8. The auxiliary equation is 16+ + 247‘ +9={4r+3)*=0 = r= %, soy =cie”

SdConCL Ord\cr:‘ L‘.r\car- Blgcren{{a‘ E‘c“)\;a—*‘:onﬂ

4. The auxiliary equation is 2% ~ 7 — 1= (2r +1)(r—1) =0 = r= 1,7 == —1. Then the general solution is
—f2

y=cie® + e

6. Theaunllaryequauonls:}r —5'r—r(3r—5) 0 = r=0,r=§,soy—cl + ¢ /3,

3x/4 —3z/4

4 coe

18. % +3 = 0 = r = ++/3i and the general solution is

y = " (cr cos(vV3z) + ezsin(v3z)) = c1 cos(v3x) + casin{v3 ). Then y(O) =1 = c1=1land
y'(U) =3 = ¢ = +/3, 50 the solution to the initial-value problem is y = cos(V3z) + \/gsm( 3:::) .

20. 272 - 5r — 3 = (2r — 1)(r+ =0 = r= L+ =_3andthe gencral solution is y = cuﬂf‘/2 + cpe™32,

Then 1 = y(()) =0 —|— cz and 4 = 3 (G) le1 —3casoer =2, ¢2 = -1 and the solution to the initial-value
problem i isy = 2e%/? _ g3

ZG. r4+2r=r(24+r)=0 = r=0,r=—2and the general solution isy = ¢ + c2e” %", Then
e 1~ 2& )

=712 . The solution of the

1=y(0) =c1+c2 and2=y{l) =1 +eze 2500 =
T . .

i _ 12 e’ o

boundary-value proble] E‘n l$ Y=V"=2 + __1 — e

2. r°4100=0 = r==10i and the general solution is y =cicos 10z + ¢z 8in 10z. But 2 = y({)) = ¢; and
5=y(r) = c:1, so0 there is no squtlon

0. —6r -+ 9 (r— 3)2 =0 = r=3andthe general solution is y = 16% + caze®. Thea 1 = y((}) e

and 0 = y(l) =c1e® +cge® = ¢z = —L. The solution of the boundary-value probIem isy =% — ze®.

e

34. The aux1hary cquatlon is a.r +br + c= 0. If 62 — 4ac > 0, then any solution is of the form

b4 B = , JIE — 4o ' '
y(r) = cle"”’ + cae™ where 1= —b+ V9P —dac b and ry = —b——;;—4 Bui a, b, and ¢ are all posmve

so both r; and r are negative and limz -0 y(:c) 0. If 6* — dac == 0, then any solution is of the form
Y (%) = c1e™™ + cowe”” where r = —b/ (2a) < O since a, b are positive. Hence im0 ¥(x) = 0. Finally if

b® — dac < 0, then any solution is of the form y(:v) = g™* (c1 08 Bz + c2 sin B) Where o = —b/(2a) < 0 since '
o and b are positive. Thus llmm_.m y(z) =
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_ - - :
2 Lety(z) = Ec:n:c Theny' =2y = ¥ —2y=0 = 5 ncaz® 'z 3 caz®=00r

fa==l n=0

3 neaz™ - E €, 2™ = 0. Replacing n with  + 1 in the first sum and n with n. — 1 in the second
n=0 .

gives 35 (R4 1)cariz™ —. 3 ea1z™ =00t + 3 (n+1)cnp1z™ ~ ¥, Cao1z™ =0. Thus,
.n=0 . - 71_=1 ) =1 . n=1



a1+ 37 [(n+ 1)cnt1 — €am1] =™ = 0. Equating coefficients gives ¢; = 0 and (m+ 1) crt1 — Ca—1r = 0. Thus,
n=1 .

the recursion relation iSept1 = ;:i"-_l-t-li, n=1,2....Bute; = 0,50 ¢3 = 0 and c5 = 0 and in general cap g = 0.
% .. _ % _ % o _G&__c _ o . _ . Co |
Alsg, ca = =T == 22_2!,.66 6 643" 3.3 and in general czn = = 'm.Tl}us,t_hc

solution is
= 2 — = 2/2) 2/2
ve) = 3 ena” = =D anz® =3 s Z
n=0 n=~0 n=0 n=0

4. l:_,ety (@) =Yrloenz" = ¥ (@)=L neaz™ = =Y o(n + eas1z™. Then the differentiz;l
equation becomes (z — 3} "7 (n + 1)cn+1$“ +ITX Jcaz® =0 =
Lo+ Deapa™t =337 (n+ 1)Cn+1:r +230 et =0 =

et MenT = 3007 0 3(n -+ 1)enprz™ + En—o 2cnsc =0 = 32 ln+en —3n+Depgaja” =

(since 352, neaz™ = 3020 neaz™). Equatmg coefficients gives (n + 2)cn — 3(n + 1)cnyr = 0, thus the

recursion relation is cny1 = (;(—Jr?ﬁ =0,12,.... Thene¢y = 2?"0 ¢p = _3?’321) = %
R ) _5c3 beg ﬂ(n+1)c0 o
BT Ry T 38T 3pg) ~ ge ndingeneral, ¢, 35 . Thus the solution is
v chz n+ [Notcthatq]z"‘*‘l n=(3gc°) for |=| < 3.
. n=0 n=0 0 ) _

. Let y(x) = E enz". Then y"(:r:) z n{n — Denz™ 2 = 3 (n+ 2)(n+ 1)cn+az™. Hence, the equation
. n=0 . .

n="2

y""= y becomes Z (n+2)(n+ 1)cn’+2:t:" —~ Y ewg™=00r ¥ [(n+2Hn + eate — cuJz™ = 0. So the
n=0 n=0 =4 .

. ¢
recursion relation is ¢ 4.2 = W—Hicl(‘m, n=>01,.... Given cg and ¢1, cp = %,q = -——2?: = %,
_ .« _9 __—CO =—Cl :——-+_c3 :_Cl =-c—1- :_05 =E-]-'-
‘"’6_6-5“6!""’“2“‘(2n)!a“dC3 322754 54-.3.2 5T 76 7

Cont) = m Thus, the solution is

2u+ 1

= ,;ocnzn tﬂz=002n$2n +§002n+1$ = g Z (Zn +a Z (2 )

The solution can be written as y(x) = cpcoshz + ¢y sinh z

_ &+ e" € —e® etea . e _,
{or‘y(w)_co 3 +et 5 =g -i— €|




8. Assuming y(z) = 3. caz™ 3" (2) = ¥ n(n— Deaz™ = Zo(n-f- 2)(n + 1)caszz™ and
n=0 2 n=0

o0
—zy(z) = - Eo Crz™ ! = - E ¢n—1z™. The equation §" = zy becomes
n=

=1

: f: (n+2){(n + Denqzz™ — Z Ca-12™ = 0or 2c2 + Z [(n + 2)}(+ 1)cns2 — ca1]z™ = 0. Bquating
n=0 . n=1 ) ~ n=1

) €n—1 L
i i = =——F——T =1,2,.... Since cz2 = 0,
coefficients gives co = 0 and cni2 CEPCES) or 2
. . Co N co
can+2=0forn=0,1,?,....ijenco,caﬂ—s.z,cﬁ_—6'5 EE 3o
. Co . C1 €4 _ . G
= . Gi LG = ——, 7 = o
= n@n - 1)@n 3@ -4 6.5.3.2 T LT TTE T T6-4-3
Canil = c The solution can be writien as

(3n+1)3n(3n—2)(3n—3)...?&6-4-3'

e — e Td4-1 g, X (B - 1Y(3n—4) - 8-5-2 3,
yiz) = Z (e = 2)0n (331 AEXDY ( A (3n +)1)! 2’ '+_1

- . [==] o0
0. Assuming that y(z) = 3. coz”, wehavez?y = I c,2""2 and

n=1{

y'g(m) = 3 nln = 1eaz™ = 3 (n+4)(n+3emp™

n==2 Rom—2
i 2
£ =2c2 +6csz + 3 (n 4 4)(n + )epaz™t?
- n=0

Thus, the equation 3" + %y = 0 becomes 2cz + 6cax + 3 (n+4)(n+3enta +ea]z™t? = 0. S0
. n=0

C2 :_?3 = 0 and the recursion relation is co4q4 = —m, n=20,12,....

Butc; = 4(0) =0 =¢; = ¢z and by the recursion rciatlon, Cant1 =

Can2 _C4n.;.3 = Oforn— 0,1,2,.
Also, cp = y(0) = 1, s0

SO - S BT YRR o ) il | (-1

1 (8 = yeeayCn = .
4.3 " 4-3 8-7 8-7-4-3 4 4(411, L)(dn —4)(d4rn —5)---- - 4.3

Thus, the solution to the'initial-value problem is

% :
y(a:) nzjocnw —CO+EC4n$ —I+§1( | 4(4n—.1)(4n—4)(4ﬂ—5) _____ 4-3

o ' oo . oo
12 @) Lety(z) = 3= cnx™ Thenz®y’(2) = 3 n{n— ez = 3 (n+2)(n -+ Venyaz™?
n=0 n=2 =0

zv (z) = El nenz® = 3 1(n +2cni2s™? =1z + 3 (n+ 2cupzr™t?, and the equation
. n= . n=0 : :

"=

_ ,
&y + 2y’ + 2%y = 0 becomes ez + 3 {[(n+2)(n+ 1) +(n+2ente +ea}e™ ¥ =0.50e1 =0
n=0

and the recursion r¢lation is ¢n 1.2 = ——c—"--—é, n=0,1,2,.... Bute; = y'(0)

k (n+2) = 050 Cany1 = O for

n=0,1,2,.... Also,co = y(0) = 1, s0 ¢ =1 . 2———'1
2 g2 =~z =(-1) 5z = (1) 5 (212

ot 3 1 n 1
g =(-1) W, veny Cop = (~—1) 5‘2“(—‘”')5 The solution is

ywz) = Z%cnx Z( |y 2%( 1)2




