Math 21-259 Calculus in 3D
Homework 10 Solution
Spring 2011

. Solution: Note that the given region R is the part of the annular ring(with inner radius 1
and outer radius 2) that lies in the second and the third quadrant. Thus,
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. Solution: By changing the given integral into polar coordinates, we get
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. Solution: Note that the height of the given solid is given by 21/16 — 22 — 2 and the pro-
jection of the given region in the xy-plane is the annular ring with inner radius 2 and outer
radius 4. Thus,
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. Solution: Note that the solid is bounded below by the paraboloid and above by the plane
z = 7, thus the height of the solid is given by 7 — (1 + 222 + 2y?). The shadow of the given
region in the xy-plane can be found by solving the following inequality:

Zbottom < Ztop <= 1—22% — 2]./2 <7<+ z? —|—y2 = 3.

Also, we are restricted to the first quadrant only. Thus the required integral is given by
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. Solution: The first step is to sketch the region that is determined by the bounds in the given
integral. Note that 0 < 2 < 2 and 0 < y < v/2z — 22 describes the semicircular region with
radius 1 and center (1, 0) that lies above the x-axis. The same region can be described in
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polar coordinates by the inequalities: 0 < r < 2cosf, 0 < 0 < 7/2. Thus,
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6. Solution: Let I = fol fjx Iy 2zyz dzdyda.
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7. Solution: Let I = fffE yzcos(x®)dV, where E:0< 2z <1,0 <y <uxz,z <z <2z Note
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8. Solution: Let I = [[[,xzdV, where E is the solid tetrahedron with vertices (0, 0, 0), (0, 1,
0), (1, 1, 0), and (0, 1, 1). Note that this solid can easily be treated as type 1, type 2 or type
3 region. Suppose we decide to write the integral in the order dxzdzdy. To find the bounds
for y and z, we shall need the projection of the tetrahedron in the yz-plane. Note that the
projection of the tetrahedron is the yz-plane is the triangle with vertices (0, 0), (1, 1), (1, 0).
Thus, we can describe the given solid as £ = {(z,y,2)[0 <z <y—2, 0<y<1,0<z<y,}
which allows us to write the integral as follows:
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9. Solution: Note that the given solid is bounded below by the xy-plane(z = 0) and above by
the plane z = 4 and its projection in the xy-plane is the region bounded by the parabola
y = 22 and the line y = 9. Thus the volume of the given solid is given by
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10. Solution: Note that the given solid is the tetrahedron with vertices (0, 0, 0), (0, 2, 0), (0, 2,
2), and (1, 2, 0). Sketch the projections of this solid on all three xy—, yz—, and zz—planes.
If Dy, Dy, and D3 are the projections of the given solid on the xy—, yz—, and zz— planes



respectively, then

Dy = {(z,yl0<z<l 2v<y<2}={(z,y)0<y<2 0<z<y/2}
Dy = {(y,2)|0<y<2, 0<2<y}t={(1.2)0<2<2, 2<y<2}
Dy = {(z,2)[0<2<1,0<2z<2-2z}={(2,2)[0<2<2, 0<2<(2—2)/2}.
Therefore,
E = {(z,y9,2)[0<z<1, 20 <y<2 0<z<y-—2zx}
E = {(z,4,2)0<y <2 0<2<y/2, 0<z<y— 2z}
E = {(z,y2)0<y<2 0<2<y, 0<a < (y—2)/2}
E = {(z,9,2)[0<2<2, 2<y<2, 0<z<(y—2)/2}
E = {(z,y,2)[0<2<1,0<2<2-2z, 2+2x<y<2}
E = {(,4,2)[0<2<2,0<2<(2-2)/2, z+2x <y <2}
Then
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