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6. (a) Let P(¢) be the population (in millions) in the year ¢. Since the initial time is the year 1951, we substitute ¢ — 1951 for ¢ in

Theorem 2, and find that the exponential model gives P(¢) = P(1951)ek(*=1%51) —
P(1961) = 92 = 76e*(191-191) = k= L 1n 339 ~ 0.0196. With this model, we estimate
P(2001) = 361e"(2001-1951) =, 960 million. This estimate is slightly lower than the given value, 1029 million.

(b) Substituting ¢ — 1961 for ¢ in Theorem 2, we find that the exponential model gives P(t) = P(1961)e*(:—1961)
P(1981) = 653 — 439£F(1981-1961) 11, 852 - 0 0199 With this model, we estimate
P(2001) = 439*(°91=1961) . 971 million, which is better than the estimate in part (a). The further estimates are
P(2010) = 439¢*%* ~ 1161 million and P(2020) = 439¢** ~ 1416 million.

(c) 1100 _Population (in millions) Both models are reasonable; in fact, their graphs are nearly

indistinguishable.

1941
300

8. (a) The mass remaining after ¢ days is y(¢) = y(0) e** = 50¢**. Since the half-life is 28 days, y(28) = 50>°F =25 =

e =1 = 28k=Ini = k=—(In2)/28 soy(t) =50e" "2/ =50.27%/28
(b) y(40) = 50 - 27*/%% ~ 18 6 mg (d  rqme

@uyt)=2 = 2=50-27%® = Z_27%% o

(—t/28)In2=Ing = t=(—28In5)/In2~ 130days

26
0 50 00 150 ¢
(days)
10. (a) If y(#) is the mass after ¢ days and y(0) = A, then y(¢) = Ae**.
y(1) = Ae* =09454 = " =00945 = £k =1In0.945
Then 4e™ " =14 & e —ml & (In0945)t=hl < t=—22-~1225years.

(b) Ae™0949)t —_ 0204 < (In0945)t=Ini & t=—2E_ ~ 2845 years

: L d .
12. From the information given, we know that d—y =2y = y=Ce"" by Theorem 2. To calculate C we use the point (0, 5):
X

5=cCe¥® = ¢ =5 Thus,the equation of the curve 1s y = 5e2*.
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16. % = k(T — 20). Lety = T — 20. Then % = ky, so y(t) = y(0)e**. y(0) = T(0) — 20 = 95 — 20 = 75,

s0 y(t) = The**. When T'(t) = 70, % = —1°C/min Equivalently, % = —1 when y(t) = 50. Thus,

—1= 2—2 = ky(t) = 50k and 50 = y(t) = T5e**. The first relation implies £ = —1/50, so the second relation says

50 = 75¢~ /% Thus,e ¥/** =2 = —4/50=1In(3) = t=-50In(%) ~ 2027 min

nt
18. (a) Using A = Ag (1 n 3) with Ag = 1000, r — 0.08, and £ — 3. we have: (b) 1400
T
(i) Annually” » = 1; A=1000(1+ £28)"* — §1250.71
(ii) Quarterly: n = 4; A =1000(1 + 228)*% — 31268 24
(ii) Monthly: n = 12; A=1000(1+ %%)™*? — 3127024
0 3
(iv) Weekly: n = 52 A =1000(1 + %%)%*? — 5127101 1000
. Ap 10(3) = $1349 86,
(v) Daily n = 365; A =1000(1 + %)% _ g1271 22 o10(3)
o Av.0s(3) = $1271.25, and
(vi) Hourly: n = 365 - 24; A = 1000(1 + 55:257) > = 1271 25 Ayue(3) — $1107.22
0.06 - TN
(vii) Continuously: A =1000e"9%7 = §1271.25
4 o) = L & g _ dy _ _ _ _ dr _
10. = (zxy) = dt{&'] = z— +y = =0 Ifdt = —3cm/s and (z,y) = (4, 2), then 4( 3)+2dt =0 =

i €. Thus, the x-coordinate is increasing at a rate of € cm/s.

14. (a) Given: at noon, ship A is 150 km west of ship B; ship A is sailing east at 35 km/h, and ship B is sailing north at 25 km/h
If we let ¢ be time (in hours), = be the distance traveled by ship A (in km), and y be the distance traveled by shup B (in km),
then we are given that dz/dt = 35 km/h and dy/dt = 25 km/h.

(b) Unknown: the rate at which the distance between the ships is changing at (c) B
4:00 PM. If we let z be the distance between the ships, then we want to find z

dz/dt whent =4 h A
x 150 —x

2 _ 22 dz _ (g dy
d 2= (150 —2)"+y° = 2zdt_2{]50 :r)( dt)+2ydt

(e) At 4:00 M, x = 4(35) = 140 and y = 4(25) = 100 = =z = /(150 — 140)2 + 100? = ,/T0,100.

dz 1 de  dy] —10(35)+100(25) 215
So— = -|(z—150) = +y | = - ~ 21.4km/h.
o =z|¢ i dt} 10,100 /101 /
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dx 2 24
16. Wem‘egwenﬂlat——lﬁm/s By similar triangles, ﬁ=— = y=— =
X X
¥
dy 24dr 24 dy 24(1.6)
P Zlqlz_x | Pl i E(I.B). Whenx:S,E= 1 = —0.6 m/s, so the shadow
is decreasing at a rate of 0.6 m/s.
. d d. dy d:
20. pulley Gwend—i" = —1m/s, find d—j whenz =8m ¢* =o* +1 = 2y~ 2.rd—j —
¥
d. d; d. v/ 65
wop® ! c_¥a_ —y_%eum=8,y= w’ﬁ&m—:n = ———_ Thus, the boat approaches
dt oz dt x dt 8
* /65
the dock at 5 = 1.01 m/s.
26. The figure is drawn without the top 3 feet. : M |
o "N b L~
V = 3(b+12)h(20) = 10(b + 12)h and, from similar triangles, 6 x| A
x 6 .y 16 8 Sh 11k e 61— ——16 —
E—Eﬂ.ﬂdg— ?—E,Sﬂb—$+12+y—h+12+?—12+T.
11k 110A2 dV 220 Y dh
Thus, V = 10| 24 + — |h = 240k dso08=— = {240 —h
e (+3) Ty madse dt ( * )dt
dh 08 3 .
When h =5, — = = == 0.00132 ft/mmn
. "4t 240 + 5(220/3) _ 2275 /
28. We are given dz/dt = 8 ft/s. cot 8 = % = z=100cotd =
¥
.9 100
L 100esc?e X = B __#18 o Wheny—200sing— 20 _1 _ f
P dt dt 100 200 2
x
de (1/2)* 1 : : 1
— = —~——— . § = —— rad/s. The angle 1s decreasing at a rate of = rad/s.
at 100 50 Y/ ¢ g 5 12d/
dv dP dv Vit gp VvV dP
A4 _ ] 0.4 @V 14 887 avy _ _ & =
M. PV =¢ = Plav dt tV dt 0 = dt P.14V0s gt 14P dt-~
dP dav 400 250 . ;
‘When V' = 400, P = 80 and gl —10, so we have sk —W(—lﬂ) = Thus, the volume 1s mcreasing at a

rate of 222 = 36 cm®/min.
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38.

46.

8.

. dg :
. We are given that i 4(27) = 8w rad/min. x = 3tand =

Using ) for the origin, we are given % = —2 ft/s and need to find % when z = —5. P

Using the Pythagorean Theorem twice, we have /=2 + 122 + /32 + 122 = 39,

the total length of the rope. Differentiating with respect to ¢, we get

x dax y d'y_[} dy = y? + 122 dx x Q ¥

—_ —— =10, [ N ————
Va? 4122 dt y? +122 dt dt yvVa? 122 dt
Now whenz = —5,39 = /(—5)2 + 122 + /3 + 122 = 13 + /3? + 122 = /y? +12? =26, and

— b 5 v __ (-5)(26) __ 1o
= /267 — 127 = \/532. So when = = —5, == \,"'5T(]3)( 2) = Vs

So cart B is moving towards ¢ at about 0.87 ft/s.

= —0.87 ft/s.

dx

p = 3sec’ 9— Whenaxz =1, tan6—3 S0 sec 6—1+(%) =%

andt;—m =3(L)(87) = L7 ~ 83.8 km/mm. *

The hour hand of a clock goes around once every 12 hours or, in radians per hour,

2_; = & rad/h. The minute hand goes around once an hour, or at the rate of 27 rad /h.

So the angle # between them (measuring clockwise from the minute hand to the hour
hand) is changing at the rate of d/dt = Z — 27w = 11'" rad,/h. Now, to relate 8 to £,

we use the Law of Cosines: £2 = 4% + 8% —2.4.8-cosf = 80 — 64 cosf (%)

. S - . df . dag ;
Differentiating implicitly with respect to ¢, we get 2¢ Fri —64(—sin B)E' At 1:00, the angle between the two hands 1s
one-twelfth of the circle, that 1s, i—g = % radians. We use (x) to find € at 1:00: £ = /80 — 64cos 5 = /8 —32/3

ﬂ(—ll—ﬂ) . x_ 6 43) (%) _ 887 ~ —186.

Substituting, we get 2 @ _ 64 sin —
dt 6 dt  2./80 - 32v’§ 3/80-323

€
So at 1:00, the distance between the tips of the hands is decreasing at a rate of 18.6 mm/h == 0.005 mm/s.

fle)=01+x)? = f(z)=-3(1+=2)""s0f(0)=1and 2
f(0) = —3. Thus, f(x) = f(0) + f(0)(x — 0) = 1 — 3. We need

(1+2)73-01<1—32 < (1+2)"% +0.1, which is true when F—0l F401
—0.116 < = < 0.144.
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16.

22,

26.

28.

36.

. (1+2s)(1) —s(2) 1
fils) = +29?7  (+252 0%

-]

1+ 257

(a) Fory = f(s) = _ m ds.

(b) Fory = f(u) = e “cosu, f'(u) = e ™(—sinu) + cosu(—e ™) = —e “(sinu + cosu), so

dy = —e “(sinu + cosu) du.

(aQ)y=cosmx = dy= —sinnr -mdr=—7 sinmxdr

(b) = gandde = —0.02 = dy = — sin 5(—0.02) = 7 (v/3/2)(0.02) = 0.017 /3 = 0.054.

X

y=flzr) =", x2=0Az=05 = yp y=e
Ay = £(0.5) — £(0) = Ve — 1 [~ 0.65] by I@

1
dy = ¢ dw = ¢*(0.5) = 0.5 /d,;:,h

0 i x
y=f(z)=1/z = dy=—1/z"de. Whenz =4 and dx = 0.002, dy = —5=(0.002) = —z=, s0
o~ f(4) +dy = 1 — b = 1298 — 0.249875.
y= flz)= Vz = dy= 1 dr. When x = 100 and do = —0.2, dy = ! (—0.2) = —0.01, so

2vVz ’ 2/100

V008 = £(99.8) ~ £(100) +dy = 10 —0.01 = 9.99.

. (@ A=mr’ = dA=2nrdr. Whenr =24 anddr = 0.2, dA = 27(24)(0.2) = 9.6, so the maximum possible error

in the calculated area of the disk is about 9 67 =2 30 em®.

. AA  dA  2mrdr 2dr 2(02) 02 1 _
Relativ O — — = — _o001%
(b) Relative error = ==~ — p— - 24 12~ 60

Percentage error — relative error % 100% = 0.016 x 100% = 1 6%

For a hemispherical dome, V = 27r° =  dV = 2mr® dr. Whenr = 1(50) = 25 m and dr = 0.05 cm = 0.0005 m,

dV = 27(25)*(0.0005) = 5F, so the amount of paint needed is about =& ~ 2 m®.
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