Math 21-259 Calculus in 3D
Homework 14 Solution
Spring 2011

1. Solution: We need to evaluate §, zy? dz + 23 dy where C is the rectangle with vertices (0,
0), (2, 0), {2, 3), and (@, 3) directly and using Green's theorem. First of all, we sketch the
curve C and divide it into smooth curves. Here, we have four smooth curves which we orient
in the counter-clockwise direction and label by Cy,Cy, Cs, and Gy as follows:
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Direct Calculation: Note, §, = f(h + fo.z + fCa + fC4 . Thus, to compute the required
integral we need to parametrize each of the curves C;.

On Cy: 0 <z <2 and y = 0. This implies that zy? dz + z3dy = z(0)2dz + 28d0 = 0
and thus, [, xy®dz +«®dy = 0.

On C5: 2 =2 and 0 <y < 3. This implies that zy? dz + 2% dy = 2(y)}?d2+ 2° dy = 8dy
and thus, sz zy?dz + 28 dy = fos 8dy = 24.

On Cf3: 1z is from 2 to 0 (I cannot write it using inequalities) and y = 3. This implies that
zy?dz + 23 dy = (3)?dz + 2* d3 = 3z% dz and thus, Jo, wy?de + b dy = f20 9z dz =

[922—2]2 ~ _18.

On Cy: z =0 and yis from 3 to 0. This implies that zy? dz+ 23 dy = 0%y d0+03dy =0
and thus, [, dz+ z%dy=0.

Finally, §,oy*dz +2°dy=0+24 - 18 + 0 = 6.

Green’s theorem: Note that we can apply Green’s theorem since we are given a closed
curve and a function that is differentiable everywhere. According to the Green’s theorem,
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2. Solution: We need to evaluate §, zdx + ydy where C is the join of the line segments from
(0, 1) to (0, 0) and from (0, 0) to (1, 0) and the parabola y = 1 — & from (1, 0) to (0, 1}.
First of all, we sketch the curve C and divide it into smooth curves. Here, we have three
smooth curves which we orient in the counter-clockwise direction and label by €, Cs, and Cs
as follows:
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(a) Direct Calculation: Note, fC = fcl + fcz + fC‘s . Thus, to compute the required inte-
gral we need to parametrize each of the curves Cj.

On C: z =0 and g is from 1 to 0. This implies that xdz + ydy = ydy and thus,
fCl zdz +ydy = floydy = -1

On Cs: 0 < z <1 and y = 0. This implies that zdx + ydy = zdz and thus,
fo,zdz+ydy = folccdac =1

On Cs: z is from 1 to 0 and y = 1 — z2. This implies that zdz + ydy = xdz +
(1 — %) (—2z)dz = (—z + 22°)dz and thus, Jo,zdz +ydy = flo(—:n'+ 23)dx =

0
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Finally, §,zdz +ydy=—3+3+0=0.

(b) Green’s theorem: Note that we can apply Green’s theorein since we are given a closed
curve and a function that is differentiable everywhere. According to the Green’s theorem,

fgwdw+ydyz-/flj[(,—%(y)—aiy(.m)]d}l——-o.

3. Solution: According to the Green's theorem for regions with holes, we see that
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where C; is the boundary of the circle 22 4+ y? = 1 and C; is the boundary of the circle
22 + y? = 4, and D is the region bounded between C; and Cj.



To compute the above double integral, it is best to use polar coordinates. Thus,
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4. Solution: Note that the given curve is oriented clockwise. Thus, according to the Creen’s
theorem

f<yzcos:1:,a:2+2ysinm>.dr = —ff I£($2+2ysinm)—i(yzcosm)]dfl
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5. Solution: We are given that F =
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6. Solution: We are given that f is a scalar field and F is a vector field.

(a) curl f = V x f is meaningless just as a cross product of a scalar and a vector is undefined.
(b) grad f is a vector field.

(c) div F is scalar fleld.

{d) curl{grad f) = V x Vf is a vector field.

(e) gradF is meaningless just as two vectors cannot be multiplied without having a dot or
cross product between them.



(f) grad(div F) is a vector field.

(g) div(grad F) is a scalar field.

(h} grad(div f) is meaningless because f is a scalar field.

(i} curl(curl F) is a vector field.

(j) div(div ¥} is meaningless because divF is a scalar field.

(k) (grad f) x (div F) is meaningless because div F is a scalar field.
(1) div(curl{grad f}) is a scalar field.

. To determine if the given vector field F = e®i + j + ze® k is conservative or not, we compute

i hj k
curl F. Note that curlF = | §/8x 8/8y 8/8z | = 0. Thus, the given vector field F = V f
e’ 1 ze’

for some function of three variables f. To find f, we solve the following three equations.

fo = € (1)
fy =1 (2)
fo = =z (3)

Integrate (1) with respect to z, f(z,¥,2z) = ze* + g(y,2) and fy, = gy(y, z) but f, = 1 from
(2). From this it follows that g, = 1 = g(y,2) = y + h(z). Plugging this back in f yields
f(z,y, 2) = ze® +y+h(z) and f. = ze* + K (2) = ze*(from (3)). Thus, h'(z) = 0= h{z)=C
and hence, f(z,y,2) =ze* +y+C.



