LOCAL WELL-POSEDNESS OF THE VISCOUS SURFACE WAVE
PROBLEM WITHOUT SURFACE TENSION

YAN GUO AND IAN TICE

ABSTRACT. We consider a viscous fluid of finite depth below the air, occupying a three-
dimensional domain bounded below by a fixed solid boundary and above by a free moving
boundary. The domain is allowed to have a horizontal cross-section that is either periodic
or infinite in extent. The fluid dynamics are governed by the gravity-driven incompressible
Navier-Stokes equations, and the effect of surface tension is neglected on the free surface. This
paper is the first in a series of three [19, 20] on the global well-posedness and decay of the
viscous surface wave problem without surface tension. Here we develop a local well-posedness
theory for the equations in the framework of the nonlinear energy method, which is based on
the natural energy structure of the problem. Our proof involves several novel techniques, in-
cluding: (1) optimal energy estimates in a “geometric” reformulation of the equations; (2) a
well-posedness theory of the linearized Navier-Stokes equations in moving domains; (3) a time-
dependent functional framework, which couples to a Galerkin method with a time-dependent
basis.

1. INTRODUCTION

1.1. Formulation of the equations in Eulerian coordinates. We consider a viscous, in-
compressible fluid evolving in a moving domain

(1.1) Q) ={y € xR | =bly1,y2) <3 <ny1,v2,1)}.

Here we assume that either ¥ = R?, or else ¥ = (L1 T) x (LoT) for T = R/Z the usual 1—torus
and Li,Lo > 0 the periodicity lengths. The lower boundary b is assumed to be fixed and
given, but the upper boundary is a free surface that is the graph of the unknown function
n:Y x RT — R. We assume that

(1.2) 0<beC™(x) if ¥ = (LiT) x (LoT)
' b€ (0,00) is constant if ¥ = R2,

For each t, the fluid is described by its velocity and pressure functions (u,p) : Q(t) — R3 x R,
We require that (u,p,n) satisfy the gravity-driven incompressible Navier-Stokes equations in

Q(t) for t > 0:

Oru~+u-Vu+Vp=pAu  in Q(t)
divu =0 in Q(t)

(1.3) O = uz — w10y, — u20y,n  on {ys =n(y1,y2, 1)}
(pI — pD(u))v = gnv on {ys =n(y1,y2, 1)}
u=0 on {ys = —b(y1,y2)}

for v the outward-pointing unit normal on {y3 = n}, I the 3 x 3 identity matrix, (Du);; =
O;u; + Oju; the symmetric gradient of u, g > 0 the strength of gravity, and p > 0 the viscosity.
The tensor (pI — puD(w)) is known as the viscous stress tensor. The third equation in (1.3)
implies that the free surface is advected with the fluid. Note that in (1.3) we have shifted the
gravitational forcing to the boundary and eliminated the constant atmospheric pressure, patm,
in the usual way by adjusting the actual pressure p according to p = p + 9y3 — Patm-
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The problem is augmented with initial data (ug,n9) satisfying certain compatibility condi-
tions, which for brevity we will not write now. We will assume that ng > —b on X. When
Y = (L1T) x (L2T) we shall refer to the problem as either the “periodic problem” or the “pe-
riodic case,” and when ¥ = R? we shall refer to it as either the “non-periodic problem” or the
“infinite case.”

Without loss of generality, we may assume that 4 = g = 1. Indeed, a standard scaling
argument allows us to scale so that u = g = 1, at the price of multiplying b and the periodicity
lengths L1, Lo by positive constants and rescaling b. This means that, up to renaming b, L1,
and L9, we arrive at the above problem with p =g = 1.

The problem (1.3) possesses a natural physical energy. For sufficiently regular solutions
to both the periodic and non-periodic problems, we have an energy evolution equation that
expresses how the change in physical energy is related to the dissipation:

1 1 1 [t 1 1
a5 [P [n@feg [ puers=5 [l [ k.
2 Jaw 2)s 2 Jo Jags) 2 Ja(o) 2)s

The first two integrals constitute the kinetic and potential energies, while the third constitutes
the dissipation. The structure of this energy evolution equation is the basis of the energy method
we will use to analyze (1.3).

1.2. Geometric form of the equations. In order to work in a fixed domain, we want to
flatten the free surface via a coordinate transformation. We will not use a Lagrangian coordinate
transformation, but rather a flattening transformation introduced by Beale in [7]. To this end,
we consider the fixed equilibrium domain

(1.5) Q:={z e xR | —b(x1,z2) < 23 <0}

for which we will write the coordinates as z € ). We will think of ¥ as the upper boundary of
2, and we will write ¥y, := {x3 = —b(z1, z2)} for the lower boundary. We continue to view 7 as
a function on ¥ x R*. We then define

(1.6) 7 := Pn = harmonic extension of 7 into the lower half space,

where Pn is defined by (A.10) when ¥ = R? and by (A.18) when ¥ = (L1T) x (LyT). The
harmonic extension 7 allows us to flatten the coordinate domain via the mapping

(1.7) Q3 z— (1,229,235 +7(x,t) (1 + x3/b(x1,22))) = P(2,t) = (y1,92,Y3) € Q1).

Note that ®(X,t) = {ys = n(y1,y2,t)} and @(-,t)|s, = Idy,, i.e. ® maps ¥ to the free surface
and keeps the lower surface fixed. We have

1 0 0 1 0 —AK
(1.8) Ve=(0 1 0] andA:=(Ved )" =0 1 -BK
A B J 00 K
for
A= 81775 — (1‘377815)/52, B = (9277[; — ($37762b)/b2,
(1.9) J=1+7/b+ &b, K=J!,

b= (1+x3/b).

Here J = det V& is the Jacobian of the coordinate transformation.
If 7 is sufficiently small (in an appropriate Sobolev space), then the mapping @ is a diffeo-
morphism. This allows us to transform the problem to one on the fixed spatial domain €2 for
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t > 0. In the new coordinates, the PDE (1.3) becomes

Ou — OibKOsu +u-Vau— Aqu+Vap=0 in
divqu=20 in Q

(1.10) Sa(p, )N =N on ¥
om=u-N on ¥
u=20 on
u(z,0) = ug(x),n(z’,0) = no(’).

Here we have written the differential operators V 4, div4, and A 4 with their actions given by
(Vaf)i = A0 f, divaX = A;;0;X;, and Ayf = divg Vaf for appropriate f and X; for
u-V qu we mean (u-V qu); := u;AjpOpu;. We have also written N := —01ne; —danez+e3 for the
non-unit normal to ¥, and we write S4(p,u) = (pI —D qu) for the stress tensor, where I the 3x 3
identity matrix and (D4u);j = AixOku; +AjiOpu; is the symmetric A—gradient. Note that if we
extend div 4 to act on symmetric tensors in the natural way, then div4 Sa(p,u) = Vap — Aqu
for vector fields satisfying div 4 u = 0.

Recall that A is determined by 1 through the relation (1.8). This means that all of the differ-
ential operators in (1.10) are connected to 7, and hence to the geometry of the free surface. This
geometric structure is essential to our analysis, as it allows us to control high-order derivatives
that would otherwise be out of reach.

1.3. Previous results. Local well-posedness for the problem (1.3) in a bounded domain, all
of whose boundary is free, was proved by Solonnikov [27]. Local well-posedness for the problem
in domains like ours was proved by Beale [6]. Both of these results employ parabolic regularity
theory in a functional framework different from the one we use: Solonnikov worked in Hoélder
spaces, while Beale worked in L2-based space-time Sobolev spaces. Abels [1] extended this
local theory to the framework of LP-based Sobolev spaces. Global well-posedness was proved in
the periodic case by Hataya [21] and discussed in the infinite case by Sylvester [29] as well as
Tani-Tanaka [30], all within a Beale-Solonnikov functional framework.

If the effect of surface tension is included at the free interface, then the free surface function
gains regularity, stabilizing the problem. This led to a proof of small-data global well-posedness
by Beale [7], as well as a proof by Beale-Nishida [8] that the global solutions with surface tension
decay algebraically in time. In the periodic case, Nishida-Teramoto-Yoshihara [24] proved global
well-posedness and exponential decay. Bae [5] proved global well-posedness with surface tension
using energy methods rather than a Beale-Solonnikov framework. For a bounded mass of fluid
with surface tension, local well-posedness was proved by Coutand-Shkoller [11].

Several authors have considered problems with two fluids and surface tension, where among
other things, the free surface boundary conditions in (1.3) are replaced with jump conditions.
Local well-posedness for this problem was proved by Xu-Zhang [35] for two fluid layers of finite
depth and by Priiess-Simonett [25] for two layers of infinite depth. Denisova [15] proved local
well-posedness with surface tension for a bubble of one fluid within another fluid.

Many authors have also considered one-fluid free boundary problems for inviscid fluids, which
are modeled by setting © = 0 in (1.3) and replacing the no slip condition with the no penetration
condition, v - v = 0 on Y. For this problem, it is often assumed that the fluid is initially curl-
free, in which case this condition propagates in time and the fluid is said to be irrotational. The
velocity field is then both curl-free and divergence-free for all time, and is therefore the gradient
of a function that is harmonic in Q(¢). This allows for the reformulation of the problem as one
only on the free surface, involving the Dirichlet-to-Neumann operator. Local well-posedness in
this framework was established by Wu [31, 32] and Lannes [22], an almost-global well-posedness
result was then proved by Wu [33] for the 2D problem, and global well-posedness was proved
by Wu [34] and Germain-Masmoudi-Shatah [17] in 3D. Only the irrotational problem has been
shown to admit global solutions in the inviscid case. Local well-posedness without the irrota-
tionality assumption was proved with a modified surface formulation by Zhang-Zhang [36] and
with the original formulation by Christodoulou-Lindblad [10], Lindblad [23], Coutand-Shkoller
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[12], and Shatah-Zeng [26]. Note that in the viscous case, it is known that vorticity is generated
at the free surface, even if the fluid is initially irrotational. As such, it is not possible to use the
surface formulation of the problem.

1.4. Main result. As mentioned above, the standard method for constructing solutions in
the existing literature is based on the parabolic regularity theory pioneered by Beale [6] for
domains like ours and by Solonnikov [27] for bounded, non-periodic domains. The advantage of
full parabolic regularity is that it enables one to treat viscous surface waves as a perturbation
of the “flat surface” problem, which is obtained by setting n = 0, A = I, N' = e3, etc in
(1.10). The actual problem (1.10) is then rewritten as the flat surface problem with nonlinear
forcing terms that correspond to the difference between the two forms of the equations. The
key to the existence theory of, say [6], is regularity in H" with the choice of r = 3 + ¢ for
0 € (0,1/2). According to the natural energy structure of the problem, (1.4), one might expect
r to naturally be an integer. The extra gain of § > 0 regularity allows for enough control of the
nonlinear forcing terms to produce a local solution to (1.10) from solutions to the flat surface
problem and an iteration argument. As recognized early on by Beale himself, a disadvantage
of Beale-Solonnikov theory is that the functional framework makes it difficult to extract time
decay information.

In a pair of companion papers [19, 20|, we prove a priori decay estimates that are developed
through a high regularity energy method. This necessitates using the natural energy structure
of the problem, (1.4), which in turn requires us to use positive integer Sobolev indices for u. The
advantage of the natural energy structure is that it produces two distinct types of estimates:
roughly speaking, L>([0,T]; L?) “energy estimates” and L?([0,T]; H') “dissipation estimates.”
The interplay between the energy and the dissipation naturally leads to time decay information.
The disadvantage of the energy structure is that our regularity index r must be an integer, so
we cannot use the § > 0 gain that would allow us to treat the problem (1.10) as a perturbation
of the flat surface problem.

The difficulty in proving local well-posedness in the natural energy structure is thus clear.
We cannot use solutions to the standard flat surface problem to produce solutions to (1.10)
via an iteration argument since the forcing terms cannot be controlled in the iteration. For
example, we would have trouble controlling the interaction between the highest order temporal
derivatives of p and div u. Our solution, then, is to abandon the flat surface problem and prove
local existence directly, using the geometric structure of (1.10). The geometric structure is
crucial since it decreases the derivative count of the forcing terms, which then allows us to close
an iteration argument using only the natural energy structure. The essential difficulty is that
the geometric structure requires us to solve the Navier-Stokes equations in moving domains. In
the presence of such a time-dependent geometric effect, even the construction of local-in-time
solutions to the linear Navier-Stokes equations is highly delicate and has to be carried out from
the beginning.

Before we state our local existence result, let us mention the issue of compatibility conditions
for the initial data (ug,n0). We will work in a high-regularity context, essentially with regularity
up to 2N temporal derivatives for N > 3 an integer. This requires us to use ug and 79 to
construct the initial data &/u(0) and 8/n(0) for j = 1,...,2N and 8/p(0) for j =0,...,2N — 1.
These other data must then satisfy various conditions (essentially what one gets by applying &/
to (1.10) and then setting ¢ = 0), which in turn require ug and 79 to satisfy 2N compatibility
conditions. We describe these conditions in detail in Section 5.2 and state them explicitly in
(5.26), so for brevity we will not state them here.

In order to state our result, we must explain our notation for Sobolev spaces and norms. We
take H*(Q) and H*(X) for k > 0 to be the usual Sobolev spaces. When we write norms we will

suppress the H and €2 or . When we write H(?f qu and H@g ka we always mean that the space

is H*(Q), and when we write H@tjnHk we always mean that the space is H*(X). In the following
result we write |-|| _; for the norm in (oH'(£2))*, where H*(Q) is defined later in (2.1). Here it
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is not the case that (¢H'(2))* = H~! because of boundary conditions; we employ this abuse of
notation in order to have indexed sums of norms include terms like ||-[|4y ;.4 for j =2N +1.

Theorem 1.1. Let N > 3 be an integer. Assume that ug and ng satisfy the bounds HUOH?LN +
”770”421N+1/2 < 00 as well as the (2N)™" compatibility conditions (5.26). There exist 0 < &g, Ty < 1
so that if

1
(1.11) 0<T§Tomin{1,2},
”770”4N+1/2

and |luo||3y + |m0ll3x < 00, then there exists a unique solution (u,p,n) to (1.10) on the interval
[0,T] that achieves the initial data. The solution obeys the estimates

0<t<T 0<t<T =0 0<t<T

2N
(1.12) 2 sup Haj“Hm 2J+Z sup HGJUHM 0 Z sup Haj H4N 9j_1

T N+1 ' 9 . 2
A Bl 2SS o{ T i
7=0 =0

2N+1

T
+/0 H77H4N+1/2+Hat’7||4N 1/2 T Z Hathuv 2j+5/2

2 2
< C (luoli3y + ol + T Imolldns2)

and
2 2 2
(1.13) s [nll3yj2 < C (luolldy + (14 T) Imolds)s)
0<t<T

for a universal constant C > 0. The solution is unique among functions that achieve the initial
data and for which the sum of the first three sums in (1.12) is finite. Moroever, n is such that
the mapping ®(-,t), defined by (1.7), is a C*N=2 diffeomorphism for each t € [0,T).

Remark 1.2. Since the mapping ®(-,t) is a C*N=2 diffeomorphism, we may change coordinates
toy € Q(t) to produce solutions to (1.3).

The tools needed for the proof of Theorem 1.1 are developed throughout the rest of the paper,
and the theorem is proved in Section 6.3. We will sketch here the main ideas of the proof.

Linear A—Navier-Stokes

Our iteration procedure is based on a geometric variant of the linear Navier-Stokes problem.
We consider 1 (and hence A, N, etc) as given and then solve the linear A—Navier-Stokes
equations for (u,p):

O — Aqu+Vap=F' inQ

di =0 in )
(1.14) ivau ) in

Salp,u)N =F on ¥

u=0 on X,

with initial data wug. Transforming this problem back to a moving domain §2(¢) using the
mapping ® defined in (1.7) shows that this problem is essentially equivalent (we have absorbed
the correction to the time derivative into F'!, so it does not transform exactly) to solving the
linear Navier-Stokes equations in a domain whose upper boundary is given by 7n(¢). In other
words, we are really solving the usual linear problem in a moving domain.

Pressure as a Lagrange multiplier in time-dependent function spaces

It is well-known [28, 6, 11, 12] that for the usual linear Navier-Stokes equations, the pressure
can be viewed as a Lagrange multiplier that arises by restricting the dynamics to the class of
vectors satisfying divu = 0. To adapt this idea to the problem (1.14), we must restrict to the
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class of vectors satisfying div4 u = 0, which is a time-dependent condition since 7 (and hence
A) depends on t. This leads us to build time-dependent variants of the usual Sobolev spaces
HY = L? and H' so that we can make sense of this time-dependent collection of div 4 —free
vectors. For the purpose of estimates, we want the time-dependent norms on these spaces
to all be comparable to the usual Sobolev norms; this can be achieved through a smallness
assumption on 7, which we quantify. With the spaces in hand, we then adapt a technique from
[28] to introduce the pressure as a Lagrange multiplier for div 4 —free dynamics.

Elliptic estimates for A—problems

In order to get the regularity we need for solutions to the parabolic problem (1.14), we
first need the corresponding elliptic regularity theory. We accomplish this by using (1.7) to
transform these elliptic problems back into Eulerian coordinates so that the PDEs transform
to ones with constant coefficients. We then apply standard estimates for elliptic equations and
systems, proved in [3, 4], and then transform these estimates on the Eulerian domain back to
estimates on ). The only problem with this process is that the Eulerian domain has a boundary
whose regularity is dictated by n and is phrased in H* norms rather than C* norms, which are
what appear in [3, 4]. We get around this problem by using a smoothing operator, a limiting
argument, and the smallness of 7.

Galerkin method with a time-dependent basis

We construct solutions to (1.14) by using a time-dependent Galerkin method. This requires
a countable basis of our space of div 4 —free vector fields. Since the requirement div4u = 0 is
time-dependent, any basis of this space must also be time-dependent. For each t € [0, 7], the
space we work in (basically H? with div4u = 0) is separable, so the existence of a countable
basis is not an issue. The technical difficulty is that, in order for the basis to be useful in the
Galerkin method, we must be able to differentiate the basis elements in time, and we must be
able to express these time derivatives in terms of finitely many basis elements. Fortunately,
due to a clever observation of Beale in [7], we are able construct an explicit time-dependent
isomorphism that maps the div —free vector fields to the div4 —free fields. This allows us to
construct the desired basis and push through the Galerkin method to produce “pressureless”
weak solutions that are restricted to the collection of div 4 —free fields. We then use our previous
analysis to introduce the pressure as a Lagrange multiplier, which gives a weak solution to
(1.14). We also use the Galerkin scheme to get higher regularity, showing that the solution is
actually strong. The compatibility conditions serve as necessary conditions for controlling the
temporal derivatives of the approximate solutions in the Galerkin scheme. The result of our
strong existence theorem then allows us to iteratively deduce higher regularity, given that the
forcing terms are more regular and higher-order compatibility conditions are satisfied.

Transport estimates

The problem (1.14) considers 7 as given and then produces (u,p). The second step in our
iteration procedure is to take u as given and then solve 91 + w1011 + usdon = us on Y. This
is a standard transport equation, so solving it presents no real obstacle. The difficulty is that
in our analysis of (1.14), we need control of supy<;<r H77(t)H421N+1/27 but owing to the transport
structure, the only available estimate is, roughly speaking,

(1.15)

T T
s [l < Coxp (C [ 1DUOl sy ) [l + 7 |
0<t<T 0 0

() 2y dt} |

Without knowing a priori that u decays, the right side of this estimate has the potential to
grow at the rate of (1 + T)e\/f Even if u decays rapidly, the right side can still grow like
(14 T). Of course, such a growth in time is disastrous for global stability analysis, but even
in our local-existence iteration scheme, a delicate technique is required to accommodate such a
growth without breaking the estimates of Theorem 1.1.

Closing the iteration with a two-tier energy scheme

Our iteration scheme then proceeds as described, using n™ to produce (u™*!,p™*1) and
then using ™ *! to produce 1. Iterating in this manner without losing control of our high-
order energy estimates is rather delicate, and can only be completed by using sufficiently small
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initial data. The boundedness of the infinite sequence (u™,p™,n™) in our high-order norms

gives weak limits in the usual way, but because of the nature of our iteration scheme, we cannot
guarantee a priori that the weak limits constitute a solution to (1.10). Instead of using high-
order weak limits, we instead show that the sequence contracts in low-order norms, yielding
strong convergence in low norms. We then combine the low-order strong convergence with the
high-order weak convergence and an interpolation argument to deduce strong convergence in
higher (but not all the way to the highest order) norms, which then suffices for passing to the
limit m — oo to produce a solution to (1.10).

1.5. Utility in the global theory. We believe that our local well-posedness result, Theorem
1.1, is interesting in its own right. It provides an alternative to the standard Beale-Solonnikov
framework that is perhaps more natural due to the natural energy structure (1.4). The new
ideas and techniques that we have introduced in order to work in this framework will likely be
useful in many other problem.

However, we also need Theorem 1.1 as a crucial component in our global analysis of (1.3),
which we carry out in [19] in the infinite case and in [20] in the periodic case. In both cases
we develop novel a priori estimates that couple to the local theory to produce global-in-time
solutions that decay to equilibrium at an algebraic rate. We call our a priori estimates a two-tier
energy method because it couples the boundedness of certain high-regularity norms to the decay
of certain low-regularity norms. The local theory we develop here both provides the tools for
iteratively achieving global well-posedness and justifies all of the computations used in our two-
tier a prior estimates. We do not believe that our a priori estimates would be compatible with
a modification of the Beale-Solonnikov method due to differences in the functional framework.

Let us now informally state the theorems we prove in [19, 20].

Theorem 1.3. The problem (1.3) is globally well-posed for sufficiently small initial data. In
the infinite case, the solutions decay at a fized algebraic rate. In the periodic case, by adjusting
the smallness of the initial data, the solutions can be made to decay at arbitrarily fast algebraic
rates. In other words, solutions in the periodic case decay almost exponentially.

Remark 1.4. The reader interested in a unified presentation of the present paper and the global
decay results of [19, 20] may consult [18].

Remark 1.5. One can see a glimpse of the utility of our two-tier energy method already in
the local theory. Indeed, the contraction argument we use to produce local solutions uses the
boundedness of the high norms to close the contraction estimate for the low norms.

1.6. Definitions and terminology. We now mention some of the definitions, bits of notation,
and conventions that we will use throughout the paper.

Einstein summation and constants

We will employ the Einstein convention of summing over repeated indices for vector and
tensor operations. Throughout the paper C' > 0 will denote a generic constant that can depend
on the parameters of the problem, N, and €2, but does not depend on the data, etc. We refer
to such constants as “universal.” They are allowed to change from one inequality to the next.
When a constant depends on a quantity z we will write C' = C(z) to indicate this. We will
employ the notation a < b to mean that a < Cb for a universal constant C' > 0.

Derivatives and norms

We will write D f for the horizontal gradient of f, i.e. Df = 01fe1 + 0a2fes, while Vf will
denote the usual full gradient. We write H*(Q) with & > 0 and and H*(X) with s € R for
the usual Sobolev spaces. We will not need negative index spaces on  except ||-||_;, which we
take to mean the norm on (oH'(f2))*, where ¢ H'(f) is defined later in (2.1). We employ this
abuse of notation for the reasons discussed immediately before the statement of Theorem 1.1.
We will typically write HY = L?; the exception to this is where we use L2([0, T]; H*) notation
to indicate the space of square-integrable functions with values in H¥. For these spaces, we will
further abuse notation by writing L2H~! = L2(oH'(Q2))*. This is meant to extend the abuse
of notation |||, r1(ayy- = l_1-
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To avoid notational clutter, we will avoid writing H*(Q2) or H*(X) in our norms and typically
write only ||-||,. Since we will do this for functions defined on both © and ¥, this presents some
ambiguity. We avoid this by adopting two conventions. First, we assume that functions have
natural spaces on which they “live.” For example, the functions u, p, and 7 live on €2, while 7
itself lives on . As we proceed in our analysis, we will introduce various auxiliary functions;
the spaces they live on will always be clear from the context. Second, whenever the norm of a
function is computed on a space different from the one in which it lives, we will explicitly write
the space. This typically arises when computing norms of traces onto X of functions that live
on €.

1.7. Plan of paper. Our proof of Theorem 1.1 employs an iteration that is based on the
following linear problem for (u,p), where we think of 7 (and hence A, N/, etc) as given,

O — Aqu+Vap=F' inQ

. _ QO

(1.16) divgu=0 . in
Salp,u)N =F on ¥
u=20 on Xy,

subject to the initial condition u(0) = wp. Note that the first equation in (1.16) may be rewritten
as Opu + divg Sa(p,u) = FL.

In Section 2 we develop the machinery of time-dependent function spaces so that we can
consider the class of div4 —free vector fields. We use an orthogonal splitting of a space to
introduce the pressure as a Lagrange multiplier. In Section 3 we record some elliptic estimates for
the A—Stokes problem and the A—Poisson problem. In Section 4 we develop the local existence
theory for (1.16) by using a time-dependent Galerkin scheme. We iterate this result to produce
high-regularity solutions. In Section 5 we do some preliminary work for the nonlinear problem,
constructing initial data, detailing the compatibility conditions, and constructing solutions to
the transport equation with high-regularity estimates. In Section 6 we construct solutions to
(1.10) through the use of iteration and contraction arguments, completing the proof of Theorem
1.1.

Throughout the paper we assume that N > 3 is an integer. We consider both the non-
periodic and periodic cases simultaneously. When different analysis is needed for each case, we
will indicate so. Otherwise, the argument we write works in both cases.

2. FUNCTIONAL SETTING

2.1. Time-dependent function spaces. We begin our analysis of (1.16) by introducing some
function spaces. We write H*(Q) and H*(X) for the usual L?-based Sobolev spaces of either
scalar or vector-valued functions. Define

oH'(Q) = {u e H'(Q) | uls, =0},
(2.1) 'HY(Q) := {u € H'(Q) | u|x = 0}, and
0HY(Q) := {u € oH'(Q) | divu = 0},

with the obvious restriction that the last space is for vector-valued functions only.

For our time-dependent function spaces we will consider n (and hence A, J, etc) as given;
in our subsequent analysis 1 will always be sufficiently regular for all terms derived from 7 to
make sense. We define a time-dependent inner-product on L? = H by introducing

(2.2) (0} = /Q (u- ) (1)

with corresponding norm ||u|,0 = \/(u,u);0. Then we write HO(t) := {|jull;j0 < co}. Simi-
larly, we define a time-dependent inner-product on oH'(2) according to

(2.3) (u, ’U)Hl = /Q (]D)A(t)u : ]D).A(t)v) J(t),
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and we define the corresponding norm by ||u[l41 = \/(u,u)y1. Then we define

(2.4) H(t) == {u | |Jullsp < 00, uls; =0} and X (t) := {u € H'(t) | div 4(4) u = 0}.
We will also need the orthogonal decomposition H°(t) = YV(t) @ Y(t)*, where
(2.5) V()" = {Vape | e " H'(Q)}

A further discussion of the space )(t) can be found later in Remark 3.4. In our use of these
norms and spaces, we will often drop the (¢) when there is no potential for confusion.
Finally, for 7> 0 and k = 0, 1, we define inner-products on L2([0, T]; H*(Q)) by

T
(2.6) (u,v)H;% :/0 (u(t),v(t))pn dt.

Write ||uHH;% for the corresponding norms and M~ for the corresponding spaces. We define the
subspace of div 4-free vector fields as

(2.7) Xr = {u € H: | div 4 u(t) = 0 for a.e. t € [0,T7}.

A priori we do not know that the spaces H*(t) and HZ} have the same topology as H* and
L?H* respectively. This can be established under a smallness assumption on 1.

Lemma 2.1. There exists a universal g > 0 so that if

(2.8) sup_||n(t)[|5 < <o,
0<t<T
then
1
2.9 — ||lul||. < ||u <V2|u
(2.9) 7 lullp < llullpge < V2{Jull,
for k=0,1 and for allt € [0,T]. As a consequence, for k =0,1,
1
(2.10) NG ullpo g < llullyg < V21[ull 2 g -

Proof. Consider € € (0,1/2) with precise value to be chosen later. It is straightforward to verify,
using Lemma A.5 in the non-periodic case and Lemma A.7 in the periodic case, that

(2.11) sup{[[/ = 1l e, [All oo s [| Bl oo} < C I3 -

Then we may choose g9 = ¢/C so that the right side of (2.11) is bounded by ¢. Since K =1/J,
this implies that

15 1
2.12 K =10 £ —, [|K||;x < ;
(2.12) 1K =1l < 77— 1K e < 7
and
3e 3e
(2.13) 1= Al < 7= A+ Tl < 2V/3 + —

In turn, this implies that
3e(1+¢)(2V3 — (2v3 — 3)¢)
1—22 =g(e).
Notice that g is a continuous, increasing function on (0,1/2) so that ¢g(0) = 0. With the
estimates (2.11) and (2.14) in hand, we can show that if € is chosen sufficiently small, then (2.9)

and (2.10) hold.
In the case k = 0, the estimate (2.9) follows directly from the estimate for J in (2.11):

(2.15) /|u| (1—¢) /u| /Jyu| (1+e) /|uy <2/|u|

To derive (2.9) when k = 1, we first rewrite

(2.16) /J\]D)Au|2—/J]Du|2+/J(ID>Au+]D>u) : (Dqu — Du).
Q Q Q

(2.14) 11 oo I = All oo 1+ All oo <
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To estimate the last term, we note that [(D4u £+ Du)| < 2| A+ I||Vu|, which implies that

(2.17)

/QJ(ID)Au—i—]Du) : (Dgu — Du)

<Aoo [ = All o HI+AHLoo/Q|Vu!2

< 4Cog(2) / Duf?,
Q

where Cg is the constant in Korn’s inequality, Lemma A.10. We may then employ the bounds
(2.11) and (2.17) in (2.16) to estimate

(2.18) /Q D auf* ] > /Q JDuf? — 4Cag(e) / Duf? > (1 - & — 4Cag(e)) /Q IDuf?

and

(2.19) /|]D)Au| J</J|]D>u| +4Cqg(e /|]D)u| (1+ ¢+ 4Cag(e) /|1Duy

Then (2.9) with k& = 1 follows from (2.18)—(2.19) by choosing ¢ small enough so that ¢ +
4Cqg(e) < 1/2. The estimates (2.10) follow by applying (2.9) for a.e. t € [0,T], squaring, and
integrating over t € [0, T]. O
Remark 2.2. Throughout the rest of this paper, we will assume that (2.8) is satisfied so that
(2.9)~(2.10) hold.

Remark 2.3. Because of the bound (2.9) and the usual Korn inequality on 2, Lemma A.10,
we have a corresponding Korn-type inequality in H'(t): ||lull;0 < ||ullyn . The standard trace

~

embedding H'(Q) — HY?(X) and (2.9) imply that lull grragsy S Nullyn for all ¢ € [0,T].
Similarly, given f € HY2(X), we may construct an extension f € H(t) so that I fller S
1)

We now prove a result about the differentiability of norms in our time-dependent spaces.

Lemma 2.4. Suppose that u € HY, du € (HY)*. Then the mapping t — ||u(t)|]3{o(t) is
absolutely continuous, and

(220) 1Ol = 20(0). u)gar + [ [0,

for a.e. t €[0,T]. Moreover, u € C°([0,T]; H(Q)). If v € HL, O € (HE)* as well, then

(2.21) %(U(t)»v(t)) = (Oru(t), v(t)) (ag1y- + (Opv(t), u(t)) (01 +/QU(t)-v(t)8tJ(t)-

Proof. In light of Lemma 2.1, the time-dependent spaces H$, Hi, (H})* present no obstacle
to the usual method of approximation by temporally smooth functions via convolution. This
allows us to argue as in Theorem 3 in Section 5.9 of [16] to deduce (2.20) and the continuity
u € C°[0,7T]; H°(2)). The equality (2.21) follows by applying (2.20) to u + v and canceling
terms by using (2.20) with v and with v. O

Now we want to show the spaces o H'(Q2) and oH.(Q) are related to the spaces H!(t) and
X (t). To this end, we define the matrix

K 0 0
(2.22) M:=Mt=Kvé=[ 0 K 0
AK BK 1

Note that M is invertible, and M1 = JAT. Since J # 0 and 9;(JA;;) = 0 for each i = 1,2, 3,
(2.23) p=divav &
Jp=Jdivyqv = J.Aijaj’uz‘ = 6j(JAijvi) = 8]‘(JAT’U)j = 8j(M*1v)j = diV(Mflv).

The matrix M (¢) induces a linear operator My : u — My(u) = M (t)u that possesses several nice
properties, the most important of which is that div-free vector fields are mapped to div 4-free
vector fields. We record these now.
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Proposition 2.5. For each t € [0,T], M; is a bounded, linear isomorphism: from H*(Q) to
H*(Q) for k =0,1,2; from L*(Q) to HO(t); from oH(Q) to H'(t); and from oHL(Q) to X(t).
In each case the norms of the operators My, M; ' are bounded by a constant times 1+ [7(@)lg2-
Moreover, the mapping M given by Mu(t) := Myu(t) is a bounded, linear isomorphism:
from L2([0,T]; H*(Q)) to L2([0,T); H*(Q)) for k = 0,1,2; from L2([0,T]; H*(Q)) to H3; from
L%([0,T);0HY(Q)) to HE; and from L*([0,T];0HX(Q)) to Xp. In each case, the norms of the
operators M and M~ are bounded by a constant times the sum 1+ supg< ;< [n7(@)lgo-

Proof. For each t € [0,T], it is easy to see that
(2.24) [Miullp S TM (@)l es lull, S 0+ In(@)llg) llully

for k& = 0,1,2, which establishes that M; is a bounded operator on H*. Since M(t) is an
invertible matrix, M; v = M (t)~'v = JV®(t)v, which allows us to argue similarly to see that
for k =0,1,2, M[lka S (L4 In(®)llgj2) vl - Hence My is an isomorphism of HF to itself
for k = 0,1,2. With this fact in hand, Lemma 2.1 implies that M, is an isomorphism of H%(Q)
to HO(t) and of o H'(£2) to H(t).

To prove that M is an isomorphism of ¢ H1(Q2) to X (), we must only establish that divu = 0
if and only if div4(Mwu) = 0. To see this we appeal to (2.23) with p = 0 to see that 0 = div4 v
if and only if 0 = div(M ~'v). Hence, writing v = Mu, we see that divu = 0 if and only if

divg(Mu) = 0.
The mapping properties of the operator M on space-time functions may be established in a
similar manner. O

2.2. Pressure as a Lagrange multiplier. It is well-known [28, 6, 12] that the space ¢H'(f)
can be orthogonally decomposed as ¢H'(Q2) = ¢HL(Q) @ R(Q), where R(Q) is the range of the
operator Q : H(Q) — oH'(f2), defined by the Riesz representation theorem via the relation

(2.25) / pdivu = / D(Qp) : Du for all u € oH(Q).
Q Q

We now wish to establish a similar decomposition for our spaces X (t) C H'(t). Unfortunately,
the mappings M;, while isomorphisms, are not isometries, so we cannot use the known result
to decompose H'(t). Instead, we must adapt the method of [28] to our time-dependent context.

For p € HO(t), we define the functional Q; € (H!(t))* by Qi(v) = (p,div.av)s0. By the Riesz
representation theorem, there exists a unique Qip € H'(t) so that Qi(v) = (Qup,v);n for all
v € H(t). This defines a linear operator Q; : H°(t) — H'(t), which is bounded since we may
take v = Q¢p to bound

(2.26)  [|Ql7n = (Qep, Qep)sp = Qu(v) = (p,divav)sp
< Ipllo [divavllao < [IPllgo 0]l = [IPll1o 1Qepllo

so that [|Q:p|l;2 < |[pllyo. In the previous inequality we have utilized the simple bound
[|div.a v|[40 < ||v]l41, which follows from the fact that div.4v = tr(D4u)/2. In a straightforward
manner, we may also define a bounded linear operator @ : H% — ’HlT via the relation

(2.27) (p,divy v)H% = (Qp,v)H% for all v € Hi-.

Arguing as above, we can show that @) satisfies HQpHHlT < HPHHOT'

In order to study the range of @Q; in H!(t) and of Q in H., we will first need a lemma on the
solvability of the equation div4 v = p.

Lemma 2.6. Let p € H°(t). Then there exists a v € H'(t) so that divav = p and |[v[j;n <

~

(1+ Hn(t)||9/2) pll3g0- If instead p € H%, then there exists a v € H%ﬂ so that div4v = p for a.e.
t€[0,T], and HUHHIT S (1 +supg<i<r Hn(t)”9/2) ”PHHOT-

Proof. Tt is established in the proof of Lemma 3.3 of [6] that for any ¢ € L?(2) the problem
divu = ¢ admits a solution u € ¢H'(Q) so that |[ull; < |lq/l,- The result in [6] concerns the

~
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non-periodic case, but its proof may be easily adapted to the periodic case as well. Choose
q = Jp so that

(2.28) lallg = /Q lal* = /Q pl* 7% < [Tl oo 1Pl < 2Pl -

Then by (2.23) we know that v = M(t)u € H!(t) satisfies div4v = p, and Proposition 2.5
implies that

(2.29) [ollz S L+ In@llg/2) llully S A+ [In@los2) lallo T (0o 2) [1Pll4o -

If p € HY, then for a.e. t € [0,T], p(t) € H°(t), so we may apply the above analysis to find
v(t) € HY(t) so that div4v(t) = p(t) and the bound (2.29) holds with v = v(t) and p = p(¢).
We may then square both sides and integrate over ¢ € [0, 7] to deduce that

T T
<mm|M@=/Www%ﬁso+mmmwﬁg/rmw%ﬁ
0 0<t<T 0

2 2
< <1+ sup ||n(t)|!9/z) [0l70 -
0<t<T
O

With this lemma in hand, we can show that R(Q;) is a closed subspace of H!(¢) and that
R(Q) is a closed subspace of H.

Lemma 2.7. R(Q;) is closed in H'(t), and R(Q) is closed in HA.
Proof. For p € HO(t) let v € H!(t) be the solution to div.4 v = p provided by Lemma 2.6. Then
(2:31) P50 = (p,divav)ye = Qi(v) = (Qup,v)pe

< Qepllaa vl < 1Qepllgr (1 + [[n(E)llg/2) [1Pll30

so that [|Qepllyn < |Ipllyo S (1 +[[0(E)llg/2) [|Qeplly - Hence R(Qy) is closed in HY(t). A similar
analysis shows that R(Q) is closed in H%. O

Now we can perform the orthogonal decomposition of H1!(¢) and H%F.

Lemma 2.8. We have that H'(t) = X () B R(Qy), i.e. X(t)t = R(Qy). Also, H: = Xr®R(Q),
ie. X = R(Q).

Proof. By Lemma 2.7, R(Q;) is a closed subspace of H!(¢), and so it suffices to prove that
R(Qy)* = X(t).
Let v € R(Q;)*. Then for all p € H%(t), we know that

(2.32) /deivA vJ = Q(v) = (Qip, )3 =0,

and hence div 4 v = 0. This implies that R(Q;)* C X (¢).
Now suppose that v € X(t). Then div4 v = 0 implies that

(2.33) 0= /deivA v = Q¢(v) = (Qip, V)4

for all p € HO(t). Hence v € R(Q;)*, and we see that X' (t) C R(Q;)*.
A similar argument shows that H}: = Xr & R(Q). O

This decomposition will eventually allow us to introduce the pressure function. This will be
accomplished by use of the following result.
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Proposition 2.9. If A; € (H(t))* is such that A¢(v) = 0 for all v € X (t), then there exists a
unique p(t) € HO(t) so that

(2.34) (p(t), divav)yo = Ae(v) for all v € H(t)

and [lp(t)[lyo S (L + () llg/2) [1Aell 241 1y)-
If A € (HY)* is such that A(v) = 0 for all v € X, then there exists a unique p € HY. so that

(2.35) (p,div g v)HoT = A(v) for all v € H

and [|pllyo, < (1 + supo<ier 11(8)llg/2) 1Al 241,y -

Proof. If A¢(v) =0 for all v € X(t), then the Riesz representation theorem yields the existence
of a unique w € X (t)1 so that A(v) = (w,v),, for all v € H1(t). By Lemma 2.8, w = Qp(t) for
some p(t) € HO(t). Then Ay(v) = (Qp(t),v)sn = (p(t),divav)se for all v € H(t). By Lemma
2.6, we may find v(t) € H'(t) so that div4v(t) = p(t) and |[v(t)]l;n S (1 + In@)llg/2) Ip(E)ll2¢0-
Hence

(236)  [Ip()l30 = (p(1), divav(t))yo = Ae(v(t)) < [[Adll 31y (1 + I(E)llgs2) () 1540 +

and the desired estimate holds. A similar argument proves the result for A € (H1)* such that
A(v) =0 for all v € Ap. O

3. ELLIPTIC ESTIMATES

3.1. Preliminary estimates. In studying the elliptic problems in the rest of this section we
will utilize the fact that the equations can be transformed into constant coefficient equations
on the domain Q' = ®(Q). In order to properly utilize this transformation we must verify
that composition with ® generates an isomorphism of H*(Q') to H*(Q2). This type of result is
standard (see the appendix of [9] for a bounded domain, or Lemma 5.2 of [7] and Lemma 6.2
of [29] for domain R™), but the precise form we need is not readily available in the literature,
so we record it now.

Lemma 3.1. Let ¥ : Q — Q' be a Ct diffeomorphism satisfying |1 — det V¥|| ;o < 1/2 and
VU1 € H*Q) for an integer k > 3. Ifv € H™(QY), thenvoW € H™(Q) form =0,1,... k+1,
and

3.1) [0 o Wl gmq) S CUVY = I grqy) 0l zm

for C(|V¥ = I||gr(q)) @ constant depending on ||V — I|| g q). Similarly, for v € H™(S),
wo W=t e H™(Y) form=0,1,....k+1, and

(32) 0 0 ey S CUVE = Tl gy -

Let ¥/ = U(X) denote the upper boundary of . If v € H™ Y2(X') form =1,...,k — 1,
thenvo ¥ € H™ Y2(X) and

(3-3) [0 0 Wl grm-1/2(s5y S CUINVY = I| i) [[0]] grm—1/2(sy -
Ifue H" Y2(%) form=1,...,k—1, thenvo ¥~ € H™ V2(¥') and
(34) 60 O sy S CUTE = Tlgey) lalgossncsy -

Proof. The proof of (3.1)—(3.2) is similar to the proofs of the results in [9, 7, 29] mentioned
above, so we present only a sketch. We first prove that for m = 0, 1, 2, it holds that

(3.5) [00 W] gmq) S CUVY = Il gr-1(0y) 01| zrm ey -

Such a bound follows easily from the size of k and the bound on det VW¥. We then proceed
inductively for m = 3,...,k 4+ 1. Suppose the bound (3.5) holds for m = 0,1,2,...,mg for
2 < mg < k. To show that it holds for my + 1 we write = for coordinates in 2 and y for
coordinates in €’ and note that

_ o

0 (voWU)(z) = o W(x)

(36) 5 5

a‘lfj . ov ov 8\1’]‘ B
T (z) = 0; o¥(z)+ o, o ¥(x) <6xi () — IU> .
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By the induction hypothesis, if v € H™0F! then
ov
— O

(3.7) 5y

Ue H™ forall j=1,2,3,

and since we have the multiplicative embedding H™° - H* < H™0 for mg > 2 and k > 3, we
deduce that

aii (voW) e H™ for all i =1,2,3,

and hence that v o ¥ € H™*! Moreover, an estimate of the form (3.5) holds. By induction,
we deduce that (3.1) holds. The result (3.2) follow similarly, utilizing the fact that VU ~1(y) =
(VU)~LoWw1(y).

We now turn to the proof of (3.3)—(3.4). First note that since ¥ € Hl’fgl, we have that ¥’
is locally the graph of a C*~11/2 function. As such (cf. [2]), there exists a bounded extension
operator E : H™ Y2(¥) — H™(Q') for m = 1,...,k — 1 with the norm of the operator
depending on C(||[VW — I|;x(q))- For v e H™ V2(X'), let V = Ev € H™(?). By (3.1), we
have that V o U € H™(Q), and by the usual trace theory, vo ¥ = V o ¥|y € H™ 1/2(%).
Moreover,

(3.8)

(3-9) Moo ¥lgm-rr2sy SV o ¥lgm@) S CUVY =1l gr@) [ Evll gm o)
S CUNVY = Il i) ([0l grmarzgsyy
which is (3.3). The bound (3.4) follows similarly. O

Remark 3.2. [t is easy to show, using Lemma A.7 in the periodic case and Lemma A.5 in the
non-periodic case, that if H77Hi+1/2 is sufficiently small for k > 3, then the mapping ® defined

by (1.7) is a O diffeomorphism that satisfies the hypotheses of Lemma 3.1.
We will also need the following H /2
HO().

Lemma 3.3. Ifv € HO(t) and divav € HO(t), then v- N € H™Y2(X), v-v € HY2(%y) (with
v the unit normal on %), and

boundary estimates for functions satisfying u, div4u €

(3.10) [0 NMlgg-12my + lv - vl 1720,y S 10llago + [[divaa vl -

Proof. We will only prove the result on 3J; the result on ¥, may be derived in a similar manner,
using the fact that JAv = v on Xy.

Let ¢ € H'Y?(X) be a scalar function, and let ¢ € ¢H'(Q) be a bounded extension. If we
define the vector field w = @e;, then a straightforward computation reveals that

(3.11) 2 [ VPl <l and that [l <4 | V62

which, when combined with Lemma 2.1, implies that [[@|[;0 + [[V.a@[lyo S 1€l g1/2(s)- Then

~

(3.12) / ov- N = / JAijvip(ej - e3) = / diva(vp)J = / pdivgv] +v -V 0]
P % Q Q
< I@llgo [divavllyo + lvllyo [Va@llzo S el ey (ollzo + 1divavllye) -
The desired bound follows from this inequality by taking the supremum over all ¢ so that

||90HH1/2(2) <L (]

Remark 3.4. Recall the space Y(t) C H(t), defined by (2.5). It can be shown that if v € Y(t),
then divav = 0 in the weak sense, so that Lemma 3.3 implies that v- N € H-?(X) and

v-v € HY%(%,). Moreover, since the elements of Y(t) are orthogonal to each V¢ for
0 € "HY(Q), we find that v-v =0 on 3.
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3.2. The A—Stokes problem. In order to derive the regularity for our solutions to (1.16), we
will first need to study the regularity of the corresponding stationary problem

—AAU—I—VAPZFI in Q

. — F2 . Q
(3.13) div g4 u ) in
Salp,u) N =F on ¥
u=0 on .

Since this problem is stationary, we will temporarily ignore the time dependence of 7, A, etc.

We are interested in the regularity theory for strong solutions to (3.13), but before discussing
that, we shall mention the weak formulation. Our method of solution is similar to that of
[28, 6, 12]; we utilize Proposition 2.9 to introduce p after first solving a pressureless problem.
Suppose F! e (HY)*, F?2 € H°, F3 € H-Y/2(X). We say (u,p) € H' x H° is a weak solution to
(3.13) if divq4u = F? a.e. in Q, and

1
(3.14) 3 (u, )30 — (P, divav)po = <F1,v>(H1)* — <F3,v>,1/2 for all v € H?,

where (-, )31y, denotes the dual pairing in H' and (-,-)_ o denotes the dual pairing between
H='2(%) and HY/?(%).

Proposition 3.5. Suppose F' € (H')*, F?2 € HY, F3 € H-'/2(X). Then there is exists a
unique weak solution (u,p) € H' x H° to (3.14).

Proof. By Lemma 2.6, there exists a @ € H' so that divy@ = F?. We may then switch
unknowns to w = u — % so that the weak formulation for w is div4w = 0 and

1 . 1
(3.15) 5 (w,v)31 — (P, divav)p0 = —5 (@, )5 + (Fl,v>(H1)* - <F3,U>_1/2 for all v € H* .
To solve for w without p we restrict the test functions to v € X so that the second term on the
left vanishes. A straightforward application of the Riesz representation theorem then provides
a unique w € X satisfying

1 1
(3.16) 5 (w,v)n = —5 (@, )3 + (Fl,v>(H1)* — <F3,U>_1/2 for all v € X.

To introduce the pressure, p, we define A € (H!)* as the difference between the left and right
sides of (3.16). Then A(v) = 0 for all v € X, so by Proposition 2.9, there exists a unique p € H°
satisfying (p,div.4v)y0 = A(v) for all v € H!, which is equivalent to (3.15). O

The regularity gain available for solutions to (3.13) is limited by the regularity of the coef-
ficients of the operators A 4, V 4,div 4, and hence by the regularity of 1. In the next result we
establish the strong solvability of (3.13) and present some elliptic estimates, but we do not yet
seek the optimal regularity.

Lemma 3.6. Suppose that n € Hk+1/2(2) for k > 3 is as small as in Remark 3.2 so that
the mapping ® defined by (1.7) is a C* diffeomorphism of Q to Q' = ®(Q). If F* € H°(Q),
F?2 ¢ HY(Q), and F? € HY%(X), then the problem (3.13) admits a unique strong solution
(u,p) € H*(Q) x HYQ), i.e. u,p satisfy (3.13) a.e. in Q, ¥, and Xy. Moreover, for r =
2,...,k —1 we have the estimate

(317) ”U’Hr + ”pHrfl 5 C(T]) <HF1HT‘—2 + HFZHT—I + HF3HT—3/2> )
whenever the right hand side is finite, where C(n) is a constant depending on ||n]|;11 /-

Proof. We transform the problem (3.13) to one on ' = ®(Q) by introducing the unknowns v, q
according to u = vo ®, p=qgo®. Then v, g should be solutions to the usual Stokes problem on
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O ={-b(y1,y2) < y3 <n(y1,y2)} with upper boundary ¥’ = {y3 = n}:
—Av4+Vg=G'=Flod®d ! in¢

divi=G?=F?00! in

(3.18)
‘ (g —DVN =G3=F30®"! on¥
v=20 on Xp.

Note that, according to Lemma 3.1, G* € HO(Q'), G? € H(Q'), and G® € H'/?(X'). We claim
that there exist unique v € H2(€)'), ¢ € H ('), solving problem (3.18) with

(3.19) 017260 + lallzr iy S €O (16 L gogeny + 16 Ly + 16% vz )

for C'(n) a constant depending on [|7[|;, /. Let us assume for the moment that the claim is
true; we first show how (3.17) follows from the claim, and then turn to its proof.

To go from H? x H' to higher regularity, we appeal to the theory of elliptic systems with
complementary boundary conditions, developed in [4]. It is well-known that the Stokes system
(3.18) is such an elliptic system. Theorem 10.5 of [4] provides estimates in bounded domains,
but we may argue as in Lemma 3.3 of [6] to transform the localized estimates into estimates
in all of ', provided that the boundary ¥’ is sufficiently smooth. In order for estimates of the
form (3.17) to hold for r = 2,...,k — 1, [4] requires that ¥’ be C*~!, which is satisfied since
n e CF-L1/2(%). Hence, for r=2,..., k-1,

(3:20)  Wollgzrcay + lall ey S CO) (G| gy + 16 ey + 1 s )

for C(n) a constant depending on [|n]|;_, /o, whenever the right side is finite.
We now transform back to 2 with u = vo ®, p = qo ®. It is readily verified that u,p are
strong solutions of (3.13). Since ® satisfies V® — I € H*, Lemma 3.1 and (3.20) imply that

(3:21) lull, + pl—y < C) (I1E g+ [E2[],y + 1F3], g 2) -

for r =2,...,k — 1 whenever the right side is finite. This is (3.17).

We now turn to the proof of the above claim, which employs ideas from [6]. To demonstrate
the existence of H2 x H'! solutions of (3.18), we first consider the special case in which G? = 0,
G3 =0, and G' € H(Q') is arbitrary. In this case, we may argue as in Lemma 3.3 of [6] (which
in turn invokes [28]) to deduce the existence of a unique solution to (3.18) satisfying (3.19) with
G?=0,G3=0.

To handle the case of non-vanishing G? and G3, we construct some special auxiliary functions
that allow us to reduce to the special case. First, there exists a v! € H2(Q') N oH' (') so that
divel = G? € HY(€Y) and

(3.22)

HUIHH2(Q’) S HG2HH1(Q’)'

The existence of v! may be established as in Lemma 3.3 and Section 4 of [6]. To deal with the
boundary term G3 we first need some projections. For a vector field X : ¥/ — R? let us write
I1X for the vector field so that IIX (y) is the orthogonal projection of X(y) onto the space of
vectors orthogonal to A(y), and let us write II*- X (y) for the orthogonal projection onto the
line generated by N (y). Our second special function is v? € H?(Q') N oHL(Y) that satisfies
I(—Dv?N) = II(G3 + Dv' ) and

(323) [0y S CO) (167 + D0 N grsagsry) £ OO (167 1y + 16 e -

The construction of v? may be carried out through a simple modification of the proof of Lemma
4.2 in [6], working in Sobolev spaces defined on €’ rather than €’ x (0,7). The third special
function is ¢* € H'(€Y') that satisfies q|sy = I+ (G3 + Dv' ) and

329 'y S 00 (16 + BN ) £ 00 (165 0 + 167 s

The existence of ¢' follows from the usual trace and extension theory since G® + Dv'N €
HY2(2).
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Now, with v!,v? and ¢! in hand, we reduce the solvability of (3.18) with the estimate (3.19)
to the special case discussed above. The construction of these special functions guarantees that

w=uv—v —0v%, Q= q— q' should satisfy

—Aw +VQ =G + Avt + Av? — Vp? € HY(QY) in O

di = in O/
(3.25) ivw =20 in

(QI — Dw)N =0 on ¥/

w =20 on 2.

As above, there exist unique w, ) solving this so that
(3.26) [l 2y + 1R 1 ) S C(n) |G + Av' + Av® — VPZHHO(Q/) :

The existence of unique v, ¢ solving (3.18) is immediate, and the estimate (3.19) follows by
combining (3.26) with (3.22)—(3.24), finishing the proof of the claim.
O

It turns out that we can achieve somewhat more of a regularity gain than is mentioned in
Lemma 3.6 by making a smallness assumption on 7. The smallness allows us to view the problem
(3.13) as a perturbation of the Stokes problem on 2. For this problem there is no constraint to
regularity gain since the coefficients are constant and the boundary is smooth. This allows us
to shift the constraint of regularity gain to the regularity of  in H¥*1/2 rather than in C*~1,
We note that although we require n € H k+1/2 the smallness assumption is written in terms of

”77”k71/2‘

Proposition 3.7. Let k > 4 be an integer and suppose that n € H*/2 There exists g > 0
so that if [nlly_y o < €0, then solutions to (3.13) satisfy

(3.27) el + o < € (I, + 1F2], g + 1E, o)
forr=2,... k, whenever the right side is finite. Here C' is a constant that does not depend on
n

In the case r = k + 1, solutions to (3.13) satisfy

(3:28) Nl + Iply < C (1P oy + I+ 172 )
+CH77||1<+1/2 (HF1H2 + HF2H3 + HF3H5/2) :

Proof. In the case that ¥ = R?, we let p € C°(R?) be such that supp(p) C B(0,2) and p(z) = 1
for x € B(0,1). For m € N define n™ by Fn" (&) = p(§/m)Fn(§), where F denotes the Fourier
transform. Clearly, for each m, 7 € HI(X) for all j > 0, and also ™ — 7 in HF-1/2(%)
(and in H*1/2(%) if n € H*1/2(X)) as m — oo. In the periodic case, we similarly define 7™
by throwing away high frequencies: Fn™(n) = 0 for |n| > m. In this case n™ has the same
convergence properties as before. Let A" and N be defined in terms of n™. Initially let ¢ be
small enough so that n" is as small as in Remark 3.2. This allows the mapping ®"* defined by
n™ to be a C! diffeomorphism.

Consider the problem (3.13) with A and AN replaced with A™ and N™. Since n™ €
H*+5/2(%)) we may apply Lemma 3.6 to deduce the existence of a unique pair (u™,p™) that
solve (3.13) (with A™ , N'™) and that satisfy

(3829) A+ 1™l S CUn™ lassga) (1F ],y + 1F2y + P[],y )
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for r = 2,...,k + 1, whenever the right hand side is finite. We rewrite the equations (3.13) as
a perturbation of the usual Stokes equations on §2:

—Aum 4+ Vpm =FL 4+ GV inQ

divu™ = F?2 + G?>™ in
(3.30) wu + , ; n

(p™I —Du™)es = F° +G>™ on X

u™ =0 on Xp.

Suppose that [|7™ ||, /, < 1, which implies that ||77m||i+1/2 < [0 ljt1 2 for any £ > 1. This
fact and a straightforward calculation reveal that

1M ],y < ™ gzl + 2™ 1)

(3.31) . . o
1G>, _y < Cll™ ey 1™,

and

(3832) (G|l emssaqy < C 0™ sy (1™ -2y + 0™ sir-s/2(53 )

< Cln™ =2 (1™l + 1P™ ,-1)

for r = 2,...,k and a constant C' > 0 independent of 17 and m. In the case r = k 4+ 1 a minor
variant of this argument shows that

(3:33) GVl y H NG + NG [ nrr2gsy < Ol iz (e iy + 2™ )
+ O™ g2 0™ N7/

for C' independent of 7 and m. The key to this variant is that nowhere in the terms G*™ do
there occur products of the highest derivative count of both ™ and u™ (or p™). Note that the
right sides of (3.31), (3.32), and (3.33) are finite by virtue of the estimate (3.29).

Since the boundaries ¥ and ¥, are smooth and the problem (3.30) has constant coefficients,
we may argue as in Lemma 3.6, employing the elliptic estimates of [4] as done in Lemma 3.3 of
[6], to arrive at the estimate

334) [+ 1"y < C (B 4+ GV |y B2+ G|+ B2 4GP,y )

forr=2,...,k+1 and for C' > 0 independent of 7 and m. We may then combine (3.31)—(3.32)
with (3.34) to find that, if |n™[|,_, 5 <1, then

(3:35)  Jumll, + 1" ll—y < C ([P + 12—y + 1 F2, s 0)

+ C 0™ =12 (1™ A+ 12" 1—1) + Ok C 1™ g2 1™ 72

On the right side of (3.35) we have written d, ;41 for the quantity that vanishes when r # k+1
and is unity when » = k + 1.

We now derive the estimate (3.27). Since ™ — 7 in H*"1/2 we may assume that m is
sufficiently large so that [[n™||;_y o < 2|nll;_;/o- Then if

. 1 1
(336) i1y < min{ 505} =20

for C' > 0 the constant appearing on the right side of (3.35), the bound (3.35) may be rearranged
to get

(3.37) b+ 9™y < 2C (|, 12,y + 1, g 0)

for r = 2,...,k when the right side is finite.

The bound (3.37) implies that the sequence {u™,p™} is uniformly bounded in H" x H" !,
so up to the extraction of a subsequence, u™ — u" weakly in H"(Q) and p™ — p° weakly
in H"~1(Q). Since ™ — 75 in H*1/2(X), we also have that A" — A — 0, J™ —J — 0 in
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H*1(Q), and N — N — 0 in H*3/2(%). We multiply the equation div4u™ = F? by J™w
for w € C°(Q) to see that

(3.38) / FlwJ™ = / div gm (u™)wJ™
Q Q

:—/um-VAmemH—/UO-VAwJ:/diVA(uo)wJ,
Q Q Q

from which we deduce that div 4(u") = F2. Then we multiply the first equation in (3.13) (with
u™, ete) by wJ™ for w € ¢H'(Q) and integrate by parts to see that

1
(3.39) /2ID)Amum:ID)Amem—pmdivAm(w)Jm:/Fl-me—/F3~w.
Q Q Y

Passing to the limit m — oo, we deduce that
1
(3.40) /ID)AUO:ID)AwJpodivAwJ:/Fl-wJ/F3-w,
02 Q 2

which reveals, upon integrating by parts again, that u°,p? satisfy (3.13). Since u,p are the
unique solutions to (3.13), we have that u = u", p = p°. This, weak lower semi-continuity, and
the bound (3.37) imply (3.27).

Now we derive the estimate (3.28), supposing that F' € H*=1 F?2 ¢ H* and F3 ¢ HF1/2,
The bound (3.37) with » = 4 implies that

(3.41) < 26 (B, + £, + [E9]];,,) < oc.

Since ™ — 5 in H*t1/2_ we are free to assume that m is sufficiently large so that 7™ [hg1/2 <
2|l gs1/2- Then if [|nl,_, /o < o we may use (3.35) and (3.41) to deduce that

342) gy + 107l < 2C (1F oy + 12+ 1)

+4C Inlgnse (I, + 205+ 1725 0) -

We may then argue as above to extract weak limits, show that the limits equal v and p, and
then deduce that the bound (3.42) holds with 4™ and p™ replaced by w and p. This is (3.28).
O

3.3. The A—Poisson problem. Next we consider the scalar elliptic problem
Ap = f1 in Q
(3.43) p=f? on X
Vap-v=f> onXy,
where v is the outward-pointing normal on 3. We will eventually discuss the strong solvability

of this problem, but first we consider the weak formulation of the problem. We define a scalar
H! in a natural way through the norm

(3.44) 1120 = /Q TIVafP.

Note that ||f|]%1 = H\/ifelHHl, where the right side is the H! norm for vectors. Then Lemma
2.1 shows that this scalar norm generates the same topology as the usual scalar H' norm.

For the weak formulation we suppose f* € (CH'(Q))*, f2 € H'/2(X), and f3 € H~Y2(%y).
Let p € H'(Q2) be an extension of f2 so that supp(p) C {—(infb)/2 < w3 < 0}. We switch
unknowns to ¢ = p—p. Then we can define a weak formulation of (3.43) by finding a ¢ € "H'(Q)
so that

(3.45) (@, 0)310 = — (B, )y — (F1 s + (F2,0) 12 for all p € "H' (),
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where (-, ), is the dual pairing with °H'(Q) and (-,-)_ 5 is the dual pairing with HY2(5y).
The existence and uniqueness of a solution to (3.45) follows from standard arguments, and the
resulting p = ¢ + p € HY(Q) satisfies

(3.46) Ipllye < (Hle?OHl(Q))* + Hf2H§11/2(2) + ||f3qu—uz<zb)) :

In the event that the action of f! is given in a more specific fashion, we will rewrite the PDE
(3.43) to accommodate the structure of f!. To make this precise, suppose that the action of f1
on an element ¢ € "H'(Q) is given by

(3.47) (f' ) = (90, 0)10 + (G, V.49) 30

for (g0, G) € H(;R) x H°(Q;R?) with ||go||(2) + ||G||g = Hf:[H?OHl(Q))* (standard arguments

show that it is always possible to uniquely write f! in this way). Then (3.45) may be rewritten
as

(3.48) (Vap + G,V 40)p0 = = (90, )30 + (7, 0) 12 for all p € "H' ().

We may take ¢ € C2°() in this equality and integrate by parts to see that div4(Vap + G) =
go € H°, which allows us to deduce from Lemma 3.3 that (V4p + G)-v € H-Y/2(%,). This
serves as motivation for us to say that p is a weak solution to the PDE

diva(Vap +G) = go € HO(Q)
(3.49) p=f*ec H'(X)
(Vap+G)-v=f3ec HV2S).

This way of writing the weak solution will be utilized later in Theorem 4.3. Note that when
e H°(Q), there is no need to make this distinction since then G = 0 and f! = go.

Our next result on this problem is the analogue of Lemma 3.6; it establishes the strong
solvability of (3.43) and some regularity.

Lemma 3.8. Suppose that n € Hk+1/2(2) for k > 3 is as small as in Remark 3.2 so that
the mapping ® defined by (1.7) is a C' diffeomorphism of Q to Q' = ®(Q). If f1 € HO(Q),
f2 e H3%(X), and > € HY?(Z,), then the problem (3.43) admits a unique strong solution
p € H?(QY). Moreover, forr =2,...,k — 1 we have the estimate

(3.50) 12l S €O (17 + 1521 jo + 15, s)

whenever the right hand side is finite, where C(n) is a constant depending on |11 /-

Proof. If f2 € H"=Y2(X) for r = 2,...,k — 1, there exists a ¢» € H"(Q) so that ¢|y = f2,
supp(v) C {—(infb)/2 < xz3 < 0}, and |[¢|, < Hf2H7_1/2. Writing p = ¢ + v, the problem
(3.43) may be rewritten for the unknown ¢ as

Aag=f'+g" inQ
(3.51) q=0 on %
VAQ‘V:fS on Xy,

where ¢! = —A 0 € H™ 2.

The problem (3.51) may be solved as in Lemma 3.6 by transforming to the domain ', where
the problem for Q = q o ®~! becomes AQ = (f' + ¢g') o @~ ! in €’ with boundary conditions
Q=00onY and VQ-v = f30® ! on ¥;. The existence of a unique solution to this problem
is established in the non-periodic case in Lemma 2.8 of [6], and estimates of the form (3.50) for
@ hold by virtue of the elliptic estimates in [3], adapted to €’ as in [6]. This method may be
adapted easily to the periodic case as well. Then the existence and uniqueness of a solution to
(3.43) satisfying (3.50) follows by transforming to ¢ = Q o ® on Q for a solution to (3.51) and
then applying Lemma 3.1. U
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Our next result is the analogue of Proposition 3.7 for the problem (3.43). For our purposes,
we only need a regularity gain up to k, and this is less important than the estimate in terms of
a constant independent of 1. Notice again that the smallness assumption is stated in H*~1/2
even though we require n € H+¥1/2,

Proposition 3.9. Let k > 4 be an integer and suppose that n € H*1/2. There exists g > 0
so that if [nlly_y o < €0, then solutions to (3.43) satisfy

(3.52) 12l < C (17 oy + 1820y + 1520, 2)
forr =2,...,k, whenever the right side is finite. Here C' is a constant that does not depend on
7.

Proof. The proof is similar to that of Proposition 3.7. We smooth 71 to get ™ and solve (3.43)
with A replaced with A™. Then we rewrite the problem as a perturbation of the Poisson
problem

Ap™ = fl 4 gbm in Q
(3.53) pm = f? on X

Vp™ v = f3 4 g>Mon X,
The constants in the elliptic estimates for this problem do not depend on n™, and we may
estimate g“™ in terms of p™. Then if |[n[|,_;» < o for some &g sufficiently small, we can
absorb the highest Sobolev norms on the right side of the elliptic estimate into the left side,

and we deduce (3.52) for p™. Then we pass to the limit m — oc.
O

4. SOLVING THE TIME-DEPENDENT PROBLEM (1.16)

4.1. The weak solution. In our analysis of problem (1.16) we will employ two notions of
solution: weak and strong. The definition of a weak solution to (1.16) is motivated by assuming
the existence of a smooth solution to (1.16), multiplying by Jov for v € H1., integrating over Q
by parts, and then in time from 0 to T to see that

1 .
(4.1) (&t“?”)HOT + 3 (u,v)HlT — (p,divy4 U)H% = (Fl,v)HOT — (F37U)O,Z,T
for (F3,v)0 o = f(;[ Js. F? - v. Suppose that
(4.2) F' e (HL)*, F3 e L2([0,T]; H-Y2(%)), and ug € Y(0),

where Y(0) is defined by 2.5. Then our definition of a weak solution of (1.16) requires only that
a relaxed form of (4.1) holds. In particular, we say that (u,p) is a weak solution of (1.16) if

u € Xp, 0 € (Hp)*, p € HY,
(4.3) (Oyu, ) + 3 (u,v)HlT — (p,diva U)HOT = (F',v), — (F?,v)_1)5 for every v € H},
u(0) = wo,
where (-,-). denotes the dual pairing between (Hj)* and Hi, and (-,-)_;/, denotes the dual
pairing between L2([0,T]; H~'/2(X)) and L?([0,T]; H'/?(X)). The third condition in (4.3) only

makes sense in light of Lemma 2.4.
If we were to restrict our class of test functions in (4.3) to v € Xp, then the term (p, div 4 U)H%

would vanish, and we would be left with a “pressureless” weak formulation of the problem
involving only the velocity field. This leads us to define a weak formulation without the pressure.
Suppose the data satisfy (4.2). Then w is a pressureless weak solution of (1.16) if

(S XT,@tu S (H%«)*,
(4.4) (Opu, )y + % (u,dJ)HlT = (F' ), — (F3, V) _1/2 for every o € A,

u(0) = up.
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A more natural assumption for this formulation would be to require d;u € (Xr)*. However, since
Xr C ML, the usual theory of Hilbert spaces provides a unique operator E : (Xr)* — (H:)*
with the property that Ef|y, = f and HEfH(HlT)* = || fll 2y« for all f € (Xr)*. Using this E,
we regard Oqu € (Xr)* as an element of (H1.)* in a natural way, which allows us to require that
oy € (H%ﬂ)*

Since our aim is to construct solutions to (1.16) with high regularity, we will not need to
directly construct weak solutions to (4.4) or (4.3). Rather, weak solutions to problems of this
type will arise as a byproduct of our construction of strong solutions of (1.16). As such, for our
purposes, it will suffice to ignore the issue of existence and only record a couple results on the
properties of weak solutions.

We now record a result on some integral equalities and bounds satisfied by solutions of (4.4).

Lemma 4.1. Suppose that u is a weak solution of (4.4). Then for a.e. t € [0,T],

1 I 1 t
(4.5) 2||U(t)’$10(t)+2/0 ’u(s)H?-{l(s)dszQHU(O)H?-KO(O)_‘_/O<F1(8)7u(3)>(H1(s))*ds
t
—/(F3(s),u(s)>H_1/z ds + = //|u ) 8, J (
0
Also

(4:6) swp [ult) ooy + sy, S 0 (CotnT) (10 Beooy + 15 g+ 11F° o)

where Co(n) := supg<i<t |04 J K|| oo -

Proof. The identity (4.5) follows directly from (4.4) and Lemma 2.4 by using the test function
¥ = uxjoy € X7, where x[oy is a temporal indicator function equal to unity on the interval

[0, ].
From (4.5) it is straightforward to derive the inequality
1
@7) 5 lu®loq + 5 HUHH1 <3 HU(O)H’?-[O(O) +1F | 2y
Co(n)
3 o\n
+ |7 HL2([0,t];H*1/2) 1]l 22 0,511 2) 5 [[ll0

where we have written
t
(4.8) Jull2 = /0 () 2 ds for & = 0,1,

and similarly defined HF1H(H1)*' Note that, according to Remark 2.3, we have the estimate
t

[ull gr1/2(s) < C ||l for a constant C' independent of 7. This, inequality (4.7), and Cauchy’s

inequality then imply that

1 2
(19) 5 @B + 5 Il < 5 1) oy + 2| F [,

3|2 Co(n)
+2C HF HLQ([O,t};H*1/2) HUHHQ :
Then (4.6) follows from the differential inequality (4.9) and Gronwall’s lemma. O

We can now parlay the results of Lemma 4.1 into uniqueness results for weak solutions to
(4.4) and (4.3).

Proposition 4.2. Weak solutions to (4.4) are unique. Also, weak solutions (u,p) to (4.3) are
unique.

Proof. If u! and u? are both weak solutions to (4.4), then w = u! — u? is a weak solution with

F' =0, F? =0, and w(0) = u'(0) — u?(0) = 0. Then the bound (4.6) of Lemma 4.1 implies
that w = 0; hence solutions to (4.4) are unique.
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Now, if (u,p) are a weak solution to (4.3), then we can restrict to test functions ¢ € Xr to
find that u is a weak solution to (4.4). As such, u is unique. To see that p is unique we define
A € (HL)* via

(4.10) A@) = (Bru, v). + % (0, 0)ygy — () + (F*,0) 1o

Since u is a weak solution to (4.4), we have that A(v) =0 for all v € Xp. Proposition 2.9 them
implies that there exists a unique ¢ € H% so that (g,div 4 U)HQF = A(v) for all v € HL. It follows

that ¢ = p and that p is unique.
O

4.2. The strong solution. Now we turn to the construction of strong solutions to (1.16). We
will make stronger assumptions on the data F', F3, ug than we made in the weak formulation
(4.2). In particular, we will assume that the forcing functions satisfy

F' e L2([0,T); HY()), 0, F' € L0, T); (6cH(2))*),
(4.11) F3 e L*([0,T); H?(%)), 0,F% € L*([0, T); H~'/%(%)),
FY(0) e H'(Q), F3(0) e H'/?(D).

Note that, owing to Lemma 2.4, (4.11) implies that F! € C°([0,T]; H%(Q)) and that F3 €
C%([0,T]; H/?(X)). The initial data will also be taken to be more regular; we take uy €
H?(Q2) N X(0).

The solution that we construct will satisfy (1.16) in the strong sense, but we will also show
that (Dyu, Oyp) satisfy an equation of the form (1.16) in the weak sense of (4.3). Here we define

(4.12) Dyu:= du — Ru for R:= oMM "

with M the matrix defined by (2.22). We employ the operator D; because it preserves the
div 4 —free condition. Before turning to the result, we define the quantity

2 2 2
(4.13) K = sup (Il + 19ml13 + 9507 ,) -
0<t<T /
We also define an orthogonal projection onto the tangent space of the surface {x3 = 19} ac-
cording to
(4.14) Mpv = v — (v - No)No ‘No’_2
for Ny = (=019, —B2mo, 1). By construction, Ilpv = 0 if and only if v || Np.

Theorem 4.3. Suppose that F1, F® satisfy (4.11), that ug € H*(Q)NX(0), and that ug, F3(0)
satisfy the compatibility condition

(4.15) Iy (F?(0) + D a,uoNp) = 0, where Ny = (—ino, —0am0, 1),

and Iy is the projection defined by (4.14). Further suppose that IC(n) is less than the smaller of
go from Lemma 2.1 and €o from Proposition 3.7 (in particular, this requires K(n) < 1). Then
there exists a unique strong solution (u,p) to (1.16) so that

u € XpNC([0,T); HA(Q)) N L*([0,T]; H*()),
(4.16) o € CO([0,T); HY(Q)) N L([0, T); H(Q)), 02u € (HE)*,

p € C°([0,T); H' () N L*([0, T); H*()), dp € L*([0,T]; H°(2)).
The solution satisfies the estimate

2
(417 ull o g + Nl 72 g + 100l foe o + |10cull 72 + 107 ul[ (341, + 1Pl 700 pr1 + 10:p 1172 510
2 2
< (LK) exp (C(1+ Km)T) (lluolld + | FO) 2+ |F*O)],

2 2 2 2
s+ 10 e + 1 ez + 10F g2
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where C is a constant independent of n. The initial pressure, p(0) € HY(2), is determined in
terms of ug, F'1(0), F3(0) as the weak solution to

div.4, (V 4,(0) — F(0)) = — dliv 4, (R(0)uo) € H(Q)
(4.18) p(0) = (F3(0) + D 4,uoNo) - No [No| 2 € HY3(S)
(Va,p(0) = F1(0)) - v = Aggug - v € H1/2(5y)
in the sense of (3.49). Also, Dyu(0) = 0yu(0) — R(0)ug satisfies
(4.19) Dyu(0) = A g,u0 — V4,p(0) + F1(0) — R(0)up € Y(0),

where Y(0) is defined by (2.5).
Moreover, (Dyu, 0yp) satisfy

8t(Dtu) — AA(D{LL) + VA((?tp) = 1)151{71 +GY inQ

divy4(Dyu) =0 in Q
(4.20) .

S4(0p, DN = 0, F° + G on ¥

D=0 on X,

in the weak sense of (4.3), where G, G? are defined by

(4.21) G' = —(R+0JK)A qu—0;Ru+(9;JK + R—R")V gp+div 4(D4(Ru)+RD qu+Dp, 4u)
with RT denoting the matriz transpose of R, and

(4.22) G? = DA(RU)N — (pI — D 4u)ON + Dy, quN .

Here the inclusions (4.16) guarantee that G' and G® satisfy the same inclusions as F1, F? listed
in (4.11), whereas (4.18) guarantees that the initial data Dyu(0) € Y(0).

Proof. The result will be established by first solving a pressureless problem and then introducing
the pressure via Proposition 2.9. For the pressureless problem we will make use of the Galerkin
method. We divide the proof into several steps.

Step 1 — The Galerkin setup

In order to utilize the Galerkin method, we must first construct a countable basis of H2(2) N
X (t) for each t € [0,T]. Since the requirement div4v = 0 is time-dependent, any basis of this
space must also be time-dependent. For each t € [0, 77, the space H?(2) N X (t) is separable, so
the existence of a countable basis is not an issue. The technical difficulty is that, in order for
the basis to be useful in the Galerkin method, we must be able differentiate the basis elements
in time, and we must be able to express these time derivatives in terms of finitely many basis
elements. Fortunately, it is possible to overcome this difficulty by employing the matrix M (t),
defined by (2.22).

Since H%(Q) NoHL(R) is separable, it possesses a countable basis {w? }524. Note that this
basis is not time-dependent. Define ¢/ = v7(t) := M(t)w’. According to Proposition 2.5,
PI(t) € H?() N X (t), and {7 (t) 321 is a basis of H2(Q) N X (t) for each t € [0, T]. Moreover,

(4.23) Ol (t) = O M (t)w’ = oM ()M~ ()M (t)w? = O;M(t)M~ (t)y? (t) := R(t)¢7 (t),

which allows us to express 9;1)7 in terms of ¢»/. For any integer m > 1 we define the finite di-
mensional space X, (t) := span{y!(t),...,v™(t)} C H2(Q)NX(t), and we write P : H2(Q) —
X, (t) for the H?(Q) orthogonal projection onto X, (t). Clearly, for each v € H?(Q) N X (t) we
have that P"v — v as m — o0.

The next ingredient needed for the Galerkin method is the orthogonal projection onto the
tangent space of the surface {x3 = 1(0)}, IIy, defined by (4.14). This projection will be used to
compensate for the fact that our finite-dimensional Galerkin approximation of the initial data
up may fail to satisfy the compatibility conditions (4.15).

Step 2 — Solving the Galerkin problem

For our Galerkin problem we will first construct a solution to the pressureless problem as
follows. For each m > 1 we define an approximate solution

(4.24) u™(t) = a;”(t)i/}j(t),with aj’ 1 [0,T] = R for j =1,...,m,
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where as usual we use the Einstein convention of summation of the repeated index j. We want

to choose the coefficients a}” so that

(425) (atuma w)HU + % (um’ w)’}—(l = (F17 w)'HO - (F3 - HO(F3(0) + DAO (PénuO)NO)v w)&g

for each ¢ € X,,(t), where we have written (-,)qy for the usual H 9(¥) inner-product, and
where IIy and Pj* are defined in the previous step. We supplement the equation (4.25) with
the initial condition

(4.26) u™(0) = Pylup € X (0).

Appealing to (4.23), we find that du™(t) = c‘L}”(t)iN(t) + R(t)u™(t), and hence (4.25) is equiv-
alent to the system of ODEs for aj’ given by

(4.27) (W, zb’“)HO +aj’ ((R(’f)d’j’w) o % <¢j’wk>ﬁl>
= (P'0%),, — (P~ Mo(F*(0) + Dagu™ (0)A0), w*),

for j,k=1,--- ,m. The m x m matrix with j, k entry (Qﬁj, wk)Ho is invertible, the coefficients
of the linear system (4.27) are C*([0,T]), and the forcing term is C°([0,7T]), so the usual
well-posedness theory of ODEs guarantees the existence of a]* € C 1([0,77), a unique solution
to (4.27) that satisfies the initial conditions induced by (4.26). This, in turn, provides the
desired solution, u™, to (4.25)—(4.26). Since F'', F'3 satisfy (4.11), the equation (4.27) may be
differentiated in time to see that actually a]" € C L]0, T7), with aj' twice differentiable a.e. in
[0,7].

Note that throughout the rest of the proof, we use constants C' and the symbol < with the
assumption that the constants do not depend on m.

Step 3 — Energy estimates for u™

Since u™(t) € X (t), we may use ¢ = u™ as a test function in (4.25). Doing so, employing
Remark 2.3, and using the fact that Iy is an orthogonal projection, we may derive the bound

@28 91 "o + 5 1B < C 1 ol = 5 [ 707
+C a5 (HF:}HHW(E) +|F30) +DA0um(0)N0HHO(E)) .
We may then apply Cauchy’s inequality to (4.28) to find that
1 1
(429) O 0™ B + 5 N2 < O F3(0) + D™ ONo sy
1 m
O (1P o+ [P ) + o) b

for Co(n) := 1+ supg<i<r [|0:J K || . Note that since Pg is the H?(Q) orthogonal projection,
we may use Proposition 2.1 to bound

(4.30) [ (0)l30 < 2[[u"™(0)[lg < 2[|u"™(0)[ly = 2 [|Pg"uolly < 2 [[uoll, -

Now we can apply Gronwall’s lemma to the differential inequality (4.29) and utilize (4.30) to
deduce energy estimates for u":

T
(4.31)  sup [[u™|30 + [[u™ |32 < sup HumH%oJr/ exp (Co(n)(T = s)) [[u™(s)| 7 ds
0<t<T T o<t<T 0

< exp (Com)T) (| F4(0) + Dagu™ (OINO oy + luoll3 + 7 [0, + 1721722 ) -

Step 4 — Estimate of ||0;u"(0)|| 40
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We will eventually derive energy estimates for d,u"™ similar to those derived in the previous
step for u™, but first we must be able to estimate [|9;u"(0)50. If u € H*(Q) N X(t), ¥ € H,
then an integration by parts reveals that

1
(432 5l = [ ~BauevT+ [ QAN 6 = (-Bau ) + DauN, )y
Evaluating (4.25) at t = 0 and employing (4.32), we find that

(433)  (Ou"™(0), V) = (Bagu™(0) + F(0),1) o = (I (F(0) + Dayu™ (0)A0). )

for all 1 € X,,,(0), where we have written Il = I — Il for the orthogonal projection onto the
line generated by Njp.
For ¢ € X,(0), we must estimate the last term in (4.33) in terms of |[¢)||,,0. This is possible
due to the appearance of HOL and Lemma 3.3. Indeed, we know that
No

(@30 TG0+ Da™ (O)NG) = (F(0) Ay + Dagu™ (00No - M)t
0

which implies, since [Np|? > 1 and div A, ¥ = 0, that

(139) |(I0) + D O, 0) | < INGP

(113 (F*(0) + Dayu™ (0)N), v )
= | (F2(0) - Mo + Dagu™ (0N - Now - ND), |
< 11 Nollgr-172(5 | (F2(0) + Bagu™ OND) - Mo sy
S CL) [lhgo [|F(0) + Doagt™ OO | 2

0,2

)

In the last inequality we have used Lemmas 3.3 and A.1, and we have written Cj(n) :=
[Noller (s -
By virtue of (4.23), we have that

(4.36) O™ (t) — R(t)u™(t) = aj' ()¢ (t) € X (t),

so that ¥ = du™(0) — R(0)u™(0) € X,,(0) is a valid choice of a test function in (4.33). We plug
this 1 into (4.33), rearrange, and employ the bound (4.35) to see that

(437) 0™ (0) |30 < 1 R(0)w™(0)[l3q0 9™ (0) 1300
+[10,u™(0) = R(0)u™(0) |30 | A agw™(0) + F'(0) 0
+CCL(n) [9pu™ (0) — R(0)u™(0) |30 |F*(0) + Dagu™ (0)No| 1125 -

A simple computation and (4.30) imply that |A,u™(0)];0 < [Aollen [|uoll, - This allows us
to use Cauchy’s inequality and (4.30) to derive from (4.37) the bound

(438) 0" (OB S Cotn) (I1woll3 + [F*O)]f50 + [ F*(0) + Dagt™ ONo 37125, )

for Co(n) := 1+ |R(0)]|7 + [ Aollzr + C1(n)?. This is our desired estimate of [|9;u™(0)| ;-
Step 5 — Energy estimates for 0,u™
We now turn to estimates for d,u™ of a similar form to those we already derived for u"™.
Suppose for now that ¢ (t) = b;”(t)wj for b7 € COL([0,T)), j = 1,--+ ,m; it is easily verified,
as in (4.36), that 0p — R(t)y € Xpn(t) as well. We now use this ¢ in (4.25), temporally
differentiate the resulting equation, and then subtract from this the equation (4.25) with test
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function 0;1) — Ra; this eliminates the appearance of 9,1 and leaves us with the equality
m 1 m
(439) <at2u 7¢>(H1)* + 5 (8tu 7w)7—[1 = <8tF17w>('H1)* - (8tF371/})072 - (F37 Rw)072

(P @K + R o — 0™, (0K + By — 3 (17, Ry

1
— 2/ (O J KD 4u™ : D at) + Dy, au™ : Dagtp + D gu™ : Dy, 40)) J.
Q

Note here that the terms involving (-, ‘>(H1)* appear when we temporally differentiate because
of Lemma 2.4.

According to (4.36) and the fact that a]* is twice differentiable a.e., we may use ¢ = dpu™ (t) —
R(t)u™(t) € X (t) as a test function in (4.39). Plugging in this ¢) and arguing as in the previous
steps by employing Remark 2.3, Cauchy’s inequality, and trace embeddings, we may deduce from
(4.39) that

1 1
(4.40) &, (2 0™ |50 — (O™, Rum>Ho) + g o™ 30 < CCs(n) ™3
1 m m m 2 2
+Con) (2 0™ 30 — (O™, Ru >Ho)+C(HF1HH0+HatFlH(Hl)*)

2 2
+ O (I sy + 10125y

for Cy(n) as defined above and

(441) Can) = sup [T+ |1RIZa + ORI + 106AN] + (14 AT ) (1+ 10T K7 )]
0<t<T

X sup [1 + ||R|]2cl} .
0<t<T

Then (4.40), Gronwall’s lemma, and a further application of Cauchy’s inequality imply that

(442)  sup (0™ B + 0™ 2 < exp (Co)T) (0™ (O)]13 + Coln) [ (0) 2 )
0<t<T

T
+ Cs(n) <Oittl£T [ +/0 exp (Co(n)(T — 9)) [[u™(5)lI3 d8>

+exp (Co)T) (1F 7+ 10F ey e+ 1E° g+ 1O i)

Now we combine (4.42) with the estimates (4.30), (4.31), and (4.38) to deduce our energy
estimates for gyu™:

(4.43)  sup [|9u™(F0 + [|0u™| 30
0<t<T T

< (Ca(m) + Co(n) ex (Co)T) (Iluol + 1P ()30 + [|F(0) + Dy O)No [ 312,

+oxp (Co(nT) [ Caln) (17" g, + 1N za sz ) + 10F [y + 1OF g2 -

Step 6 — Improved energy estimate for u'™
We can now improve our energy estimates for u" by using 1 = dyu"™(t) — R(t)u™(t) € Xn(t)
as a test function in (4.25). Plugging this in and rearranging yields the equality

1 1
(444) 6t1 HumH%l + H@tumH%o = (ﬁtum,Rum)Ho + 5 (Um, Rum)Hl + (Fl, atum — Rum)HO

— (F? = TIo(F?(0) + Dgyu™(0)Np), du™ — Ru™) o

1 D 4u™?
n 2/ <]D)Aum : DatAueratJK'““;‘) J.
Q
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We may then argue as before to use (4.44) to derive the inequality
1 2
(4.45) 9y ™ 5 + 105 30 < C|[F(0) + Dagu™ (0)No|[ 3125,

+C (1 5 + [ F¥ 512y ) + € (I00™ s + Cam) ™ 341 )

We could regard (4.45) as a differential inequality for ||um||$i1 and apply Gronwall’s lemma as
before, but this is not necessary since we already control ||um||${1T and H@,gumH?_llT . Indeed, we

may simply integrate (4.45) in time to deduce an improved energy estimate for u™:

(4.46)  sup HumH?ﬂ + ||5tum||${o
0<t<T r

< (Ca(m) + Cs(m) exp (Co)T) (l[uol3 + | FLO)[ [0 + [|F*(0) + Dagu™ (O)NO | 3125

+exp (Co)T) | Caln) (|7 g + 105 ) + 19 [y e + 10F [ aggosre] -

Step 7 — Estimating terms in (4.43), (4.46)

In order to use (4.43) and (4.46) as uniform bounds, we must first remove the appearance
of u(0) on the right side of the estimates. For this we use Lemma A.2, the embedding
H?(Q) «— H3?(), and the bound |[u™(0)]|, < |luo|l, to find that

(4.47) |F3(0) + Dagu™ ONo 311205y S Cam) ([P O] 1/2(5y + 0l

2 2
for Ca(n) :== 1+ [Nollgn (s [Mollcn -
We now seek to estimate the constants C;(n), i = 0,...,4 in terms of the quantity K(n). A
simple computation shows that

(4.48) Co(n) + (Ca(n) + C3(n)(1 + Ca(n)) < S Q1(|7l1Ee - 10wllg= |03l ).

where Q7 is a polynomial in three variables. According to Lemma A.5 in the non-periodic case
2 2

< J ]
o S Hath for j,k > 0.

and Lemma A.7 in the periodic case, we have the estimate H@g 17‘ A
_l’_

This, (4.48), and the fact that IC(n) <1 then imply that
(4.49) Co(n) + (C2(n) + C3(n) (1 + Ca(n)) < Qu(K(n), K(n),K(n)) < C(1+ K(n))

for a constant C' independent of 7.

Step 8 — Passing to the limit

We now utilize the energy estimates (4.43) and (4.46) in conjunction with (4.47) to pass to the
limit m — oco. According to these energy estimates and Lemma 2.1, we have that the sequence
{u™} is uniformly bounded in L®H" and {;u™} is uniformly bounded in L*H° N L?H'. Up
to the extraction of a subsequence, we then know that

(4.50) u™ A weakly- * in LCHY, §u™ = dyu in L*°H°, and d,u™ — dyu weakly in L?H".
By lower semi-continuity and (4.49), the energy estimates imply that the quantity

2 2 2
(4.51) [l Zo 1 + 10pul| 700 o + 0wl 2 1

is bounded above by the right hand side of (4.17).

Because of these convergence results, we can integrate (4.39) in time from 0 to 7" and send
m — 0o to deduce that d?u™ — 9?u weakly in L?(oH'(Q))*, with the action of d?u on an
element 1) € L20H'(Q) defined by replacing 4™ with u everywhere in (4.39). It is more natural
to regard 0?u € (Xr)* since the action of 9?u is defined with test functions in X, but the
reasoning presented after (4.4) is applicable to 9?u, so we may regard 9?u € L2 H! () without
ambiguity. From the equation resulting from passing to the limit in (4.39), it is straightforward

to show that ||07 is bounded by the right hand side of (4.17). This bound then shows

that O,u € C°L2.
Step 9 — The strong solution

2
UH(HlT)*
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Due to the convergence established in the last step, we may pass to the limit in (4.25) for a.e.
t €10,T]. Since u™(0) — ug in H? and ug, F3(0) satisfy the compatibility condition (4.15), we
have that

(4.52) [TTo (F(0) + Dagu™ (0)AD) || ;1725 — 0
In the limit, (4.25) implies that for a.e. t,

1 (u, V)gpn = (F171/1)Ho - (F37¢)0,2 for every ¢ € X (t).

2
Now we introduce the pressure. Define the functional A; € (H!(¢))* so that As(v) equals
the difference between the left and right sides of (4.53), with ¢ replaced by v € H!(t). Then
Ai(v) = 0 for all v € X(t), so by Proposition 2.9 there exists a unique p(t) € H°(t) so that
(p(t),div.av)yo = A¢(v) for all v € H'(¢). This is equivalent to

(4.53) (D, ¥)pp0 +

1
(4.54)  (Opu,v)pp0 + 3 (u,v)pn — (P, diva v)p0 = (FI,U)HO - (F3, U)O’E for every v € H(t),

which in particular implies that (u,p) is the unique weak solution to (1.16) in the sense of (4.3).

For a.e. t € [0,T], (u(t),p(t)) is the unique weak solution to the elliptic problem (3.13) in the
sense of (3.14), with F'! replaced by F'(t) — du(t), F? = 0, and F*? replaced by F3(t). Since
F(t) — dpu(t) € H(Q) and F3(t) € H'/?(X), Lemma 3.6 implies that this elliptic problem
admits a unique strong solution, which must coincide with the weak solution. We may then
apply Proposition 3.7 and Lemma 2.1 for the bound

(455) a2+ 0121 S (10wt) oz + 1 O 12y + [1F2 O frssasy )

when r = 2,3. When r = 2 we take the supremum of (4.55) over ¢t € [0,7], and when
r = 3 we integrate over [0,T]; the resulting inequalities imply that u € L>®°H? N L?H? and
p € L®H' N L?H? with estimates as in (4.17). This, in turn, implies that (u,p) is a strong
solution to (1.16).

Since we already know that u € L?H3 and dyu € L?H', Lemma A.3 implies that v € CYH?2.
Then since F' — giu € C°H? and DyuN + F? € COHl/Z(E), we know that Vp € COHY
and p € COHY?(X) as well, from which we see, via Poincaré’s inequality (Lemma A.9), that
p € CYH!. With these continuity results established, we can compute p(0) and 9;u(0). We start
with the Dirichlet condition for p(0) on ¥, the second equation in (4.18). Since p € COH! (),
u e CV'H?(Q), and F? € COHY2(X), the boundary condition S (p,u)N = F3, which holds in
H'Y2(X) for each t > 0, can be evaluated at ¢t = 0. Then the Dirichlet condition for p(0) on X
in (4.18) is easily deduced by solving S4,(p(0),uo)No = F3(0) for p(0).

Now we derive the PDE satisfied by p(0) and compute d;u(0). Let ¢ € H?(Q) be a scalar
function satisfying ¢|s, = 0 and Vl|y, = 0. Then V40 = AVp € H!(t), and we may choose
v =V 4 as a test function in (4.54). Since dyu — Ru € X (t), we can integrate by parts to see
that

(O, Vap) o = (Opu — Ru, V 490) 40 + (Ru, V ap)po = (Ru, V 4@)yo and
(p,diva VASD)HO = (=Vap, VASO)HO + (p, Vap 'N)o,z .
This, (4.32), (4.54), and (1.16) imply that
(4.57) (Ru+ Vap — Aau—F',V 4¢0),, =0 for all such ¢.

By the established continuity properties, we may set ¢t = 0 in (4.57), again integrate by parts,
and employ a density argument to see that

(4‘58) (VAOP(O) - F1(0)7 VAOQO)HO = - (_ diVAo (R(O)u0)7 90)7-[0 + <AA0U0 “ v, 90>71/2
for all ¢ € "H!(2). This establishes that p(0) is the weak solution to (4.18). According to
(3.46) we then have that p(0) € H'(Q). This and (4.54) allow us to solve for d;u(0) as in
(4.19), and then (4.57) implies that J;u(0) — R(0)ug € Y(0) since then Dyu(0) LV 4.0 for
every ¢ € "H1(Q).

Step 10 — The weak solution satisfied by D,u = dyu — Ru

(4.56)
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Now we seek to use (4.39) to determine the PDE satisfied by D;u. As mentioned above, we
may integrate (4.39) in time from 0 to 7" and pass to the limit m — oo. For any ¢ € X we
have Ry € HL, so that we may replace all of the terms R¢ in the resulting equation by using
v = Rt in (4.54); this yields the equality

(459) <at2u71/}>* + % (atua w)’}-{% = <8tF17 ¢>* - <8tF37¢>71/2
+ (0T KFY )50 — (OrT KO, )39, — (p, diva(R) )y

1 (T
—2/0 /Q(@JK]D)AU:]D)Aw—l—]D)atAu:DA@ZJ—I—DAU:D@Adj)J

for all yp € Xp. In (4.59) we have employed the same duality notation as in (4.3).

Now we define A € (HL)* with A(v) equal to the difference between the left and right sides of
(4.59) with v replaced with v. As above, we may use Proposition 2.9 to find a unique ¢ € H?F
so that A(v) = (gq,divg U)H% for all v € HL. Simple computations reveal that d,(JA;;) =

—J.Aijki and J.Akjaiji = 8j(JAijki) = —8t8j(JAij) = 0, which imply that
T T
(4.60)  (p,divo,av+ O JK divav)yg = / / pOjvidy(J Aij) = / / POjvi Akj R
0 Q 0 Q

T T
= / /QPJAkj@j(Rsz') — pJ Apjvi0; Ry = / /QpJAkjaj(RkiUi) = (P, diva(Rv))sp, -
0 0

This, in turn, implies that the equation A(v) = (¢,diva v)HoT is the same as that which would
result from computing the temporal distributional derivative of (4.54); we deduce that ¢ = O;p

and that
1 .
(4.61) (9%u,v). + 3 (8tu,v)H1T — (Op, div g U)HOT = (O F', v), — (0,F3, V)_1/2

+ (@JKFl,u)HOT — (0T K8, v)309 — (p. diva(Rv))sg

0
T
1 /T
—2/ /(@JK]D_,ML:]D_AU—I—]D)atAu:D_AU—I—DAu:DatAU)J
0o Jo
for all v € HE.. As before, we may deduce from (4.61) the bound for ||9;p||72,» stated in (4.17).
We now rewrite the terms in (4.61) to derive the PDE for Diu,d:p. A straightforward

computation shows that on ¥, RN = 9;\, so that we may integrate by parts for the equality
(4.62)

(p7 leA(RU>)H% = (RTV_AP,’U)HQT + <pRT,/\/’,’U>71/2 = = (RTV_AP, U)H(% + <pat~/\/’7v>*l/27

where RT is the matrix transpose of R. Another integration by parts yields

(4.63) — ;/OT/Q (O KD gu : Dgv + Dy, gu : Dgv + D gu : Dy, gv) J

= (div Ao (RD qu + Dy, gu), U)HOT — (DAUON + D, auN, v) _1 /2.
We replace the appearance of 92u with 9, D;u via
(4.64) (0%u,v) s = (8 Dyu, v« + (RO, U)H(% + (8tRu,v)H(% .

Since (u,p) are a strong solution to (1.16), we may multiply by (RT + 9;JK)v and integrate to
see that

(4.65) (0 JK + R)(F" — dyu), U)HOT = (B JK + R)(—Auu + Vap), v)g -

We may then combine (4.61)—(4.65) with the fact that Dyu = dyu — Ru € Xp to deduce that
(Dyu, O¢p) are weak solutions of (4.20) with Dyu(0) € Y(0) given by (4.19). Here, the inclusions
G' € (HY)* and G® € L*([0,T); H~'/%(X)) are easily established from the above bounds on
U, P. U
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4.3. Higher regularity. Recall that, as discussed in the introduction, we abuse notation by
writing L2ZH ! = L2(oH'(2))*. In order to state our higher regularity results for the problem
(1.16), we must be able to define the forcing terms and initial data for the problem that results
from temporally differentiating (1.16) several times. To this end, we first define some mappings.
Given F', F3 v, q we define the vector fields &°, &' on  and &3 on ¥ by

B°(Fl v, q) = Aqv — Vg + F! — R,
(v, q) = —(R+ 8,JK)Aqv — &;Rv + (8,JK + R — RT)V 4q
+ diva(D4(Rv) + RD gv + Dy, 4v), and
3(v,q) = Dg(RV)N — (qI — D40)ON + Dy, 40N,
and we define the functions f' on Q, {2 on ¥, and 2 on ¥ according to
fL{(F',v) = diva(F' — Rv),
(4.67) F2(F3,0) = (F? + DqoN) - N |N|72, and
FB(FL o) = (F1 + Aqv) - v
In the definitions of &’ and ' we assume that A, NV, R (recall that R is defined by (4.12)), etc
are evaluated at the same t as F'', F3, v, q. These mappings allow us to define the forcing terms

as follows. Write F10 = F! and F 3.0 = = F3. When F', F3, u, and p are sufficiently regular for
the following to make sense, we then recursively deﬁne the vectors

(4.66)

j—1
FY = DyFY 1+ ¢M(D] , 0] 'p) = DIF + Y DieN (D], 07 p),
(4.68) jflo
F3 = 0P+ &3(D] 0] p) = 01 + Y 9/’ (D] " tu o) p)
=0

on ) and X, respectively, for j =1,...,2N.
Now we define various sums of norms of F!, F3 and n that will appear in our estimates.
Define the quantities

2

F(FL, F3) . Z HGJFI‘

i

[2HAN=-2j-1 [2HAN-2j-1/2

- . 2 . 2
Z 1 3
(4.69) * , HQ{F HLOOH‘UV*%*? + H&gF HLO@HW—%—W’

So(F F?) Z Ha]Fl H4N 2j-2 Ha’?F:S(O)HiN—%—W?'

For brevity, we will only write S for F(F!, F3) and §o for Fo(F*, F3) throughout the rest of this
section. Lemmas A.3 and 2.4 imply that if § < oo, then

(4.70) AF' e (0, T); H*N=272(Q)) and & F3 € C°([0, T]; H*N~-23/2(%))

for j = 0,...,2N — 1. The same lemmas also imply that the sum of the L>H* norms in the
definition of § can be bounded by a constant that depends on 7" times the sum of the LZH*+!
norms. To avoid the introduction of a constant that depends on T', we will retain the L terms.
For n we define
2N+1
D) i= Ml 2 avenss + 10|32 pran1/2 + Z ||

[2HAN— 2J+5/2

(4.71)
- 20 o] ., and 80n) o= (o) + D)
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as well as

(4.72) &o(n) = [mO)Il3y + 10 O)]1; +§Haf Olly

: on) = 1IMY)llan tT\ V)N -1 p t7 AN—2j43/2
Again, Lemma A.3 implies that € CO([0, T); H*N (X)), 8 € C°([0, T]; H*N-1(%)), and &1 €
CO([0,T]; H*N=243/2(%2)) for j = 2,...,2N. Throughout the rest of this section we will assume

that K(n), €g(n) < 1, which implies that Q(R(n)) < 1+ &(n) and Q(&y(n)) < 1+ Ey(n) for any
polynomial Q. Note that K(n) < &(n) < &(n), where K(n) is defined by (4.13); also, we have

2
e ) )
We now record an estimate of the F/ in terms of §, R(n) and certain norms of wu, p.

Lemma 4.4. Form=1,...,2N —1 and j = 1,...,m, the following estimates hold whenever
the right hand sides are finite:

2
[0 [f2m—2¢

2
L2 H2m—2¢ ’
1|2 3,2
(4.74) HF HLoonmﬂj +HF HLOCHQ’”—ZJ'“/Q

Jj—1 2 2
SR B ) 2 SR 7 S
=0

j—1
(@73 [P + 2 oo aiens S (1 &) (m > ot
=0

Jj—1 ‘ 9

Jj—1 9
4 14
+ Z HatpHLooHQm—QE—l + Z Hatu
/=0 /=0

||

L2 H2m—2€+1

and

2
[0 [2m—2¢

2
L2H2m—2¢ ’

(@75) |OF " [ pys + [0 2 pyore S (14 8() (s+ > |ofu]
=0

m—1 9 m
4 ¢
+ Z HatpHLooHQm—Qé—l + Z Hatu‘
(=0 /=0

Similarly, for j=1,...,2N — 1,

ot

2
L2 H27n—2€+1

2 2
(4.76) HFl’J(O)}|4N—2j—2 + HFg’J(O)Hz;N—Qj—:s/z

2

suwram (s oo+ ool )
£=0

Proof. The estimates follow from simple but lengthy computations, invoking standard argu-
ments. As such, we present only a sketch of how to derive the estimates (4.73). The estimates
(4.74)—(4.76) follow from similar arguments.

To derive the estimate (4.73), we use the definition of F1/, F3J given by (4.68) and expand
all terms using the Leibniz rule and the definition D; to rewrite F*/ as a sum of products of
two terms: one involving products of various derivatives of 7, and one linear in derivatives of
u, p, F', or F3. For a.e. t € [0,T] we then estimate the the norm (H?"~2+1 and H?m~2+3/2,
respectively) of the resulting products by using the usual algebraic properties of Sobolev spaces
(i.e. Lemma A.1) in conjunction with the Sobolev embeddings. The resulting inequalities may
then be integrated in time from 0 to T to find an inequality of the form

(4.77) |{F1’jHizH2m—2j+1 + HFS’jHi2H2mf2j+3/2 S Q(€E(M)(D(n)Yoo + Ya),
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where Q(+) is a polynomial,

2N-1 2
(4.78) Yoo = Z H@gF HLOOH4N—23'—2 + HagF HL°<>H4N*2J'*3/2
J=0

Jj—1 Jj—1
¢ |I? ¢ [?
+ 3 ot + 3 ot ’
Lo [2m—2¢ oo [f2m—20—1
(=0 £=0

and

(4.79) Ys = Z HaJFl(

[t

L2HAN-2j-1 L2HAN—2j-1/2

Jj—1 5
+ Z H(‘)fu‘
£=0

L2 [H2m—20+1

H tp’ L2 H2m— 20"

Since K(n) < 1, we know that Q(€(n))(1 +D(n)) < (1 + K(n)), and the bound (4.73) follows
immediately from (4.77). O

Next we record an estimates for the difference between 0;v and D;v for a general v. The
proof is similar to that of Lemma 4.4, and is thus omitted.

Lemma 4.5. If k=0,...,4N — 1 and v is sufficiently reqular, then

(4.80) 10:0 = Dyl 3o e S (14 &) [0ll7250
and if k=0,...,4N — 2, then
(4.81) 100 — Devl|Foe g S (1+ RM)) ([0 F oo -

Ifm=1,....2N—-1,57=1,...,m, and v is suﬂ?ciently regular, then

(4.82) H@JU—DJ ‘

V4
< (14 &(n) L (Ha ‘

12
v
L2 H2m—25+3 L2 [2m—26+1 T H ¢ HLoonmw) ’

T e TR > 1

[,o° [{2m—2j+2 N
and

(4.84)  [|8:D"0 — 8" 0|70 + || 07 DY — 3"‘*2“\@21{ :

< (1+ £(n) <H3fv‘
E

080
L2H2m~— 20+1 [oo [2m— 20

Also, if j =0,...,2N, and v is sufficiently regular then

(4.85) o7 v0) —D{U(O)Hz (1+ €y Z B0

4N—2j H4N 2"

Now we record an estimate for the terms &° and §* (defined in (4.66) and (4.67), respectively)
that will be used in computing initial data.

Lemma 4.6. Suppose that v, q, G', G® are evaluated at t = 0 and are sufficiently reqular for
the right sides of the following estimates to make sense. For j =0,...,2N — 1, we have

(4.86) HQjO(Gl,v,q)HiNﬁjfz

2 2 2 2 2
< U IOy + 1000y 1) (15 + laldy—a;- + G yays) -
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If j=0,...,2N — 2, then
(4.87) Hfl(Gl’ U)HiN—2j—3 + Hfz(G?)’ U)H?uv—zj—:a/z + HfB(Gl’wHiN—Qj—Sﬂ

S+ ”77(0)”421N) <HG1H421N723'72 + HG3H121N72j73/2 + ”UHZN—M) )
For j =2N —1, if div gy v =0 in (2, then

(488) PG5+ IPE 02 0 S A+ InO) 1N (I6H5+ 1635+ I013)

Proof. The proof of the estimates (4.86) and (4.87) as well as the ? estimate in (4.88) can be
carried out as in the proof Lemma 4.4. We omit further details. For the > estimate of (4.88),
we note that div 49y v = 0 implies that div 4(0) A 4(0)v = 0, so that Lemmas 3.3 and 2.1 provide

the bound HAA(O)U : 1/“271/2(&)) S HAA(O)UH(Q)- We may then argue as in Lemma 4.4 to derive

the 2 bound.
O

Now we assume that ug € H*N(Q), no € H*NTV/2(%), §o < oo, and that ||770||;‘,:J\,_1/2 <

¢o(n) < 1 is sufficiently small for the hypothesis of Propositions 3.7 and 3.9 to hold when
k = AN. We will iteratively construct the initial data DJu(0) for j = 0,...,2N and &p(0) for
j=0,...,2N — 1. To do so, we will first construct all but the highest order data, and then we
will state some compatibility conditions for the data. These are necessary to construct DV (0)
and 8t2N ~1p(0), and to construct high-regularity solutions in Theorem 4.7.

We now turn to the construction of Dgu(()) for j = 0,...,2N — 1 and 8zp(0) for j =
0,...,2N — 2, which will employ Lemma 4.6 in conjunction with estimate (4.76) of Lemma
4.4 and (4.85) of Lemma 4.5. For j = 0 we write F10(0) = F1(0) € H*N=2, [39(0) = F3(0) €
HA*N=3/2 and DY%u(0) = ug € H*N. Suppose now that Lt ¢ HAN-20=2 3.4 ¢ HAN-26-3/2
and D{u(0) € H*N=2¢ are given for 0 < £ < j € [0,2N —2]; we will define 8{]9(0) € H*N-271 a5
well as DIT'u(0) € HAN-2%-2 pLitl(0) e HAN-2-4 and F311(0) € H*N-%-7/2  which
allows us to define all of said data via iteration. By virtue of estimate (4.87), we know
that f1 = fL(F'(0),D{u(0)) € HWN-273 f2 = f2(F33(0), Dju(0)) € H*N-%-3/2 and

3 = B3 (FY9(0), Diu(O)) e H*N=2-5/2 This allows us to define 6gp(0) as the solution to (3.43)
with this choice of fL, £2, f3, and then Proposition 3.9 with k = 4N and r = 4N —2j — 1 < k
implies that &/p(0) € H*N=2=1. Now the estimates (4.76), (4.85), and (4.86) allow us to define

D{ " u(0) := &°(F™(0), Dfu(0), &{p(0)) € H'N272,
(4.89) FYY0) := D FY(0) + &1(DIu(0), 8 p(0)) € H*N=%~4 and
F39%10) = 0,F*7(0) + &*(DJu(0), 0/p(0)) € H*N=27/2,
Using the above analysis, we iteratively construct all of the desired data except for D?"u(0)
and 92" 1p(0). ' ‘
By construction, the initial data D{u(0) and 8/p(0) are determined in terms of ug as well as
OLF'(0) and 9fF3(0) for £ = 0,...,2N —1. In order to use these in Theorem 4.3 and to construct

D?N(0) and 8t2N71p(0), we must enforce compatibility conditions for j = 0,...,2N — 1. For
such j, we say that the j** compatibility condition is satisfied if

{Dgu(c)) € X(0) N HX(Q)

(4.90) To(F37(0) + D 4, D{u(0)No) = 0.

Note that the construction of DJu(0) and &/ p(0) ensures that Diu(0) € H2(Q) and that
div 4, (D} u(0)) = 0, so the condition DJu(0) € X(0) N H2(Q) may be reduced to the condi-
tion DJu(0)|g = 0.

It remains only to define 9*V~!p(0) € H' and D?Nu(0) € H°. According to the j =
2N — 1 compatibility condition (4.90), div4, D*¥~'u(0) = 0, which means that we can use
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estimate (4.88) of Lemma 4.6 to see that f2 = f2(F>2N=1(0), D?"'u(0)) € H/? and f% =
PB(FL2N=1(0), D2N1y(0)) € H-'/2. We also see from (4.90) that we have the equality go =
— div 4, (R(0)D?N"1u(0)) so that go € H?. Then, owing to the fact that G = —FL2N-1 ¢ HO,
we can define 92N 1p(0) € H' as a weak solution to (3.43) in the sense of (3.49) with this choice
of f2, 3, go, and G Then we define

(4.91) DiNu(0) = &°(FH2N=1(0), DPN1u(0), 07N 1p(0)) € HY,

employing (4.86) for the inclusion in H°. In fact, the construction of 2" ~'p(0) guarantees
that D?Vu(0) € Y(0). In addition to providing the above inclusions, the bounds (4.76), (4.87),
(4.86) also imply the estimate

2 2

2N—-1 )
> oo, , 5 1+ o) (ol +50)
=0

+
AN—2j AN-2j-1 "

2N
(4.92) 3 HDgu(o)H
j=0
Note that, owing to estimate (4.85), the bound (4.92) also holds with 8/u(0) replacing D{u/(0)
on the left.
Before stating our result on higher regularity for solutions to problem (1.16), we define two
quantities associated to u,p. Write
2N+1
D(u,p) := Z H(‘)gu‘
j=0

Y

2
L2 HAN -2

2 AT
J
L2 AN —2j+1 T Z Hatp‘
J=0

(4.93) N W1 e
— J
) = S o] 35 [
J= J=

R(u,p) := E(u,p) + D(u,p).

Note that, again, Lemmas 2.4 and A.3 imply that &(u,p) < C(T)®(u,p) for C(T') a constant
depending on T'. To avoid introducing this constant we will use both &(u,p) and D (u,p).

Theorem 4.7. Suppose that ug € H*N(Q), no € H*NtV/2(X), § < oo, and that &(n) < 1
is sufficiently small so that K(n), defined by (4.13), satisfies the hypotheses of Theorem 4.3
and Proposition 8.9. Let DJu(0) € H*N=21(Q) and &p(0) € H*N-2-1 for j =0,...,2N — 1
along with DXNu(0) € Y(0) all be determined as above in terms of ug and & F(0), 8! F3(0)
for j = 0,...,2N — 1. Suppose that for j = 0,...,2N — 1, the initial data satisfy the j*
compatibility condition (4.90).

Then there exists a unique strong solution (u,p) to (1.16) so that

e CO[0,T); H*N=%(Q)) N L2([0,T); H*N=%71(Q)) for j =0,...,2N,
(4.94) dlp e (0, T); H*N=2-1(Q)) N L*([0,T); H*N~%(Q)) for j =0,...,2N — 1,
Oy € (HY)*, and 0FNp € L2([0,T]; H(Q)).
The pair (Dgu,agp) satisfies the PDE
O(Dfu) — Aa(Diu) + Va(@lp) = FY  in Q)

div4(Dlu) =0 in Q
(4.95) i i A 3

SA(0]p, DIu)N = F>7 on ¥

D]u=0 on Yy

in the strong sense with initial data (Dgu(O),Q{p(O)) for j =0,...,2N —1, and in the weak
sense of (4.3) with initial data DN u(0) € Y(0) for j = 2N. Here the vectors F*I and F37 are
as defined by (4.68). Moreover, the solution satisfies the estimate

(496)  €(up) +D(w,p) S (1+ Eofn) + K(m) exp (C(1+ EM)T) (Jluoy +Fo +3)

for a constant C' > 0, independent of 1.
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Proof. For notational convenience, throughout the proof we write
(497) 2 1= (1+ €ofn) + A) exp (C(1 + €m)T) o3y + 0 +3)

Since the 0 order compatibility condition (4.90) is satisfied and £() is small enough for
KC(n) to satisfy the hypotheses of Theorem 4.3, we may apply Theorem 4.3. It guarantees the
existence of (u, p) satisfying the inclusions 8tju € L?H3 % for j =0,1,2 and 8{]3 € L2H?*% for
j=0,1. The (D{u, ng) are solutions in that (4.95) is satisfied in the strong sense when j =0
and in the weak sense when j = 1. Finally, the estimate (4.17) holds, but we may replace its
right hand side by Z since K(n) < &(n) < K(n).

For an integer m > 0, let P, denote the proposition asserting the following three statements.
First, that (D u, 8!p) are solutions to (4.95) in the strong sense for j = 0,...,m and in the weak
sense for j = m+1. Second, that 8gu € L2H?" 213 for j = 0,1,...,m+2, &u € L®H>M 2+2
for j=0,1,...,m+1, &pe LEH* 242 for j = 0,1,...,m+1, and & p € L°H?™~2+1 for
7=0,1,...,m. Third, that the estimate

m+1 2 m .2
J
(4.98) Z HatuHLoonf?Hz + Z H(angLoommf?ﬁl
j=0 7=0

m+2
# 2ot
j=0

2
N
L2 H2m—2j+2 ™

2 mt+l
L2 H2m—2j+3 T Z H@gp‘
=0

holds.

The above analysis implies that Pg holds. We claim that if P,,, holds for some m = 0,...,2N —
2, then Py, 11 also holds. Once the claim is established, a finite induction implies that P,, holds
forallm=0,...,2N — 1, which immediately implies all of the conclusions of the theorem. The
rest of the proof is dedicated to the proof of this claim.

Suppose that P, holds for some m = 0,...,2N — 2. We may then combine (4.98) with the
estimates (4.73), (4.74), and (4.75) of Lemma 4.4 to see that

(4.99)
m+1 - 9 9 12
Z (HFL]HL2H2m*2j+3 | F3 | o pramasirss + | FH || oo pramessia + HFSJHLOOHM—?J%/?)
=1
m+1 9
O+ [OER R, L S (14 R() (s+ N | I

/=0
m 9 m+1
4 Z 14
+ 3 080 s + 22 ot
=0 =0

2
L2H2m72l+2

SA+8M)EF+2) s 2

The last inequality in (4.99) follows from the fact that K(n) < 1 and the definition of Z.

We now show that the first assertion of P11 holds. To this end, we note that the es-
timate (4.99) implies that FL™*1 ¢ L2HY 9,Flmtl ¢ [2H-1 p3m+l ¢ [2H3/2 and
O F3 ™+l ¢ L2H-1/2. These inclusions, together with the fact that D" ™'u(0) satisfies the
(m + 1) order compatibility condition (4.90), allow us to apply Theorem 4.3 to solve problem
(1.16), with F*, F? replaced by F'™+1 F3m+1 and with initial data D" *14(0). The resulting
strong solution solution must equal (D" 1u, 87" *1p), the weak solution to (4.95) provided by
P,,, since strong solutions are also weak solutions and Proposition 4.2 guarantees that weak so-
lutions are unique. Furthermore, the theorem implies that (D;"”u, 8?”2]9) are a weak solution
to (4.95). Since Py, already provided that (D]u,d/p) are solutions to (4.95) in the strong sense
for j =0,...,m, we deduce that the first assertion of P, holds.

It remains to prove the the second and third assertions of P, 11; they are intertwined and
will be derived simultaneously. To begin, we note that the previous application of Theorem 4.3

o

2
12 H2m72é+3
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also provides, by way of (4.17), the estimate
(4.100)
1D gy + 1|00 D7 g + 102Dl + 107Dl gy + 10720 ] 2
+ 1D ) e o+ 10D [ gro + 107 P e
< (1+ &) exp (C(1+ €m)T) ([ D (O[5 + [|F2 )7 + |27+ )]}, +5)
S (14 €(n) + &) exp (C(L+ €m)T) (Jluolliy +Fo +5) S 2.

where in the second inequality we have employed estimate (4.76) to control the F“>™*+1(0) terms
and the bound (4.92) to bound the resulting temporal derivatives or u and p at ¢ = 0. The
estimates of the u terms in (4.100), together with the estimates (4.82)—(4.84) of Lemma 4.5 and
the estimate (4.98), imply that

(100) 107l + 108l + 10l 100l +

2 2
s (S ol ot S0 ) -2

E_
SA+8M))Z+Z2 S 2.

UHLOOHO

Hence

m+ m+1

(4.102) (9 L,00 {H2(m+1)—2j+2 Zl tp L,oo F2(m+1)—2j+1
J— J=m+

+ZH o

which means that in order to derive the estimate (4.98) with m replaced by m + 1, it suffices
to prove that

9

L2 H2(m+1)—25+3 + Z H tp‘

] =m++

<
L2 H2(m+1)—2j42 ~

m )

(4.103) > ||dfu _ tp
— LooHQ(m+l)—2]+2 oo H2(m+1)—25+1
J:

<3|l

Once (4.103) is established, summing (4.102) and (4.103) implies that (4.98) holds with m
replaced by m + 1, which further implies that the second and third assertions of P,,11 hold, so
that then all of Py, 1 holds.

In order to prove (4.103) we will use the elliptic regularity of Proposition 3.7 (with k = 4N)
and an iteration argument. The estimates of D"y in (4.100), together with (4.98) and the
estimates (4.80) and (4.81) of Lemma 4.5, allow us to deduce that

(4.104) 10: D" | T 2 + 10: D ul| T2 s S 2.

~

S 2
L2 FH2(m+1)—2j42 ™

L2 H2(m+1)—2j+3 H tp’

Since (4.95) is satisfied in the strong sense for j = m, we may rearrange to find that for a.e.

€ [0,7], (D*,0/p) solve the elliptic problem (3.13) with F'! replaced by F™ — 9,Du,
F? =0, and F? replaced by F?™. We may then apply Proposition 3.7 with = 5 to deduce
that the estimate (3.27) holds for a.e. ¢ € [0,T]; squaring this estimate and integrating over
[0, T] then yields the inequality

(4.105)  [[D}ulZaggs + 107 Pl 2grs S | F2™ = 0D a3 s + |3 |22 e

5 HFLmHiPHii + HatD:nuH%QHS + ||F3’mHi2H7/2 S z,
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where in the last inequality we have used (4.99) and (4.104). Similarly, we may apply Proposition
3.7 with r = 4 to deduce

2 2
(4.106) D ullfoe g+ 107 Pl Toe s S | FV™ = 8eDf ul| e o + | ™o s S 2.
We may argue as before to deduce from (4.105) and (4.106) that
(4.107) 107 ull Lo gy + 10 ull L2 g5 S 2

as well. This argument may be iterated to estimate Gg U, 8,{ p for j = 1,...,m; this yields the
estimate

- 12
o]

2
LooHQ(m+l)72j+2

wos) > Joiu
j=1

LooH2(m+1)72j+1

2
<
L2 H2(m+1)—2j42 ~ Z

et

2
L2 [H2(m+1)—25+3

m .
+ 2|t
j=1
We then apply Proposition 3.7 with » = 2(m + 1) +2 < 4N to see that

(4109)  ull2 e raomssron + 202 gsimsivis S [P = 0l sty = [P gy
5 }|F1Hi°°H2(m+l) + Hatu”%OOHQ(WH‘l) + HFSHiooHZ(erlﬂ»l/Q 5 Z;

and then again with r = 2(m + 1) + 3 < 4N + 1 to see that

(4.110)  [Jull 72 gaomines + P17 2oz S || FH = atUHiQH%mHm + HF3Hi2H2(m+1>+3/2
llmnirse (1 = 0l o+ 1F e gre) S IF [ gonsnin + 10l apgzimins
+1E3] 3 paims e + RO)E + 2) S 2.

Summing (4.108)—(4.110) then gives (4.103), completing the proof.
U

5. PRELIMINARIES FOR THE NONLINEAR PROBLEM

5.1. Forcing estimates. We want to eventually use our linear theory for the problem (1.16)
in order to solve the nonlinear problem (1.10). To do so, we define forcing terms F', F® to be
used in the linear theory that match the terms in (1.10). That is, given u,n, we define

FY(u,n) = ;7K d3u — u - V 4u, and

(5.1) ,
F°(u,n) =N = —nDn + nes,

where A, N, K are determined as usual by 7.

We will need to be able to estimate various norms of F'(u,n) and F3(u,n) in terms of the
norms of u and 7 that appear in K(n), €y(n), and K(u,p), defined by (4.71), (4.72), and (4.93),
respectively. The norms of the F' terms are contained in § and Fo, as defined by (4.69). We
will actually need a slight modification of &(u, p), which we define as

2 . 2
RN L P
L2HAN—-2j+1 Lo HAN—2j

2N )
(5:2) fan(u) = Y |9l
j=0

Our estimates are the content of the following lemma.
Lemma 5.1. Suppose that R(n) <1 and Kan(u) < co. Then
(5.3) F(F'(u,n), F*(u,m) S [L+T + &) () + Kn) [Kon (u) + (Ron ()] + (Ran(w))?.
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Proof. All terms in the definition of F''(u,n), F3(u,n) are quadratic or higher-order except the
term nes in F3. As such, we may argue as in the proof of Lemma 4.4 to deduce the bound

(5.4) F(F'(u,m), F>(u,n) — nes) < €(n)K(n) + K(n)(R(n) + Ko (u) + (Ran (u))?) + (Ko (w))*.

Here the appearance of the term &(7)£(n) is due to the term D7 in F3, while the appearance
of Ran(u)? is due to the term u - Vu that appears when we write u -V u = u-Vu+u-V4_ru
in FL.

On the other hand, by definition, we have

2N —
.2 .12
(5'5) 3(0’ 7763) - Z Hagn‘ L2 HAN—2j—1/2 - Z HagnHLooH4N—2j—3/2
=0 =0

2N 2
S+ ||obn|| L, = (1 DIE).
=0

Then, since §(X,Y +2) < §(X,Y)+35(0, Z), we may combine (5.4) with (5.5) to deduce (5.3).
(]

5.2. Data estimates. In the construction of the initial data performed after Lemma 4.6 it
was assumed that 8/n(0) for j = 0,...,2N and 8] F1(0), 8/ F3(0) for j = 0,...,2N — 1 were
all known. Knowledge of the former allowed us to compute R(0), Ag, Ny, etc along with their
temporal derivatives; these quantities then served as coefficients in deriving the initial conditions
for u,p and their temporal derivatives. Since for the full nonlinear problem the function 7 is
unknown and its evolution is coupled to that of u and p, we must revise the construction of
the data to include this coupling, assuming only that ug and 7y are given. This will also reveal
the compatibility conditions that must be satisfied by ug and g in order to solve the nonlinear
problem (1.10). To this end we first define the quantities

2 2 2
(5.6) Eo = |luollsny + lImollsy » and Fo := ”770”4N+1/2'

For our estimates we must also introduce the quantity

(5.7) (u.p) ZH@J H4N 2j * Z H(?]p H4N 2j-1

We will also need a more exact enumeration of the terms in €y(u, p), €o(n), and Fo (as defined
n (5.7), (4.72), and (4.69), respectively). For j =0,...,2N — 1 we define

S S ) F ol .+ ot ’
(58) So(F" (u,m), F7(u,m)) Z iN—2a ()4N2z3/2 o
: 2 2 L 2
5.9 ¢l(n) = (0 |9tn)| ,
(5.9) b(n) = lmllin + 10m(O)llin 1 + ; A0
with the sum in (5.9) only including the first term when j = 0 and only the first two terms
when j = 1. For j = 0 we write ¢3(u,p) := ||u0HZN, and for j =1,...,2N we write
J
J — ¢ 1
(5.10) & (u, p) ._;%’)Btu(O)H —i—ZH@tp H4N ot

The following lemma records more refined versions of the estimates (4.76) and (4.85) as well
as some other related estimates that are useful in dealing with the initial data.

Lemma 5.2. For F'(u,n) and F3(u,n) defined by (5.1) and j =0,...,2N — 1, it holds that
(5.11) FO(F* (w,m), F3(u,m)) < Py(€)7 (n), €)(u, p))
for Pj(-,-) a polynomial so that P;(0,0) = 0.
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Forj=1,...,2N —1 let F13(0) and F37(0) be determined by (4.68) and (5.1), using 9{n(0),
otu(0), and d¢p(0) for appropriate values of £. Then
(5.12) HFI’J(O)H4N72;'—2 + }|F3’](0)H4N72j73/2 < Pj(&) " (n), &) (u,p))
for Pj(-,-) a polynomial so that P;(0,0) = 0.
For j =0,...,2N it holds that
: . 2 . :
(5.13) o) = Du)],, < Pi(& ). €u.p)

for Pj(-,-) a polynomial so that P;(0,0) = 0.
Forj=1,...,2N —1 it holds that

> ()otavo) 21w 2

=0 HAN-2j+3/2(y))
for Pj(-,-) a polynomial so that P;(0,0) = 0. Also,

(5.14) < Pi(€)(n), €)(u,p))

2 2 2
(5.15) o - NolZran-1 sy S ol + lmoll2

Proof. These bounds may be derived by arguing as in the proof of Lemma 4.4. As such, we
again omit the details. O

This lemma allows us to modify the construction presented after Lemma 4.6 to construct all
of the initial data & u(0), &n(0) for j = 0,...,2N and & p(0) for j = 0,...,2N — 1. Along
the way we will also derive estimates of €y(u,p) + Ep(n) in terms of & and determine the
compatibility conditions for wug, 7y necessary for existence of solutions to (1.10).

We assume that ug, ng satisfy Fg < oo and that HnoHi N-1/2 < &y < 1 is sufficiently small for
the hypothesis of Proposition 3.9 to hold when k = 4N. As before, we will iteratively construct
the initial data, but this time we will use the estimates in Lemma 5.2. Define 9;1(0) = ug - N,
where ug € H*N=1/2(X) when traced onto ¥, and Nj is determined in terms of 79. Estimate
(5.15) implies that [|9;7(0)[|2x_; < o, and hence that €9(u,p) + €5(n) < E. We may use this
bound in (5.11) with 7 = 0 to find that

(5.16) So(E" (u,m), F2(u,m)) < Po(€G(n), €5(u, p)) < P(Eo)

for a polynomial P(-) so that P(0) = 0. Note that in this estimate and in the estimates below,
we employ a convention with polynomials of & similar to the one we employ with constants:
they are allowed to change from line to line, but they always satisfy P(0) = 0.

Suppose now that j € [0,2N — 2] and that d{u(0) are known for £ = 0,...,7, d{n(0) are
known for £ =0,...,j 4 1, and 9¢p(0) are known for £ = 0,...,j — 1 (with the understanding
that nothing is known of p(0) when j = 0), and that

(5.17) €)(u,p) + €7 (n) + FH(F" (w, ), F*(u,m)) < P(E).
According to the estimates (5.12) and (5.13), we then know that

17 . 2 37 . 2 . 2
(5.18) [E9O) [y oy + I Oy + [DRu), < PCED).
By virtue of estimates (4.87) and (5.17), we know that

(519) ' (#'0), (o))

s | PE0). D))

AN—-2j-3/2

+pE©. oo, < PeE.

This allows us to define 8,{]9(0) as the solution to (3.43) with f1, f2, f3 given by f!, 2, . Then
Proposition 3.9 with £ = 4N and r = 4N — 2j — 1 < k implies that

(5.20) Hagp(O)HzN_2j_l < P(&).
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Now the estimates (4.86), (5.17), and (5.18) allow us to define
(5:21) D" u(0) := &°(F'(0), Dju(0), &{p(0)) € H*N272,
and owing to (5.13), we have the estimate

(5.22) Hag“u(O)HzN_Q(jH) < P(&).

Now we define &/ %1(0) = ZZ,Z& (%) LN (0) -8g_éu(0). The estimate (5.15), together with (5.17)
and (5.22) then imply that

(5.23) Hag’“ < P(&).

2

o)
n(0) AN—-2(j+2)+3/2
We may combine (5.17) with (5.20)—(5.23) to deduce that

(5.24) el (u,p) + € (n) < P(&),

but then (5.11) implies that S{)H(Fl (u,m), F3(u,n)) < P(&) as well, and we deduce that the
bound (5.17) also holds with j replaced by j + 1.
Using the above analysis, we may iterate from j =0,...,2N — 2 to deduce that

(5.25) &V u,p) + €Y () + FVTHE (u,m), FP(u,m)) < P(E).

After this iteration, it remains only to define 9 'p(0) and D?Nu(0). In order to do this,
we must first impose the compatibility conditions on ug and 79. These are the same as in
(4.90), but because now the temporal derivatives of 7 have been constructed as well, we restate
them in a slightly different way. Let 8/u(0), F7(0), F37(0) for j = 0,...,2N — 1, 8/n(0) for
j=0,...,2N, and 8/p(0) for j = 0,...,2N — 2 be constructed in terms of 1y, ug as above.
Let IIp be the projection defined in terms of 7y as in (4.14) and D; be the operator defined by
(4.12). We say that ug, o satisfy the (2N ) order compatibility conditions if

div 4, (DJu(0)) = 0 in O
(5.26) D}u(0) =0 on %
IIo(F39(0) + Dgy DI u(0)Ng) =0 on X
forj =0,...,2N—1. Note that if ug, 7o satisfy (5.26), then the j** order compatibility condition
(4.90) is satisfied for j =0,...,2N — 1.
Now we define 92 ~!p(0) and DN u(0). We use the compatibility conditions (5.26) and argue
as above and in the derivation of (4.88) in Lemma 4.6 to estimate

G2 |PEE LD o)+ [P ). 0B o) < PeE)
and

(5.28) 1F-2-1(0)2 + ) div AO(R(O)DEN—lu(o»Hz < P(&).

We then define 92 ~1p(0) € H' as a weak solution to (3.43) in the sense of (3.49) with this
choice of f2 =2, f3 =3, go = — div.4, (R(0)D?*N ~*1(0)), and G = —F"2N=1(0). The estimate
(3.46), when combined with (5.27)—(5.28), allows us to deduce that

(5.29) Hafolp(O)Hj < P(&).

Then we set DZNu(0) = 8°(FL2N=1(0), D2V 14(0), 02V ~1p(0)), employing (4.86) to see that
DN € HO. In fact, the construction of 92 ~'p(0) guarantees that D?Nu(0) € Y(0). Arguing
as before, we also have the estimate

2
(5.30) 10N u(0) ||y < P(&o)

This completes the construction of the initial data, but we will record a form of the estimates
(5.25), (5.29)—(5.30) in the following proposition.
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Proposition 5.3. Suppose that ug,no satisfy Fo < oo and that & < 1 is sufficiently small for
the hypothesis of Proposition 3.9 to hold when k = 4N. Let 9ju(0), d/n(0) for j = 0,...,2N
and 9]p(0) for j =0,...,2N — 1 be given as above. Then

(5.31) &0 < €o(u,p) + Eo(n) S &

Proof. The first inequality in (5.31) is trivial. Summing (5.25) and (5.29)-(5.30) yields the
estimate €y(u,p) + &Eo(n) < P(&) for a polynomial P satisfying P(0) = 0. Since & < 1, we
have that P(&) S &o, and the last inequality in (5.31) follows directly. O

5.3. Transport problem. Thus far we have considered solving for (u,p), given 7. Now we
discuss how to solve for 7, given u (more precisely, its trace on X). We do so by considering the
transport problem

(5.32) {&m + w11 + ugdon = uz  in R?

n(0) = no.
We now state a well-posedness theory for (5.32) involving the quantities &y, Fo, Ran(u), K(n)

as defined by (5.6), (5.2), (4.71), respectively. We will also need one more quantity, which we
write as

(5.33) .7:(77) = H77||%OOH4N+1/2-

Theorem 5.4. Suppose that ug,no satisfy Fo < oo and that Ey(n) < 1 is sufficiently small for
the hypothesis of Proposition 3.9 to hold when k = 4N. Let 81{77(0), 6§u(0) forj=1,...,2N be
defined in terms of ug,no as in Section 5.2 and suppose that u satisfies Koy (u) < 1 and achieves
the initial conditions &lu(0) for j = 0,...,2N. Then the problem (5.32) admits a unique

solution n that satisfies F(n) +R(n) < oo and achieves the initial data (9,5777(9) forj=0,...,2N.
Moreover, there exists a 0 < T < 1, depending on N, so that if 0 < T < Twmin{l,1/Fy}, then
we have the estimates

(5.34) F(n) S Fo+TRan(u),
(5.35) E(n) S & + TRan(u),
(5.36) D(n) < E + TFo + Ron (u).

Proof. The proof proceeds through three steps. We first establish the solvability of problem
(5.32), then we establish the L H* estimates needed to bound €(n) as in (5.35), and then we
handle the L2H* estimates for the terms in ®(n) to derive (5.36). Summing the bounds (5.35)
and (5.36) shows that R(n) < oco.

Step 1 — Solving the transport equation

The assumptions on u imply, via trace theory, that u € L2([0,T]; H*N+1/2(%)), which allows
us to employ the a priori estimates for solutions of the transport equation derived in [13] (more
specifically, Proposition 2.1 with p = p; =7 =2, 0 = 4N 4 1/2). Although the well-posedness
of (5.32) is not proved in [13], it can be deduced from the a priori estimates in a standard way;
full details are provided in Theorem 3.3.1 of the unpublished note [14]. The result is that (5.32)
admits a unique solution n € C°([0, T]; H*N*1/2(X)) with 1(0) = 7o that satisfies the estimate

T T
630 Willesvess < exp (€ [ I gvosnyde) (VE+ [ TualOllgovona )

0 0
for C' > 0. By trace theory, we have [[u(t)| gan+1/2(5) S +/Ran(u), so that the Cauchy-Schwarz
inequality implies CfOT @) gav+1/2(sy dt S VT\/fon(u) < VT, and hence that

T
(538) eXp <C/ Hu(t)”H4N+1/2(2) dt) S 2
0

for T < T with T < 1 sufficiently small. We deduce from (5.37) and (5.38) that
(5.39) VFn) £2(vFo+ VTR (v)),
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from which (5.34) easily follows.
Step 2 — Bounding €&(n)
Proposition 2.1 of [13] also implies the a priori estimate

T T
(5.40) unuLmWSexp(c / Hu(t)\Hme(z)dt) (Hnor4N+ / Hu3<t>uHm(z>dt)
< (Ve + vTRan (),

where we have used the smallness of T, trace theory, and Cauchy-Schwarz as above. Since 0,1
satisfies Oy = uz — Dn - u and Koy (u) < 0o, we know that 9,7 is temporally differentiable and
satisfies 9;(0yn) + u - D(9yn) = Opuz — Opu - Dy with initial condition 9n(0) = ug - Ny, which
matches the initial data constructed in terms of ug, 9. We may again apply Proposition 2.1 of
[13] and then use (5.40) to find

T
(5.41)  |On|| poo pran—2 < 2 (H@m(ﬂ)|4N_2 +/0 ”atu3||H4N72(2) + [|Opu - D7]||H4N2(E)>

T
S0 lay—s + (14 [l o gran—1) /0 100l gran— sy S V€ m)

VT Ran (W) (L4 [0l e prov—1) S /&) + VT Ron () (14 V/E(m) + VT Ron (u))
S P(vV€(n), VT Ry (u)

for a polynomial P(-,-) with P(0,0) = 0. A straightforward modification of this argument
allows us to iterate to obtain, for j = 1,...,2N, the estimate

(5.42) [0]| sy < PO/Eo), VTR (w)

for P(-,-) a polynomial with P(0,0) = 0. We also find that the initial data 8/n(0) is achieved
for j = 0,...,2N. Squaring (5.40) and (5.42) and summing, we then deduce that &(n) <
P(€y(n), TRan(u)) for another polynomial with P(0,0) = 0. Since €y(n) < 1 and TRon(u) <
TRon(u) < 1, we then have that

(5.43) €(n) < €o(n) + TRan(u),

which yields (5.35) when combined with Proposition 5.3.

Step 3 — Bounding ()

Now we control the terms in ®(n). From (5.39), Cauchy-Schwarz, and the fact that 7" < 1,
we see that

(5.44) 10l 2 gran1re < VTVF(n) < 2(vVTFo + /Ran (w)).

We may then use the equation (5.32), trace theory, the fact that H*V~1/2(X) is an algebra, and
estimate (5.44) to bound

(5:45) 10wl 2 gran-12 S lusllpzran-1/2 + |l poo prav—vs2 [0l 2 rana/z

S VR (W) (1 + /T Fo+ v/ Raon () S P(VTFo, /Ran (u))

for P a polynomial with P(0,0) = 0. We argue similarly (employing (5.45) along the way) to
find that

(5.46)  0Pl| o gran—ssz S 10usll paggon2 + Il o ggon v 9ol 2 pgan—s
10l 2 pran 172 sl e pran 72 S v/ Ra () (14l oo gan-vz2 + 100l 2 av-2)

S VSan (u)(1 + V&) + P(VTFo, \/Ran(w))) S P(VTFo, /Ran (u), v/ €(1))

for a polynomial P with P(0,0,0) = 0. Iterating this argument for j = 2,...,2N +1 then yields
the inequalities

(5.47) Ha{n‘

< P(VTFo,\/Ron(u), \/E(n))

L2HAN—2j+5/2
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for a polynomial with P(0,0,0) = 0. We may then square and sum (5.44)-(5.47) to find
that ©(n) < P(TFo, Ran(u), E(n)), but then (5.43) and the bound 7' < 1 imply that D(n) <
P(TFo, Ran(u), €y(n)) for another P. By assumption, TFy < T < 1, and Kan(u), Eo(n) < 1 as
well; hence

(5.48) D(n) S TFo+ Ron(u) + €o(n),

which provides the estimate (5.36) when combined with Proposition 5.3.
O

5.4. An extension result. In our nonlinear well-posedness argument we will need to be able
to take the initial data 8/u(0), j = 0,...,2N, constructed in Section 5.2 and extend it to a
function u satisfying Ron(u) < €p(u,0). This extension is the content of the following lemma.

Lemma 5.5. Suppose that &/u(0) € H*N=2(Q) for j = 0,...,2N. Then there exists an
extension u, achieving the initial data, so that

(5.49) Ofu € L*([0, 00); H*N727+1(Q)) 1 L([0, 00); H*Y2(2))

for j =0,...,2N. Moreover Ron(u) S €o(u,0), where in the definition of Kan(u) we take
T = oo.

Proof. Owing to the usual theory of extensions and restrictions in Sobolev spaces, it suffices to
prove the result with Q replaced by R? in the non-periodic case and (L1 T) x (L2T) x R in the
periodic case. The proof in the periodic case can be derived from the non-periodic proof by
trivially changing some integrals over frequencies to sums. As such, we present only the proof
in R3.

Let f; € H*N _2j(R3) denote the extension of &/u(0) € H*N=2/(Q). It suffices to construct
Fj(x,t) for j =0,...,2N so that 0F Fj(x,0) = 6 fj(z) (6, is the Kronecker delta) and

+fots],

for k =0,...,2N. Indeed, with such F} in hand, the sum F' = Z =0 L is the desired extension.
Note that in the norms of (5.50) the symbol LPH™ denotes LP ([0, 00); H™(R3)).

Let ¢; € C*(R) be such that ap(k)(O) = 0 for K = 0,...,2N (here (k) is the number
of derivatives). We then define Fj(£,t) = o;(t ({}2)fj(§)<f)*2j, where ° denotes the Fourier

transform and (&) = 1/1 + |¢|>. By construction, 9} F (&, t) = goj ( (&) )fj(§)<§)2(k_j) so that
OFF(-,0) = §; . f;. We estimate

Hathj(‘,t)H _/Rs<§> (4N —2k) ‘(p 2)‘2‘fj(g)‘2<§>2(2k72j)d§

:/Rg

2 o
so that H@fFjHLoon_zk < ||fsz2;N_2j. Similarly,

(5.50) Hat ‘

L2 HAN —2k+1 oo HAN—2k ™ ”fJHz,Ln 2j

2

(5.51) AN—2k

k o k 2
A0 0 67 s < [P, 151

0By = [ 20520 [P g o) (@222 dear
- [ LlePeen[ el @i
(5.52) -/, \fj@f v ([ eier| ar) e
’ 2(4N-2j+1) <<§1>2 /Ooo)wg-k)(r)‘zdr) de
—H% G G R ol T
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so that “3fF}”iQH4N_2k+1 S ||fj||iN_2j . Note that in (5.52), we have used Fubini’s theorem to
switch the order of integration; this is possible since ¢ is compactly supported. We then have

that F}; satisfies the desired properties, completing the proof.
O

6. LOCAL WELL-POSEDNESS OF THE NONLINEAR PROBLEM

6.1. Sequence of approximate solutions. In order to construct the solution to (1.10), we
will pass to the limit in a sequence of approximate solutions. The construction of this sequence
is the content of our next result.

Theorem 6.1. Assume the initial data are given as in Section 5.2 and satisfy the (2N)
compatibility conditions (5.26). There exist 0 < 6 <1 and 0 < T < 1 so that if &g < §, Fy < o0,
and 0 < T < Ty := Tmin{l,1/Fo}, then there exists an infinite sequence {(u™,p™, n™)}>_,
with the following three properties. First, for m > 1 it holds that

O™ — A gmu™ L 4 Vg™t = 9K ™ Oqu™ — u™ - V gmu™  in

6.1) div gm vt =0 in Q
S pm (pm L umTHYN™ = g N on ¥
umtl =0 on X,

and

(6.2) O™ = ML N on 3,

where A™ N™, K™ are gwen in terms of n™. Second, (um,pm,nm) achieve the initial data

for each m > 1, i.e. d/u™(0) = 0}u(0) and 9{n™(0) = 9n(0) for j = 0,...,2N, while
dIp™(0) = d/p(0) for j =0,...,2N — 1. Third, for each m > 1 we have the estimates

(6.3) KN™) + Rw™, p™) < C(& + TFy), and F(n'™) < C(Fo+ E + TFo)

for a universal constant C' > 0.

Proof. We divide the proof into three steps. First, we construct an initial pair (u°,7°) that will

be used as a starting point for constructing (u™,p™,n™) for m > 1. Second, we prove that if

(u™, p™, ™) are known and satisfy certain estimates, then we can construct (u™*!, pm+1 pmtl),
Third, we combine the first two steps in an appropriate way to iteratively construct all of the
(u™, p™,n™). Throughout the proof we will need to explicitly enumerate the various constants
appearing in estimates where previously we have written <. We do so with C1,...,Cy > 0.
Before proceeding to the steps, we define some terms and make some assumptions. Let 3 > 0
be such that if &(n) < 1, then the hypotheses of Theorem 4.7 are satisfied. Similarly, let o > 0
be the constant such that if €y(n) < d2, then the hypotheses of Theorem 5.4 are satisfied. We
assume that 0 is sufficiently small so that & < ¢ satisfies the hypotheses of Proposition 5.3,

and so that (using the estimate (5.31))

(6.4) Eo(n) + Eo(u,p) < C1& < C19 < min{l,d2}.
This allows us to use (5.11) of Lemma 5.2 with j = 2N — 1 to bound
(6.5) So(F (u,n), F2(u,m)) < Cao.

Step 1 — Seeding the sequence

We begin by extending the initial data &/u(0) € H*N=2(Q) to a time-dependent function
u? so that Gqu(O) = 8{u(0). We do so by applying Lemma 5.5. Although this produces a
u® defined on the time interval [0, 00), we may restrict to [0, 7] without increasing any of the

space-time norms in fn(u?). We may combine the estimate of fan(u®) provided by Lemma
5.5 with (6.4) to bound

(6.6) Ron (u°) < C5&p.

With «° in hand, we define 7° as the solution to (5.32) with u" replacing u. To do so, we
apply Theorem 5.4, the hypotheses of which are satisfied by virtue of (6.4) and (6.6) if we
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further restrict to C30 < 1. Restricting T as in the theorem, we find our solution n°, which
satisfies 3/n"(0) = 8/n(0) as well as the estimates

F(n°) < Cu(Fo + TRan (u”))
(6.7) e(n%) < C5(& + TRan (1))
D) < Cs(E + TFo + Ron(u0)).

Step 2 — The iteration argument

We claim that there exist v1,72,73,714 > 0 and 0 < 5, T <1 (both depending on the ;) so
that if § < 0 and T < T, then the following property is satisfied. If (u™,n™) are known and
satisfy the estimates

En™) < v1(Eo +TFo), D(n™) < v2(Eo + TFo),
fon(u™) < v3(&0 + TFo), F('™) < CaFo + va(&o + TFo),

then there exists a unique triple (u™*!, p 1 n™*1) that achieves the initial data, satisfies (6.1)
and (6.2), and obeys the estimates

(™) <o+ THy), D™ ) < 2(Eo + THo),
K™ p" ) < ys(E0 + TFo), F('™ ) < CuFo + v4(Eo + TF).

(
(6.8) (

(6.9)

m+1 m—i—l)

To prove the claim, we will first use 5 to solve for (u , D , and then we will use the

resulting ™ *! to solve for ™. Along the way, we will restrict the size of 6 and T in terms
of v, i = 1,2,3,4. We will define the ~; in terms of the C;, so the § and T can be thought
of as universal constants. Note that the estimates of (6.9) are stronger than those of (6.8)
since Ron (u™t) < K(u™ L pm ). This asymmetry is useful to us since in Step 1 we have not
bothered to construct pY, so only (u’,7") are available to begin the iterative construction of

{™, ™ ™)t
We assume 1n1t1ally that
=~ 1 in{1 1
(6.10) 5,7 <= in{mm{’él},},
T2 (71 +72) "
so that (6.8) implies that Ron(u™) < 1 and
(6.11) Kn™) = €m™) +D(n™) < (n +72)(&o + ToFo) < min{dy, 1},

the latter of which allows us to use Theorem 4.7 to produce a unique pair (u™+!, p™+1) that
achieves the desired initial data and satisfies (6.1). Moreover, from (4.96) and (6.4)—(6.5), we
have the estimate

(6.12) R(u™H p™ ) < Cr(1+ & + R(0™)) exp (Cs(1 + €(n™))T) x
[(1+ Co)& + F(F (™, 0™), F>(u™,0™))] -

Assume that 27°Cys < log 2; then
(6.13) Cr(1+ & + &™) exp (Cs(1 + €(n™))T) < 3C7 exp(2CsT) < 6C7.
On the other hand, we can use our bounds on ™, 4™ in Lemma 5.1 to see that
(6.14) SEH ™, n™), F2 (™, n™)) < Cy [3€(n )+ 28(0™) Ron (u™) + (Ron (u™))?] -
Combining (6.12)—(6.14) with (6.8) then shows that
(6.15) Ku™, pm Tt < 6C; [(1 4 C2)E + 3Cov1(Eo + TF)

+2Cy73(71 + 72) (&0 + TFo)? + Covi (€0 + TFo)?] -

We have now enumerated all of the constants C;, ¢ = 1,...,9, that we need to define the ~;,
i=1,...,4. We choose the values of the v; according to

v = 2C5,73 := 6C7(3 + Cy 4+ 3Cyvy1) + Cs,

6.16
(6.16) Y4 1= Cy,v2 := Cs(1 + 73).
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Notice that even though we have used 7; to define 3 and 3 to define s, all of the ~; are
determined in terms of the constants Cj.

Now we will use the choice of the ~; in (6.16) to derive the &(u™* !, p™*1) estimate of (6.9)
from (6.15). To do this, we further restrict

-~ 1 1 1
6.17 6,7 < — min , .
(6.17) 2 {20973(71 +72) 09%%}
Then since & + TFy < § + T, we may use (6.15) to bound
(6.18) K™ p™t) < 6C7(3 + Co + 3Com ) (Eo + TFo) < v3(E0 + TFo).

Now we construct 71, Recall that 6,7 < 1/(2v3); this and (6.18) then yield the bound
fon(u™Fl) < 1. This estimate then allows us to apply Theorem 5.4 to find n™*! that solves
(6.2) and achieves the initial data. Estimates (5.34)—(5.36) of the theorem, together with (6.18)
and the bound Tpys < T~s < 1, imply that

F(™ ) < Cu(Fo + ToRan (u™ ™)) < CuFo + Cu(Eo + TFo)
(6.19) @(nm-i-l) < 05(50 + ToﬁgN(um+1)) < 205(50 -+ Tfo)
D(n™ ) < Cs(Eo 4+ TFo + Ron (™)) < Co(1 + 43)(Eo + TFo).

Using the definitions of the v; given in (6.16), we see from (6.19) that the n™*! estimates of
(6.9) hold. Then, owing to (6.18), all of the estimates in (6.9) hold, which completes the proof
of the claim.

Step 3 — Construction of the full sequence

We assume that 71,72, 73,74 are given by (6.16) and that 6 and T are as small as in Step 2.
We assume that § < dand T < T in addition to the other restrictions on their size made in Step
1 and before. Returning to (6.6), note that C3 < 73, which means that fax (u®) < v3(Eo+TFo).
We can also combine (6.6) and (6.7) and further restrict T < 1/C3 to deduce that

F(n®) < CuFo + ToC3C1E < CuFo + va(Eo + TFo)
(6.20) @(770) < 05(1 + T()Cg)go <2058 < ’71(50 + T]:o)
@(770) < 06(50 + TFo + 0350) < 06(1 + 03)(50 + T]:O) < 72(50 + T]:O)~

Note that in the last inequality we have used the fact that C3 < 73 to bound Cg(1 4+ C3) <
Ce(1+3) = 72. We are then free to use the pair (u’,n°) as the starting point in Step 2, which
allows us to construct (u',p',n') satisfying the desired PDE and initial conditions, along with
the estimates

(6.21) €(n') < (& +TFo), D(n') < 72(€0 + TFo),

. Ru',p") <y3(&0 +TFy), F(n') < CaFo + (o + TF).
We then iterate from m =1, ..., 00, using (u™,n") and Step 2 to produce the next element of
the sequence, (u™*t1, pmtl pmtly, which satisfies (6.9). All of the conclusions of the theorem
follow.

0

6.2. Contraction. While the estimates (6.3) of Theorem 6.1 will allow us to extract weak
limits from the sequence {(u™,p™,n™)}>°_,, weak convergence of a subsequence is not enough
to allow us to pass to the limit in (6.1)—(6.2) in order to produce the desired solution to (1.10).
We are thus led to study the strong convergence of the sequence, and in particular to consider
its contraction in some norm.

We now define the norms in which we will show the sequence contracts. For T > 0 we define

N, ¢;T) = [0 1o g2 + [0l G2 g + 1000] T o + 100 2 + Nl T + Nl 22
MG T) = 1T e g2+ 1961 G e + 076210

where we write LPH* for LP([0,T]; H*(Q)) in 9 and LP([0, T]; H*(X)) in M.

(6.22)
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The next result provides a comparison of 9 for pairs of solutions to problems of the form
(6.1)—(6.2). We will use it later in Theorem 6.3 to show that the sequence of approximate
solutions contracts, but we will also use it to prove the uniqueness of solutions to (1.10). In
order to avoid confusion with the sequence {(u™,p™,n™)}, we refer to velocities as v/, w/,

pressures as ¢’, and surface functions as Cj for j =1,2.
Theorem 6.2. Let w', w?, v, v%, ¢!, ¢%, and ¢*, (2 satisfy
(6.23) sup {€(¢1), €(¢%), €(v', ¢1), €(v?, ¢°), €(w',0), &(w?,0)} <,

where the temporal L norms in € are computed over the interval [0, T] with 0 < T. Suppose
that for j = 1,2,

atvj—AAjvj+Vquj zétijKjﬁgwj—wj -VAjwj in
div v/ =0 in
(6.24) S i (¢, 0N = NI on X
v =0 on Xy,
07 = wI - N on X,

where AY, K7, N7 are determined by (7 as usual. Further suppose that Ofv'(0) = 9Fv?(0) for
k=0,1, ¢1(0) = ¢*(0), and q'(0) = ¢*(0).
Then there exist €1 > 0, T1 > 0 so that if e < e1 and 0 <T < T7, then

1
(6.25) m(vl —v? ¢t — q2;T) < i‘ﬁ(wl — w2, 0;7)
and
(6.26) Mt — ¢ 1) < 2(w' — w?,0; 7).

Proof. The proof proceeds through six steps. First, we define v = v! — 0%, w = w! — w?,

g = ¢* — ¢%, and derive the PDEs satisfied by v,q. We also identify the energy evolution for
some norms of d,v,0:q. Second, we bound various forcing terms that appear in the energy
evolution and on the right side of the PDEs for v, q. Third, we prove some bounds for d,v, 0q,
using the energy evolution equation. Fourth, we use elliptic estimates to bound norms of v, gq.
Fifth, we derive estimates for (' — ¢? in terms of w. Sixth, we close the estimate to derive the
contraction estimates (6.25), (6.26).

Step 1 — PDEs and energy evolution for differences

We now derive the PDE satisfied by v, ¢, which are defined above. We subtract the equations
in (6.24) with j = 2 from the same equations with j = 1. With the help of some simple algebra,
we can write the resulting equations in terms of v, ¢:

atv—AA1U+VA1q:diVAl(]D)(A1_A2)U2)+H1 in Q
div g1 v = H? in Q

(6.27) S a1 (q, U)Nl = D(AI_A2)U2N1 + H3 on X
v=20 on X
(v(t=0)=0,

where H', H?, H? are defined by
(6.28) H' = diV(Al,Az)(]D)fpvg) - (.Al - AZ)VQQ
+ 9 bK (93w — B3w?) + (8" — 9, CP)DK O3w? + 9, D(KT — K2)93w?
— (w' —w?) -V pgw! —w? -V (w! —w?) —w?- V(AI_AQ)'U)2,

(6.29) H? = —div( g1 g2 v,

(630) H3 = —q2(N1 —N2) +]D)A1’U2(N1 _NZ) - ]D(Al_AQ)’UQ(Nl —N2)
+ (¢ = CINT+ GV =N,
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The solutions are sufficiently regular for us to differentiate (6.27) in time, which results in
the equations

8t(at1)) — AAl (at’t)) + VAl (atq) = diVAl (D(BtAl—atAQ)v2) + H! inQ
div 41 v = H? in Q
(6.31) S41(0pq, O0)N = Dg, 41_g, 420> N + H? on X
O =0 on Xy
| Oro(t =0) =0,

where H', H?, and H? are given by

(6.32) o' = 8tH1 + diVatAl (D(.Al A2)V ) + leAl( (Al,Az)atUQ)
+ leatAl (]D)Aw) + diVAl (DatAl U) - VatA1 q,

(6.33) H? = 0,H* — divy, 41 v,

(6.34) f{S = 8tH3 + ]D(Al_A2)6tU2N1 + D(Al_A2)’U2atNl - SAI (q, v)@tj\/l + DatAl’l)Nl.

Now we multiply (6.31) by J'd;v, integrate over {2, and integrate by parts as in the proof of
Theorem 4.3 to deduce the evolution equation

(6.35) 9, / 2L JL /|]D>A6v] Jl = /’6”' (O, KLYt + /Jlatqéﬂ
Q
+/ J (diV_Al(]D)(atAl_atAQ)U )+H ) '8151}
Q

— / (D(BtAl—atA2)U2N1 + ﬁ3) . 8,51}.
2

Another integration by parts reveals that
. 1
(636) /Q Jl leAl (D(at.Al—(‘)t_AQ)UQ) . 8,51) = —2/ JID(atAl_atAZ)’U2 : DAlatU

Q
+ / ]D)(BtAl—azAQ)val - Opv.
%

We then employ (6.36) to rewrite (6.35), and then we integrate in time from 0 to ¢ < T'; since
Ow(t = 0) =0, we arrive at the equation

(6.37) /"9”’| JL(#) //|]DJA18tv| Jl = //‘6“” (O, J KLY
//JlH1 8U—|—Hatq—//JD3tA1 9;A2)V ]D)A16tv—//H - Oyv.

Step 2 — Estimates of the forcing terms

In order for the equation (6.37) to be useful, we must be able to estimate the terms that
appear on its right. To this end, we now derive estimates for H', H2, 8, H? in H°(Q) and H3
in H-Y2(%). We claim that the following estimates hold; in each we have written P(-) for a
polynomial so that P(0) = 0.

6.38) |7 S PWAIIC = Py + 00" = A + (103" = 72l

ot = w?, + |9’ — 0|, + folly + llall, ]

(6.39) |22, s POA[IE = ¢2lly o+ 196" = 213, + ol
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6.40) ||ou2%| £ POVA IS = Cllyjo + 1906 = 062l o + 926" = 022l

+ lolly + el |

Ga1) 2] S POGA[IC o+ 18—y + ol + lal]

+ H@tCl - atCQH 1/2

According to the definitions (6.32)-(6.34), all of the summands in H', H?, §; H? are quadratic,
of the form X x Y, where Y is one of v, q, 8‘7C1 8342 for j =0,1,2, or 8jw —ijz for j =0,1.
The bounds (6.38)—(6.40) may be established by estimating the products X x Y with Lemmas
A1, A4, A6, A7, and A.5 and the usual Sobolev and trace embeddings; the appearance of the
terms P(y/€) is due to the X terms, whose appropriate Sobolev norm may be bounded above
by a polynomial in

(6.42) Vsup {€(¢1), €(¢?), €(v1, 1), €(v2, ¢2), E(w!, 0), €(w?, 0)} < Ve

The estimate (6.41) follows similarly by using (A.3) of Lemma A.1, except that H? has a single
term, namely (9;¢' — 9;¢?)es, that is not quadratic and that causes the last term on the right
side of (6.41) to not be multiplied by P(y/€). The same sort of argument also allows us to
deduce the bound

(6.43) IDa1-.420%lly S POVE) [IIH = Gl + 11006 = 017y )

We will eventually employ an elliptic estimate with (6.27), so we will also need estimates
of H', H?, H? and the two other terms appearing on the right side of (6.27). The following
estimates hold for » = 0,1 (again P denotes a polynomial with P(0) = 0):

1/2

(6.44) 1, S POA) [I6" = Ly + 110 = B,y + [l = 2],
(6.45) 2], S PGS = g

(6.46) 121,40 £ PR [ICH = ¢,y 16T =l

(6.47) [divar (D a2)o?) [, € P(VE[IC" = |y

(6.48) D2y * Ay o S PWVEICH = P lyyago-

The proof of (6.44)-(6.48) may be carried out in the same manner we used above to prove
(6.38)—(6.41).

Step 3 — Estimates of d;v from (6.37)

Now we employ the estimates of the forcing terms from the previous step in (6.37) in order
to deduce estimates for dyv. First we note that, owing to (6.42) and Sobolev embeddings, we
can bound
(6.49) [T e + K| e S 14+ P(VE) and |00 T1]], . S P(VE)

for P a polynomial with P(0) = 0. 3
Because of the time derivative on ¢, the most delicate term in (6.37) is the product J'H?d,q.
To handle it we integrate by parts in time and use the fact that ¢(0) = 0 to see that

t t
(6.50) / / JYH?d,q = / {at / JlqH? — / 8tJ1qu2+J1q6th2}
0 JQ 0 Q Q

t
= / JYqH?(t) — J'qH?(0) — / / oy J qH? + J1q0,H?
Q 0 JQ

t
= / JYqH?(t) — / / o J qH? + Jrq0,H?.
Q 0 JQ
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This, (6.49), and the estimates (6.39) and (6.40) then imply that

t 1
1772 j -1 J -2
651 [ [ IE00 5 PO lall jZOHazc < R P

t 2 0 ,
PR [ lally | 3 odt — a0, + ol + ol |
=0

where the L> norms are computed over the temporal interval [0, 7).

The other terms on the right of (6.37) are not so delicate and may be estimated directly with
(6.38), (6.41), and (6.43). Indeed, these estimates together with trace theory and the Poincaré
inequality imply that

t - 1 t -
(652) //JlHl'atU—2J1D(at_A1_atA2)’U2ZDAlatU—/ /HB'at’U
0 JQ 0 JX

t
1
< [ 1
0

t L ¢
[ Mol s [ ol [POAVE+ [ac - 0|y ).

where we have written

5 1
HlHo 19evllo + 2 17 e HD(atAl—atA?)UQHO D 4100

(653) 2= [[¢t = 5 + 0C" = Ay + 1|07 = R,
t [[wt = w?|[} + |Gt — o[} + [loll3 + llgll3

Also, we may use (6.42) to bound

t 2 t 2
(6.54) / / 90l g, g1 K1) 1 gc\@/ / 9l 51
0 JQ 2 0 JO 2

for some constant C' > 0.
We now combine the estimates (6.51), (6.52), and (6.54) with (6.37), employ Lemma 2.1 to

bound |9, /2 < H\/JllD)A18tv
left side of the resulting inequality; this yields the bound

o and utilize Cauchy’s inequality to absorb fg |0sv||> onto the

1 1 t t a 2 t
655 5 [P @+ [l <ove [ ] 190F 14 p(ye) | val
2 Jo 8 Jo 0 Ja 2 0

F vl oo s

+ P e |3 016 - 07,
=0

oo [g1/2

1/2

t 2 ) )
+PA) [ lal 3 [letet = ohe?], , e,

t
2
+ /0 [P(\@)Z +C o - athH_m} :
This bound can be viewed as a differential inequality of the form
t
(6.56) 2(t) + y(t) < Oe / 2(s)ds + F(b),
0

where z,y, F' > 0, (0) = 0, and F'(¢) is increasing in ¢. Gronwall’s lemma then implies that

(6.57) z(t) + y(t) < eCVELR(1).
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We assume that €1 and T; are sufficiently small for eC Vet < Vet < 9. Then from (6.55),
(6.57), and Lemma 2.1 we deduce the bound

T
(6.58)  [[0w|70 o + 100017211 < P(VE) ldll72p0 + C [0 — (9t§2H22H,1/2 +/ P(\e)Z
0

1
+ POVE) lalprro | D0 |04t = 00%| L, + 0l
=0

+lollpzg |

POl | > |oict — a1
j=0

L2H1/2

where again the temporal L> and L? norms are computed over [0, 7.

Step 4 — Elliptic estimates for v and ¢

In order to close our estimates, we must be able to estimate v and g. This will be accomplished
with an elliptic estimate. We combine Proposition 3.7 with the estimates (6.44)—(6.48) to deduce
the bound for r =0, 1,

(6:59) [[0l7sa + gl S Nl + ]+ [livan Dea eIl + 117
2 2 2
+ HH?)Hr+1/2 + HD(AI*AQ)UZNIHTH/Q < 10wl + 1<t~ <2Hr+1/2
2 2 2
F PR (6" = gyt 0 = Ay + [0 = w2,
We set r =0 in (6.59) and then take the supremum in time over [0, 7] to find
(6:60)  [[ol17oeprz + lallF o2 S 1000013 0 o + [IC" = €I g2
+ PR (16" = s 10 = A e groasa + 10" =[]
Then we set 7 =1 in (6.59) and integrate over [0, 7] to find
(6.61) [[olZ2prs + lallForme < 10wl 7omm +11C" = CllLagare
+ PVA) (It = lapere + 10t = B g + 0" = 0 [Fae]

Step 5 — Estimates of ¢! — ¢?
Now we turn to estimating the difference ¢! — ¢? in terms of w! — w?. We subtract the
equations satisfied by ¢? from the one for ¢! to find that

(6.62) {3t(<1 — ¢ +w D¢ =) =(w' —w?) - N? in%

(¢ =3)(t=0)=0.
The PDE (6.62) is a transport equation for (! — (2, so we can employ Lemma A.8 to estimate
1 2 T 1 T 1 2 2
T
SOTEL PR [ ! = wt)r)ar
0
S eVIVEL+ PVEWVT [|w' = w?| s -

We can further restrict £; and T} so that e“VTVZ < 2 and 1+ P(y/e) < 2; then

(6.64) HCl _C2HL00H5/2 Sﬁle _w2HL2H3'
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Then we use the first equation in (6.62), trace theory, and the estimate (6.64) to see that

(6.65) Hatgl - atCZHLOOHW? = H(wl —w?) 'N2HL°°H3/2 + le -D(¢t - CQ)HLOOH?’/Q
S 1+ P(Ve)) ”wl - w2HL°°H3/2(E) + P(Ve) HCI - QQHLOOHWQ
S le - w2HL°°H2 + P(VEWWT le - w2HL2H3 :
Similarly, we differentiate (6.62) in time to find that

(6.66) [[02¢" = 023 yasprse S (1 + P(VE)) [[90" = 02| oy + P(VE) ||| = 0| o e
F11¢t = Pl paggare + 10 = O] oo | S |00t = B2

POV = g+ 6 = s+ 126 =]
S H@twl - 8tw2HL2H1 + P(\/g)\/wal - w2HL°OH2 + P(Ve)T le - w2HL2H3 :

Step 6 — Synthesis: contraction
We now have all of the ingredients to prove our contraction result. We write

N(T) :=N(v' —v?,¢" — g% T)
(6.67) N(T) := N(w' — w?,0;7)
M(T) :=M(¢' = (3 T),
where 9t and 91 are defined by (6.22). We will first rewrite the bounds (6.58), (6.60), and (6.61)

in terms of these new quantities.
We begin with the right side of (6.58). According to the definition of Z, (6.53), we may
bound

T
(6.68) Hq||izHo + /0 ZS5A4+T)(T) +N(T)| +TNR(T)

Similarly,

1212 + [[vll 2

<SVTV(T) [(1 +VT)/M(T) + \/f\/‘ﬁ”(T)} ,

(6.70) Hatgm-‘rl - 8tC2HiQH—1/2 S Tf)ﬁ(T),

and

69 e |3 |oict - aic?]
§=0

1
6.71) lall s | D |00 = 0|+ Il
=0

oo [g1/2

< V(D) [V + V(D)
Then, using (6.68)—(6.71) and Cauchy’s inequality, we may rewrite (6.58) as
6.72) 10l ppo + [00l221 [T+ P(VE)1+T)] 3T + [P(VE) (1 + T)] (1)
+ [P(Ve)(1+T)] M(T).
Now we turn to the elliptic estimates (6.60)—(6.61). The bound (6.60) becomes
2 w
(6.73) ol feeprz + lal 7o S NON 70 pro + [[C1 = Cll e g2 + P(VE) (T + N(T)].

Note here that we have kept the term with ¢* —(? because it does not yet have a small multiplier
in front of it. On the other hand, the bound (6.61) becomes

(6.74) ollZ2 gz + gl Z2 e S 100l 72pn + T(1+ P(VE)) [U(T) + 9N(T)] .
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We need not retain the ¢* — (2 term in (6.74) since we can control the square of the temporal
L? norm by the square of the L> norm to pick up a T factor.

Next we reformulate the bounds (6.64)—(6.66) in a similar fashion. The estimate (6.64)
becomes

2 w
(675) HCl - CQHLOOH«S/Q ,SJ ™ (T)
Similarly, we may sum (6.65) and (6.66) to bound

2 2 w

(6.76) 10:¢ = 0G| oo grare + 1|06Ct = 00?2 pase S [1+ (T + T?) P (V)] NU(T).
Summing (6.75) and (6.76) yields
(6.77) M(T) < [1+ (T +T?)P(Ve)] M(T).
The estimate (6.26) directly follows from (6.77) and the definitions (6.67) if £ and 77 are small
enough.

We now combine the above to get an estimate for 91V from our estimates for v, gq. Note that
due to (6.75), estimate (6.73) also holds with H(l -2 Hinl/Q replaced by 70" (T') on the right.
We then add this modified version of (6.73) to (6.74), and then add to this a large constant

times (6.72). If the constant is chosen to be sufficiently large, we can absorb the appearances
of Jyv norms on the right side into the left; doing so, we arrive at the bound

(6.78) MU(T) 5 [T+ P(VE)(1 +T)] M(T) + [T + P(v/2)(1+ T)] N*(T)
+ [P(Ve)(1 + T)] M(T).

This estimate may be combined with (6.77) to see that
(6.79) N(T) < [L+ (T +T*)P(Ve)] [T+ P(Ve)(1+T)] N(T)

+ [P(Ve)(1 + T)] M(T).
By further restricting e; and T}, we may replace (6.79) by N*(T) < 10M¥(T) + 0M¥(T), which

may be rearranged to see that MV(T") < $N¥(T), which gives (6.25) after using the definitions
of M(T'), M¥(T) given in (6.67). O

6.3. Local well-posedness: the proof of Theorem 1.1. Now we combine Theorems 6.1
and 6.2 to produce a solution to problem (1.10). Note that Theorem 1.1 follows directly from
the following theorem by changing notation.

Theorem 6.3. Assume that ug,no satisfy £y, Fo < oo and that the initial data 8u(0), etc
are as constructed in Section 5.2 and satisfy the (2N)"* compatibility conditions (5.26). Then
there exist 0 < 8o, To < 1 so that if &g < dp and 0 < T < Tymin{l,1/Fp}, then the following
hold. There exists a solution triple (u,p,n) to the problem (1.10) on the time interval [0, T] that
achieves the initial data and satisfies

(6.80) ﬁ(n) + ﬁ(u,p) < C(go + Tfo) and f(’l?) < C(]:o + &+ Tfo)

for a universal constant C > 0. The solution is unique among functions that achieve the initial
data and satisfy €(n) + E(u,p) < co. Moroever, n is such that the mapping ®(-,t), defined by
(1.7), is a C*N=2 diffeomorphism for each t € [0,T].

Proof. We again divide the proof into several steps. First, we use Theorem 6.1 to construct a
sequence of approximate solutions. Then we use Theorem 6.2 to show the sequence contracts
in the norm /M (n; T) + N(u, p; T), which yields strong convergence of the sequence. Next, we
use an interpolation argument to improve the convergence results. These then allow us to pass
to the limit in the PDEs to deduce that the limit solves the problem (1.10). Finally, we again
use Theorem 6.2 to show that our solution is unique.

We assume throughout the proof that Ty < min{T}, T}, where T is given by Theorem 6.1,
and T7 is given by Theorem 6.2. Let C' > 0 denote the universal constant in Theorem 6.1. We
further assume that Ty < €1/(2C), where €1 > 0 is the constant from Theorem 6.2.

Step 1 — The sequence of approximate solutions
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Suppose that §y < &, where ¢ is given in Theorem 6.1. The hypotheses then allow us to

m ,,m M

apply Theorem 6.1 to produce the sequence of triples {(u™,p™,n™)}5°_,, all elements of which
achieve the initial data, satisfy the PDEs (6.1), (6.2), and obey the bounds

(6.81) sup (R(n™) + K(u™,p™)) < C(& + TFy) and sup F(n™) < C(Fo+ &+ TFo).
m>1

m>1

We further assume that dg is small enough for Cdp < €1/2 (with ¢; again from Theorem 6.2) so
that (6.81) implies, in particular, that

(6.82) sup max {E(n™), E(u™,p™)} < C(& + TFy) < C(do + Tp) < 1.
m>1

The uniform bounds (6.81) allow us to take weak and weak-* limits, up to the extraction of
a subsequence:

Hum — &u  weakly in L2([0,T]; H*N-2+1(Q)) for j =0,...,2N + 1
Hu™ 5 0lu  weakly- x in L°([0,T]; H*N=2(Q)) for j =0,...,2N

(6:83) a{pm - agp weakly in L2([0,T]; H*N=2/(Q)) for j =0,...,2N
dpm 5 0lp  weakly- % in L([0,T); H*N-2-1(Q)) for j =0,...,2N — 1

and

"= weakly in L2([0, T]; H*N+1/2(%))

o™ — 9y weakly in L2([0, T); H*N-1/2(x%))
(6.84) aﬂnm — &n  weakly in L2([0,T); H*N-245/2(%)) for j =2,...,2N +1

nm = " weakly- * in L>([0, T]; H*N+1/2(%))

™ 2 9l weakly- * in L°([0,T]; H*N-21 (%)) for j = 1,...,2N.

\

Note that in the first convergence result of (6.83) we mean H'(Q) = (oH'(Q))* when j =
2N + 1. According to the weak and weak-* lower semicontinuity of the norms in £(n™),
K(u™,p™), and F(n™) we find that the limit (u,p,n) satisfies

(6.85) A(n) + Ru,p) < C(E + TFy) and F(n) < C(Fo + Eo + TF).

The collection of triples (v, ¢, ¢) that achieve the initial data, i.e. 8v(0) = & u(0), & ¢(0) =
&#n(0), for j = 0,...,2N and &q(0) = &p(0) for j = 0,...,2N — 1, is clearly convex;
Lemma A.3 implies that it is also closed with respect to the topology generated by the norm
VD) +D(v,q). As such, the collection is also closed in the corresponding weak topology.
Then, since each (u™,p™, nm) is in this collection, we deduce that the limit (u,p,n) is as well.
Hence (u, p,n) achieves the initial data.

Step 2 — Contraction

Now we want to improve the weak convergence results of the previous step to strong conver-
gence in the norm /9M(n; T) + N(u, p; T), where M and N are defined by (6.22). For m > 1
we set ?}1 — um+2’ 7)2 — Uerl, wl — Uerl, w2 — um’ ql — pm+2’ q2 — pm+1’ Cl — nerl’
¢? = 9™ in Theorem 6.2. Because of (6.1)—(6.2) we have that (6.24) holds; the initial data of
w?, v, ¢7, ¢ match for j = 1,2 by construction. Also, (6.82) implies that (6.23) holds, so all of
the hypotheses of Theorem 6.2 are satisfied. Then (6.25) and (6.26) imply that

1
(6.86) N(u™ T — ™, p™ = p I T) < M@ =™ = p™ T
and
(6.87) My™ =™ T) < 20(u™ ' — ™, p™ T —p™; T).

The bound (6.86) implies that the sequence {(u™,p™)}°°_; is Cauchy in the norm /N(-, T,
SO as m — 0o
u™ — u in L>°([0,T]; H*()) N L*([0, T], H3())
(6.88) O™ — Gpu in L([0, T); HO(
pr—p i L0, T) HY(@) 0 IA(D,

=
D)
h
/\N)
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Because of (6.87), we further deduce that the sequence {n™}°_; is Cauchy in the norm

M(;T), so that as m — oo
"= in L>([0,T]; H5*(%))
(6.89) an™ — i L([0,T]; HY?(%))
O™ — 9fn in L2([0,T); H/*(%)).

Step 3 — Interpolation for improved strong convergence
m m T)’L

Since (u™,p ) obey the bounds (6.81), we can parlay the convergence results (6.88),
(6.89) into convergence in better norms by use of interpolation theory. We first interpolate with
L?H° norms of temporal derivatives (such estimates take the form

s SO e [0
for j >k >0and 0 =0(j,k) € (0,1) and C(T) a constant depending on T'), which reveals that
Hum — & in L2([0,T); HO(Q)) for j =0,...,2N —1
(6.91) p™ — &p in L2([0,T); HO(Q)) for j =0,...,2N —1
o™ — dlny  in L2([0,T]; HO(X)) for j =0,...,2N.
Here the range of j is determined by the range of j appearing in ©(n) and ©(u,p). Then we
use spatial interpolation between H° and H* to deduce from (6.91) that
(oJum — & in L2([0,T); H*N=%(Q)) for j =0,...,2N — 1
olp™ — dlp in L2([0,T); H*N=2-Y(Q)) for j =0,...,2N — 1
(6.92) g i 220, T) HV ()
([0, TF;
[0, T7;

(6.90) H(‘?ff‘

9

dn™ — 9 in L? H*NH(D))
on™ — d/n in L2([0,T); H*N-2+2(%)) for j = 2,...,2N.

Here the Sobolev index is determined by the Sobolev index k in the L2H* norms of ®(n) and
D(u,p). Finally, we use the temporal L? convergence of (6.92) to get L> and C” convergence
by applying Lemma A.3. This yields

'8{um — agu in C’O(

opm — dlp  in O

(6.93) nm —n in CO(
o™ — O in CY(

L ofn™ — dln  in CO([0,T]; N 2J+1( ) forj=2,...,2N — 1.

Step 4 — Passing to the limit in the PDEs

The strong convergence results of (6.93) are more than sufficient for us to pass to the limit
in the equations (6.1), (6.2) for each ¢ € [0, T]. Doing so, we find that the limits (u,p,n) are a
strong solution to problem (1.10) on the time interval ¢ € [0, 7.

Step 5 — Uniqueness

We now turn to the question of uniqueness of our solution (u,p,n). Suppose that (v,q,()
is another solution to (1.10) on the time interval [0,77] that achieves the same initial data as
(u,p,n) and which satisfies €({) + €(v,q) < oco. By continuity we may restrict to a temporal
subinterval [0,T%] C [0,7] so that &y(n) + Ep(u,p) < &(() + €(v,q) < €1, where ¢ is given in
Theorem 6.2 and the norms are computed on [0, 7}]. We then set v! = w! = u, v? = w? = v,
' =p, ¢* =q, ¢' =n, and ¢? = ¢ in Theorem 6.2 to deduce that

)

s HAN=2171(Q)) for j =0,...,2N — 2
s HN=2-2(Q)) for j =0,...,2N — 2

1
(6.94) N(u—wv,p—q:Ts) < §m(u —v,p—qT,) and M(n — Ty) < 2N(w —v,p — ¢; Ts),

which implies that v = v, p = ¢, n = ¢ on the time interval [0, T,]. This argument can then
be iterated in the usual way, repeatedly increasing T, to extend the uniqueness to all of the
interval [0, 7).

Step 6 — Diffeomorphism
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It is easy to check that the smallness of £(n) is sufficient to guarantee that the map @, given
by (1.7), is a C! diffeomorphism for each ¢ € [0,T]. The fact that it is in C*¥~2 follows easily
from Lemma A.7 in the periodic case and Lemma A.5 in the infinite case.

O

APPENDIX A. ANALYTIC TOOLS

A.1. Products in Sobolev spaces. We will need some estimates of the product of functions
in Sobolev spaces.

Lemma A.1. The following hold for sufficiently smooth subsets of R™.
(1) Let 0 <r < s1 < sy be such that s1 >n/2. Let f € H®', g € H*2. Then fg € H" and

(A1) 19l e < I rsn gl s -
(2) Let 0 <r < s1 < sy be such that sy > r+mn/2. Let f € H*, g € H*2. Then fg € H"
and
(A2) 1fgll g S W prsa gl s -

(3) Let 0 < r < s1 < sy be such that ss > r+n/2. Let f € H"(X), g € H?2(X). Then
fg€ H 1 (X) and

(A.3) 19l s, S WA= Mlglls, -

Proof. The proofs of (A.1) and (A.2) are standard; the bounds are first proved in R™ with the
Fourier transform, and then the bounds in sufficiently nice subsets of R™ are deduced by use of
an extension operator. To prove (A.3) we argue by duality. For ¢ € H*! we use (A.2)bound

(A.4) /EsOfg S llegll 1A= S Hlells, Nglls, 11115

so that taking the supremum over ¢ with ||, <1 we get (A.3).

We will also need the following variant.
Lemma A.2. Suppose that f € CY(X) and g € HY*(X). Then
(A.5) 1ol e S Ifllen gl s

Proof. Consider the operator F : H* — H* given by F(g) = fg for k = 0,1. Tt is a bounded
operator for k = 0, 1 since

(A.6) 1Fgllo < IFllca llgllo and [[fally S 1Fller llglls -

Then the theory of interpolation of operators implies that F' is bounded from H'/2 to itself,

with operator norm less than a constant times /|| f||o1 /[ fllcr = || f|lc1, which is the desired
result. O

A.2. Continuity and temporal derivatives. We will need the following interpolation result,
which affords us control of the L H* norm of a function f, given that we control f in L2H**+™
and 0y f in L2HF™,

Lemma A.3. Let I' denote either & or Q. Suppose that ¢ € L*([0,T]; H**(T)) and 9,C €
L%([0,T); H2(T)) for s1 > s3 > 0. Let s = (s1 + s2)/2. Then ¢ € C°([0,T); H*(T)) (after

possibly being redefined on a set of measure 0), and

1
(A7) el S (14 7 ) (IGTBain + 100G
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Proof. According to the usual theory of extensions and restrictions in Sobolev spaces, it suffices
to prove the result with ' = R™ or I' = (L1T) x (LoT) x R™ for n = 2,3, m = 0,1. We will
prove the result assuming that I' = R"; the proof in the other case may be derived similarly,
replacing integrals in Fourier space with sums, etc. Assume for the moment that ¢ is smooth.
Writing * for the Fourier transform, we compute

(A8) D fce)] = 2% ( /| <s>2sé<s,t>até<s,t)ds> <2 [ (@ aen|[aden]|a
denf as+ [ @faden] a

=2 (@
= ICI2, + 12O,

Hence for r,t € [0,T], we have that [|C(£)]|2 < [IC(M)|1% + [IC 2201 + 106C] 32 7s5- We can then
integrate both sides of this inequality with respect to r € [0, 7] to deduce the bound
(A.9)

1 1

2 2 2 2 2 2

sup [[¢(t)[]5 < T IS 2 + NI 2 + 110 Cl T2 se S (1 + T) (”CHL2H81 + HatCHL2H32) .
<t<T

(et

odie.n)ds < [ @

0

If ¢ is not smooth, we may employ a standard mollification argument (cf. Section 5.9 of [16])
in conjunction with (A.9) to deduce that ¢ € C°([0,T]; H*(R")) and that (A.7) holds.
O

A.3. Poisson integral: non-periodic case. For a function f, defined on ¥ = R?, the Poisson
integral in R? x (—oo,0) is defined by

(A.10) P as) = [ f(&)e*mElmsemie S e,
R2

Although Pf is defined in all of R? x (—o00,0), we will only need bounds on its norm in the
restricted domain 2 = R? x (—b,0). This yields a couple improvements of the usual estimates
of Pf on the set R? x (—o0,0).

Lemma A.4. Let Pf be the Poisson integral of a function f that is either in Hq(E) or
HYY2(%) for g € N (here H® is the usual homogeneous Sobolev space of order s). Then

2 [ 1 = e—Amblel
(A1) Ivepsis [l |fo) (S ) de
R? €]
and in particular
(A.12) IVIPAIG S 101720y and [VUPAIG S 1 1 s -

Proof. Employing Fubini, the horizontal Fourier transform, and Parseval, we may bound

s [ el (1_|s4b§|> i

This is (A.11). To deduce (A.12) from (A.11), we simply note that
1— —47bl¢| 1
L < min {471'1), } ,
€l €]
which means we are free to bound the right hand side of (A.13) by either HfH%Iq_l/Q(E) or
11 sy O

We will also need L°° estimates.

w1 19 s [ [ | e e < [ | fef ([ emsiean) e

(A.14)
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Lemma A.5. Let Pf be the Poisson integral of f, defined on . Let ¢ € N, s > 1. Then

(A.15) IVIPAIZe S IDUFIS-
Proof. We use the definition of Pf and the trivial estimate exp(27 |£] 23) < 1 in Q to bound
(A16) VP Sl 5 [l F0)| e

The estimate (A.15) then follows from this and the easy bound

) 1/2
(a17) [ iee|Fofae o, ([ o) <101,

which holds when s > 1.
O

A.4. Poisson integral: periodic case. Suppose that ¥ = (L1T) x (L2T). We define the
Poisson integral in _ =¥ x (—o00,0) by

(A.18) Pl) = > e i),
ne(Ly'Z)x(Ly ' 7)

where for n € (L7'Z) x (Ly'Z) we have written

727rznx
1 dx’.
(A.19) m= [ fa) o

It is well known that P : H*(X) — H*t1/2(Q_) is a bounded linear operator for s > 0. We now
show that how derivatives of P f can be estimated in the smaller domain Q.

Lemma A.6. Let Pf be the Poisson integral of a function f that is either in Hq(E) or
HI71/2() for ¢ € N. Then

(A.20) IVPAS S 1 3pamrosy ond V9PN S N Iaqs

Proof. Since Pf is defined on ¥ x (—c0, 0), it suffices to prove the estimates on  := ¥ x (—b,., 0)
since €2 C 2. By Fubini and Parseval,

(A21) VPSP < 2 / | fm)[” ez,
1Z)

ne(Ly!
42 [ 1 — e—4mbyin]
D SN (0] (w .
(Ly ' 7Z)

ne(L7'Z)x(Ly"

However,

1— —47by|n| 1
(A.22) ————— < min {47rb+, } ,
Id ]

which means we are free to bound the right hand side of (A.21) by either HfH%Iq_l/Q(E) or
2

1By O
We will also need L™ estimates.

Lemma A.7. Let Pf be the Poisson integral of a function f that is in HI (%) for ¢ > 1 an
integer and s > 1. Then

(A.23) IVIP Iz < I s
The same estimate holds for ¢ = 0 if f satisfies fz f=
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Proof. We estimate

(A20) [VPfles > |[f@)| Il
ne(L7'Z)x(Ly'2)
1/2

< HfHHq+5 Z ‘n‘—Qs S HfHHq+s
ne(Ly ' Z)x(Ly ' Z)\{0}
if s > 1. The same estimate works with ¢ = 0 if £(0) = 0. O

A.5. Transport estimate. Let X be either periodic or non-periodic. Consider the equation

(A.25) {&m—l—u-Dn:g in ¥ x(0,7)

n(t=10)=mno

with 7" € (0, 00]. We have the following estimate of the transport of regularity for solutions to
(A.25), which is a particular case of a more general result proved in [13]. Note that the result in
[13] is stated for ¥ = R?, but the same result holds in the periodic setting ¥ = (L1T) x (LoT),
as described in [14].

Lemma A.8 (Proposition 2.1 of [13]). Let n be a solution to (A.25). Then there is a universal
constant C > 0 so that for any 0 < s < 2

420 s 0l <o ([ 100wz ) (Il + [ lato) e ar).

0<r<t
Proof. Use p =py =2, N =2, and 0 = s in Proposition 2.1 of [13] along with the embedding
H3? — B}  NL>. O
A.6. Poincaré-type inequalities. Let ¥ and €2 be either periodic or non-periodic.

Lemma A.9. It holds that

(A.27) 112 S 112y + 101220
for all f € HY(Q). Also, if f € WH>(Q), then
(A.28) | £1Zee (@) S 111 Eee sy + 1105 1ioe o)

Proof. By density we may assume that f is smooth. Writing z = (2/,23) for 2/ € ¥ and
xg € (=b(2'),0), we have

0
(A.29) ‘f(.%'/,xg)‘2 = ‘f(:zc’,O)‘2 - 2/ (@', 2)05f(2!, 2)dz

0
<l of +2 [ |ra o] de

—b(z’)
We may integrate this with respect to x3 € (—=b(a’),0) to get

0 0
(A.30) / £ )|* das < [ F ) + 2 / £ 2)| 951 (2, 2)] de.

—b(z’) —b(z')

Now we integrate over 2’ € ¥ to find

(A.31) /Qlf(w)\le“S||f||%2<z>+2/Q|f(93)||5‘3f(x)|dﬂf

1
<1 Fl 72y + 1720 + z 105 f11 720

for any € > 0. Choosing ¢ > 0 sufficiently small then yields (A.27). The estimate (A.28) follows
similarly, taking suprema rather than integrating. O

We will need a version of Korn’s inequality, which is proved, for instance, in Lemma 2.7 [6].
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Lemma A.10. It holds that |jul|; < |[Dull for all w € H'(;R3) so that uw =0 on Xy,

We also record the standard Poincaré inequality, which applies for functions taking either
vector or scalar values.

Lemma A.11. It holds that ||f|ly S Iy S IV flly for all f € HY(Q) so that f =0 on .
Also, [ fll ey S Nfllwreoqy S IV Il pooqy for all f € WLoo(Q) so that f =0 on 3.

A.7. An elliptic estimate. The proof of the following estimate may be found in [6] in the
non-periodic case. The same proof holds in the periodic case with obvious modification.

Lemma A.12. Suppose (u,p) solve

—~Au+Vp=¢e€ H2(Q)
divu =1 € HYQ)

(A.32) (pI —D(u))es = o € H3/2(%)
uly, = 0.
Then forr > 2,
(A.33) lullZer + 21— S NDlFrr—2 + (8171 + el Frs /e -
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