Summary of Chapter 12

Practice Problems



Chapter 12. Double and Triple Integrals
12.1 The Double Integral over a Rectangle

Let f = f(X, y) be continuous on the Rectangle R:a<x<b,c<y<d.

rectangle &,
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The double integral of f over R=limy,, o 2.f (x;, y;) AA; where
(x;, y;)isasample pointinR;; .

Notation: double integral of f over R= 1 =[_f(x, y)dxdy

Note: Area element = dA = dx dy



Let Q be an arbitrary closed bounded region in the plane. Then
HQ f(x, y)dxdy = ”m F (X, y)dxdy

Where R is a rectangle that contains €2, and F(X, y) = f(X, y) on Q
and F(x,y)=0on R — Q.
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The double integral [ f(x y)dxdy = [[ F(x, y)dxdy

gives the volume of

the solid bounded below by ¢ 2nd above by z = f(x,y).

The physical meaning of the integral [[ dxdy is the area of the
region over which the integration is done.



Repeated/Iterated Integrals

Complexity of double integrals comes from two sources:

1. Function
2. Region
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Practice Examples

Examplel. Find the area of the region enclosed by y = x? and
3
y =Xx".

Example2. Evaluate the integral [[ x%y over the region
Q={(xy):0<x<40<y<?2}

Example3. Evaluate the integral [[ x%y over the region
Q={(xy):0<x<40<y<x}

Example4. Evaluate the integral [[ cos (x + y) over the region
Q={(y)0<x<n/2,1<y<mn/2}

Example5. Evaluate the integral [[ x + 3y3dxdy over the region
Q={(xv):0<x%+y%? <4}

Example6. Find the volume under the paraboloid z = x? + y?
within the cylinder x? + y2 <1,z > 0.

Example7. Evaluate the integral [[ 4 — y#) over the region which is
bounded between y? = 2x and y? = 8 — 2x.

Example8. Sketch the region Q that gives rise to the repeated integral
and change the order of integration.
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Example9. Evaluate fol fyl cos%mc2 dxdy by changing the order of
Integration.

Examplel0. Calculate by double integration the area of the bounded
region determined by the given pair of curves.

y=x% x=4y—y’
Examplell. Find the volume of the solid bounded by the coordinate
planes and the plane ~ +> += = 1.

Examplel2. The given integral fol f_yyf(x, y)dxdy is equal to

a.2[° [ f(xy)dydx
b.2 [ f, f(x,y)dydx

0 1 1 1
c. [, fGeydydx+ [, [ f(x y)dydx
d. All of the above
e. None of the above

Examplel3. The given integral fol 1] _3’y sinmtxy dxdy is equal to

a. 2 fol fxl sinmxy dydx

b. f_Ol f_lx sintxy dydx + fol fxl sinmxy dydx
c.0

d. All of the above
e. None of the above



12.3 Double integrals and Polar coordinates

!l i =

i\

r = pfé)

plar ais
How to find the area of the region Q?
Single Integral: ff p2(0)do — ff p%(0)do

Double Integral: ff pplz((gg))rdrdH

Area Element: dA = rdr df
When to use polar coordinates for integration?
Watch out for Signal:

e Integrating over the unit disk or a part of the unit disk.

e Integrand involves x> + y*



Practice Problems

Examplel. Use Double integral to find the area of one leaf of
the petal curve r = 3sin30. (HINT: Sketch the curve in
rectangular coordinates by plotting some angles. You will get a
flower with three petals(leaves).)

T ind
Example2. Evaluate [? f03sm r2dr do

Example3. Calculate by changing to polar coordinates.

10N @+ y?ydxdy

Exampled. Use polar coordinates to evaluate the integral
[ xy dxdy over unit disk.

Example5. Calculate by changing to polar coordinates.

i [ O dydx
2

Example6. Find the volume of the solid bounded below by the
paraboloid z = x? + y? and above by the paraboloid
z=1-—(x%+y?).



12.5 Triple Integrals

Take a function of three variables continuous on some
portion T of three-space.

Integral over abox: [l:a; < x <a,,b; <y <by,c; <z=<c

Partition each edge of the box, B:

The triple integral of f over B=lim,y 0 X/ (x;, ¥;,2;) AV; where
(x{, ¥i,z;)isasample pointin B;; .

Notation: Triple integral of f over B=[{], f (x,y, z)dV
Note: Volume element = dV = dx dy dz



Triple integral over a more general solid

g f(x,y,z)dxdydz = gf F(x,y,z)dxdydz

Where F(x, v, z) = f(x, y, z) for points on the domain
[1and F(x,y,z) = 0 on the points inside the box
B but outside the domain II.



Remember:

e Positivity: When f(x,y,z) = 0 then
15, f G, 2) = 0

e Physical Meaning: [ff, dxdydz = Volume of T

e Order: If f(x,y) = g(x,y) then
JII;. f (x,y, z)dxdydz is greater than

fffT g(x,y,z)dxdydz.

o Linearity: [ff [af(x,y,2) + bg(x,y,z)]dxdydz
=a [[[, f(x,y,z)dxdydz +
b [1f, g e, 2) dxdydz



Repeated Triple Integrals

Reduction to a repeated integral

There are six possible types!



Practice Problems

Examplel. Compare [[[, dxdydzto [[; f(x,y)dxdy where T =
{(x,y,2):(x,y) €Q,0<z< f(x,y)}.

Example2. Evaluate fol fll_:c f;cy 4zdxdydz.

Example3. Find the volume of the box where 2 <x<4,1<y<6,0<z
< 2 using triple integrals.

Example4. Calculate the triple integral [ff; zdxdydz where T is the

tetrahedron in the first octant bounded by the coordinate planes and the
planex +y +z = 1.

Exampleb5. Find the volume of the solid bounded above by the cylindrical
surface x? + z = 4, below by the plane x + z = 2, and on the sides by the
planesy = 0and y = 3.

Example6. Find the volume of the solid bounded above by the plane

y + z = 2, below by the x, y-plane, and on the sides by x = 6 and y = V/x.

Example?. Integrate f(x,y,z) = 2z over the solid S in the first octant

bounded above by the paraboloid z = 9 — x2 - y?, below by the xy-plane,
and on the sides by the planes x = V3 yand y = +/3x.

Example8.Find the volume of the solid bounded above by the

hemisphere z = \/4 - x2 - y2and below by the cone z = \/3(x2 + y2).

Example9. Find the volume of the solid bounded above by the plane y + z = 2,
below by the xy-plane, and on the sides by x = 6 and y = Vx.



16. 8 Cylindrical coordinates

This coordinate system is used for a point P(x, y, z) in a space
where polar is used for x, y coordinates and z is kept as it is.

(X,y¥,2) > (r,0,2)

where
X=rcosé r’=x°+y’
y=rsiné tang =2

X

L =17 L =17

[[], f(x, vy, 2)dxdydz = [[[ F(r,6,z)rdrdodz

where
F(r,0,z) = f(rcosé,rsing, z)

Volume Element: dV = rdr d6 dz

Watch out for same signals as for polar coordinates!

d



T = . R
a . CIivrer: -l|||r- J|I'r f i e b i
L L] L]

Ca)d) Sketch the solid deterrmimsasdad by thies lirm-—

it=.

b) Evaluate the Integral:

c) Interpret the Result:

= Lo T
I =2 =2
& oo —+— ol = oo o
ARA A v = o
imta a Ttriplese imtearal imn owvlimdrical coordi-
mMmates. Sketch the solid determminedcd by the

lirmits.



= T he cvlinder =2 4+ < — 4, = = O is
slicedcd bw thhs lamns = = G4 —— wr. Cr=terrmimne

the wolurme of the “‘sliced™ owlimnadesr.

i Craww the solid that is bhbaoundad abhowe by

a porticmn of the haemisphere = — 1._.-"'.1 B 3,.-2

and beloww by the cone = — 1,_,-"'3-.1':2 —+ a2,

St up a triples intesgral that gives the wol-

ume <of the solid amnd then find its woelurme.

Example5. Integrate f(x,y,z) = 2z over the solid S
bounded above by the paraboloid z = 9 — x?- y?, below by
the xy-plane, and on the sides by the planes x = v3 y and

y = /3x. (in the first octant.)



Spherical Coordinates

This is another coordinate representation of a point P(X, y, z) in
space.

(X1 Y, Z) — (,0, ‘9’ ¢) where

r = p sin ¢ cosé p2 = 22 4+ y2 4 22
i F . L"
y = psing sing tan# = =
xr
z = p COSD CosSch = —
j'.i

Triple integral:

f j f fix,v,z) dvdvdz =
T

ff flpsingcosd, psing sind, pcosdg) o sin o dpdBdo
5




What are they useful for? When are they useful?

Volume Element: dV = p?sin¢ dp d6 d¢

v
1. Find the spherical coordinates of the points with rectangular
coordinates (2\/2 —2\/2_—4\/3 )-

2. Find the rectangular coordinates of the point with spherical

. 1 1
coordinates (ﬁ’%’ﬁ ).

3. Interpret p = cos¢ geometrically.



1. Given

3 i i -
sinadpdodf =
///ﬁp P

2 pw/2 23. i
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(a) what is the integrand?
(b) What is Q7

(c) Evaluate the integral.

= _ Caiwe the walus of

E A o - P s P P
=1 B I ) L]
Jo So T S e o el ol

wwithaauwut calculatimoa th= imt==aral.



Ewvaluate

o S —
}Ilr J‘Ir“-. El' f‘n = u :_:1“.."'252 _|_ HE —|— :2 oz dar -!'-!ly

L Ewvaluate
1'..- ——r e L — = — g
f J|I'r . 1 dz ooy dao
— 2-' Jf ——— A T o B T

o chanmnaing to spherical coordimates.

5. The volume of a solid T is given by an integral in spherical
coordinates. Sketch T and evaluate the integral.
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