VANISHING VISCOSITY SOLUTIONS FOR THE
NAVIER-STOKES-SMOLUCHOWSKI SYSTEM FOR PARTICLES
IN A COMPRESSIBLE FLUID

JOSHUA BALLEW

ABSTRACT. The existence of measure-valued solutions obeying an entropy
balance for the one-dimensional Euler-Smoluchowski system for particles dis-
persed in a compressible fluid is shown. These measure-valued solutions are
derived from a Young measure arising from solutions to the corresponding
Navier-Stokes-Smoluchowski system for particles dispersed in a viscous, com-
pressible fluid which are shown to exist by using bounds uniform in the viscosity
coefficient. The Young measure is then shown to reduce to a delta mass for
adiabatic constants greater than one.

1. INTRODUCTION

Fluid-particle interaction phenomena arise is several areas of science, includ-
ing sedimentation analysis, biotechnology, medicine, waste-water recycling, mineral
processing, atmospheric sciences, and combustion of fuel droplets [2, 3], [8, 9] 23], [24].
The friction forces the particles and fluid exert mutually on each other lead to a
coupling to the fluid and kinetic equations. The models considered in this paper
assume that the friction force follows Stokes’ Law and is proportional to the rel-
ative velocity, that is, the fluctuations of the microscopic velocity. The cloud of
particles is described by a distribution f which is the solution to a Vlasov-Fokker-
Planck equation in the viscous case. The particle density 7 is the integral over
the microscopic velocity of f. For more detail, the interested reader is referred
to [6, 10, 21].

The one-dimensional Euler-Smoluchowski system for compressible, inviscid fluids
on the spatial domain R is

(1.1a) Oro+ 0x(ou) =0
(1.1b)  9y(ou) + 0, (ou® + ag” + 1) = —(Bo+n) P,

(1.1c) O+ 0y (nu—nPy) = Opan.
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The corresponding Navier-Stokes-Smoluchowski system for compressible, viscous
fluids is

(1.2a) 0o+ 0.(0u) =0

(1.2b)  Or(ou) + 0z (ou® + ag” + 1) = edpzu — (Bo + 1) Py

(1.2¢) O+ 0z(nu —n®y) = Opan.

In —, the quantities o, u, and n are the unknown fluid density, fluid
velocity, and macroscopic particle density, respectively, while v > 1 is the adiabatic
constant and a is a constant greater than zero, which in this paper is taken to
be % by choosing appropriate physical units. The external potential ® is a

non-negative function on R subject to the following confinement hypothesis.

Definition 1.1 (Confinement Hypothesis). The external potential ® : R — R*
and the constant /3 are said to satisfy the confinement hypothesis if and only if

B > 07

® is locally Lipschitz continuous,

® is bounded above,

e~®/? ¢ L'(R), and

®, is compactly supported.

Remark 1.1. Tt is noted that the conditions in Definition [1.1] are stronger than the
conditions in [7], [I0], particularly the compact support of ®,. This is necessary
because of the imposition of a positive background fluid density.

As will be seen in Section [3] Definition [I.1] ensures that a lower bound exists
on the nlnn term in the energy, which enables the use of an energy functional for
obtaining uniform estimates for solutions to .

The solutions of depend on the viscosity coefficient e, but for notational
simplicity, there will be no € subscripts on solutions to when there is no chance
of confusion. It is assumed that & € (0, ] for some g9 > 0.

For and 7 the boundary conditions at x = o0 are

(1.3a) wu(z,t) =0
(1.3b) n(z,t)®(x) + dpn(z,t) = 0

(1.3¢) o(z,t) — o,

where p is a positive constant are imposed. Further, it is assumed that

(1.4a) /770 dx = M, < oo
R

(1.4b) /QO—de:Mf < 00.
R
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Consequences of (|1.3) and (1.4)) include conservation of particle mass (see [7, [10])
and the conservation of the relative fluid mass

/g—@dm.
R

Existence and uniqueness results for and have been shown in pre-
vious work. In [I0], existence of weak solutions obeying an energy inequality to
the three-dimensional verison of are shown along with asymptotic long-time
convergence of these solutions to a steady-state solution. Existence of weakly dissi-
pative solutions obeying relative entropy inequality to the three-dimensional version
of along with a weak-strong uniqueness result is shown in [7]. In [6], existence
of local-in-time smooth solutions to in three space dimensions is shown for
appropriately regular initial data.

In the current paper, the issue of vanishing viscosity limits for solutions to (1.2)) is
investigated. This investigation follows those for the Navier-Stokes systems in [12]
13]. The main result of the current paper is as follows.

Theorem 1.1. Let (gc, uc,n:) be a sequence of smooth solutions to with initial
data and conditions at x = +oo (L.3) on R x (0,T) for T > 0 for e € (0,¢0]
for some g > 0. Assume further that \/EZ—z is bounded in L?((0,T) x R) uniformly
in € and = is uniformly bounded in & on R x (0,T). Assume also the following
conditions on the initial data.
(1) There is a positive constant Fg < 0o such that the initial relative mechanical
enerqgy satisfies

1
(1.5) / §Qo|uo|2 +€"(00,0) + 1o Inny + no®(x) dz < Ey
R

where e*(p,0) = 7f1 o) — vflﬁ’y — Yo+ %57 is the relative specific
internal energy of the fluid.

(2) There is a positive constant Ey < oo such that

o 2

(1.6) 52/ | z%‘)‘ dz < Ey.
R Q0
(3) There is a positive constant Ey < 0o such that

2

(1.7) e/ M 4z < Ey.
R 2

Then there is a subsequence (not relabeled) (o, ue,ne) that converges almost every-

where to an entropy solution (o,u,n) to (L.1) obeying (1.3) and (1.4).

Remark 1.2. The bounds on ZE, while not explicitly shown to hold, are related

to the scaling of the physical constants in the bubbling regime, which is under
consideration in this paper. The interested reader is referred to [I1] for more details.

Theorem is analogous to the main results in [I2] and [I3] for the one-
dimensional Navier-Stokes and Euler systems on the real line and the correspond-
ing three-dimensional problem with radial symmetry, respectively. However, while
Chen and Perepelitsa in [12] [13] are able to easily use the variety of entropy/entropy-
flux pairs for the Fuler system of two unknowns, the system under considera-
tion here has three unknowns, limiting the entropy/entropy-flux pair to that from
the mechanical energy. Thus, definition of the measure-valued solutions is modified
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from that used in [12, 3], as will be seen. The structure of the rest of the paper,
which is dedicated to the proof of Theorem is as follows.

(1) In Section [2| background on entropy/entropy-flux pairs is developed. In
addition, results for entropy/entropy-flux pairs based on an entropy kernel
for a system of two equations in two unknowns are stated.

(2) Sectionis dedicated to the proofs of several estimates on (g., ue, 7. ) which
are independent of €. These estimates are crucial in allowing passage to
the limits in the following sections.

(3) Sections |4| and |5| develop the compensated compactness framework neces-
sary for the existence of the measure-valued solutions.

(4) In Section [6] the convergence of solutions to (L.2) to measure-valued solu-
tions is shown. In addition, the commutator relation key to showing the
reduction of the Young measure to a delta mass is calculated.

(5) Lastly, in Section lﬂ the Young measures constructed are shown to reduce
to delta masses, allowing for the completion of the proof of Theorem (1.1

2. ENTROPIES AND ENTROPY/ENTROPY FLUX PAIRS

This section collects some well-known results for entropy/entropy-flux pairs (see
[14], for example) and some bounds on a family of entropy/entropy-flux pairs that
will be used for the Euler-Smoluchowski system (|1.1). For this section, if the the

continuity and momentum equations (|1.1a))-(1.1b)) are considered with the variable
1 as a fixed function of space and time, the resulting system

0
21) U+ 0,F{U) =
@1 4 © {—&m - (69+77)<I>J

T

where U = [o,m = pu]T and F(U) = [m7 %2 —&-p(g)} is hyperbolic. It can be
shown (see [12, Section 2] and [14]) that the eigenvalues for this system are
(2.2) A =u=+6¢"
and the Riemann invariants are

(2.3)  wi=uF o’

where 6 & 77_1 Since Ay — A_ = 200%, the system is strictly hyperbolic for o > 0
and loses the its strict hyperbolicity at the vacuum state o = 0.

A pair of functions (H, Q) is called an entropy-entropy flux pair for (2.1)) if
(24)  DQU) = (DF(U)T DH(U)
where D is the total differentiation operator in the components of U and

agF 1 amF 1
0,F, OmFs

is the Jacobian of F' in the coordinates (g, m).
One example of an entropy/entropy-flux pair is the mechanical energy H* and
mechanical energy flux @* in the variables ¢ and u given by

DF & {

1m? a
H* =_-— i
(0,m) =3 s T
3
m ay
Q (o,m) =5 — o'u
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It is also noted that

1 a
£ = Sou’
(0,u,m) = Seu i

is an entropy to (1.1 (see [Bl @] [7], for example).

Considering an entropy H as a function of ¢ and u, H will obey the integrability
condition (see [I4, Chapter 16.8])

(2.6)  OyoH = 020" 30y, H.

It is clear that (2.6) is singular across the axis ¢ = 0, and the nature of the singu-
larity depends upon 7. Also of interest in light of (2.6)) are weak entropies of (2.1
that vanish for ¢ = 0. These entropies are given by

(2.78) HY(o, ou) ™ / x(e:s — w)(s) ds

o' +nlnn+ (Bo+n)®

27) @(evow) ™ [ 05+ (1~ Bin(ess — upils) ds
R
for any continuous function v, where x is the weak entropy kernel determined by

/
(2.8a) Opox — ]%&wx =0

(2.8b) x(0,u;s) =0

(2.8¢) 0px(0,u;s) = y=s

where §,,—; is the delta mass concentrated at u = s. Thus, for the v-law case under
consideration in this paper, the weak entropy kernel is given by (see [12] Section 2]
and [T4, Chapter 16.8])

(2.9)  x(gs—u) = [0* — (s —w)?]"

where A = %, so clearly A > —2. Thus, for ¢ € C(R),

1
(210) HY(0, 0u) = / [0 — (s — u)?] w(s) ds = o / Wt o) (187 ds

and

211) Q¥(e.0u) = [ 05+ (1= 0)) [ = (s =]} w(s) ds

= Q/ (u+ 00%s)Y(u+ s0°)(1 — s*)* ds.

-1
For ¢ € C.(R), the following estimates hold (see [12, Lemma 2.1]).
Lemma 2.1. Let ¢p € C.(R) such that supp C [a,b]. Then the supports of HY
and QY are contained in the set
{(e.m) = (0,0u) : " +u>a, u—o’ <b}.

In addition, there exists a constant Cy > 0 depending only on v such that for any
(,u) €[0,00) xR,
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. ifye 1,3,
(2.12) |[HY(0,m)| +]Q¥(e,m)| < Cy;
o if v >3,
(2.13) |H*(0,m)| < Cyo
and
(2.14) |Q¢(Q, m)} < Cy max{l,ge};
o if ) € C%(R), then
(2.15) |0 HY(0,m)| + | 00mmHY (0,m)| < Cy;
o if 1 € C%(R), then
(2.16)  |OmuH" (0, 0u)| + |0" " Oy (0, 0u)| < Cy.

The proof uses the same calculations using (2.10) and (2.11)) as in the proof of
Lemma 2.1 in [I2] and is omitted here.

Taking (s) = u(s) = 1s]s|, the following lemma (from [12] and [20]) gives
estimates on H# ¥ HY# and Q# & Q¥#.
Lemma 2.2. For 1y, (2.10) and (2.11) give the following estimates:

(2.170) [H* (0, ou)| < Olon? + o)
(2.17b) |8, H# (0, ou)| < C(|u| + o)

(2.17¢) |OmmH (0, 0u)| < Co™"
and considering O, H# as a function of o and u,

(2.18a) [Dum H (0, ou)| < C

(2.18b) \8QmH#(Q, ou)| < Cp?~!
where C' is a positive constant depending only on -y.

The proof involves straight-forward estimates using (2.10) and is omitted here.
Finally, using the work of Lions, Perthame, and Tadmor [20, Lemma 4], it can
be shown that there is some constant C' dependent only upon « such that

(2.19) Q% (0,u) = C(@* + o7[ul + " ul® + oful?).

3. UNIFORM ESTIMATES

This section of uniform estimates begins with an energy estimate that allows
for various terms to be estimated independent of €. Throughout this section, the
subscript € on the solutions to is omitted. Before these estimates are proven,
a result following from the confinement hypothesis is needed. This lemma controls
the negative part of the n1lnn term, which controls the other quantities in the energy
estimate to follow.
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Lemma 3.1. Let ® satisfy the conditions in Definition [I.1) and let n be any non-
negative function in L*(R). Then

1 1
(3.1) /nln_ndzgf/nd) dx—|—f/efq>/2 dz
R 2 Jr € Jr

where In_ n is the negative part of Inn.

This lemma is Lemma 3.6 in [10] and is proven there and in [I5]. As such, the
proof is omitted here.

Proposition 3.1. For smooth solutions o, u, and n of (1.2)) on R x [0,T] for some
T > 0, there exists some positive constant C' independent of € such that

(3.2)  sup Elo,u,n|( / /5|6 u|? da dt+/ /
te[0,T]

where
(3.3)  Elo,u,nj(t)

d:ef/R; (2, )|u(z, t))? + e*(0,2) + n(z, t) Inn(z, t) + n(x, )®(z) dz.

Proof. Let o, u, and n be solutions to (1.2) for some fixed €. Noting that the
integrand in (3.3)) is just the relative entropy H with respect to the end states g, 0:

9o dmdt<C

+ /P,

(34)  Hlo.u[3.0) ™ H' (0,u) — H*(3.0) — DH"(3.0) - [9 Qﬂ ,

it is clear that

(35) %Emu m=

* (— *(o g
/8t u) +nlnn+n®) — 0, H"(9,0) — DH*(9,0) - [&:(Q’QU)] -

Clearly, the second term in the integral of the right side of (3.5) is zero, and noting
that

(3.6) / DH*(3,0 [ ‘%9 )} dr = / oud, DH*(3,0) dz = 0,
R
then
d d a
(3.7) pr E(o,u,n) = dt/ g|u|2+ﬁg"’+nlnn+n<1> dx.
Multiplying (1.2b)) by w, noting that
Ve — @ Y v
(3.8)  Oy(a0")u =0, (7_ 79 + 0, po—
by using (1.2a)), and deriving from (|1.2c) that
(3.9) (0zn +nPy)u

R 2
— Oy (nlnn+7®) + 0, [(Inn+ 1+ @) (yu— b, Dy + (\/g " \/ﬁ%) ,
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the entropy equation

1 2 @

1
+8w( ou® +
2 Y-

Ot [+ 14 @) — 2, — 0,0)])

P 2
— 20, (udyu) + l0pul* + <x77 + \/ﬁ@x> = —Boud,
Vi
is obtained. Integrating over R and using the boundary conditions (1.3),

(3.11)

d 1 9 a
= Y 41 d+nd d
dt/RzQIUI + 70"+l + fo® +n® do

~
Oxm 2

3 6wu2dx+/( ° l) da::—/,b)gwbl. dx.

/]R‘ | R \ V7 7 R

To bound the term on the right side of (3.11), it is noted by Young’s inequality

that
1 ) 1
Boud, dr| < = [ olu]® dv+ =B [ |®.|0 dx.
R 2 2" Jr

Using that fact that ®, is compactly supported, that ¢ < C(1 4+ e*(0,2)) (see [12,
13|, [I'7, 18], among others), and the control of the negative part of nlnn from the
confinement hypotheses,

d 9 01
(3.13) %E 0,u, M) +5/|8 ul clx+/<\/77

Gronwall’s inequality completes the proof. O

(3.12)

2
x) dr <C+CE.

Lemma [3.1]in conjunction with Proposition [3.1]leads immediately to the follow-
ing corollary, which allows for control of the nlnn term in H(p, u|g, 0).

Corollary 3.1. Let @ satisfy the conditions in Definition[I.1l For any non-negative
n in LY(R), if

/nln17+n<l> de < C
R

for some C > 0, then nlnn € LY(R) and there exists some constant D > 0 depend-
ing on C' and ® such that

/nln+n dr <D
R

and

/n@deD.
R

Proposition also gives the following estimate on 7, which follows from control

Of
/T /

dx dt

2
7]
— + /1P,
V1 Vi

and standard Sobolev inequalities.
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Corollary 3.2. Let g, u, and n solve (1.2)). Then for each T > 0, it holds that n €
L%(0,T;C*Y(R)) for somel € (0,3). Moreover, this norm is bounded independently

of €.
Next, in the spirit of [12], integrability of 9,0 is considered.

Lemma 3.2. Let g, u, 7 be smooth solutions to (1.2)), (1.3). Assume also that

<C
L2(0,T;L2(R))

(3.14) Hﬁ”

where C' is independent of €. Then if
/ |5zgo\ dr < C4 ande/n—dx<02

for some C1,Cy > 0, there is some finite constant C' > 0 independent of € such that

(3.15) / |8w9 N T dm+2€/ @) 4.
R Q(l'vT)

T
+ Qafye/ / 07730, 0|* dx dt < C.
0 R

Proof. This proposition is similar to [I2, Lemma 3.2] and the proof here is follows
the same spirit as the proof there. Letting v := %, 1.2a]) can be written as

(3.16) vy + uv, = vuy

which becomes after differentiating in z,

(3.17) g + (uvy)y = (Vug)s.

Multiplying by 20v, and performing some straight-forward calculations yields
(3.18) (olval?), + (oulva]?), = 204tas.

Solving for g, in and substituting, the right side of becomes

(3.19) 20Uy = %’Ux[(aéﬂ)x + (ou)t + (0u®)z + 1z + (Bo+ n) Py
- gvx(aéﬂ)x + g(guvx)t + E[W(%U)x — ou(Vug )z + Um(@‘“ﬁ)ﬂﬂ]
+ 2loalma + (B0 + m)2,)]

A simple calculation shows

(320) 'Um(ag’y)x = _a’yQ’YiS‘Qm'Q’

Integrating ou(vyu), — ou(vug )y + ve(olul?). over R yields, using integration by
parts

(3.21) / ou(vzu), — ou(vug), + vx(g|u|2)m dr = / |8:,Cu|2 dx.
R R
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Integrating (3.18)) over R x [0, T, using (3.19)-(3.21)), and multiplying by &2 yield

Oz 0( T
(3.22) /| Qm dm—|—2a7€/ / 77310,0% dx dt

= —2¢ /Wd +25/ /|8u| dxdt+2€/R(a$§2)uOdz

/| ol i +2€/ / <> Oun + (Bo+n)Ps] du dt.

It is clear using Young’s 1nequahty and . ) that

(3.23) ‘26/ W daz‘

—/ 190l T)]" T dm+4/g(:c,T)|u(x,T)|2 dx
R

7/|8xQ$T i1 C,

and similarly,

2 2
(3.24) ‘25/ 9s00u0 dx‘ < %/ M dx+4/g0|u0|2 da
R R Qo R

©o
2
< —/ |azg()| dx + C.

Using Young’s inequality, the bound o < C(1 4 e*(p,0)), the compact support
of ®,, and it is clear that

/ /68 ( )ﬁgqbwda:dt

Next, control of

T 1
—25/ /395 <> (Oum + n®,) do dt
0o JR 0

is investigated. By integration by parts, this becomes

T T
(3.26) 25/ / %890(83077 +n®,) dr = 28/ / l(8157) + 0y (nu)) dx
o Jr 0

:25/"(I’T) de—2e | 10 ge — 25/ /”audxdt
RQ(J},T) RQO

where (3.16]) has been employed to obtain the last equality. It is left to control the
last integral above. Using Young’s inequality and (3.14)),

25/ D 9pu du dt <5/ /—d:cdt+e//|au|2dxdt
o JrRO

gca/ /%ddeCgC
o JrRO

with the penultimate inequality following from ({3.2]).

|8x9|2

(3.25) =l

<C+C’s/ dx dt.

o Jr 0@

(3.27)
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Next, higher integrability of the fluid pressure is investigated

Lemma 3.3. For smooth solutions to (1.2)) with Ey < oo independent of €, for any
compact subset K of R and for each T > 0, there is some constant C = C(K, Ey, T
independent of € such that

T
(3.28) / / o(x, )+ d dt < C.
0 K

Proof. This proof follows the spirit of the proof in [I2, Lemma 3.3]. Let w € C°(R)
such that w(x) € [0, 1] for any € R. Multiplying ([L.2b)) by w and integrating over
(—o0, x) yields

(3.29)  ou’w + p(o)w = eduw — 8t/ ouw dy + / (ou® + p(o) — €0 u)w, dy

— 00 —00

— nw +/ nwe — (Bo +n)P.w dy.

— 00

Multiplying this by ow and using (L.2a]) gives

x

(3.30)  p(0)ow? = —0*u*w? + £0dyuw? — Oy (gw/

— 00

— 0y (Quw / ouw dy) + ouw, / ouw dy

x

+9w/ (ou®+p(0) —e0ru)w, dy*n9w2+9w/ nwy — (Bo+n)®,w dy.

— 00 — 00

ouw dy)

Integrating (3.30) over [0,7] x R yields

(3.31) /OT/]RQp(Q)WZ dz dt

T
= 5/ / 00 uw? dx dt
o Jr

_/Rg(a:,t)w(x) (/I o(y, u(y, t)w(y) dy) de di

— 00

—|—/ oow (/ 00UoW dy) dz dt + ri(T) + ro(T)
R

— 00

where

ri(T) = /OT/RW (/_g;(gu2 + p(0) — edpu)w, dy) dx dt

T x
+ / / QUWy ( / ouw dy) dx dt
o Jr —oo
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T x
ro(T) = /0 /ng (/ nw, — (Bo+ n)Pw dy) dx dt
T
—/ /ngw2 dx dt.
o Jr

Noting that p?w? < 0? < C(1 + @7*1) since v > 1, Young’s inequality yields

T 2 [T T
(3.32) 5/ / 00, uw? dx dt < —/ / |0, ul|* da dt +(5/ / o*w* dx dt
o Jr o Jo Jr o Jr

T T
< i%/ / |0, u)? dx dt+05/ /(1 + 07 ™w? da dt
4 0 R 0 R

C T
5 + C,0 + 0(5/ / 0" w? dx dt.
R

and

<

Noting that by Holder’s inequality and the the bound ¢ < C(1 + ¢*(p,9))

‘/ ouw dy‘ S/ lou| dy
—00 K/
(fen)' ([ o) <c

where K’ = supp(w) N (—oo, z), the estimate

(3.33) /Rg(:r,t)w(m) </1o ouw dy) de <C

holds for any ¢ € [0,7T], using the compact support of w. By similar arguments,
r1(T") and the first integral of ro(T") are bounded by some C, and the second integral
in ro(7T) is non-negative, so combining — and taking ¢ small enough
complete the proof. O

Next, (2.19) is used to help prove the following estimate.

Lemma 3.4. Let o9 and ug be such that, in addition to the conditions in Proposi-

tz’on@ and Lemma
(3.34) / oo dr < My < oo
R

where My is some constant independent of €. Also assume that

T<¢
0

for some constant C' independent of € for any (x,t) € R x [0,T]. Then for any
compact subset K of R and T > 0, there is a constant independent of € such that

T
(3.35) / / olul® + 0" dx dt < C.
0 K
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Proof. Multiplying (1.2a) by 9,H#, (1.2b) by 8,, H#, and adding these equations
together yields

(3.36) 9, H™(0,m) + 0,Q% (0,m) = =0, H* (0, m)[0:1 — (Bo + 1) Ps]
+ €0, (O H? (0, m)0ytt) — €0 H? (0, m)(0311)* — €0 H? (0,m).

Integrating over (0,T") x (—oo, z) gives
B30 [ HHT)ml. 7)) - H¥ ealy)moly) dy
T
+ [ @*etwt)miz.) de
0
T T
_ _/ / O HY (0,m)0yn dy dt
0 —o00
T T
—/ / OmH (0,m)(Bo+ )@, dy dt
0 —o0
T
b [ 0uHP (oo, ), miz,0)0,u(s, ) de
0
T T
—s/ / OmoH™ (0, m)0y0 - Opu dy dt
0 —o00
T x -
e[ ] ot mlol dy dt+ Q.
0 —o0
where Q & Q# (0,0)T. Tt follows from Proposition and Lemma that

(3.38)

T rx
8/ / Omu H (0,m)|05u|? dy dt| < C.
0 —o0

Using Young’s inequality and Lemma [2.2]

T rx
(3.39) 5/ / OmoH™ (0,m)0,00,u dy dt
0 —o0

T
< e / / 30,02 + |0,uf? de dt,
0 R

which is bounded by a constant using Proposition [3.1] and Lemma [3.2] Using
Lemma [2.2] and Young’s inequality,

T
(3.40) e / Om H# Oyu dt
0

T
< cg/ lul|Oat] + o O] dt
0

T
< C’e/ lul> + 0"~ + |0, ul? dt.
0



14 J. BALLEW

Integrating (3.37) over the compact set K C R and using the bounds ([3.38))-(3.40)
and using the lower bound for Q# from Lemma yields

T T
(3.41) / / olul® + 0710 da dt < / / Q7 du dt
0 K 0 K

=" /K /; H*(o(y, T),m(y,T)) = H* (00(y), mo(y)) dy d
T z
_/0 /K /,Oo O H# (0,m) (B0, + (9o + n®,.)] dy d di

T
+ Ce/ / |u|? + 07t + |0,ul? dx dt + Ck
0 K

where C'i is a constant depending on the compact set K.
Invoking Lemma [2.2]

/K/ac H#(Q(y,T),m(y,T)) — H#(Qo(y)vmo(y)) dy dz| < Ck.

Using Proposition [3.1] and Lemma [3.2)

(3.42)

T
(3.43) C’s/ / 0"+ |0,ul? dx dt < Ck.
o JK
To handle the |u|? term in the last integral in (3.41)), it is noted that the set
B(t) < {x eR:o(x,t) < g}

has measure

c()

e (%.2)

by using Proposition [3.1] to obtain

(3.45) / ¢*(0,7) dz < C(1)
o(z,t)<p/2

(3.44) |B(t)| <

for some non-decreasing function C(t) > 0. For any interval [a,b] C K such that

b—a= 6*2(%/(2@, there is some measurable A(t) C (a,b) such that
C)
[A@)] <

e (30)

Defining u4(t) to be the average value of u(z,t) on the set A, it is clear that for
any z € [a,b] that

(3.46) |u(z,t)| < |lua(t)|+ /K |0z u| da.

Using a simple Holder’s inequality argument and Proposition [3.1] yields that
lua(®)] < Ck,

SO

T
(3.47) 5/ / lul? de dt < COk.
0o JK
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To control the 8,, H* (o, m)Bo®, term of the second integral on the right side
of (3.41)), let K/ = (—o0,z) Nsupp @,. Then using Lemma

T T
/ / / amH#(g, m)Bo®, dy dx dt
0 K J—co

T
< C/ / / olu| + 00FV/2 dy da dt
o JrkJK

T
SC’/ // o+ olul* +1+ 0" dy dx dt < Ck
o Jr /K

using Lemma [3.3] and the techniques therein, and by Proposition (3.1
Now, it is left to bound the term

T x
—/ / / amH#(g7 m)[0xn + n®,] dy dzx dt.
0 K J—c

This value is bounded by
dx1

T , 7
(3.49) C/O /R(u|+g)\/§\fgﬁ
—:77+\/ﬁ‘1>m

T
SC/ /gu2+e*g,@+ﬂ
[ [+ o+ 2|2

the last inequality following immediately from Proposition [3.1] and that

(3.48)

dr dt

2
O dz dt < C.

T<c
0

for some positive constant C' independent of e. ([

4. COMPACTNESS OF WEAK ENTOPY MEASURES

Next, the H~! compactness of weak entropy dissipation measures for (1.2) is
considered using the estimates from the previous section. The entropies considered
are those induced by functions ¢ € C2(R) in the sense of (2.10) and (2.11)).

Proposition 4.1. Fiz ¢ € C?(R) and let HY and Q¥ be as defined in (2.10)

and (2.11)), respectively. For each fixed € € (0,e9], let (0, uc,n:) solve (1.2)). Then
the sequence of entropy dissipation measures

(41) {atHw(stus) +azQw(:stus)}5E(0,EO]

is contained in a compact subset of Hy,!([0,00) x R).

Proof. For clarity of notation, the subscripts of ¢., u., and 7. are omitted. Mul-

tiplying (T.2a) by 9,HY (0, m) and (1.2b)) by 9,, H (0, m) and adding the results
together gives

(4.2)  9,HY +0,Q%
= —O0nHY0,m — 0 H" (Bo + n)®y + €0 HY Oy u
= =0 H" (0,m + 1n®;) — BOmHY 0@, + €0y (0 HY Opu1)
— €Omu HY|0,ul? — €0y HY 0z 00 u.
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Using Young’s inequality, Corollary [3.2] Proposition [3.1] and Lemma [2.7]

T
(4.3) / / Om HY (0, +n®,) dx dt
0 R

T
cof o
0 R

Therefore, {9, HY (021 + n®4)}e(0,c0) is uniformly bounded in e in L*([0,7] x R),
s0 it is compact in VVlgcl"h([O, o0) X R) for ¢; € (1,2).

Using the bound ¢ < C(1 + e*(p,2)) and the bound on 9, H¥ < Cy, it is clear
using the compact support and bounds of ®, and using Proposition [3.1] that

(4.4) HBameQCI)IHLl([O,T]xR) < Cy,
S0 {58meQ¢x}€e(0 <o) Is compact in Wb ([0,00) x R) for any ¢; € (1,2). By

Lemma [2.1] Proposition [31] Young’s Inequality, and Lemma [3.2]

dx dt < Cy.

Oz
N
Vi Vi

T
(4.5) ¢ / / Omu HY |03u)? + O g0z 00,u dx dt
0 R
T
< eCw/ / |0z u|? + 07710, 00,u da dt
0 R

T
<C, +ec¢/ / 0" 310,02 + |0pul? da dt < Cy.
0 R

Thus,

{—é‘amqu) |('3$u|2 — e’:‘amgHwa;canu}ge(o,go]

is uniformly bounded in ¢ in L ([0, T] x R), which means it is contained in a compact
subset of Wo % ([0, 00) x R) for any ¢; € (1,2).

ocC

By Lemma |8mH¢(Q7 m)| < Cy, so using Proposition
T
(4.6) 52/ / ]amef |0 ul? dz dt < Cye — 0,
o Jr

which means €9,, HY9,u — 0 in L?([0,T] x R). Therefore, 0, (sameaxu) — 0
in W=52([0, 7] x R), and in particular, in W, %' ([0,00) x R) for any ¢; € (1,2).
From (4.2) and combining the results from (4.3))-(4.6)), it is clear that

47 {0HY +0,Q"}

e€(0,e0]

is contained in a compact set in W, ([0, 00) x R) for any ¢, € (1,2).
For v € (1, 3], Lemma gives that HY and Q¥ are bounded by Cyo. Fixing a
compact set K C R, Lemma [3:3] makes it clear that

(48) {|H1/J| + ’Qw‘}se(o,eo]
is bounded in € in L7"1([0,7] x K). Thus
O HY + 0,QY

is uniformly bounded in W=17+1([0, 00) x K) in ¢. O
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5. YOUNG MEASURE

To start this section, a somewhat classical definition of Young measure is given
(see [16]).

Definition 5.1. Let {f.} be a bounded sequence in L>°(£2; R™) where €2 is a domain
in R™. Then there exists a subsequence (not relabeled) {f.} and a probability
measure v, for almost every y € 2 on R™ such that for each ¢ € C(R™), ¢(f.)
converges to [, ¢(y) dv, weakly-x in L>(£2). The measures v, are called the Young
measures generated by {f.}.

The existence of these Young measures is a fairly classical result at this point.
For a proof, see [16, Theorem 11].

Remark 5.1. At this point onward to avoid confusion, (g, u., 7:) represent solutions
to (1.2) and (o, u,n) are the limits as € — 0.

In this section, the Young measures associated with the sequence of solutions
(0e, ue,me) of are considered. Specifically, v,; is a Young measure corre-
sponding to the sequence (g.,u.) from the sequence of solutions to . The
Young measures are derived from the fluid density and fluid velocity and not with
respect to the particle density due to the well-known difficulties in developing en-
tropies for systems of more than two unknowns. Following the techniques in [19]
which are used in [I2] Section 5|, define the space

H = {(0,u) : 0> 0}
and let H be the compactification of H with C'(H) isometrically isomorphic to C(H),
the set of all ¢ € C(H) such that ¢(0,u) is constant and the function (g,u) —
lim,_, o @(s0, su) is a continuous function on the intersection of H and S!.
In light of the above spaces, the Young measures considered in the current work
will obey the following definition from [I], which uses the work in [4 22].

Definition 5.2 (Young Measure). Let (0., u:) be a sequence of functions from

R % (0, 00) to H. The Young measure is the measure v, ; € L (Rx (0, 00); Prob(H))
such there is a subsequence (not relabeled) (o, u.) such that for all ¢ € C(H),

(51)  6(oe(. 1), uclt)) — /H 6(0,1) dvg o(0,1)

weakly-+ in L>°(Rx (0,00)). The sequence (o, u.) converges to (o, u) : Rx(0,00) —
H if and only if vz ¢ = 6(p(a,t),m(a,t)) for almost all (z,1).

The following propositions extend the class of test functions for the Young mea-
sure v, to a set larger than C(H). The first is proven using the bounds from
Lemma [3.4]and the Lebesgue dominated convergence theorem and follows from the
proof from [I2 Proposition 5.1(i)].

Proposition 5.1. For the Young measure vy 4,
(5.2) / 0" 4 olul?® dvyy € L (R x (0,00)).
H

Next, the class of test functions is expanded as follows.

Proposition 5.2. Let ¢ : (0,00) X R — R such that
(1) ¢ € C(H) and ¢ =0 on OH,
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(2) there is some a > 0 such that
supp ¢ C {(g7u) 0%+ u>—aand u— o’ < a}7

and

(3) |6(0,u)| < o"OFY for some & € (0,1).

Then ¢ s integrable over H with respect to the measure v, and

(53)  oeus) = /H o0, u) dvs s

weakly in L _((0,00) x R).

loc

Remark 5.2. The condition on x above differs from that in [I2, Proposition 5.1(ii)]
in order that Lemma [5.1] can be proven. The corresponding claim in the proof
of [I2] Proposition 5.1(ii)] does not go through for x close to one.

The following lemma is used in the proof of Proposition |5.2

Lemma 5.1. Let K be a compact subset of R and let wi(o,u) be a non-negative,
smooth function such that wi(o,u) =1 on the set

{(@,U) o’ € [;k] ,ul < k}

and such that wi(0,u) = 0 outside the set

{(Q,U) o € [;ﬂ,?k} ,ul < Qk}.

Then for ¢ meeting the hypotheses of Proposition[5.9,

(5.4) lim / /((bw;g)(gg,ug) dvy, dx dt :/ /qﬁ(gg,ue) dvy,, dzx dt.
k=oo Jgx(o,1] JH Kx[0,T] JH

Moreover, this convergence is uniform in €.

Remark 5.3. This is the claim in the proof of Proposition 5.2 in [I2]. A clearer
presentation of its proof is presented here.

Proof. Let k1 < ko. It is clear that wg, — wg, = 0 for
1 1 ¢
(Q, u) S -—, k‘l X [—k‘h kl] U -, 2k2 X [—2k‘2, 2]{12]
k1 2ko

- 0 e
sup [0, u)| < Ky OO g
0<e?<ki!

and

which goes to zero as k1 — oco.
For

1 C
(0,u) € supp¢p N {k < 0¥ <k, ful < kl} )
1

either ge < kl_l or 99 > k1 —a provided ky —a > k:l_l.
Fixing a > 0, Young’s inequality shows that for p such that o’ > k; — a,

(55) |¢(Q, U)| < C(Ii, Oé) + ag'erl
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for any a > 0. Then,

(5.6)

/[o T K(¢(wk1 — Wiy ) (0e, ue) da dt
X

< T|K|ex, + C(k,a)|([0,T] x K)N{(z,t) : 0% > ki — a})|

+ a/ o2 dx dt.
[0,TIxK

Using Chebyshev’s inequality and Lemma [3.3]

(5.7) ‘/ (P(wiy, — Wiy ) (0e, ue) dx dt| < T|K|eg, + C(k, a)k;(ﬁﬁl)/o + Ca
[0,T]x K

— Ca

as k1 — oco. Since « > 0 is arbitrary, this proves the lemma. (I

Proof of Proposition[5.4 Let K be a compact subset of R. Then using Proposi-
tion and the dominated convergence theorem, for almost all (z,t) € K x [0, 77,

(5.8) khm Pwi Avg s = / @ dvg s

hm/ /qbwk dywt—/ /(bdl/wt
k=00 Jix 0,1 K x[0,T]

Using dominated convergence, the definition of Young measure, and (5.9)),

and

(5.10) lim lim (pwi)(0e, ue) dx dt = / / ¢ dvg, dx dt.
k—o00e=0 /g« (0,1) Kx[0,T]

Using Lemma[5.1] and dominated convergence arguments,

(5.11)  lim d(0e, ue) dx dt
=0 J10,1]x K
= lim lim (pwi)(0e,ue) da dt
e—0k—oo [07T] x K
= lim lim Owi)(0e, ue) da dt
k—00 e—0 [07T] XK( )( )
= lim / / owy, dvg s = / / ow dvg ¢,
k=oo Jio,T1x K JH [0,T]xK JH
proving the proposition. ([

Next, it is remarked that the Young measure v, ; is concentrated in H and the
vacuum state ¢ = 0. This follows from the definition of the Young measure, the
definition of H, and the uniform bounds from Section

Lemma 5.2. Consider v, as an element of (C(H))*. Then

(5.12) vou[H\ (HU{e=0})] =
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6. MEASURE-VALUED SOLUTIONS

In this section, the convergence of solutions (o., ue, 7:) of (1.2)) to measure-valued
solutions (o, u,n) to (|1.1) is investigated. This section begins with the definition of
measure-valued solutions for (1.1J).

Definition 6.1 (Measure-Valued Solutions). Let {oc, tec, 7 }oe(0,c,] De a sequence
of solutions to (1.2)). Then v, ; is a measure-valued solution to (1.1)) if and only if
ne — n weakly and for any function of s ¢ € {1, +s, 52},

(6.1) OV, H') + 00 (Vat, QY) < — (Vo O HY [0on + (Bo + n)®a))
and
(6:2) (v, HY)(,0) = HY (00, m0)
in the sense of distributions.
This definition and the work above lead to the following proposition.

Proposition 6.1. The Young measure v, derived from the solutions {oe, e, ne}

of (1.2)) is a measure-valued solution to (L.1)).
Proof. Using HY and Q¥ in ([4.2), the equations (2.10) and ([2.11)) yield
(63) atHw(Qeame) +ame(Q57m5)
= 0y [OmHY (0c,ue)0pue] — O HY (0m + n®y) — BOmHY 0@,
1
— / " (mE + sgg) (1—sH) [6|8wu5|2 + 69@?531@5693115] ds.

-1 B
Since ¢ € {£1, +s, s%}, ¥”(s) > 0 for s € [—1,1], which means (6.1)) holds after
taking € — 0 in (6.3). O

The next step is to explore the commutator relation for HY and Q¥. For ease
of notation, define the entropy kernel as
A

x(©) = [0 = (=97
and the define for any function f(p,u) such that
|f(e,u)] < oluf® 4 gttt}
the weak limit of f(gc,u.) as
Floeyue) = flou) (@, 1) = (var, f(o,u)).-

Using the uniform bounds from Section [3| and the div-curl lemma, for any C?
functions ¢ and ¢, H¥Q?® — H?QV is weakly continuous with respect to the weakly
convergent sequence (gc, u:) — (0, u) and

(6~4) H¢(957UE)Q¢(Q&UE) _H¢(Qsaus)Qw(Qavua)
which yields the Tartar-Murat commutator relation
(6.5)  H¥(0,u)Q%(0,u) — H?(0,u)Q" (0, u)
= H"/’(g, U)Q¢(Q,U) - Hd)(cga U)Qw(ga u)
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Using the definitions of the entropy/entropy-flux pairs based off the arbitrary con-
tinuous functions ¢ and ¢, the above becomes

(6.6) . Y(s1)p(s2)x(s1)[fs2 + (1 — O)ulx(s2) dsy1 dsz

. Y(s2)P(s1)x(s1)[0s1 + (1 — O)ulx(s2) dsy1 dsz

- / B(s1)x(51) dsy / 6(52) 052 + (1 — O)ulx(5) ds2
R R

- / (52)x(2) ds» / &(51) 051+ (L= O)ulx(s1) ds
R R

= /R2 Y(s1)P(s2)x(s1) [0s2 + (1 — O)u|x(s2) ds1 dsa

= [ o) )xGa) oy + (T =BG o da
Letting ¢ = 1 and noting that 1 is arbitrary, it is clear that
(67)  X(o1) Bz + (1= B)ulx(s2) — X(52) Por + (1~ O)alx(on)
= 0(s2 — s1)x(s1)x(s2)

which yields the following result.

Lemma 6.1. The measure-valued solution vy of (L.1)) obeys the following com-
mutator relation: for almost all s, so € R,

(6.8)  O(s2 — s1)[x(s1)x(s2) — x(s1) x(s2)]
= (1 = 0)[ux(s2) x(s1) —ux(s1) x(s2)]-

7. REDUCTION OF THE MEASURE-VALUED SOLUTIONS

In this section, the measure-valued solution v, ; is a delta measure in the coor-
dinates (g, u) almost everywhere for (z,t). The argument is broken into two cases:
v > 3 and 7 € (1,3]. It follows the compensated compactness framework from [12],
also used in [I3] and relies upon results on the commutator of the entropy kernel
developed in [20].

7.1. Reduction Large Adiabatic Constant. First, the case where v > 3 is
considered. To begin with, the following result for the weak limit of the entropy
kernel is presented which allows for the passage of the weak limit done in the proof
of the measure reduction.

Lemma 7.1. If v > 3, then forp € [1, %),
X(8) € Lige((0,00) x R; LP(R)).

This calculation is done in [I2] Lemma 6.1] and is omitted here.
Next, let A be the open set that is the union of intervals of the form

(u - 907 U+ QG)
for (p,w) in the support of v, ;, and let J be a connected component of A.

Proposition 7.1. Any connected component J of A is bounded.
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Proof. Assume by contradiction, first, that J is not bounded below. Since J is
unbounded below, fix My < 0 such that My+1 € J and let s € (My, Mp+1). Let
s1 < —2|Mp|. Then

(7.1) Mo —s1| > |5271|

For (o,u) € supp(x(s1)) Nsupp(x(s2)),

s
(7.2) ge—u—l—sQ:ge—u—i—sl—i—(sQ—sl)252—312M0—51>|2—1‘

where the first inequality follows from the fact that (o, u) € supp x(s1). Since for
v >3, A <0, it follows using the definition of x

(7.3) /HX(S1)X(S2) vy = /HX(S1)(Q‘9 —u+52)} (0 +u— s2)} dugy

<275, / (s0)(&” +u— s2) dvas.
supp x(s2)

Integrating ([7.3)) in so over (Mg, My + 1) yields

Mo+1

(7.4) / x(s1)x(s2) dvg dso
Mo H
Moy+1
< 27512 / x(51) (0% +u — $2) dvys dso
Mo supp x(s2)

= 2_’\|31|’\/ / (0% +u— sz)i dsy | dvggs.
H (Mo, Mo+1)N(u—0%,u+e%)

If o +u > My + 2, then ¢ +u — sy > My +2 — (My + 1) = 1, so the integral in
parenthesis in ([7.4)) reduces to

(7.5) / (0 +u—s2)} dso < 1.
(Mo, Mo+1)N(u—e? u+0?)

If 0% +u < My + 2, then

Moy+1

(7.6) / (0" +u—s2)} dsy < / (0" +u—s2)} dss
(Mo, Mo+1)N(u—? ute?) Mo

< 1 ( 9+ M ))\+1 < A+
- w—

a1 U+ = NF1

since A +1 = 28;;11) > 0. Thus, there is some constant C'(\) depending only on A

(and thus only on «y) such that

Moy+1

(77) / X(51)x(52) vy dss < C(N)[s1 X (o),
My H

However, it is noted that if s is fixed and if x(s) is taken as a function of (g, u),
that

supp x(s) = {(0,u) : s € [u— 0, u+ "]}
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Since J is a connected component of A, x(s) > 0 for almost all s € J by Proposi-

tion and the definition of J (c.f. [I2]). Thus, for x(s1) x(s2) # 0, Lemma
yields

(78) 1-6 1 (ux(sz) B ux(81)> _ x(s1)x(s2)

0 s2—s1\ x(s2) x(s1) x(s1) x(s2)

Following the techniques in the proof of Theorem 5 in [20], taking s1, s3 — s above
yields

79) 1—98(w<s>>:(x2<s> s

0 9s \ x(s) x(s))?
Thus,
L0
0 x(s)

is non-decreasing in s, which means from (7.8])

x(s51)x(s2)

(7.10) > x(s2)
x(s1)
for s1 < s3. Combining (|7.7) and (7.10) yields
Mo+1
(7.11) 0 < C(My, \) :/ x(s2) dsa < C(N)]s1*.
Mo

Since |s1| has no upper bound and A < 0, this is a contradiction. Thus J must be
bounded below. A similar argument shows J must also be bounded above. (]

The rest of the argument that v, ; reduces to a delta mass is based on [20, Lemma
6]. Indeed, let J = (s_, s1) be a connected component of A. Then the values (o, u)
such that x(s) > 0 on (sy — £, s4) must satisfy

uto' > s —e

However, for these values (o,u), s_ < u — 0%, so as in [I2, Section 6],
(7.12) tim X) 5 s tse
s=st x(s) 2
and
(713) Tim WX seEso

soe- x(s) 2

Combined with the fact that %(:)) is non-increasing, this means that
(7.14) x(s)% = (x(s))*.
Since v, ; is a probability measure, this leads to the conclusion that

(715) Vet = 5(g(fp,t)7m(l‘,t))

for v > 3.
For the case that v = 3, the analysis is much simpler. In that case, the commu-
tator relation immediately leads to

(7.16)  x(s1)x(s2) = x(s1) x(52)
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and the rest of the proof follows as for the 4 > 3 case from the realization that (|7.14)
holds for the v = 3 case as well. Thus, ([7.15) holds for v > 3.

7.2. Reduction for Small Adiabatic Constant. The next step is to show that
in the case v € (1, 3) the Young measure v, ; reduces to a delta measure. As in the
case where v > 3, the key point is to show that connected components of the set A
as defined in the previous subsection are bounded. First, the following lemma gives

conditions on the entropy kernel x used in the argument that connected components
of A are bounded.

Lemma 7.2. For v € (1,3), x(s) and x(s1)x(s2) are continuous and weakly dif-
ferentiable in their respective arguments and furthermore

SN XS] € Lhl(0,00) x B LA (R))

and

%X(&)X(Sz) =X (s1)x(s2) € Lipe((0,00) x R; L' (R?)).

The reader is referred to [I2] Lemma 7.1] for the proof of this lemma. This leads
to the main proposition of this subsection.

Proposition 7.2. Let A = J{(u — ¢%,0° +u) : (o,u) € suppv,}. Then any
connected component J of A is bounded.

Proof. The proof is in the spirit as that for [I2, Proposition 7.2]. As for the large
case, the proof is by contradiction. First, assume that J is unbounded below. Let
My be the supremum of J, which may be infinite. Pick s;, so, and sz such that

$1 < 82 < 83 < My and x(s1), x(s3) # 0. Using and ([7.8)

SN
O

(7.17) (55— 51)X

X(51)x(s3)
x(s1) x(s3)
Differentiating (7.17) by s using Lemma[7.2] and dividing by s5 — s1 gives

= (s3 — s1)x(s2)

s2 — 51 X(51)x/(82) + 53 — 82 X(83)x(s2)

(7.18)
S8 =51 x(s1) 53 =51 Xx(s3)
T x(sx(s2) 1 x(s3)x(s2) _ 0 X(s1)x(s3)
$3 =51 x(s1) 53751 x(s3) x(s1) x(s3)

Next, using the fact that x(s) — 0 as s goes to oo and to My as shown in [12

Proposition 7.2, Step 2], since x(s) > 0 is not identically zero, there must exist
some sy € J such that x(s2), x’'(s2) > 0. Since x(s) is continuous in s, there is
some s3 € (82, M) such that x(s3) > 0.
Taking s; — —oo in (7.17)) yields
x(s1)x(s2) _ s3—s1

(7.19) 1) = sy — SlX(S2)X(Sl) x(s3)
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By using (7.6) and (7.7) in [12], it can be shown that

(7.20) (X/(SQ) - MX(SZO X)x(ss) gy

§2 =81 x(s1) x(s3)
However, this is a contradiction in light of the way so is selected and the fact that
by (6.8),
X(s1)x(s3)
X(s1) x(s3)

for any s1, s3 € J. Thus, J is bounded below. Similar arguments show also that .J
is bounded above. (I

(7.21) > 1

In light of the above proposition and the well-known result in [14], among other
places, the following result holds

Proposition 7.3. For v € (1,3), the Young measure v, is a delta mass in the
coordinates (o,m), that is,

(7.22) vat = S(o(at) u(at))-

Thus, in light of similar arguments as in [I2] Section 8], this proves Theorem [1.1
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