
Dixon
Given an nxn invertiblesymmetric matrix Q the function
Qlyw) = UTQW is an example of a
noymmetñcbaform_

More generally , a nondegenerate symmetric bilinear form on 2
"

is a function Q : 2
"
✗ 2h → 2 satisfying :

• ☒(yw) = Q(wit f v,
we2

" (symmetric)
• ① (ytvzgw) = Qluywlt Qhhiw } linear in 1ˢᵗ factor• ④ Lev, w) = CQ (v , w)
• Qlviwl = 0 t we 2

"

⇒ v=O (nondegenerate)

Any such function can be expressed as a matrix
But to write down the matrix

,
one needs a

basis for 2? If B={bit > bit, then the matrix
for Q is written as QB and it is defined by :

( iij ) -th entry of QB = Qlbiibj)

we have been using E- Fe , , . . . ,en} (the standard basis)

If we choose a different basis
,
then the matrix

will look different

Ey : Consider bases 2--1%7,1777 and B-- {[51 , [ IN for 22

÷¥#⇒¥÷¥ """%←
= iii. → ¥•_¥¥¥#=%.



Consider the symmetric bilinear form Q , given by
Q([5 ]

,

= act bd

In E
,
Qle , , e.) = I

Q (eyed = 0 ⇒ Qe=[ '◦
°

, ]
Q ( ez

, ez / = 1

In B
,
Q ( bi

,
b.) = Q ( [7. [:)) = I

Q ( bi
,
bi = Q ( [b.) , [ I ] ) = I ⇒ QB _

- [ I
Q ( ba.bz) = Q /[I ] , [D) = 2

Saying €6k : lot v=[31s = [ I ],

Then Quit = [217 , Qs [?], = 5
Quit = [ 1 Hs QB [;] •

= 5
✓

How are Qe and QB related?

theorem :

let B={bis> bn} be a bas# for 2? let F- [b, -
- - bn]

Then QB = PtQeP

Proof : Note that Pei = bi it i. thus :

Ciijtth entry ofQB =Qlbi.bg/--bEQebj--lPeiTQeCPej)--eE(PTQeP)ej=Ci.j1-lhentry of PTQeP

⇒ Qp,=PTQeP Bk



Def: Asymmetric bilinear form Q isdiagonalizabkoverzif-fabas.isB of Z
" suchthatQBisdiagonalci.e.ttmatrix P

.

Such that PTQEP is diagonal)

Ey : = [ I ;) is diagonal-table over 2 :

B-- {[D. [ :D
,
F- [

'

◦ I ]

Then PEP = [ : HE, :Xbit = [-61%61]=1-6 :] ✓

We can view charging basis as a

lattice isomorphism 4 :(27
→ 12? Qrs)

ei→ Pei - bi

[by construction,QB (41%1,4191) = QB Cbi:b;) = Qslei , ej )]

→ Q is diagonal
-

2-able iff 7 lattice isomorphism
y:(2h, Qd → (27 QB) sit. QB is diagonal .

Note : If B-- {bi , _ , bit is a basis for 2
"

and f- [b ,
- - - bit

,

then detp = 1=1 .

Hence detQB-detlpi-QED-detptdel-QsdetP-de.IQ



If detQe=±l and Qe is diagoralizable , then

3- basis Bst . Qpsis diagonal
⇒ Qrs - [

"
± !

, ?]$ ldel-QB.tl 0 1=1

Def : A symmetric bilinear form Q is

• peÉe if Qlyv ) > O V U -40

• nega-e if Quit < 0 it v≠o

Fast : let Q be diagonalitabk . Then :

• Q is pos-def iff all evolves of Qs are positive
iff 7 basis B sit . QB=I

• Q is neg
-
def iff all evahes of Qe are negative .
iff F basis B sit . QB= -I.

Def : the standard negative - definite lattice is (27-4)
ThestÉtÉ is ten, In)

Putting this all together :
• If a positive- definite lattice 12?Q) with defQ=1
is diagonal

-table then F lattice isomorphism

4:12 ? Q) → 12? I)

• If a negative - definite lattice 12?Q) with detQ=±l
is diagonal

-table then 7 lattice isomorphism

4:12 ? Q) → (27-5)



Ey : Q= [} .
•detQ= I

• e.values both negative
⇒ neg -def

let's show Q is diagoralizable over 2 by
finding an isomorphism 4 :(ZYQ)→ (22, -It

let 41ft Xie,+xzez=[¥;) , 4th)=y,Gtyzez=f}:)
• -Ily (f), .y(f,)) = Q(f. f.) = -2

"

-I /*either
, Xie , + xzez) = - ×? - xzz

} ⇒ K
, Xz = ± /

• - I/e(fz),y = Qcf
> f.) = -5

" ⇒ Lynyrd c- { 1+-4+-21,1+-2,1=151
- yi- yi

• - I /ylf.by#=QCf,,fz)--3
"

-I([¥7,191) = - xiy ,
- ✗if

set ×
, -_Xz=l , y ,

= -2
, yz= -1

⇒
4141--9+4=1 ! ]
4141=-29 - ez -_ [Ii ]
⇒ Embedding exists✓

Note : B={[ 111%77 ⇒ F- [ I ?]

⇒ ptQP= [It ] [-3-3-711-1]=[17711-4]--18:L



HI :

1. Let Es = [
& t '

°

] - %a2-EEG.jo?o2I 2

, 12 \ I

☐
12 ' ° Eg graph /plumbing

I 20

1 00 2

Show that Ese is not diagonalizeable

( Hint : Show $ a lattice embedding into a suitable

diagonal lattice )

2. let Q be the incidence matrix for •ÉÉÉ_¥q→ÉÉ
where q≤ -2, pie ≥ 1

,
and ptttqttr >0

For which values of pig , r does 7 embedding
(2*-70) → (2PM, E) ?

Read p.lt , paragraph3 to p. 12 before section 3.2
inGreene - Jabara


