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Homework Assignment 1
Assigned Mon 08/30. Due Mon 09/13.

. Let 0,7 be two stopping times.
(a) Show that o A7, 0 V T, 0 4+ T are also stopping times.

(b) If 0 < 7 almost surely, then show F, C F,.

(a) Let {F, | n € N} be a decreasing sequence of g-algebras (i.e. F,, 2 Fny1), and {X,, F, | n € N}
be a backward submartingale (i.e. E(X,|Fnt1) = Xpnt1). If infpeny EX,, > —o0, then show that
{X, | n € N} is uniformly integrable.

(b) Let {X;, F:} be a right continuous submartingale. Show that the function ¢t — EX; is right
continuous.

. Let {X;, F: |0 <t < oo} be aright continuous martingale. Show that the following are equivalent.
(a) {X:]0 <t < oo} is a uniformly integrable family of random variables.
(b) There exists Xo, € L(, Foo) such that X; — X in L' as t — oco. (Recall Foo = o(Up.F).)
(c) There exists Xo, € L'(Q, Foo) such that X; — X, almost surely and {X;, F; | 0 <t < oo} is a
martingale.
(d) There exists Xo, € L1(€2, Fs) such that {X;, F; | 0 < t < oo} is a martingale.

. Let X be an integrable, progressively measurable process such that £X, = 0 for all stopping times 7
such that P(7 < oo) = 1. Show that X is a martingale.

. Let X be a continuous local martingale. Show that there exists a localizing sequence (7,,) such that
for all n, the stopped process X™ = {X, A, F¢} is bounded almost surely. (Note, we say (7,) is a
localising sequence if it is an increasing sequence of stopping times which converges to oo almost surely,
and for all n, the stopped process X ™ is a martingale).



