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Cayley (multi-)graph

• X(G, S)

• a, b, and c are in S t S−1

• There is no t in S tS−1 for which

y = tx
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Adjacency matrix
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Normalized adjacency matrix; functionals

• N := |S|

• Normalized adj. matrix is 1
2N A

• M has spectrum |x1| ≥ |x2| ≥ · · · ≥ |xn|

λ(M) := |x1|

µ(M) := |x2|
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Results

Theorem 1 (Alon/Roichman, 1994)

For any ε > 0, there exists c > 0 such that for any fixed G,

E[µ(X(G, S))] < (1 + o(1))ε, where |S| = N = c log |G|.
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Results

Theorem 1 (Alon/Roichman, 1994)

For any ε > 0, there exists c > 0 such that for any fixed G,

E[µ(X(G, S))] < (1 + o(1))ε, where |S| = N = c log |G|.

Theorem 2 (Loh/Schulman, 2004)

N = c log D(G) will do, with the same c.
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Results

Theorem 1 (Alon/Roichman, 1994)

For any ε > 0, there exists c > 0 such that for any fixed G,

E[µ(X(G, S))] < (1 + o(1))ε, where |S| = N = c log |G|.

Theorem 2 (Loh/Schulman, 2004)

N = c log D(G) will do, with the same c.

Conjecture 1 (Loh/Schulman, 2004)

N = O(log R(G)) is sufficient.
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From eigenvalues to random walks

M has real spectrum and λ(M) = 1:

µ(M) ≤
(

Tr(M2m) − 1
)1/2m

Po-Shen Loh Random Cayley Graphs and the Second Eigenvalue Problem 8



From eigenvalues to random walks

M has real spectrum and λ(M) = 1:

µ(M) ≤
(

Tr(M2m) − 1
)1/2m

Jensen’s inequality:

E[µ(X(G, S))] ≤ E
[

(

Tr(A2m) − 1
)1/2m

]

≤
(

E[Tr(A2m)] − 1
)1/2m
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Process RW

(1) Choose a random word of length 2m from the free

monoid on the N letters {a1, a2, . . . , aN}

a2a5a
−1
5 a−1

1 a7a3
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Process RW

(1) Choose a random word of length 2m from the free

monoid on the N letters {a1, a2, . . . , aN}

a2a5a
−1
5 a−1

1 a7a3

(2) Reduce the word in the free group by iteratively can-

celing adjacent pairs

a2a
−1
1 a7a3
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Process RW

(1) Choose a random word of length 2m from the free

monoid on the N letters {a1, a2, . . . , aN}

a2a5a
−1
5 a−1

1 a7a3

(2) Reduce the word in the free group by iteratively can-

celing adjacent pairs

a2a
−1
1 a7a3

(3) Randomly assign group elements (from G) to the letters that appear in the

remaining word, and evaluate the product in G.
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Process RW

(1) Choose a random word of length 2m from the free

monoid on the N letters {a1, a2, . . . , aN}

a2a5a
−1
5 a−1

1 a7a3

(2) Reduce the word in the free group by iteratively can-

celing adjacent pairs

a2a
−1
1 a7a3

(3) Randomly assign group elements (from G) to the letters that appear in the

remaining word, and evaluate the product in G.

E[Tr(A2m)] = G · Pr(RW 7→ 1)
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Events

Let M := 2m
(

1 − log log 2m
log 2m

)

.

(A) Step (2) produces a word ω shorter than M .

(B) Not A, and every letter that appears in the ω appears at least twice.

(C) Neither of A or B, but (3) yields 1 ∈ G.

Pr(RW 7→ 1) ≤ Pr(A) + Pr(B) + Pr(C)
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Bounds for A, B, C

Recall M = 2m
(

1 − log log 2m
log 2m

)

.

(shorter than M ) Pr(A) ≤ 22m(2/N)m log log 2m/ log 2m

(no singletons) Pr(B) ≤ 2M (m/N)M/2

(has singleton, yields 1) Pr(C) ≤ 1/G

For C : ω = XαY
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Simplification

Recall M = 2m
(

1 − log log 2m
log 2m

)

.

(shorter than M ) Pr(A) ≤ 22m(2/N)m log log 2m/ log 2m

(no singletons) Pr(B) ≤ 2M (m/N)M/2

(has singleton, yields 1) Pr(C) ≤ 1/G

Setting 2m := (log G)/b and N := c log G:

(

E[Tr(A2m)] − 1
)1/2m

≤ (1 + o(1))

(

eb

√

2

bc

)
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Group Algebra C[G]

Vector space with basis indexed by G.

T := S t S−1

α :=
∑

t∈T

1

|T |
t
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Group representations

ρ : G −→ C
D×D, unitary matrices

• ρ(xy) = ρ(x)ρ(y)

• ρ(x−1) = ρ(x)−1
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Group representations

ρ : G −→ C
D×D, unitary matrices

• ρ(xy) = ρ(x)ρ(y)

• ρ(x−1) = ρ(x)−1

Reducible: isomorphic (exists uniform change of basis) to





Ax 0

0 Bx




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Special properties

ρ1 ≡ 1 ρr(1) = Idr

Po-Shen Loh Random Cayley Graphs and the Second Eigenvalue Problem 22



Special properties

ρ1 ≡ 1 ρr(1) = Idr

χr(x) = Tr(ρr(x))

∑

x∈G

χr(x) = 0 for nontrivial irreducibles
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Special properties

ρ1 ≡ 1 ρr(1) = Idr

χr(x) = Tr(ρr(x))

∑

x∈G

χr(x) = 0 for nontrivial irreducibles

R
∑

r=1

d2
r = G
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Fourier transform

F : C[G]
∼
−→

R
⊕

r=1

Mr

F :
∑

x∈G

axx 7−→
R
⊕

r=1

(

∑

x∈G

axρr(x)

)

F(α) =















Ψ1 0 . . . 0

0 Ψ2 . . . 0

. . . . . .

0 0 . . . ΨR















, Ψr :=
∑

t∈T

1

|T |
ρr(t)
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Fourier transform
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⊕
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
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
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From µ to λ

Ψ1 =
∑

t∈T

1

|T |
ρ1(t)

µ















Ψ1 0 . . . 0

0 Ψ2 . . . 0

. . . . . .

0 0 . . . ΨR















= λ









Ψ2 . . . 0

. . . . .

0 . . . ΨR








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From eigenvalues to traces

M has real spectrum:

λ(M) ≤
(

Tr(M2m)
)1/2m

Jensen’s inequality:

E[µ(X(G, S))] ≤ E
[

(

Tr(A2m
0 )
)1/2m

]

≤
(

E[Tr(A2m
0 )]

)1/2m
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From eigenvalues to traces
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Jensen’s inequality:
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Swap order of summation

R
∑

r=2

Tr(Ψ2m
r ) =

R
∑

r=2

Tr

(

1

|T |

∑

t∈T

ρr(t)

)2m

=
1

|T |2m

R
∑

r=2





∑

t1,t2,...,t2m∈T

χr(t1t2 · · · t2m)





=
1

|T |2m

R
∑

r=2

∑

g∈G

χr(g)Ng

ReE[Tr(A2m)] =
1

|T |2m

∑

g∈G

E[Ng]
R
∑

r=2

Reχr(g),
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Process RW, revisited

E[Ng]

|T |2m
= Pr(RW 7→ g)
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Process RW, revisited

E[Ng]

|T |2m
= Pr(RW 7→ g)

∑

g∈G

Pr(RW 7→ g)
R
∑

r=2

Reχr(g)

=
∑

g∈G

Pr(RW 7→ g and A ∪ B)
R
∑

r=2

Reχr(g)

+
∑

g∈G

Pr(RW 7→ g and A ∪ B)

R
∑

r=2

Reχr(g)
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Process RW, revisited

E[Ng]

|T |2m
= Pr(RW 7→ g)

∑

g∈G

Pr(RW 7→ g)
R
∑

r=2

Reχr(g)

=
∑

g∈G

Pr(RW 7→ g and A ∪ B)
R
∑

r=2

Reχr(g)

+
∑

g∈G

1

G
Pr(A ∪ B)

R
∑

r=2

Reχr(g)
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Process RW, revisited

E[Ng]

|T |2m
= Pr(RW 7→ g)

∑

g∈G

Pr(RW 7→ g)
R
∑

r=2

Reχr(g)

≤
∑

g∈G

Pr(RW 7→ g and A ∪ B)D(G)
R
∑

r=2

+

R
∑

r=2

1

G
Pr(A ∪ B)

∑

g∈G

Reχr(g)
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Comparison with Alon/Roichman

A/R: G · (Pr(A) + Pr(B) + Pr(C)) − 1

≤ (Pr(A) + Pr(B)) · G

L/S: (Pr(A) + Pr(B)) · D(G)
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Comparison with Alon/Roichman

A/R: G · (Pr(A) + Pr(B) + Pr(C)) − 1

≤ (Pr(A) + Pr(B)) · G

L/S: (Pr(A) + Pr(B)) · D(G)

Recall: M = 2m
(

1 − log log 2m
log 2m

)

,

(shorter than M ) Pr(A) ≤ 22m(2/N)m log log 2m/ log 2m

(no singletons) Pr(B) ≤ 2M (m/N)M/2

Po-Shen Loh Random Cayley Graphs and the Second Eigenvalue Problem 43



Simplification, revisited

Recall M = 2m
(

1 − log log 2m
log 2m

)

.

(shorter than M ) Pr(A) ≤ 22m(2/N)m log log 2m/ log 2m

(no singletons) Pr(B) ≤ 2M (m/N)M/2

(has singleton, yields 1) Pr(C) ≤ 1/G

Setting 2m := (log D(G))/b and N := c log D(G):

((Pr(A) + Pr(B)) · D(G))
1/2m

≤ (1 + o(1))

(

eb

√

2

bc

)
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Future work

∑

g∈G

Pr(RW 7→ g)
R
∑

r=2

Reχr(g)

=
∑

g∈G

Pr(RW 7→ g and A ∪ B)

R
∑

r=2

Reχr(g)

+
∑

g∈G

Pr(RW 7→ g and A ∪ B)
R
∑

r=2

Reχr(g)
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