most one non-algebraic such
that extends .
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such
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We prove that in addition, if � is rooted, then there are

no

�
� �

� � 	

-vps.
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Consequence of no VPs
Suppose � � �� � � � 	

and there are no�
� � � 	

-Vaughtian pairs.

Prop. Then every model of cardinality � �

extending will contain � �

-many realizations of �.

Proof: Suppose there are realizations of in .
We can find of cardinality . And choose a
proper -extension of cardinality to form a

-vp.
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How to get categoricity
Goal. If is categorical in

�

and

� �

, then is
categorical in

� � �

.

We want to show that each model of cardinality

� � �

is saturated: given � of cardinality
� � �

, show
every type over a submodel of of cardinality

� �

is
realized in .

What we know so far
If is a rooted minimal type, then there are no

-vps. So, every rooted minimal type is realized
-times in .

But, there are many other types to worry about.
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Sketch of Proof
Goal. If is categorical in

�

and

� �

, then is
categorical in

� � �

.

Let � �� of cardinality

� �

and � � �� � � �
�

	

be
a type that we want to realize (it may not be rooted
minimal).

With some work, using splitting and tameness, we can
prove that there is a rooted minimal type

.
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Sketch of Proof cont.

� is a rooted minimal type over � . Construct � of
cardinality

� �

.

Key Lemma: REALIZING A ROOTED MINIMAL TYPE
MANY TIMES (AS BELOW) GUARANTEES THAT
YOU REALIZE EVERY TYPE OVER

�
� 	

�
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Sketch of Proof cont.

� is a rooted minimal type over � . Construct � of
cardinality

� �

.
Key Lemma: REALIZING A ROOTED MINIMAL TYPE
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YOU REALIZE EVERY TYPE OVER �

�
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� � � � �

� �

� � � � � � �

� � �
� �

� � � �
� �

� �
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There is an � with

� � .

� � � � �

� �

� � � � � � �

� � �
� �

� � � �
� �

�
�

�
� � � �� � � �

� �

Proof: Choose

�
� such that there is

� � �
� realizing

�. Construct � � � �
� such that � � � ��� � .

If � is an isomorphism between � and

�
� then

surely � realizes � with � �

�

� � 	

.
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There is an � with

� � .

� � � � �

� �

� � � � � � �

� � �
� �

� � � �
� �

�
�

�
� � � �� � � �

� �

At stage

�

we will list all the realizations of � in
�

� and

give each of these realizations a priority between

�
�

�

and

�
�

� � � 	

. Then at stage

� �

we will require that

the realization � � of � with priority
�

will be put into

the range of � � � .
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There is an � with

� � .

� � � � �

� �

� � � � � � �

� � �
� �

� � � �

� � � �

�
�

�
� � � �� � � �

� �

Does this guarantee that we have an isomorphism?

Yes. Otherwise, �
�
�

	

and

�
� form a

�
� �

� � 	

-vp.
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Proof Cont
How to guarantee that we have constructed an
isomorphism?
At stage

�

we will list all the realizations of � in

�
�

and give each of these realizations a priority between

�
�

�

and

�
�

� � � 	

. Then at stage
� �

we will
require that the realization � � of � with priority

�

will
be put into the range of � � � .
Is hitting every realization of � enough to get an
isomorphism? Yes. Otherwise � � and

�
� form a�

� �
� � 	

-vp.
Is this construction possible? By minimality of �.
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Beyond Categoricity in Tame
AECs

We have proved the existence of Morley Sequences
for non-splitting in stable, tame AECs. This was then
used to study the stability spectrum.

Thm. Suppose is a �-tame AEC for some

� � � �
� � 	

.

1. (Grossberg-V) If is stable in

�

, then is stable
in all � such that � � � �.

2. (Baldwin-Kueker-V) If is stable in

�

, then is
stable in

� �

.

And these are just the seeds of a stability theory for

tame classes.
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