hw3

4. (a) (i) Using Definition 1 with f(z) = z — ° and P(1,0),

mzmwzmﬂx_xg— 1 I(l—_x:!)zhmx(l‘i‘x)(l—ﬂf}

z—1 x—1 z—1 ¢ —1 z—1 x—1 z—1 r—1

= lim [—2(1 +2)] = -1(2) = -2
(i1) Using Equation 2 with f(z) = =z — z° and P(1, 0),

flath) —fla) _ . fO+R)—F1) _, [(+m)-(1+n)?]—0

m = lim

O h h—0 h h—0 h
. 1+h—(143r+3r2+8%) . —m¥ -3 -2n _ h(—R'—3n—2)
= lim =lim — = lim
B0 h h—0 h h—0 h

= lim (—h% — 3k — 2) = —2
Lim ( )

(b) An equation of the tangent lineisy — f(a) = f'(a)(z —a) = y—FfF()=Ff(1)(z—1) = y—0=—2(z—1),

ory = —2x + 2.

(c) 2 The graph of y = —2z + 2 is tangent to the graph of y = = — &° at the

BN N o
_ 1\

-2

point (1, 0). Now zoom in toward the point (1, 0) until the cubic and the

6. Using (2) with f(x) = 2 — 3z + 1 and P(2,3),

o JletR) —fl@) . FRHR—F(2) . (2+R)—-3(2+R)+1-3

h—0 h h—0 h h—D h
. 8+12n4+6nr2+h°—6—-3n—2 | Oh+6R 4+R®  R(9+6R+AY)
= lim = Iim = lim
h—0 h h—0 h h—0 h

= Fllin}](g—l—ﬁh—l—hz}:Q

Tangentline: y —3=9(x—2) & y—3=0x—18 & y=0xr—15
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10. (a) Using (1),

L M
m = i :r—\,-"t:_leim \/a_x {‘VF V/_)(V/_+V/_ — lim a—x
zsa T—a z—a T—a " Vaz (2 —0) (Va + vE) s vaz (z - a) (Va T vz)
~ I e Ve | e e
(b) At(1,1):m= —l , 50 an equation of the tangent line (c) 2
isy—l———(m—l) = y———:r+—
At (4,1): m = —&. so an equation of the tangent line
Sy—1=—5%(z—4) & y=—F%z+3
0 12

14. (a) Let H(t) = 10t — 1.86¢%.
H(l+h)—HQ1) _ . [10(1 + ) — 1.86(1 + k)*] — (10 — 1.86)

v(1)=1 h I h
i 10+ 10k — 1.86(1 + 2k +A%) — 10 +1.86
= lim
h—0 h
10+ 10k — 1.86 — 3.72h — 1.86R> — 10 + 1.86
= lim
h—0 h
_ 2
— lim 828R — 186R7 _ . (6.28 — 1.86R) = 6.28
h—0 h h—0

The velocity of the rock after one second is 6 28 m/s.
H(a +h)—H(a) _ [10(a + k) — 1.86(a + h)*] — (10a — 1.864")
= 111m

— iy 102 +10h — 1.86(a’” + 2ah + h*) — 10a + 1.86a>
T h—o h
lim 10a + 10k — 1.86a® — 3.72ah — 1.86h% — 10a + 1.86a> . 10h — 3.72ah — 1. 86K
— == m
h—U h h—0 h
k(10 — 3.72a — 1.86h
= lim ( h“ ) _ lim (10 — 3.72a — 1.86h) = 10 — 3.72a

The velocity of the rock when ¢t = a is (10 — 3.72a) m/s.

(c) The rock will hit the surfacewhen H =0 < 10t —186t> =0 < #10—-186t)=0 < ¢=0or1.86t=10.
The rock hits the surface whent = 10/1.86 =~ 5.4 s.

(d) The velocity of the rock when it hits the surface 1s v(es ) = 10 — 3.72(2%=) = 10 — 20 = —10 m/s.
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22. We begin by drawing a curve through the origin with a slope of 1 to satisfy ¥

g(0) = 0 and g'(0) = 1. We round off our figure at = = 1 to satisfy g'(1) =0, 1

and then pass through (2, 0) with slope —1 to satisfy g(2) = O and g'(2) = —1.

AL
We round the figure at = 3 to satisfy ¢'(3) = 0, and then pass through (4, 0) =1

with slope 1 to satisfy g(4) = 0 and g'(4) = 1. Finally we extend the curve on

both ends to satisfy lim g(z) =ococand lim g(z)= —oo.

30. Use (4) with f(z) =2~ > = 1/2".

1 1 a’ —(a+h)
_ 2 2 2 2 2_ .2 2
£(a) = lim fla+h) — f(a) — Lm (a+ k) @ _ i 2 (a+ k) — lim @ (a* + 2ah + h*)
h—0 h h—0 h h—0 h h—0 ha*(a + h)?
—2ah — h? . h(=2a—h) . —2a—h —2a -2

%]

o ha’(a + h)? ~ A0 ha(a+ R)? A0 a?(a+ h)? - a?(a?) T a

Mote that the answers to Exercises 33 —238 are not unique.

3. By Equation 5, Tim 2% 1 _ #(;r/4), where f(z) — tanz and a — 7 /4
z—wf4 T — ?T’/4

F6+h) —f(5) _ . [5+R) —(5+h)]— (57" —5)

4. v(5) = £/(5) = Jim

h h—0 h
5—5h(5+h)—(5+h
R S S SIS (G+h)—(5+h)
i 2R 5 . 5+h 5 _ .. 5(5 + h)
= lim = IiIm ———————— = lim
h—0 h h—0 h h—0 h
iy 3= 2%h—5h"—5—h _ . —5h’—26h _ . h(—5h—26) . —5h—26_—26
~al 5h(5 + h) T ko0 Bh(5+h) ka0 Bh(5+h) ko 5(b+h) 25

The speed whent =515 |- 32| = 22 = 1.04m/s.

m/s
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t+ R\ £\2
46. AV = V(t+ h) — V() = 100,000 (1 — W) — 100,000 (1 - E)

2 2 9
=100,unu[(1_t+h+“+"‘) )_(1_1+ t )]:100,:}00(—£+ th , h )

30 3600 30 3600 30 3600 3600

100,000 250
=——h(—120+2t+h)=—h(—120+2t+ R
3600 ( T2t +h) 9 ( +2+h)

Dividing AV by k and then letting A — 0, we see that the instantaneous rate of change is 28® (¢ — €0) gal/min.

t | Flow rate (gal/min) | Water remaining V() (gal)
0 —33333 100, 000

10 —2777.7 69, 444 4

20 —2222 3 44 44473

30 —1666.6 25,000

40 —1111.1 11,1111

50 — 5555 2,7777

60 0 0

The magnitude of the low rate is greatest at the beginning and gradually decreases to 0.

50. (a) f'(8) is the rate of change of the quantity of coffee sold with respect to the price per pound when the price is $8 per pound.
The units for f'(8) are pounds/(dollars/pound).
(b) f'(8) is negative since the quantity of coffee sold will decrease as the price charged for it increases. People are generally
less willing to buy a product when its price increases.

2. Your answers may vary depending on your estimates.
(a) Note: By estimating the slopes of tangent lines on the
graph of f, it appears that f'(0) = 6.

() f'(1)~0
©Ff2)~-15 (@ Ff(3)~-13 (o) f(4)~-08 f
@ F(5)~—-03 (& f(6)=0 () £(7) =~ 0.2
: e
0 2 3 4 6 7 *
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Hints for Exercises 4—11: First plot zz-intercepts on the graph of f” for any horizontal tangents on the graph of f. Look for any corners on the graph
of f—there will be a discontinuity on the graph of f'. On any interval where f has a tangent with positive (or negative) slope, the graph of f' will be
positive (or negative). If the graph of the function is linear, the graph of £’ will be a horizontal line.

3- Jl

— :

Hints for Exercises 4—11: First plot z-intercepts on the graph of #” for any horizontal tangents on the graph of . Look for any corners on the graph
of f—there will be a discontinuity on the graph of #'. On any interval where f has a tangent with positive (or negative) slope, the graph of £ will be
positive (or negative). If the graph of the function is linear, the graph of £’ will be a horizontal line.

10. ¥
\ f

St
[—amnpor=————
=

L=
=

flz+h) — f(z) [1.5(z + h)? — (x + k) +3.7] — (152 — 2z +3.7)

2. f'(z) =l =1l
f (I) hﬂ h hl._If:’][.] h
. 15224+ 3zh+15R —x2—h+37—152242—-37 . 3zh+15k2—h
= lim = lim
h—0 h h—0 h

= lim(3z + 1.5A — 1) =3z — 1

Domain of f = domain of f' = E.
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11 VE—\t+h
h—0 h h—0 h h—0 h h—0 h,ft+h\/l£ V’E_'_,,,.Ft_l_h
= lim t_(t+h) = lim —h = lim —1
h—0 hVE+hVE(VE+VEFTR) h=0hVE+hVE(VE+VETR) r=0VE+hVE(VE+VETR)
-1 -1 1

TVEVE(VE+VE)  t(2vE) 28

Domain of g = domain of g’ = (0, cc).

44. Where d has horizontal tangents, only c1s 0, so d' = c. ¢ has negative tangents for = < 0 and b is the only graph that is
negative for x < 0, so ¢’ = b. b has positive tangents on R (except at = = 0), and the only graph that is positive on the same
domain is a, 50 8’ = a. We conclude thatd = f,e= f,b= f", anda = f"'.

58. (a) T

(b) The initial temperature of the water 1s close to room temperature because of the water that was in the pipes. When the
water from the hot water tank starts coming out, d7°/d¢ is large and positive as T increases to the temperature of the water
m the tank. In the next phase, dT'/dt = 0 as the water comes out at a constant, high temperature. After some time, d7"/d#
becomes small and negative as the contents of the hot water tank are exhausted. Finally, when the hot water has run out,
dT'/dt is once again 0 as the water maintains its (cold) temperature.

(@  dTi

T

2. (a) The function value at z = 015 1 and the slopeatx =015 1.

__

-2 =10 1 2 x

. . . . . d d
(b) f(=) = €® is an exponential function and g(x) = =° 1s a power function. - (") = e® and - (%) = ex
= 4 i

(c) f(x) = & grows more rapidly than g(x) = =° when x is larpe.

Page 6




hw3

6. F(z) =32 = F'(z)=3(8z") =62"

T

12. Bly) =cy® = B'(y)=c(—6y )= —6cy~
16. h(t) = VT —4ef =t1/* —4e* = A/(t) = 2t7* —4(e) = L7 — 4t
ax T ax a r — — — —
22, y — v’;;f' zm_»”;_i_?=x1;2—2+x1—2=m—3,¢2+m—1 = ¢ =—1z 5/2 4 (“1z P
2. k(r)=¢" +7° = k'(r)=¢ +er*!
30, v — (VQ;JF L)E _ (vf;)z tova. 4 (L)z g4 20218 1 g2/ g 036 g 2
Va Ve \Vz
1 2
1)’:14—2(193_5";5) — 28 1 186 257573 or 14 —
36.y=2’—2" = 3 =22—42° At(1,0),y" =2 —4 = —2and an equation of the tangent line is y — 0 = —2(z — 1)
or y = —2x + 2. The slope of the normal line 1s % (the negative reciprocal of —2) and an equation of the normal line 1s
y—ﬂ=%(m—]) 0ry=%w—%
4. G(r) = Vr+Vr = G'(r)= %r_l'm +1ir7? = @) = —%'r_a‘m — 3,78
48. a)s=t'—27+42 -t = © 3 :
)
v(t) =5 () =45 — 682 + 2 —1 = o
1 ]
1 ]
a(t) = v'(t) = 126> — 12t + 2 \ ]
(t) ='(2) + ofl— —2s
S~ J
®) a(1) =12(1)2 —12(1) + 2 =2m/ s*
—1.5
M.y=ave=2"2 = y = %x”z. The slope of the line y = 1 4 3= 15 3, so the slope of any line parallel to it 1s also 3.
Thus, ' =3 = gwlﬂ =3 = V=2 = z= 4, which 1s the z-coordinate of the point on the curve at which the
slope is 3. The y-coordinate is y = 4 /4 = 8, so an equation of the tangent lineisy — 8 = 3(x — 4) ory = 32 — 4.
66. y—az’ +br+c = 3'(z) =2ax+b The parabolahasslope 4at = — 1 and slope —Satz = —1,s03/(1) =4 =

2a+b=4 (Dandy'(—1)=-8 = —2a+b=—8 (2). Adding (1) and (2) givesus 2b =—4 < b= —2. From
(1).,2a —2=4 = a =23 Thus, the equation of the parabola is y = 3z® — 2z + c. Since it passes through the point

(2,15), we have 15 = 3(2)2 — 2(2) +e¢ = = T.sothe equationis y = 3x> — 2z + 7.
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