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Abstract

We investigate two models that are widely used in physics and engineering. Our
main goal is to study conjectures made by physicists with full mathematical
rigor.

The first model we investigate is the advection-diffusion equation. Here, we
address the problem of optimizing heat transfer via an incompressible fluid in
a bounded domain. We use techniques in probability theory to get bounds for
the heat transfer rate. Asymptotically, we obtain matching lower and upper
bounds (up to a logarithmic factor) over a class of velocity field of the fluid
that satisfies an energy-like constraint. This gives a rigorous proof for a result
by Marcotte et. al. (STAM Appl. Math ’18). We also give an upper bound for
for the problem under an enstrophy-like constraint.

The second model is the coagulation-fragmentation equation, which models
the evolution ofthe density particle sizes in a system where particles can split
and merge. Depending on the coagulation and fragmentation kernels, solutions
of the system will behave differently. Here, we address two problems. The
first problem concerns the well-posedness of mass-conserving solutions when
the coagulation kernel is multiplicative and the fragmentation kernel constant.
This belongs to a so-called critical case, where existence of mass-conserving
solutions depends on how large the system is initially. Here, we develop a new
technique by studying properties of the viscosity solutions of a corresponding
singular Hamilton-Jacobi equation to deduce information about the solutions
to the coagulation-fragmentation equation. Using this technique, we moved
one step closer to resolving a long-standing conjecture in the field.

Still under the umbrella of the coagulation-fragmentation equation, we study the
dynamics of the solution when the coagulation kernel is multiplicative and the
fragmentation kernel additive and small. The problem we are concerned here
resembles singular perturbation problems in PDEs. Letting the fragmentation
kernel vanish, in the limit, one expects that the solutions tend to the so-called
Flory solution of the pure multiplicative coagulation equation, where part of
the total mass escapes to infinity. We study how the lost mass behaves. Our
proposed idea is based on the study of a nonlinear backward parabolic equation,
result from the Bernstein transform of the equation, and a detailed study of
the tail behavior of the Flory solution of the pure coagulation equation with
multiplicative kernel. With this idea, we made some progress towards resolving
a prediction by Ben-Naim and Krapivsky (Phys. Rev. E 83, 061102, 2011).
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Overview

Essentially, mathematics becomes “applied” when it is used
to solve real-world problems “neither seeking nor avoiding
mathematical difficulties”.

Lord Rayleigh

This thesis follows the spirit of the quote by Lord Rayleigh as it is an attempt
to provide completely mathematically rigorous analyses of whatever real-world
problems we could get our hands on. We classify these studies into two
overarching themes: (1) Optimizing heat transfer, and (2) Understanding
clusterization.

Optimizing heat transfer

The first theme, optimizing heat transfer, constitutes the first part of this
thesis. This has a long history as it is one of the fundamental problems in
engineering and physics. One of the most studied phenomena in heat transfer
is the Rayleigh-Bernard convection, in which convection rolls naturally arise in
thin liquid layers due to the difference in temperature of the boundaries of the
liquid. These convection rolls serve as natural heat-transport enhancers within
the liquid itself. The mathematical literature about the Rayleigh-Bernard
convection is vast. Even though much still remains to be done, a particular
method that has proven to be very fruitful is the so-called background field
method, pioneered by Constantin and Doering [DC96].

A related and crucial question is, “Can we beat nature?”. That is, can we
build a fluid velocity field that transfer heat faster than the natural Rayleigh-
Bernard convection rolls? Answers to this is fundamental to building optimal
radiators/air-conditioners and heat exchangers for modern industries such
as nuclear plants and computing processors. Despite a lot of work in the
engineering community and numerical studies, rigorous mathematical works to
find optimal ways to transport heat remain largely minimal until recently. To
my knowledge, the first completely mathematically rigorous works in finding
an optimal fluid flow to transport heat wall-to-wall are the works of Doering
and coauthors (see, e.g., [DT19a]).

One of the simplest ways to model heat exchangers in a domain € is by using
the advection-diffusion equation of heat concentration c(z,t)
dc
— =u-Vc+kAc in €,
(AD) ot :
¢c=Ve-n=0 on df

6



UNDERSTANDING CLUSTERIZATION 7

where u is an incompressible fluid flow and x > 0 is the thermal diffusivity.
The objective is to find the best u that satisfies some energy constraint so that
c(x,t) converges to 0 as fast as possible as t — oo in some sense. From my
current understanding, mathematically, this is a notoriously hard question.

Inspired by the heuristics and numerics of Marcotte, Doering, Thiffeault and
Young [Mar+18al], we consider the problem of average exit time T'(x) of a
Brownian motion with drift u starting at * € Q = (0,1)2. By the Dynkin
formula, T satisfies

1
AT +u-VT =1 inQ,

ar(-,0)
T(-,1) = —— =0.
D ==
Here, u obeys the energy condition ||ul|z» < Pe, where Pe is the so-called Péclet
number, which measures the relative strength between advection and diffusion.
This problem is more tractable and still provides valuable insight into the study

of (AD). We obtained the following theorem

THEOREM. For p € [1,2] and large enough Pe, the lowest temperature that
one could achieve by transferring heat via an incompressible flow that satisfies
the above energy constraint is approzimately bounded above by O(In(Pe)/ Pe).
When p = oo, the lowest temperature is bounded below by O(1/ Pe).

The proof of this theorem involves two separate analyses, one for the upper
bound and one for the lower bound. For the upper bound, our method
of proof is a combination of rescaling the problem to obtain a degenerate
advection-diffusion equation, a lot of careful large-deviation-type estimates and
sub/super-solution barriers coming from Friedlin-Wentzell averaging problem.
For the lower bound, we made a simple observation that utilizes the solution
to the Eikonal equation to construct a subsolution that satisfies the bound.
Our result confirms the prediction by Marcotte et al. [Mar+18a] and is a joint
work with Gautam Iyer [IV21].

Understanding clusterization

The second part of this thesis is devoted to the study of clusterization of
particles. The simplest equation that models this phenomenon is the so-called
coagulation-fragmentaiton equation:

Ahp = Qclp) + Qs (p),

where p(s,t) denotes the density of particles of size s at time ¢,

o0

Qulpls,0) = 5 [ Ky 5= ply Dols =y 0 dy—es,1) [~ K (s, p)olus 1) dy,
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and

Qrlols ) = —30(5,8) [ Fls — ) dy+ [ Fls,u)ply +s,t) dy

are called coagulation term and fragmentation term, respectively. The sym-
metric functions K, F' : [0,00)* — [0,00) are called coagulation kernel and
fragmentation kernel, respectively. They are physical measurements of the
rates of binary merging and binary splitting of particles.

Despite being discovered more than a century ago [Smol6b], this equation is
still not understood as there are a lot of interesting phenomena that come with
it, depending on the kernels that may one consider. A particularly interesting
phenomenon of the coagulation-fragmentation is that given the right conditions,
the solution, while still physical, does not conserve mass at all time. There are
two ways that this could happen. One comes from the formation of particles
of infinite size; the other comes from the formation of particles of size zero,
both in finite time. The first, called gelation, happens when the coagulation
is strong enough [Esc+03]. The latter, called dust formation, happens when
the fragmentation is strong enough (see Bertoin [Ber(06]). Typically, these
phenomena happen depending on the relative strengths between the coagulation
kernel and fragmentation kernel, not so much on the initial data. However,
there are borderline cases where it is not very clear how solutions would behave
and hence a more careful analysis needs to be done based on initial data. Both
are very interesting and rich phenomena, and have been studied in various
contexts.

Critical well-posedness. We [TV21] considered the following pair of
kernels

K(z,y) =2y and F(z,y)=1

called multiplicative coagulation and constant fragmentation, respectively. In
the literature, this is an example of a pair of critical kernels where the well-
posedness of mass-conserving solution depends on how large the initial mass
is [Esc+03]. A long-standing conjecture for this particular pair of kernels is
that if the initial total mass of the system is less than 1, solutions will conserve
mass. Otherwise, if the initial total mass is greater than 1, there will be lost
of mass to infinity [VZ89]. We made progress in resolving this conjecture by
introducing a new point of view, studying well-posedness and regularity of
viscosity solutions to a particular Hamilton-Jacobi equation resulting from the
so-called Bernstein transform applied to the coaguation-fragmentation equation.
In this work, our main contribution, among other important results, is the
following.

THEOREM. Solutions to the multiplicative-constant coagulation-fragmentation
equation conserve mass if the initial mass is less than 1/2 and fail to conserve
mass if the initial mass is larger than 1.
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At the time this thesis is being written, our well-posedness result improves
the previous threshold from 1/(4log2) [Laul9a] to 1/2 while our non-well-
posedness result is the most general in the literature as it only requires minimal
assumptions on the initial data. This is a joint work with Hung V. Tran [TV21].

Singular perturbation. In the direction of the dynamics of the coagulation
fragmentation equation, we considere the following pair of kernels

K(z,y) =2y and F(x,y)=c(z+vy).

For ¢ > 0, da Costa showed that the coagulation-fragmentation equation is
well-posed as solutions conserve mass for all time ¢ > 0 [Cos95]. However,
when ¢ = 0, gelation occurs and the is a loss of mass to infinity after some
time Tye1. Therefore, as € — 0, there is a cluster of giant particles that escape
to infinity. Our goal is to study the dynamics of these giant particles. By
studying a nonlinear singular backward parabolic equation resulting from the
Laplace transform of the coagulation-fragmentation equation and the sharp
decay rate of the Flory solution (which is important by itself), we are very
close to resolving the following conjecture

CONJECTURE. For some finte time and small enough ¢, the giant particles
concentrate around a metastable manifold that depends on the lost mass of the
so-called Flory solution to the pure coagulation equation (¢ =0).

This conjecture is a variant of a prediction by Ben-Naim and Krapivsky [BK11],
which was inspired by stochastic simulations. This is a joint work with Bob
Pego [PV21].
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Heat transfer rate via passive advection



CHAPTER 1

Introduction

Suppose we live in the real world with three space dimensions, R?. For a closed
system with still incompressible medium that doesn’t interact with exogenous
sources, the first law of thermodynamics says

dU

(I.1.0.1) Q= o

where () is the heat transfer rate and U the internal energy. In 1822, Fourier
published a study of heat flow called Théorie analytique da la chaleur (The
Analytical Theory of Heat) [Fou09], in which he proposed the famous law
that bears his name: “the heat flux resulting from thermal conduction is
proportional to the magnitude of the temperature gradient and opposite to it
in sign”. In mathematical terms,

(I.1.0.2) q=—kVo,

where ¢ is the heat flux and 6 the temperature. The constant k is called the
thermal conductivity and changes depending on the medium under consideration.
It is then a standard exercise in a physics class to deduce the well-known
heat equation, which models how heat is transfered in a still incompressible
medium [LL20]
00
Py = kA,

where ¢ and p are the heat capacity and density of the medium, respectively.
Normalizing this equation appropriately, we arrive at a more friendly looking
expression

a0 1
[.1.0. — ==-Ad.
(I.1.0.3) 5 = 3 7

This equation is one of the most basic partial differential equations. Humans
seem to have exhausted what there is to know about it (for basic introduction,
we refer the reader to the classics [Eval0; Str08a] and references therein).

The situation becomes more interesting when the medium is not still and there
is convection (modeled by a velocity field v € R?). One can still deduce that
heat transfer can be modeled by the advection-diffusion equation [LL20]

1
(1.1.0.4) 0 =v-V0+ Ab.

However, the behavior of ¢ is far from understood with different kinds of
velocity fields. In this thesis, we will look at this equation through the lens
of stochastic analysis, which seems to be tremendously useful to heuristically
read off information about 6.

11
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I1.1.1. Optimizing heat transfer

A heat exchanger is a system used to transfer heat between a fluid and a heat
source or sink, for either heating or cooling. These are used for both heating
and cooling processes and have a broad range applications including combustion
engines, sewage treatment, nuclear power plants and cooling CPU’s in personal
computers [WBZ92; QM02; VP14; She+19; AK18; Mar+18b; Wan+18; DT19b;
LL20].

Suppose the fluid is stirred from the outside. Let v = v(x,t) be its velocity
field. The temperature 6 of the fluid in the heat exchanger evolves according
to the advection diffusion equation (I.1.0.4) in a domain € C R? that is the
region occupied by the fluid. Throughout this thesis we will assume the fluid
is incompressible and doesn’t flow through the container walls. That is, we
require hence require

(I.1.1.1) V-v=0 inQ, and v-n=0 ondNR.

Some portion of the boundary of {2 may be insulated, and some portion may
be connected to a heat source/sink maintained at a constant temperature.
Denoting these pieces by Ony€) and 9p{2 respectively, and normalizing so that
the temperature of the heat source/sink is 0, we study (I1.1.0.4) with mixed
Dirichlet/Neumann boundary conditions

(%020 on 8NQ, and =0 on 8DQ

A problem of practical interest is to minimize the temperature under a constraint
on the stirring velocity field. Note, here we assume (1.1.0.4) is a passive
scalar equation — the velocity field v is prescribed and is not coupled to the
temperature profile. The active scalar case entails coupling v to 6 via the
Boussinesq system and leads to Rayleigh-Bénard convection which has been
extensively studied [Ray16; SG88; Kad01l; DORO06].

In order to simplify matters, we assume v is time independent, and assume the
initial temperature 6, is identically 1. In this case we note that

T Ooe(a:,t) dt
0

satisfies the Poisson problem

1
(I.1.1.2) —iATnLv-VT:l,
in 2, with boundary conditions

(I.1.1.3) T=0 ondpl, and 0T =0 on ONS2.

This part of the thesis is devoted to study how one can minimize 7" under
various constraints on the advecting velocity field v.
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I.1.2. Some mathematical tools

The mathematical tools in this part are mainly probabilistic. We restate
without proofs here some of the standard results that underlie our approach.
It is unfortunate that the language of stochastic analysis requires a great deal
of technicality just to make sense of certain “basic” ideas. To communicate the
general picture without bombarding the reader with pages of technical details,
we will be somewhat informal in this chapter. To fully appreciate the beauty of
stochastic analysis, the one can consult standard books by (Oksendal, Karatzas
and Shreve [(Oks03a; KS91] for rigorous treatments of these results. The book
by Feller [Fel71], though a bit dated, is perhaps the most enjoyable treatment
that is very well written and full of insights from a true master of the topic.

Given a probability space (2, F, P). Consider the following stochastic differen-
tial equation in R?

(1.1.2.1) Z — X,

where X : Q — R? is a random variable, v : R? — R? and o : R? — R%? are
nice functions so that (I.1.2.1) has a unique ¢-continuous solution such that

{dZt = U(Zt> dt + O'(Zt>dBt s

E/ Z,2dt < oo
0

Let B; be a standard d-dimensional Brownian motion and F; = 0(B;s;0 < s <
t). Z, is called an It6 diffusion and enjoy the strong Markov property, i.e.,
for any bounded Borel function on R? and stopping time (with respect to F;)
T < 00 a.s., it is true that

E"(f(Zon) | Fo) = BY f(Z)),
were F, = U(BT/\S 1S > 0).

REMARK 1.1.2.1. Note that Z; would not be an It diffusion but only an 1t6
process if v or o explicitly depends on time as well.

There are advantages of being an 1to diffusion instead of merely an I[td process.
One of the most useful advantages is that the generator of an It6 diffusion a
differential operator. In particular, define

. E*f(Z;) —

t—0 t

over appropriate set of functions f : R¢ — R. The operator A is called the
generator of Z; and we have the following formula

Af(z) =2 bi(2)0if(2) + 5 Z )05 f(2)

i=1 1,j=1
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From here, one could rephrase a lot of different problems in elliptic and parabolic
PDEs as problems in stochastic analysis. For example, consider a bounded
domain D C R? and let 7 = inf{t > 0| Z; ¢ D} be the first exit time of Z,
from D. Then, for appropriate f, the function

u(z) B / £(2,) dt
0
solves the following PDE
Au=—f, €D,
u=20, x€oD.

In particular, in this work, we will be concerned with f = 1, which reduces
our problem to studying the expected exit time E*7 of Z;. Further discussions
(with details) about generators of It6 diffusions and their relation to PDEs
could be found in chapters 8 and 9 of the book [Dks03a].

A crucial tool that we will need from stochastic analysis is the Girsanov theorem.
This theorem is a stochastic version of coordinate change with respect to certain
flows that are different from the original flow that one is considering. It is
particularly useful in the study of large deviation. We state here without proof
a version of this theorem.

THEOREM 1.1.2.2 (Girsanov theorem [Dks03a, Theorem 8.6.8]). Let T > 0,
Zy be an It6 diffusion of the form (1.1.2.1) with X = x € R% and Y; be an Ité
process of the form

{dY} = (y(t,w) +v(Y})) dt + o(Y;) dBy,
Yo==x.
Suppose there exists a process k(t,w) such that

o (Yk(t,w) = (t,w).
Fort <T, let

t 1 rt
M, = exp(—/o k(s,w)dBs — 5/0 E*(s,w) ds) :

dQ(w) & Mr(w) dP(w),
and ,

B, d:/ k(s,w)ds + B, .
For appropriate conditions on v,’;) and k, we have

dY, = v(Y,) dt + o(Y;) dB,

and Q-law of Y; is the same as P-law of Z; for 0 <t < T.



CHAPTER 2

Heat transfer rates

1.2.1. Introduction

In the recent paper [Mar+18b], the authors studied this minimization problem
when Q C R? is a disk of radius 1, and OyQ = ). Given p € [1,00) and % > 0,
let Vg/’p be the set of all W*? velocity fields satisfying (I.1.1.1) such that

(I.2.1.1) |vllwer) < %,

and define
é’f’p(%) L inf 1T e -
vGVf;l’p

Here T is simply the solution to (I.1.1.2)—(1.1.1.3), and we introduced the
superscript v to emphasize the dependence of T on v.

Physically when & = 0 and p = 2, the constraint (1.2.1.1) limits the kinetic
energy of the ambient fluid. If the domain €2 has an associated length scale
of order 1, the quantity % is the Péclet number — a non-dimensional ratio
measuring the relative strength of the advection to the diffusion. When the
Péclet number is sufficiently large, the authors of [Mar+18b] use matched
asymptotics to show

(1.2.1.2) &%) < O(;) :

and support their results with numerics.

In this chapter we revisit this problem and aim to provide mathematically
rigorous proofs of the bounds in [Mar+18b]. Making matched asymptotics
rigorous arises in many situations and has been extensively studied (see for
instance [BLP78; Kus84; Ngu89; Eva90; All92; PS08]). In this situation,
however, the flow considered in [Mar+18b] leads to a degenerate homogenization
problem, for which one can not use standard techniques. Instead we reformulate
the problem probabilistically and use asymmetric large deviations estimates to
handle the degenerate diffusivity.

To simplify the proofs, we study the problem in a horizontal strip instead of the
disk. For boundary conditions we cool the top of the strip, insulate the bottom,
and impose 2-periodic boundary conditions in the horizontal direction. To
prove the upper bound 824’ (% ) we only need to find a velocity field v € fo for
which || 77|« < O(1/% ). A natural first guess would be to choose a velocity
field that forms many tall and thin convection rolls, with height O(1), and
width / amplitude that depend on the Péclet number. This, however, turns out

15
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Ficure 1.2.1.1. Tall FIGURE 1.2.1.2. Skewed
and thin convection rolls tall and thin convection
rolls.

to be suboptimal, and yields a bound that is worse than (1.2.1.2). To obtain
the bound (I.2.1.2) one needs to consider tall and thin convection rolls whose
center is very close to the top of the strip. This is the analogue of the velocity
fields used in [Mar+18b], and is shown in 1.2.1.2.

To formulate our result precisely, let S = R x (0,1) € R? be an infinite
horizontal strip and dpS = R x {1} be the top boundary (where we impose
homogeneous Dirichlet boundary conditions), and dxS = R x {0} the bottom
boundary (where we impose homogeneous Neumann boundary conditions).
We will impose 2-periodic boundary conditions in the horizontal direction
and identify the function spaces H'(S) and L?*(S) with H'(Q2) and L?*(Q),
respectively, where Q = (0,2) x (0, 1).

THEOREM [.2.1.1. There exists a constant C' such that for q € [1, 0],

(1.2.1.3) EX(U) > é
Furthermore, for every >0, p,q € [1,00], we have
1
ey < 2 e,
(1.2.1.4) o
EgP(U) < —Fgr— pe2,00],

~ 2p
% 3p—2 K

whenever the Péclet number, % , is sufficiently large.

For p,q < oo, upper bound in (I1.2.1.4) is suboptimal. Indeed, forthcoming
work of Doering and Tobasco uses methods in [DT19b] to show that

C
(1.2.1.5) ENU) <

7 for every p,q € [1,00),
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and some constant C' = C(p,q) and all sufficiently large %/. This is an
improvement of (1.2.1.4) by a logarithmic factor for p € [1,2), and an arbitrarily
small algebraic power for p = 2, and by a fixed algebraic power for p € (2, 00).
For ¢ = oo, however, the methods in [DT19b] do not work. In this case we
believe that the logarithmic factor in (1.2.1.4) is necessary due to the presence
of hyperbolic critical points, but we are presently unable to prove this.

We do not presently know how to prove any lower bound for Eg’p(% ) when
p < oo. For p = oo, however, we can use the Eikonal equation to obtain the
lower bounded stated in (I.2.1.4) in general domains. We state this result next.

PROPOSITION 1.2.1.2. Letd > 2, and Q C R? be a bounded domain with smooth
boundary 0). Decompose the boundary as 9 = OpQ U OnQ, with dpQ # 0.
Then

1
(1.2.1.6) ESZU) > Yo for every q € [1,00],
for some constant C' = C(R2), and all sufficiently large % .

REMARK. As we will see in the proof (specifically from inequality (1.2.2.2),
below), the constant C' = C/(q, {2) can be computed in terms of the L9 norm of
the solution to the Eikonal equation in (2.

Next we study the behavior of £7(&) when & is large. Physically this
corresponds to minimizing the LY norm of the steady state temperature T
under an enstrophy constraint on the stirring velocity field. In this case it
turns out that using standard convection rolls (as shown in Figure 1.2.1.1)
yields a better upper bound on £;*(&) than the skewed tall and thin rolls
(as shown in Figure 1.2.1.2). We note, however, that we have no matching
lower bound and the skewed tall and thin convection rolls may not provide
the optimal upper bound. Indeed, the branched flows introduced recently by
Doering and Tobasco [DT19b] may provide the optimal bound in the enstrophy
constrained case. Unfortunately, due to their complicated geometry, they can
not be analyzed by the techniques we use. The best bound we can obtain is as
follows.

PROPOSITION 1.2.1.3. For every p,q € [1,00|, there ezists a finite constant
C = C(q) such that
Clln&|'3
£2/5
whenever & is sufficiently large. One velocity field that attains this upper

bound uses convection rolls with height 1, width &='/° and amplitude &°/°
(see Figure 1.2.1.1).

(1.2.1.7) EN(E) <

Even though there may be “non-convection roll” like flows that could improve
the upper bound (1.2.1.7), heuristics show that the bound (1.2.1.7) is the best
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one can achieve amongst the class of all “convection roll” like flows. Moreover,
for the tall and thin convection rolls used in proof of Proposition 1.2.1.3 one
has matching upper and lower bounds on ||7|| =, up to a logarithmic factor.
Since such convection rolls arise in the study of magma flow in the Earth’s
mantle and various other contexts [T'S02; KJ03; GHZ11; YVL15; Ost17], the
techniques used in the proof of Proposition 1.2.1.3 may be useful in some of
these situations.

For a lower bound, clearly £]°°(&") > £°°(&"), and hence by Proposition 1.2.1.2
we have
1

Cc&’
for all sufficiently large £. We may be able to improve this by at most
a logarithmic factor using a detailed analysis of the behavior near saddle
points. However, as mentioned earlier, we do not know whether the upper
bound (I1.2.1.7) is optimal and we are unable to obtain a matching lower bound.

qu’“(é") > for every ¢ € [1,00],

Plan of the chapter. In Section [.2.2 we prove the lower bounds in
Theorem 1.2.1.1 and Proposition 1.2.1.2. In Section 1.2.3, we use an elementary
scaling argument to reduce Proposition [.2.1.3 to obtaining an upper bound
on a degenerate cell problem (Proposition 1.2.3.1). In Section 1.2.4 we prove
Proposition 1.2.3.1 using probabilistic techniques, modulo two lemmas concern-
ing exit from / the return to the boundary layer. These lemmas are proved
in Sections .2.5 and 1.2.6. The proofs of these lemmas rely on certain large
deviations estimates which relegated to Appendix 2.A. The proof of the upper
bound in Theorem [.2.1.1 is similar to the proof of Proposition 1.2.3.1, and is
presented in Section 1.2.7.

1.2.2. Lower bounds

In this section we prove the lower bound in Theorem [.2.1.1 and the generalized
version in Proposition 1.2.1.2. The main idea in the proof is to consider an
incompressible flow that moves directly towards the cold boundary. Of course,
this flow penetrates the boundary of the domain and so is not an element
of V%’OO. However, it can still be used to build a sub-solution and prove the
desired lower bound. Since the proof in a strip is short and explicit, we present
it first.

PROOF OF THE LOWER BOUND IN THEOREM 1.2.1.1. Let T be the solu-
tion to

1
—50,T -~ %9,T =1
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in the strip S with 7'= 0 0pS and 9,7 = 0 on dyS. Explicitly solving this
yields
6_2%

(y) = 57

(1- 200 4 1-y

(1.2.2.1) T 7

and hence 9,7 < 0.

We now claim that for any velocity field v such that vy > —%/, the function T
is a sub-solution to (I.1.1.2)—(1.1.1.3). Indeed,
1 1 1
—5AT +v- VT = —50,T +0:0,T < =50, T+ % 9,T = 1.
The last inequality above followed from the fact that vy > —% and 9,7 < 0.
Thus by the comparison principle, for every v € vgf" we must have 0 < T° < T".

Hence || T"||z« = ||T||r« and computing |||z« using (1.2.2.1) yields the lower
bound in (1.2.1.4) as claimed. O

In general domains the sub-solution isn’t as explicit and needs to be constructed
using the Eikonal equation.

PROOF OF PROPOSITION 1.2.1.2. Let v € L*(Q2), and T = T be the
solution of (I.1.1.2). For any ¢ > 0 let T5* be the solution to the following
viscous Hamilton-Jacobi equation

NN — e AT*A +|VT*MN =1, z€Q,
T°*=0, x € 0f).

Note that 7> > 0 as 0 is a subsolution to this equiition. It is well known (see
for instance [Call8; Tra21]) that for every A > 0, T converges uniformly as
€ — 0 to the viscosity solution of the equation

MNOA | VTP =1, ze€Q,
T =0, x € 0f).

Now letting A — 0, 7% converges uniformly to the viscosity solution of the
Eikonal equation

VT =1, z€Q,
70 =0, x € 00.

We claim that 754 = T is a sub-solution of (I.1.1.2) provided ¢ < 1/||v]| g
Indeed,

— AT® 4 v - VT < AT + ¢||v]| 1| VT

- A - - -
< AT 4 VT + 215 = —e AT+ [VT + AT =1,
3
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Since 7% = 0 on 91, and T is nonnegative, the minimum principle im-
plies 7" < T in Q. This immediately implies

1 1 - .
T ee > EHTS’)\”LLI S T e 2= 1T 1o -
Thus when ¢ is sufficiently small we have

c .~
1Tl e = ST o

Consequently, if ||v]|z~ is sufficiently large, we can choose ¢ = m and obtain
(1222) 1700 > 17
2.2, > :
2||v|ze
This immediately implies the bound (I1.2.1.6) as claimed. O

1.2.3. Upper bound for enstrophy constrained convection rolls

Our aim in this section is to prove Proposition 1.2.1.3. First note that by
doubling the domain and using symmetry and rescaling we can reduce the
problem to proving (1.2.1.7) on the domain

52 dIefRX (—1,1), with 8N52:®, 8D52:R>< {—1,1},
and only using velocity fields v for which
(1231) Ul(l’l, —1’2) = Ul(l’l, IQ) and UQ(.CL’l, —.CL’Q> = —Ug(l’l, Ig) .

We will now prove the upper bound (I1.2.1.7) by producing a velocity field v
(depending on &) such that we have

2/5
(1.2.3.2) 1Tl < C\lng\l?’(;) ,

for all & sufficiently large. We do this by forming convection rolls with height 1,
width & and amplitude A./e? for some small £ and large A. (see Figure 1.2.1.1).
Moreover, as we will see shortly, € and A. should be chosen according to

Ae
(1.2.3.3) =5

To construct v, consider a Hamiltonian H: R? — R such that
(I.2.3.4a) H(zy,—1) = H(z,1) =0,
(I.2.3.4b) H(zy,—x9) = —H (21, 19),

(I.2.3.4¢) H(zy +2,29) = H(z1,22),
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for all (z1,79) € R% To obtain convection rolls of width ¢ and height 1, we
rescale the horizontal variable. Define

(1.2.3.5)

x A, . A [ 0H*
H€<~Tlax2) = H(;,.’LQ) ) and 'UE - ?VLH = ? <_§1H8> ’

and let T, = T"". By uniqueness of solutions to (I.1.1.2) we see that 7. satisfies
T.(z1 + 2¢,29) = To(x1, 22). Thus, it is natural to make the change of variables

(1.2.3.6) Yy = %, Ys = T3, and v =(v1,v9) = VylH.
In these coordinates we see that T}, . satisfies

1 1
(1.2.3.7) Ao - VT = SO, Te — 5e°0,T. = €.

Examining (1.2.3.7) we see that in the horizontal direction the diffusion has
strength 1. However, since we impose periodic boundary conditions in this
direction, there are no boundaries that provide a cooling effect directly felt
by the horizontal diffusion. In the vertical direction, the diffusion coefficient
is €2, and so the cooling effect from the Dirichlet boundary 9.5, will be felt in
the domain in time O(1/£?). Since our source (the right hand side of (1.2.3.7))
is also €2, we expect that the diffusion alone will ensure T is of size O(1) as
e — 0. This would lead to the bound £,7(&) < C, which is far from optimal.

We claim that the convection term reduces this bound dramatically. Indeed,
through convection one can travel an O(1) distance in the vertical direction in
time 1/A.. Due to our no flow requirement v - = 0 on 0Ss, one can never
reach the boundary of Sy through convection alone. Thus, the cooling effect of
the boundary 0S5 must propagate into the domain through a combination of
the effects of the slow vertical diffusion 62352 and the fast convection A.v - V,,.
Our aim is to estimate how much improvement this can provide over the crude
O(1) bound that can be obtained through diffusion alone. This is our next
result.

PROPOSITION 1.2.3.1. There exists a smooth Hamiltonian H satisfying (1.2.3.4a)—
(1.2.3.4c), and a constant C' such that the following holds. For every v > 0,
and A. chosen such that A. > 1/¢” we have,

Inel™
1.2.3.8 Tl < C 2(1 | )
(12:358) I~ < C*(1+ 7

for all sufficiently small . Here T, = T, and v° is given by (1.2.3.5)

REMARK 1.2.3.2. We believe the bound (1.2.3.8) is true for every smooth,
non-degenerate cellular flow v (with a constant C' = C(v)), provided v > 2. To
obtain (1.2.3.8) for all v > 0, our proof requires the velocity field v to be exactly
linear near the vertical cell boundaries. We do not know whether (1.2.3.8)
remains true for v € (0,2) without this assumption. We note, however, that
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choosing v € (0,2) does not lead to an improved bound as in this range the
constant term on the right of (1.2.3.8) will eliminate any benefit obtained from
further increasing the amplitude.

REMARK 1.2.3.3. For simplicity, the velocity field we construct to prove Propo-
sition 1.2.3.1 will be chosen to be exactly linear near cell corners. This as-
sumption is mainly present as it leads to a technical simplification of the proof
of Proposition 1.2.3.1. Since the proof of Proposition 1.2.1.3 only requires us
to produce one velocity field v satisfying (1.2.3.2), we only state and prove
Proposition 1.2.3.1 for a specific cellular flow, instead of generic cellular flows.

We prove Proposition 1.2.3.1 using probabilistic techniques in the next section.
Proposition 1.2.1.3 follows immediately from Proposition 1.2.3.1 by scaling.

PrROOF OF PROPOSITION 1.2.1.3. By definition, we have
A Ac (evi(y1, 42)
€ ’ _ 7VJ_H€ ’ _ 1\91, Y2 ,
vz, e2) € (z1,22) g2 <U2(91,y2)

and hence

Voo — A <aay1u1 628y2v1>

53 8y1 (%) an ()
Therefore, as € — 0, we have

Ac
& = Jo*lwir = 0(55).

Choosing A, = 1/¢”, we have for large enough &,

1 1
Combining this with (1.2.3.8), we have

Tz < 0(52 + 61+”/2|ln5|13> _

Rewriting this in terms of & using (1.2.3.9) and choosing v = 2 shows
[In &|'3
£2/5
This implies (1.2.1.7) as desired. O

ITe]| e < ©

1.2.4. Exit time from tall and thin cells (proof of Proposition 1.2.3.1)

Our aim in this section is to prove Proposition 1.2.3.1. For ease of notation we
will now write v =v%, T'=T., A = A.. Let Z¢ be a solution to the SDE

(1.2.4.1) dZ; = Av(Z°)ds + o dB;, where o= <(1) 2) :
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Here B is a standard two dimensional Brownian motion. For convenience let
Z° = (Z5,75), and let

(1.2.4.2) = inf{t| Z5, & (~1,1)}

be the first exit time of Z° from the strip Sy. (Here the notation Z3, refers
to (Z5), the value of the process Z5 at time t.) By the Dynkin formula we
know T.(z) = e2E*7°.

Before delving into the details of the proof of Proposition 1.2.3.1, we now briefly
explain the main idea. Consider many tracer particles evolving according
to (I.2.4.1). First, we note that particles near 055 get convected away from 0.5,
in time O(1/A). In this time, these particles can travel a distance of O(g/v/A)
in the vertical direction through diffusion. Thus, if we can ensure particles get
to within a distance of O(g/v/A) from 9S,, then they will exit quickly with
probability at least pg, for some small pg > 0 that is independent of ¢.

We claim that in the boundary layer, every O(1/v/A) seconds! tracer particles
will pass within a distance of O(e/v/A) from 9S. Every pass has an O(e)
probability of being within £/v/A away from 95, and so a probability O(e) of
exiting from 0S5. This suggests

(1.2.4.3)

e (1—-¢g)2e (1—¢)%3e 1
su EZ7-€<C(1_|_ + + +.‘.>:C(1+ )’
s VA VA VA VA
which is dramatically better than the crude O(1/£?) bound obtained by using
diffusion alone.

A second look at the above argument suggests that (I.2.4.3) should have
a logarithmic correction. Indeed, the flow v has hyperbolic saddles at cell
{—1,0,1} x Z which causes a logarithmic slow down of particles close to it. As
a result, we are able to prove the following bound on E7°.

PROPOSITION 1.2.4.1. Let v > 0 and A > 1/e¥. There exists a cellular flow v
and a constant C' such that

|Ine|t?
[.2.4.4 sup E*1° < C(l + ) ,
( ) Z€Sp2 eV A

holds for all sufficiently small c.
Of course Proposition 1.2.4.1 immediately implies Proposition 1.2.3.1.

PROOF OF PROPOSITION 1.2.3.1. Since T'(z) = e2E*7¢, the estimate (1.2.4.4)
implies (1.2.3.8) as desired. O

IThe diffusion may carry particles into the interior of the cell before they exit at 9.5s.
These particles will now take O(1/v/A) time to return to the boundary layer, which is why
the time taken here is O(1/v/A), and not the convection time O(1/A).
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We now describe the flow v that will be used in Proposition 1.2.4.1. As remarked
earlier, we expect Proposition [.2.4.1 to hold for any generic non-degenerate
cellular flow. However, the specific form we describe below simplifies many
technicalities. For notational convenience, we will now restrict our attention to
the rectangle

(1.2.4.5) Q' =(0,2) x (—1,1).

Assumption 1: The function H: R? — [—1,1] is C* with ||H||c2 < 100 and is
2-periodic in both x1 and xo. The level set { H = 0} is precisely (RxZ)U(Z xR).
Moreover, H(1/2,1/2) =1, H(3/2,1/2) = —1 and these both correspond to
non-degenerate critical points of H. All other critical points of H are hyperbolic
and lie on the integer lattice Z2.

Assumption 2: There exists ¢y € (0,1/10) such that for

(1.2.4.6) Qo = (—2c, 2¢0)?
we have
T1To (z1,22) € Qo,
. (1 — xl)xg (.131,372) (- QO + (1, 0) s
(1.2.4.7) H(zy,22) = 1(1 — ) (0, 79) € Qo+ (0,1),
(1—,1‘1)(1—1'2) (Il,l’g) < Q0+(1,1)

Assumption 3: There exists a constant hy such that for z € {|H| < ho} and
ie{l1,2},
sign 07 H = — sign H .

Assumption 4: In the region {|H| < ho} N (i + (—c¢,¢)) x R, where i € Z,
(1.2.4.8) Owg = —07H = 0.

Apart from non-degeneracy and normalization, the main content of the first
assumption is that H only has one critical point in the interior of every square
of side length 1 with vertices on the integer lattice. This is the main geometric
restriction imposed on the Hamiltonian H. Assumptions 2-3 are not necessary,
but lead to technical simplifications of the proof. Finally, Assumption 4 is
only required for the exit time bounds we obtain (Lemma 1.2.4.2, below) to be
valid when A < 1/%. Notice that in the proof of Proposition 1.2.1.3 we only
use A = 1/£%, and so Assumption 4 is not essential. We elaborate on this in
Remark 1.2.4.3, below.

Now we split the proof of Proposition 1.2.4.1 into two steps: estimating the
time taken to reach the boundary layer, and then estimating the time taken to
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exit from the boundary layer. In time 1/A, the process Z¢ will typically travel

a distance of
g S

Nk

in the vertical direction. Given a > 0 define the boundary layer B, by

Bazssdzef{ﬂ <i}.
s <

FIGURE 1.2.4.1. Boundary layer B; (dark blue) and boundary
layer Bs (union of light and dark blue).

LEMMA 1.2.4.2. Let v > 0 and suppose A > 1/e”. There exists a constant C
such that

C|lno|*®
(1.2.4.9) sup E*7° < Clin o™ .
zeé1 5\/;1

Here By denotes the closure of B;.

REMARK [.2.4.3. In the proof of Lemma [.2.4.2 we will see that if H doesn’t sat-
isfy Assumption 4, then Lemma 1.2.4.2 is only valid if v > 2 (see Remark 2.A.5,
below). It turns out that choosing v < 2 provides no additional advantage in
the proof of Proposition 1.2.4.1. This is because when v < 2, the constant term
on the right of (I.2.4.4) dominates, and we get no improvement on E*7¢.

LEMMA 1.2.4.4. For a > 0 define
(1.2.4.10) Mo =5, = inf{t > 0| Z7 € 0B, }

be the first time the process Z; hits 0B,. There exists a constant C, independent
of a, such that

sup B < C

z€BS,

for all sufficiently small . (Here BS, is the complement of B,.)
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A proof of Lemma 1.2.4.4 using a blow-up argument can be found in [IS12]. We
present a different proof of this fact (in Section 1.2.6, below) by constructing a
supersolution based on the Freidlin averaging problem [FW12].

Momentarily postponing the proofs of Lemmas 1.2.4.2 and 1.2.4.4, we prove
Proposition 1.2.4.1.

PROOF OF PROPOSITION 1.2.4.1. If 2z &€ By, the strong Markov property,
Lemmas [.2.4.2 and [.2.4.4 imply

E°7° = B + (7° =) = B (0 + (° =) | Fig)
\ln5|13>
evVA )’

If z € By, then Lemma 1.2.4.2 directly implies (1.2.4.11). Thus in either case
we have (1.2.4.4), as desired. O

(1.2.4.11) <C+E sup EVr < 0(1 +

Z’EBl

1.2.5. Exit from the Boundary layer

In this section, we will prove Lemma 1.2.4.2. We will fix v > 0 and suppose
A > 1/¢” as in the hypothesis of Lemma 1.2.4.2 through out this section.
Furthermore, for notational convenience, we will now drop the explicit ¢
dependence from Z¢ and A.

The main idea behind the proof of Lemma 1.2.4.2 is to focus our attention on
trajectories in the boundary layer B;, until they leave the bigger boundary
layer Bs. Our first lemma estimates the chance of starting in B; and exiting
the strip Ss, before exiting the bigger boundary layer Bs.

LEMMA 1.2.5.1. There exists a constant C' > 0, independent of €, such that

. Z( € € Ce
(1251) Zlé’lglp (T < 7]5) = W

for all sufficiently small €.

Our next lemma estimates the amount of time the process spends in the bigger
boundary layer Bs (light blue region in Figure 1.2.4.1).

LEMMA 1.2.5.2. There exists a constant C such that

Cllné
(1.2.5.2) sup E*n; < 0.9
z€By A

for all sufficiently small €.

Finally, we estimate the time taken for the process to return to the boundary
layer By starting from the boundary of the bigger boundary layer Bs. This is
the slowest step, taking time O(|lnd|/+v/A) instead of O(|Ind|/A).



1.2.5. EXIT FROM THE BOUNDARY LAYER 27

LEMMA 1.2.5.3. There exists a constant C' such that there exists an g, where

[In 0]
1.2.5.3 sup E*nf < C——
( ) 268125 771 V A

for all € < g.
Momentarily postponing the proofs of Lemmas 1.2.5.1-1.2.5.3, we prove Lemma [.2.4.2.

Proor oF LEMMA 1.2.4.2. In this proof, the constant C' may vary from
line to line but does not depend on . We first define two sequences of barrier
stopping times,

ol =0, 6o = int{t > o} | Z; € 0Bs}
ol = mf{ On_ 1‘Z 6831} &n:inf{t> ol | ZF 68[55}.
We have

Z € — o z £ >
E*r /0 P(r° > t)dt
— EZZ/ 1{7'5>t} dt ZE 1{7'5>0' 1 (O-:L _O-:z—l)

= Z EZ1{7820;71}EZE(04171)0'1
n=1

(I.2.5.4) <> P*(r°2o0,_,) sup E” o)
=1 z’6881

We will now estimate each term on the right.

First, by the strong Markov property and Lemmas [.2.5.2-1.2.5.3 we have
Clln |

Vi
for every z € 9B;. To estimate P*(7° > o)), we use Lemma 1.2.5.1 and the
fact that o} > 6o = 7§ to obtain

(I.2.5.5) FE¢o; Ez<ao + EZ (00)775) < E? (775 + 81(19% E* 771) <
2/ €0Bs

Ce
S PZ g > / < S PZ g 2 1> — 1 3 f PZ g < g < 1 _ .
26%21 (T - Ul) ze%gl <T 775) zé%[ﬁ (T T]5) = (h’l 5)12

Now, by the strong Markov property,

2 Z¢ (0!
— Sup E (1{7-520-’/’171}E ( nfl)]_{'rE?O'i})

sup P* (7’5 > a,’l) D
zE

< sup E* 1z 3 sup P? (7° > o))
2€B, z'edB;

Ce ;
< (1 - (1n5)12)E Lirezor 13-
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Hence by induction

Ce \"
z 3 /
for all n € N.
Using (1.2.5.5) and (1.2.5.6) in (1.2.5.4) yields
Clln | & Ce \"
1
i 2 )

finishing the proof. U

EZTE g

1.2.5.1. Proof of Lemma 1.2.5.1. In this subsection, we will give the
proof of Lemma 1.2.5.1. Let the coordinate processes of Z be Z; and Z,
respectively (i.e. Z = (Z1,Z5)). Define 7, to be the deterministic curve
satisfying the ODE

We again need a few results to prove Lemma 1.2.5.1.

By symmetry and the reflection principle, when Z wanders into the lower
half of the domain (0,2) x (—1,0), its behavior is mirrored by —Z, which is
again on the upper half of the domain (0,2) x (0,1). Hence, without loss of
generality, we may restrict our attention to the upper half of the domain and
all the lemmas below are stated in this context.

The first result we state is a “tube lemma” estimating the probability that the
process Z stays within a small tube around the deterministic trajectories. This
is well studied and many such estimates can be found in the literature (see for
instance [FW12]). The standard estimates, however, work well for times of
order 1/A. Due to the degeneracy, and the hyperbolic saddles near cell corners,
we need an estimate that works for time scales of order |Ind|/A. We state this
estimate here.

LEMMA 1.2.5.4. Let 29 € (0,2)x (0, 1)N(Qo/2+(j, k) ) where (j, k) € {0,1,2}
{0,1} and Qy is as in (1.2.4.6). Let 7y satisfy (1.2.5.7) with vo = zy, and define

(1.25.8) T =inf{t > 0|y — 1| <6 or |y1s — 1| = ¢ or |24 — 1| = o} .

Then there exists g so that for every € < &g,

C

0'..
po Zir— il < —20_ Wie 1,2)>.
(212 = VR TY

0<t<T |Ind|A

Here we recall that 011 = 1 and 099 = € are the diagonal entries in the matriz o
in (1.2.4.1).

REMARK 1.2.5.5. By a direct calculation, we can check that 7' < [lnd|/A.
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The proof of Lemma 1.2.5.4 uses the Girsanov theorem and is greatly simplified
by the fact that H is exactly quadratic near cell corners. Since it is similar to
the standard proofs, we present it in Appendix 2.A.

Once Lemma [.2.5.4 is established it quickly gives an estimate on the probability
of getting within a distance of O(1/v/A) away from cell boundaries.

LEMMA 1.2.5.6. Let zp € B; N (0,2) x (0,1). There exist constants C;, M >0
such that for small enough €,

C
Z .
|In 6|2

Here, \g dl:efinf{t >0 ‘ Z; € {dist(z,00") < M/\/Z}}

(1.2.5.9) P (X < 1)

PRrOOF. Note first that by Taylor expansion of H, for small £ there exists
M > 0 such that dist(zg, ) < M/+v/A for all z, outside the corners Qy/2 +
(7, k), where (j,k) € {0,1,2} x {0,1}. So now, we assume zy € Qp/2 + (J, k)
for some (j, k) € {0,1,2} x {0, 1}. For brevity, we only present the proof when
20 € Qo/2, as the other cases are identical.

If dist(zo,08) < 1/v/A we are done, so we now suppose zy € @Qy/2 with
dist(z, ') > 1/v/A. Let y be the deterministic trajectory defined by (1.2.5.7)
with 7o = 2o, and let T be as in (1.2.5.8). Note that since dist(zy, 9Q') > 1/v/A
we can not have |y — 1| < d. Thus, either |y, — 1] = ¢o or |y2r — 1| = co.
In either case there exists a constant M such that |y — 1] < M/VA or
Iy — 1] < M/+/A, respectively. Now using Lemma 1.2.5.4 we obtain (1.2.5.9)
as desired. O

REMARK 1.2.5.7. For notational convenience, we assume that M = 1 for the
rest of the chapter.

Another consequence of Lemma 1.2.5.4 is a lower bound on the probability of
reaching O(9) away from the top boundary before re-entering the cell interior.

LEMMA 1.2.5.8. Let Q},, = (1 — 2¢o, 1+ 2¢o) x (1 —46,1) be a box of height 46

at the top of the cell corner. Let X< inf{t > 0| Z, € Q)5p}- Then, there exists
a constant C > 0 such that

(1.2.5.10)

Po(X<ng) >

inf .
zoe(l—é,lli—%)x(l—co,l) (Ino)?
PROOF. Let T' = inf{t > 0 ‘ |72t — 1| < (5} the time the deterministic

process hits the top boundary layer with width 6. By Lemma 1.2.5.4, there
exists a constant C' > 0 so that
Oii

PZ"( sup |Ziy — Vil < ———=,Vi € {1,2}> >

0<t<T IInd|A

C
(In§)? -
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As zpe (1 =96,140) x (1 —cp,1), vi,r € (1 —co, 1+ ¢o). Therefore,

O'AA
sup |Zis — % Sé,WG 1,2}§ P> At
{ sup 12,0 = e e (i)
from which (1.2.5.10) follows. O

Next, we bound the probability of exiting from the top when trajectories start
in Q-

LEMMA 1.2.5.9. There exists a constant pg > 0 such that

(I.2.5.11) inf P* (7'5 < ni) > pp .

ZOEQ?@])

PROOF. Let T =1 J/A. When A is sufficiently large, we note that given
Xo=12p € Qfow there exists n > 1, independent of ¢, such that the deterministic
flow v, starting at zg still remains in the top edge of the boundary layer

{|H| <nd} N (0,2) x (1 —nd, 1) for time T. Define ¥, by
ati/t = AU(’%) )

where u = (uy, us) is chosen to satisfy the following condition 4 = (Y14, J2.t)s
where 7 ; is the first coordinate of 7y, and s, is some continuous function such
that

Y20 = Y20, |v2—wup| <216 and  Fy5 =nd.

An example of such 7 is % = (1.4, 72+ + 24Andt). By continuity of Z, we have

Es dof { sup~\Z2,t — "N)/Q’t‘ < (5} C {7'5 < 772} .

o<t<T
Now a standard large deviation estimate will show that P*(Es3) > p., for
some constant C. that vanishes as ¢ — 0. In order to prove Lemma 1.2.5.9,
we need to remove this ¢ dependence. We do this here using the fact that in
this box |01v2] < O(e), and |vy — ug| < O(0). We claim that if we go through
the standard large deviation estimate with these additional assumptions, the
constant p. can be made independent of €. Since the details are not too different
from the standard proof, we carry them out in Lemma 2.A.3 in Appendix 2.A,
below. Hence, we see that there exists a constant py (independent of zg, ) so
that

P*(E3) = po,

proving (1.2.5.11). O

LEMMA 1.2.5.10. Let A < inf{t >0 ] Zye(1—=6,146) x(1—cy, 1)}. There
exists a constant C > 0 such that

Ce
(Ind)s

[.2.5.12 inf Po(\ <) >
( ) zo€e{dist(z,00)<1/vA} ( 774) =
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PROOF. We give the proof where 2, € {dist(z, Q') < 1/v/A}N(0,1)x(0,1).
The analysis is similar for zy € {dist(z,09') < 1/v/A} N (1,2) x (0,1). Define
the regions [y, ..., U5 by

Dl‘*:ef<1_\/12,1+\/12)x(\/12,1—\/12)’

sz“(\}z,l) X (0,;2),
ngéf(o,\/lz) X (0’1_\/1Z>’
D4d:ef(0,1—\/1z> X (1—&2,1),
55@(1—\/12,())2,

as shown in Figure 1.2.5.1. If dist(zo,9€') < 1/v/A, then z, must be in one

R
0B,
Dg —
- |:|1
0Bs
Lo
FiGure 1.2.5.1. 9B, and [J;.
of the boxes [y, ..., O5. Suppose first zy € ;. Let (¢) is the deterministic

trajectory such that vy = 29, Tp = inf{t >0:y,=1- 00/2} < m/A for some
m > 1, and

2 c c
ECIZEf{su 4 — < —, sup |Zoy — <— .17 <’}.
4 0<t<%0| 1, 71,t| < A 0<t<pTo| 2, '72,t| < 1 | 17T0| < 2\/Z

By continuity, we have that

E4C{/~\<T]i}.
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We claim
(1.2.5.13) P*(X<1j) > P*(E) > Ce,

where C' > 0 independent of zy. The proof of (I1.2.5.13) is presented with the
other tube lemmas we use in Appendix 2.A. We in fact prove a more general
estimate (Lemma 2.A.4 applied to the deterministic flow), from which (1.2.5.13)
follows.

Now, let zg € Oy, define Oog = TaN[1—co, 1] x [0,2/V/A], and let A = inf{t >
0 ‘ Zy € DQR}. Proceeding as the case for [J; with (¢) being the deterministic
trajectory so that v(0) = 2o, Ty = inf{t > 0| v1, = co/2}, we have

1

1.2.5.14 P\ < >on( sup |7, — g) > O
( ) (1 774) 0<tgl%| t ’Yt| \/Z

To see why the last lower bound is true, we consider by It6 formula,
T
sup E|Z, — 7 < 2A||v||cl/ E* sup |Z — w|? + (2 + )T,
0<t<T, 0 0<t<Ty
which, by Gronwall’s inequality and Assumption 1, implies

sup E®|Z, — y|? < (1 + )Ty .

o<t<Ty

Inequality (1.2.5.14) follows by Chebychev’s inequality.

Now let \' = inf{t >0 ’ Z € Dl}. Using Lemmas [.2.5.4 and Markov property,
there exists a constant C' (independent of zy) so that

C

2| / (> Z 1> : z / 3
(125.15)  P*(X <n3) = P*(\ <nj) _inf P T <) = o
Combining (1.2.5.13), (1.2.5.15) and using the Markov property gives

N N Ce

2| £ 2| ! 5 : 21 £
P (X <nf) =P (X <nj) inf P (A<mni) > o

Repeating this argument again for U3, ..., U5 we see that we obtain an
extra C'/|In §|? factor every time we pass a corner. Combining these estimates
gives (1.2.5.12) as claimed. O

We are now ready to give the proof for Lemma 1.2.5.1.

PROOF OF LEMMA 1.2.5.1. Let z € B; and denote D; = {dist(z, oY) <

1/v/A}, Dy % (1-6,140) x (1—co, 1) and D = (1 2¢o, 1+2¢) x (1—45,1).
As ng < ng when 2y € By, by Lemmas 1.2.5.6-1.2.5.10 and Markov property, we
have that

P*(7° <n5) 2 E*Lizecpsy Lonangy Lono<ng L isans)
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]-}0>

2 A
=F 01{)\0<TI§}E A0 (1{75<77§}1{5\<77§}1{)‘<77§}>

= E* 1<y B (1{75<n§}1{3<n§}19<’7§}

E® 1<y inf E* (1{/\<n§}1{5\<ng}1{75<n§})

>
> B b ovany iof, B™ Lsapy Inf, B= Loy Jof B rec)
Ce

Z oz’

where C' is independent of zy. Taking the infimum over zy, we achieve the
desired result. O

1.2.5.2. Proof of Lemma 1.2.5.2. In this subsection, we give a proof
of Lemma [.2.5.2. The strategy then will be similar to that of the proof of
Lemma 1.2.5.1 as will will estimate the probability for a typical particle to
successfully enter the inner region after each time it goes around the boundary
layer Bs. To do this, we first need a few results.

LEMMA 1.2.5.11. Let O; = Bs N {xa € [y, 1 — co]}. There exists a constant po
such that

1
(1.2.5.16) inf P* <77§ < A> > o -

zo€l

PROOF. Since we restrict our attention to region of the boundary layer on
the sides, for each ¢ > 0 there exists an interval R, with length |R.| = 1/v/A
such that

diSt(Rs X [Co, 1-— CO] >B5 N {$2 € [607 1- CO]}> =

-

Let M be independent of ¢ such that
M M
RE X [Co,l—Cg]U(B5m{I2 c [60,1—00]}) - (1_\/Z7l+\/Z) X [Co,]_—Co] ,

and z, € ;. By Lemma 2.A.4 applied to the deterministic curve ~ (given
by (1.2.5.7)) with vy = zp, we have

1
P> € -
<775 < A)
.

M
> PZO( sup |Zii—714] < N sup | Zaop—y2.] < \/Z,Zl,TO € Ra) Z Do,

0<t<1/A <t<1/A

where pg is independent of zy as desired. O



1.2.5. EXIT FROM THE BOUNDARY LAYER 34

LEMMA 1.2.5.12. Let 5\2 = inf{t >0 ’ Zyy € {co, 1 — Co}} and zy € Bs — .
Then

(1.2.5.17) lim inf P* ()\

e—0 Bs— Dl

5|1n5| < ClnA
A )/ AV

PROOF. Let ¢ > 2 be some large number to be chosen later, and let 2
be the closest point on {H = A~Y9} to 2. Let d = Alz — zg] and 7; be
the deterministic curve (defined by (1.2.5.7)) with vy = Z,. Note that, by
Assumptions 1-2,

C
Al/2q

<

|,

(1.2.5.18)

By It6 formula, we have

d2
w2 < A2+2A||v|cl/ E™|Z, — 2 ds + (1 + )t

By Gronwall’s inequality and Assumption 1, it follows that

E*|Z, —

dz
Ezolzt - ’715’2 g (AQ 4 (1 + 82)t) 6200At.

Now, let Ty = inf{t > 0: y2; € (2¢o, 1 — 2¢0)}, and note that T, < DIn A/(Aq)
for some constant D > 0. By (1.2.5.18), we have

. 1007 C DInA 0
P 0(|ZT0 7T0| 10) < % (A?q + (1 +€2)Aq)€2oopl Alq

< CA20P/a=1p A

Picking ¢ such that 200D /q — 1 < —1/2, we have

. ClnA
(1.2.5.19) P 0(|ZT0 11l < 10) 1= —na

As ¢ > 2, Ty < 5|lnd|/A. Therefore, by continuity of Z, it follows that

~ 5In ¢
{ZZTO c [260, 1-— 260}} g {)\2 < ’Z ‘}

Combining this with (1.2.5.19), we deduce

~ _ 5|lnd ClnA
20 .
g B;nfml P (AQ S A ) > A4

as desired. 0

We are now ready for the proof of Lemma 1.2.5.2.
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Proor or LEMMA 1.2.5.2. Step 1: We first claim that for each 2y € B5 and
e > 0, there exists a constant C' > 0, independent of zy and ¢, such that

5
1.2.5.20 PZ°< sup  |H(Z)| > ) > C.
( ) 0<t<6\1§6\/14| (2] VA

To prove this, suppose for contradiction there exists a sequence {z,,e,}>2;
such that

5
[.2.5.21 lim PZ”( sup |H(Z;)| > ) =0.
( ) n—00 o<t<6|1n5|/,4| (2] VA

Let Cy be the lower bound in Lemma 1.2.5.11 and denote :\1 = inf{t >0 ’
Zy € ﬂl}. By Lemma [.2.5.11 and the strong Markov property,

5
PZ”( su H(Z)| > )
0<t<6|l§6|/A’ (2] VA

> B (Ezn <1{Supo<t<xllH(zt)<7z}1{h<5“n5'“}1{”§<X1+1/A} ” >)

5\1<5|1n6|/A} E% 1{ng<1/A})

1 1. ) inf F”1
{supogtg;\l\H(Zt)K%} {)\1<5\1n6\/A} 2el)y {ng<1/A}
5 < 5[In |
>CPZ"(sup H(Z) < —=; M < )
0 O<t<5\1| ( t)| \/Z 1 A

The second equality follows from the fact that n; > A1 under the event

)
sup |H(Z;)| < }
{Ogtdll (Z)l < =

We claim that for large enough n, we have

5 + _ 5|lnd| 1
Pzn(sup H(Z)| < =% < )2,
0<t<5\1| ( t)’ \/Z 1 A 9

which contradicts our assumption (I.2.5.21). To see that this lower bound is
true, we first note that z; ¢ [J; by Lemma [.2.5.11. Thus, we only consider the
case z, € By — ;.

Recall \, = inf{t >0 ‘ Zayt € {co, 1 — co}}. Observe that

Lisupye,cs, 1H(Z0l< 21 L {3 <smel 4}

= Lsupyeps, 1H(20)1< 25} L acsmel 4} -
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By (1.2.5.17) and (1.2.5.21) and, we can pick n large enough such that

5 + _ 5[lnd|
Pz"< sup |H(Zy)| € —=; M < )
Ogt@\ (Z1)] AN ST

5 .
> PZ"< su H(Z)| < —=; X <
0<t<6\1§6\/A| (2] A7 A

This is a contradiction, proving (1.2.5.20) as desired.

Step 2: Once (1.2.5.20) is established, we can estimate Ent as the expected
time to success of a Bernoulli trial using a similar argument as in the proof of
Lemma [.2.4.2. Explicitly, let At = 6|Ind|/A, and observe that by (1.2.5.20),

5
P*(n: < At :PZO( su H(Z >)>C’.
(1 < 1) e M E >

By the strong Markov property and estimate (1.2.5.20), we have that for ¢ > 1,

P> (7]5 zAt) E* E* (1{77§>1At}1{7l >(i—1)At} | f(z 1 At)
= E* (o nan B208 10 0
X E 1{n§>(i—1)At} sup Ezl{n§>At}

zE€B5

= E*1pe-1)a0 (1 - Ziélgs pP* (né < At))
== E 1{7]5>(z I)At}(l - C) < (1 - C)l’
where C'is the constant in (1.2.5.20). Therefore,

v [ Pevis g § [ PG

> _ ; 6|Ind|
SAtS PO (E 2 iAt) < AtS (1— ) € =00
Z (> i00) < ar 1 -0 < 2
from which (1.2.5.2) follows immediately. O

1.2.5.3. Proof of Lemma 1.2.5.3. In this subsection, we restrict our
attention to a particular cell (0,1) x (0, 1) as the analysis is similar for (1,2) x
(0,1). Thus, assume for simplicity that |[H| = H. By Assumption 3, 9?H < 0
for i € {1,2}. Let z € B} and denote U.(z) = E*;;. Then, U. solves the
following equation

~0iU. — £2RBU. + Av-VU. =1  in (0,1)* - By,
(1.2.5.22) 2
U.=0 on (0,1)°NIB;.
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In order to prove Lemma 1.2.5.3, we construct an explicit supersolution
to (1.2.5.22), independent of . Recall by Lemma 1.2.4.4,

S = supl||U.| e < 00.
e>0

Let di < 1 be a small constant that will be chosen later, and define

1

A:{gHgd}
va SHlsd

Ry=ANn{y€lcy,l —¢9]} and Ry =A—-R,.

FIGURE 1.2.5.2. A, R (green), RY (red) and Ry (blue).

Denote by (6, h) the curvilinear coordinate, where § = ©(xy, x2) is the “angle”
and h = H(xy,x9) the level of the Hamiltonian H (See Section 1.2.6). Let f
(to be specified later) be a smooth periodic function of © that satisfies
0 <inf f <sup f < o0,
(1.2.5.23) —oo < inf f/(©) <sup f(©) < —1 on Ry,
and sup|f”| < co.

Then, consider the function

¢ =x1+ X2,
where

X1=—§HIHH and X2:_f(@)+|’f||ll°°_

dy AH VA
By construction, ¢(0, H) > 0 on A. We claim that for an appropriate f, ¢ is
a desired supersolution.
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LEMMA 1.2.5.13. Let U. be the solution to equation (1.2.5.22). Then, there
exists a function f that satisfies the requirement (1.2.5.23) so that for small
enough dy,

op=>U. onA.

Postponing the proof of this lemma, we now give the proof of Lemma 1.2.5.3.

PrOOF OF LEMMA 1.2.5.3. By construction, on Bs — B; and for small
enough e, we have T < dy. Therefore, when H =5/ A \/_

b5 0 2) Wlie
T odivA \JA VA T VAT
It follows that
E*ni=U(z) < ¢(2) < [In 9]
1 = =X \/Z )
for every z € 0Bs, as desired. O

PROOF OF LEMMA 1.2.5.13. Step 1: Recall that v = V*H and H > 1/VA.
We have that

__f'®) f(©)
Vie = = VO + LV,
Oxa = A( H 00 f;]?)al@alﬂ+ fff)af@)
2 7(©)
+A< E 82H>
> L(I®) e f( )aenn + IO gte).
and / /
~0Bxs > ( f]g?)a2@agﬂ+ ff)ag@)
Therefore, by (1.2.5.23) and H > 1/\/2,
(1.2.5.24)  — (82 +€03) (f/( )(8®8H+58®8 ))—C
e 1 h)X2 2 A\ T \9Pa 200, VA

Step 2: On the other hand,
S
Vxi = —d—(l +InH)VH
1

and ,
S S (01H)
—?y;=—0PH(InH+ 1)+ —
ale dlal (n + )_I—d]_ H
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We note that there exists a function p = p(z) > 0 that
VO = () VA = playola),
p < Ay on {|H| < co} for some 0 < A\; < Ag. Therefore, by (1.2.5.24)

— 0%¢ — 02 + Av - Vo

S S (O H)?  f/(©)|VH|?
2.5. > =92 = _
(1.2.5.25) GOMH(nH 1)+ = T
2 /f(O) C
-5 (81@81H+562@82H))—\/Z.
Recall

RQZAH{ZQE[CO71—CO]} and R1:A—R2.
We would like to estimate the above quantity in R; and Rs.

Step 3: For Ry, we decompose this set further
R%:Rlﬂ{C()ngg]_—Co} and R?:RI—R?

In R, there exists a constant C' such that [VH|? > C. Therefore, by (1.2.5.23),
(1.2.5.25) and H > 1/VA,

"(O)|VH|? ,
~0%0 — o+ Av- Vo> ~LONVIE, oy,
M Cinfg, [f(© )
> ORI IFON_ oy g

By (I1.2.5.23), we could then pick d; small, independent of ¢, to make the
following hold

02— ed+ Av- Vo > 1
in R{.
On the other hand, in R}, we have |VH(z1,2)[* = 27 + 22. Therefore, by
Cauchy-Schwarz inequality,

(o VHP| o [VHP _ o2+ 3
PO = e gt = et

Also, note that in R? it holds that |9;00;H| = (9;H)? for i = 1,2. Thus,
by (1.2.5.23)-(1.2.5.26) and H > 1/+/A, we choose f such that A, infg, |f'| > 2
and ¢ small enough to get

— 02— 03¢ + Av - V¢
f©)IvH]? 2<f’(@)

(1.2.5.26)

> 2inf | ']

> - (5 (81@81H+€82@82H)>

<
VA
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fOIVHP?  2|f(©)VH]?|  C
> -t ——p— -
H A H?2 VA
f’(@)!VHP( 2 )_ C
- H P=AH) ~ VA
. / C
>Allgf|f|—ﬁ>1-

Thus, we have just shown that there exists a function f that satisfies (1.2.5.23)
so that in Ry,
—02¢p — 03¢ + Av -V > 1.

Step 4: In Ry, there exist constants C4, Cs so that
0< CQ < Cl‘VH|2 < (81H)2 .

We then look at
— 5)%@25 — 5822¢—|— Av-Vo

S g2y S (aH)?*  f(O)VH]
InH+1)+ = - —

d18 H(In H + )+d1 I % p—C

S S Ci|VH|? |VH|?
> =92 = -
/dlf)lH(lnH+1)+d TN £/l o (Ro) 7 ¢

Cy (SC

> o (S = Rl laeiay ) = €

Pick d; smaller if needed to get
—0yp — D3+ Av-Vo >1 in Ry.

Step 5: Combining Steps 3 and 4, we have shown that there exists a function
f such that
—0yp —ed3p+ Av-Vo >1 inA.
By construction, ¢ > U, on {H =d;} U{H = ﬁ} The comparison principle
then tells us that
p>U. inA
as desired. 0

1.2.6. Proof of Lemma 1.2.4.4

In this section, we give the proof of Lemma 1.2.4.4. This fact has been obtained
in more generality by PDE method by Ishii and Souganidis [IS12]. Our method
proof, still PDE-based, is different than that in [IS12]. Although the argument
is new for our particular situation, it is an adaptation of the method in [Kum18|,
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where the author studies the Freidlin problem for first order Hamilton-Jacobi
equations.

It is convenient to work in the so-called curvilinear coordinates (h, ), in one
cell. Let Q5 = (0,1)% — 'y, where Ty is the closure of one trajectory of the
gradient flow of H starting on the boundary of the unit square. On Qf we
define the curvilinear coordinates by setting h = H(x), § = O(z), where ©
solves

VO .VH =0,

in Qf, normalized so that the range of © is (0,27). In this coordinate system,
h(z) determines the level set of the Hamiltonian to which x belongs and 6
describes the position of x on this level set. Since VO and V+H are parallel,
there must exist a non-zero function p such that

VO = pV+H.

By reversing the orientation of © if needed, we may assume, without loss of
generality, that p > 0. Let J = 0,H0,0 — 0,H0,0 be the Jacobian of the
coordinate transformation, and note

J=plVH[*, |VO|=p|VH]|.

Let v be the solution to (1.2.5.7) with vy = =, and T be the time period of ~.
Note T" only depends on h = H(x), and is given by

1
1.2.6.1 T(h) < inf{t > 0 ~(t, ) = :75 e,
(126.1) ) Sint(t> 02 () =a} = fola
where |df| denotes the arc-length integral along the curve {H = h}.

Let S(x) = inf{t | y(t,z) € Ty} be the amount of time + takes to to reach Ty
starting from xz. This time is not a continuous function of x. Therefore, in
order to make it continuous, we modify it to the following continuous function

] S() if S(z) > T(H(x))/2,
(1.2.6.2) S(x) = {—S(m) +D(H(x)) if S(z) <T'(H(x))/2.

As we have restricted our attention to one cell, we can assume H € [0, 1].
Define the coefficients D; and Dy on [0, 1] as follows

1 0, H |2
1.2.6.3 Di(h) = —— dl
(1.2.6.30) (0 = i3 (. v 14

1 0?H
1.2.6.3b Do(h) = —— L de) .
( ) () = 7 y{H_h} o 14

Note that by Gauss-Green theorem, we have

D =~ = [T S
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Therefore,

() Dy (R)) = T(h)Da(h)

1.2.6.4 —
(1.2.6.4) o

We are now ready to show the proof of Lemma 1.2.4.4.

PRrROOF OF LEMMA 1.2.4.4. As before, we restrict our attention to a par-
ticular cell (0,1)% as the estimate is the same for other ones.

Step 1: Let U.(x) = E*7¢ and Q. = (0,1)? — B,. Then, U. is the solution to
the equation

1 2
—5 0. - %8§U8 Y Av-VU.=1 onQ.,
with boundary condition
U.=0 on 09..

Lemma 1.2.4.4 will follow immediately from the uniform bound

sup||Ue|| Lo sy < C.
£

To see why this bound is true, let us consider the solution U to the ODE
{—Dl<h>aiv — Dy =4,

U(0) =4.
Note that U is bounded. To see this, we use (1.2.6.4) to rewrite the equation
1 _
——— O T'(h)D1(h)OLU | = 4.
(T Do)

Observe that T'(h)Dy(h) =~ O(1 — h) and T'(h) — Ty > 0 as h — 1; T'(h) =
O(|lnh|) and Dy(h) = O(1/|Inh|) as b — 0 (see Chapter 8.2 in [FW12]). Using
these asymptotics, we deduce

4 1 _ h 4 1
W/h T(S) ds, U(h) :/0 w/s T(T) drds ,

oU(h) =

and

Step 2: Note that U o H is a function on €. Let
g=0{(UoH),

and we see that

§(x) = T(;U) [ gyt = -4,
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where 7" is defined in (1.2.6.1). Define

where S is defined in (1.2.6.2). Note that
(I.2.6.5) v(z)-Ve(z) =g(x) —glx) =g(x) + 4.

To see this, consider

c0ts.a) == [ (gta(t2(s,21) - 30306, 20) ) d
= [ (strtt.2)) ~ 9(2)) .

Differentiate in s and evaluate at s = 0, we get (1.2.6.5).

Step 3: Let
def 77 1 1 2 52 2
GEZUOH+ZQ07 L52—561—§82+A'U‘v,
and note
Lo 7 Lo e i e?
——i82 —ié?z(UoH)—iG2 +4=e.+4
T 2ANY T 2AY TR T T
where e, = — 0% — %5)%((70[-]) — %8%@. Since U is smooth and e. converge

uniformly to 0 as € — 0, there exists an ¢y such that for all ¢ < ¢y, L.G. > 1
and G. > U. on 0f).. By the maximum principle, G. > U. on §2.. Finally,
observe that sup,||G.||L~ < oo, which implies what we want. O

1.2.7. Upper bound for energy constrained flows

In this section our aim is to prove the upper bound in Theorem 1.2.1.1. As
in the proof of Proposition 1.2.1.3, we will consider the doubled strip Sy =
R x (=1, 1) with Dirichlet boundary conditions, and only use velocity fields v
satisfying (1.2.3.1). Our aim is to find v € V5 satisfying (1.2.3.1) such that

Chhw

% )
for all sufficiently large 7. The flow we use is an analog of the one used
by Marcotte et al. [Mar+18b] adapted to the periodic strip, and is shown in
Figure 1.2.1.2. Tt consists of 1/& convection rolls of width ¢, height 1 skewed so
that the center of the roll is only § away from the top boundary. Here £, > 0
are small numbers that will shortly be chosen in terms of the Péclet number % .

1Tz~ <
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Let v € (0,1), § = ™ and H: R? — R be defined by
H(xy,15) < Hy(21)Hy(22),
where H;: R -+ R, Hy = Hy.: [0,1] — R are Lipschitz functions such that
Hy(z1 +2) = Hi(x1), Hy(—x9) = Hy(xs),
T T € _0 1) )

Hi(z) =41—14 T €

1

2

3
—24+x1 11 € 2,2)

and
Ty x9 € [—1420,1—26],

Hy(@z) = {o Ty = 1.

Moreover, we assume H;, Hy are such that H has only one non-degenerate
critical point in the square (0,2) x (0,1). Stream lines of such a Hamiltonian
are shown in Figure 1.2.1.2.

Given ¢ > 0, define the rescaled Hamiltonian H® by

A A. [ O,H*®
H S (), andser o H Zvige =2 (G5 )
(21, 22) . ,To ), andset w . el WY
Let T. = T%" be the solution to (I.1.1.2)—(I.1.1.3) with drift v°.

By uniqueness of solutions we see that T satisfies T.(x; + 2¢, 25) = To(x1, 22).
Thus, we change variables and define
T

y1=_"5 Y2=1, and v=V H.
In these coordinates we see that 7, satisfies
1 1
(12.7.1a) Ao - VT = SO, T. = 5e°0,T. = °,

with boundary conditions
(1.2.7.1b) Te(y1 +2,y2) = T:(y1, y2) , and T-(y1,1) = Te(yq,—1) = 0.

To estimate the size of T, consider the associated diffusion let Z¢ = (Z§, Z5)
which solves the SDE (1.2.4.1). And let 7¢ (defined in (1.2.4.2)) be the exit time
of Z from the doubled strip S,. By the Dynkin formula, we know T, = 2 E7¢,
and so estimating E7° will give us a bound on 7. This is our next proposition.

ProprosITION 1.2.7.1. Given a Hamiltonian H in the above form, choose
A. =1/, v =V H. There exists a constant C' = C(v) such that

ol
(12.7.2) sup B < CInel
zeQ)/ As
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for all sufficiently small €.

The reason the bound (1.2.7.2) is as follows. In time O(|ln¢|/A.), deterministic
trajectories of the flow v will move most interior points to O(d) away from the
OpSs. In this region, the drift has speed O(A./J) so particles in this region
have O(§/A.) time to diffuse vertically before getting carried away from the
boundary 0pS;. Within this time, particles can diffuse a vertical distance of
O(g\/§/A.). By choice of § = ¢2/A., and so £1/6/A. = §, and hence particles a
distance O(9) away from 0pSy exit Sy with non-zero probability, before being
carried away from 0pSs by the flow. Now using the strong Markov property
we can estimate E7° by the expected time to success of repeated Bernoulli
trials, leading to (1.2.7.2). Before carrying out these details, we first show how
it can be used to finish the proof of Theorem [.2.1.1.

PROOF OF THE UPPER BOUND IN THEOREM [.2.1.1. Clearly it is enough
to prove (1.2.1.4) for ¢ = co. Let v be the flow from the Hamiltonian in Propo-
sition 1.2.7.1 and A, = ¢7”. We note that

. Acf1 1\ A /1 1 1/p )
7=l =0(Z(55m) ) =0(Z(Gtmmen) ) =0E

where

24 v
24 v 1<p<1+y,
/
p:
2 —1 2
1+V—|——( +V)p ) p = +V.
P 1+v

Let T. be the solution to (I.2.7.1a)—(1.2.7.1b), and note that by Dynkin’s
formula, 7. = ¢2E7¢. Thus, by Proposition 1.2.7.1

T - Ce?|Ilne| . O

H EHL‘X’ = A, = gytr)/e

If p < 2, then by choosing v > 0 small enough we can ensure p < (2+v)/(1+v).
In this case 2 + v = p’ and hence

Chn%

7
On the other hand, if p > 2, then for any u > 0 we can choose v > 0 small
enough to ensure

HT€||L°° <

C,In%
ITel e < —F5—
3p—2 M
finishing the proof. U

It remains to prove Proposition [.2.7.1. The key step is to show that starting
from any point in Sy, the probability Z¢ hits the boundary dpSs in time
O(|lne|/A.) is bounded away from 0. This is our next lemma.
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LEMMA 1.2.7.2. Let A. = ¢7¥. There exists constants py = po(v) € (0,1) and
K = K(v) € N, independent of ¢, such that

K|l
(1.2.7.3) inf P? (7’5 < |An5|> > po,

for all sufficiently small € > 0.

Using Lemma [.2.7.2 one can prove Proposition 1.2.7.1 by treating the exit
from the strip as repeated Bernoulli trials.

PROOF OF PROPOSITION 1.2.7.1. Letting t; = iK|lne|/A., we note

sup Pz(Ta > ti) = sup EZ(EZ(lT€2ti71lTE2ti |‘Fti71))

zeQy zeQy
= sup E*(Lrezy, P71 (1° > (t; — ti1)) < (1= po) sup P*(7° > t;).
zeqV zeQ
and hence
sup P*(7° > t;) < (1 —po)".
zeqY
Consequently,
E*rf = / P2 t)dt < (tips — 1) P (75 > 1)
0 i=0
K|lne| & . Klln¢|
< l—po)' =—71,
Ag ;( po) pOAa
for every z € (0. This yields (1.2.7.2) as desired. O

It remains to prove Lemma 1.2.7.2, and this constitutes the bulk of this section.
We will subsequently assume A, = 7, and for notational convenience simply
write A instead of A..

Let k1, defined by
(1.2.7.4) m = inf{t > 0] 25 €(0,2) x (1-25,1)},
be the first time Z; hits the set (0,2) x (1 —26,1).
LEMMA [.2.7.3. Let 0 < hg < ¢¢ be a small constant independent of €, and
define

Rho =Qn (B}CLOU(]_—C(),].—FC()) X (Co,1—00)>.
Suppose hq is small enough so that Bj, N (1—co, 1+co) X (co, 1 —co) is nonempty.
There ezists constants Cy > 0 and p; € (0,1) such that
Co

[.2.7. inf P~ <
(1.2.7.5) in (/ﬁ 1

20 GRhO

)2171-
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The proof of Lemma 1.2.7.3 is based on a standard tube lemma argument and
is presented in Appendix 2.A.

LEMMA 1.2.7.4. Let hy be as in Lemma 1.2.7.3, Ty = inf{t > 0 : v €
{2¢0,1 —2¢p}}, and Ty = min{Ty, |In A|/A}. Then

ClnA
2.7. i #0 — — >1-——
(1.2.7.6) Bhoﬂ(()l,IQI)fx(O,co)P (ZT1 € (1—2co, 142¢9) x (¢, 1 co)) 1 R
and
(1.2.7.7)
ClnA
i 20 - ) ) > 1-——2.
Bhom(072)1xr(11f_6071_25)P (ZT1 € ((O,2CO)U(2 200,2))><(co, 1 co)> >1 e

PrOOF. We only show the proof for (1.2.7.6) as (1.2.7.7) holds also by
symmetry. Let ¢ > 2 be some large number to be chosen later, and let Z; be
the point in the set {H € (A~'/9, hg)} which is closest to zp. Let d = A|zp — Zo|
and ; be the solution to (1.2.5.7), with o = Zy. Note that, if z; is already in
{H € (A4 hg)}, then d = 0. Also, by Assumption 1,

(1.2.7.8)

By It6 formula, we have

P t

E>|Z, —v|* < =T 2A||v]|en / E*|Z, — v[*ds+ (1 + *)t.
0
By Gronwall’s inequality, it follows that
JQ
B2~ < (G5 + (1 2)t)eller,

Now, let T = inf{t > 0| y2: € (2co,1 — 2¢)}, and note that T'< DIn A/(Aq)
for some constant D > 0. By (1.2.7.8), we have

Co 10()( C 9 DlnA) 9

P (| Zp — vl > ) <« 20 (S 4 (1 4+ )2 RE) 2l Dina/g
(‘ =l 10) 2 am TS )e

ClnA

Al/2 0

provided ¢ is chosen so that 2||v||c:D/q —1 < —1/2. we have

Co> S 1 C’lnA.

10 Al/2

Since the trajectories of Z are continuous,

< CA2PIler/a=11y A <

(12.7.9) p (|ZT ] <

{ZT1 € (1 — 260,1+260) X (00,1 _CO)} D) {‘ZT —")/T’ < f(()]}’

from which (1.2.7.6) follows. O
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LEMMA 1.2.7.5. There exists constants D > 0, py € (0,1), independent of € so
that

D|ln A|
(1.2.7.10) nf P (mg S )>p2.

PROOF. Denote
O, = (1 — 2¢0, 14 2¢0) x (o, 1 — o),
Oy < By, N {zs € (0,c0)},
Os = By, 1 ((0,2¢0) U (2 = 2c0) ) X (co, 1 = o),
O = By N {x2 € (1 — o, 1)}
First, if 2y € By, Ny, we are done, by Lemma 1.2.7.3.

Suppose now that zy € [y. Let T} be as in Lemma 1.2.7.4. By Lemmas 1.2.7.3,
[.2.7.4 and the strong Markov property we note

P O(m < A+T1> > P °<ZT1 € [h) ZluelélP 1</<01 < A)
In A
(1.2.7.11) > (1 - 02 >p1.

Suppose now that zy € Os. Denote kg = inf{t > 0| Z1, € {2¢0,2 — 2co}}. By
a similar argument as in Lemma 1.2.7.4, there exists p € (0,1) such that

) In A|)
f P* Ky < >
2316153 <I€2 A p

There are two possibilities:

(1) There exists a p, independent of € such that

A

In this case, we can apply the same argument as in (1.2.7.11) to arrive
at the desired result.
(2) Otherwise, there exists a constant pl, independent of € such that

lIn A ,
A > >p27

for some h; independent of e. We can then apply Lemma 1.2.7.3 to
get the desired result.

InA
PZO(Z@GDQ;/{Qg‘ |)>p/2

P (H(Ze) > o <

The same argument works when 2, € [y, and this completes the proof

of (1.2.7.10). O
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LEMMA 1.2.7.6. There ezists a constant ps € (0,1) such that

€
1.2.7.12 inf Pl <= =ps.
(1.27.12) soelelas1-25) (T = A) Z b3

PROOF. Denote T3(z) = inf{t > 0|y <1 —49,7 = z}, and let

T, inf  Ty(2).
4 {z|221£1726} 3(Z>

By definition of H we see that Ty > C§/A for some constant C. In time C'd/A

the process Z diffuses a distance of O(ey/d/A) = O(0) vertically, and hence
should hit the top boundary with a probability that is bounded away from 0.
That is, we should have

(1.2.7.13) P (r° <Ty) > ps,

which immediately implies (1.2.7.12). The inequality (1.2.7.13) can proved using
a tube lemma (Lemma 2.A.3) and is the same as the proof of Lemma 1.2.5.9. O

Proor oF LEMMA 1.2.7.2. Given Lemmas [.2.7.3, 1.2.7.5, 1.2.7.6, the
proof of (1.2.7.3) is identical to that of Lemma 1.2.5.1. O



Appendix

2.A. Tube lemmas

In this appendix, we prove several “tube lemmas” and estimate the probability
a diffusion stays close to the underlying deterministic flow. Many such estimates
are standard and can be found in books (see for instance [FW12]). However, in
our situation, we require estimates where the diffusion coefficient is degenerate
in one direction and the amplitude of the drift is large. While the proofs follow
standard techniques, the estimates themselves aren’t readily available in the
literature, and we present them here.

Throughout this appendix we consider the SDE

(2A1) dZt = AU(Zt) dt +o0 dBt s
where
(2.A.2) lolle <1, [Do|z= <1,

10
(2A3) g = (Uij) = (0 8) .
For notational convenience we will often denote the diagonal entries with just
one subscript and write o; for o;; (i.e. 01 = 1 and gy = ¢).
LEMMA 2.A1. Fiz X\,3 >0, and define T'="Tg 4 and R = R4 5 by

et 3 A

def )\
(2.A.4) T Rz(l—\/z,l—kﬂ)x(l—s,l).

Let zg € R, u € CY(R?) and let 7 be the solution to the ODE
Oy = Au(y) dt, with Yo = 20,
and T = {3(t) | t € [0,T]} be the image of 7. Denote

A2 T w; (Y1) — v (F(t 2 0i)|00| foo paiy \ 2
L= [ (W) s )
2 Jo 5 i j=1 oiVA
Then for some a > 0 we have
PZ°( sup [0 (Z—F1)loo < A) > P(sup|Bt|oo < A) eXp(—a LT—lLT>
0<t<T VA t<T VA 2
for all sufficiently large A. Here the notation |z|s denotes max;|z;|.
REMARK 2.A.2. A similar upper bound also holds, but is not needed for
purposes of this paper.
50
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PROOF. Define the process Z by
dZ, = Au(3,) dt + odB,,  with  Zy=z.
Define
h(t) = = Au(Fe) — U(Zt))
h(t) = 0 h(t)

(2.A.5) M, = exp( /Ot h(s)dB, — ; /Ot h(s)? ds)

and a measure P so that A

dP = M7 dP.
By the Girsanov theorem (see, for example, Theorem 8.6.6 in [Dks03b]), the
process

B d:d/otfl(s)ds—i—Bt
is a Brownian motion with respect to the measure P up to time 7. Since
dZ = Av(Z)dt + o dB,
by weak uniqueness we have
E*f(Z) = E*f(Z) = E* f(% + 0B;) = E® (f(% + aBt)Mt) ;

for any test function f. Thus

A
P (suplo™ (2~ 5l < m> — B (1icMr).

t<T

where

A
Kdef{ B - \ }
Sup |Bilee <

Now let o = (2/P*(K))"/2, and K be the event

R {(/()T}}(zt)cz&)2 < az/OTﬁ(t)Zdt}.

By Chebychev’s inequality and the It isometry, we see

1 P*(K)
Po(R) < = =7,
and hence Pk
P*(KNK)> 2< ).
Thus

B (1eMr) > B (1 oxn(—a( [ e Y )1/2 _ ; | Ly )

(2.A.6) > PZOQ(K inf exp( a(/OT )1/2 ;/OT h(t)? dt) :
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To estimate the exponential, note that on the event K we have

[ha(t)] = |h;(j)| = ;4 (¢ + 0 Br) — vi(Ye) + vi(Fr) — wi(Fe)
(2.A.7) )‘\/_ il i + A|Ui(7t)ai— vi(Y)| ’

for every i = 1,2. Combining (2.A.7) with (2.A.6) completes the proof. O

LEMMA 2.A.3. Using the same notation as in Lemma 2.A.1, we now additionally
assume

oi|050;]| 1 oo( por
(2A8) max Z J|| J ||L (R+T) < CO
ZE{12}J 1.2 0;
T A2 2
(2.A.9) Z/ [ (”ﬁgﬁ.
i=1,2

Then there ezists Cy = C1(Cy, A\, ) > 0 such that

A
PZQ( S -1 Z - ~ < ) > C
Ogltlng\U (Zt — )] A 1

PRrOOF. Following the proof of Lemma 2.A.1, and using (2.A.8)—(2.A.9)
n (2.A.7) gives

T,
| 1)t < 2631+ Agd).
0
Combined with (2.A.6) the lemma follows. O

Next, we show the following estimate for the side boundary layer.

LEMMA 2.A4. Let 2y € B, = B, — [co, 1 — co] x [0,1] and n € N; Z, be a
stochastic process satisfying (2.A.1)—(2.A.3) and ~; be a deterministic process
satisfying

Oy = Av(y)  with v = 2.
Let T, R be as in (2.A4), and I' = {y(t) |t € [0, T]} be the image of v, and
assume

For M > 1, let R. C [1 — M/v/A,1+ M/\/A] be a Borel set, and T = m/A
for some m € N. Then, there exists a constant C = Cy, py and €9 > 0 such
that for all € < g,

2M e N
P%wZ— < D Zay — o € - Zyg— eﬂ
ogthl 1,t 71,t| X i 0<t£T| 2.t 72,t| X \/Z 1,7 — 1,7 €
(2.A.11)

2M ~
> CmnP(B <L Be Rs)
) ‘ t| \/Z 1,7
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As before we write Z = (21, Z2), v = (11, 72), and the notation Z;, and ~;,
denotes the values of the coordinate processes Z; and ~; respectively at time .

Proor. We follow the proof of Lemma 2.A.1, and explicitly substitute o1 =
1 and oy = €. Our conclusion (2.A.11) will follow provided we can show

T
(2.A.12) / ht)2dt < C,
0

for some finite constant C', independent of €. To bound this, we use the upper
bound (2.A.7), and observe that the second term on the right hand side is
identically 0 since u = v. For the first term, the only term that may grow
faster than v/A is when i = 2 and j = 1. In this case, the assumption (2.A.10)
guarantees that this term is identically 0. Now squaring and integrating from
0 to T = m/A proves (2.A.12) as desired. O

REMARK 2.A.5. If the velocity field v does not satisfy (2.A.10), then Lemma 2.A.4
still holds provided A is chosen so that A > 1 /52. To see this we note
that (2.A.7) implies
To s Cm
/0 bt < =5
If A > 1/? the right hand side of this is bounded independent of ¢, and so the
remainder of the proof of Lemma 2.A.4 remains unchanged.

Finally, we prove Lemmas [.2.7.3, and Lemma 1.2.7.3, which were used in the
proofs of Theorem 1.2.1.1 and Proposition 1.2.1.3. Both proofs follow along the
lines of the above tube lemmas.

PrROOF OF LEMMA 1.2.5.4. We only consider the case where zy € Qo/2.
The other cases are similar. First, recall that, by a direct calculation, we
can check T' < |Ind|/A. Therefore, for small enough e, under the event
{1Zis — visl < os(IInd|A)~Y2 ) ¥Vt < T,i = 1,2}, we must have Z; € Qo for
t <T. Thus,

(2A13) Ul(Zt) = Zl,t and UQ(Zt) = —Zgﬂg .
Now define

dZ, = A" ) g 4 o dB,
Uz(%)

and write

e — Z) Y1t — Zl —B1
o A14) K)o () — 2 ) :A< it ALt ) :A< vt> .
( ) ) <U2(%) — vo(Zy) —Yor + Loy eByy
As before, we define h and a new measure P by

ht) % o h(t) = (é 1(/)€> ht) = A <‘Bi’t> ,
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dP = My dP,
where
def s 1 ta 2
M, = exp(—/ h(s)dBs — 5/ h(s) ds) :
0 0

for 0 <t < T. By the Girsanov theorem, the process
~ [N
Bt d:ef/ h(S) ds + Bt
0

is a Brownian motion with respect to the measure P. Therefore, by uniqueness
of weak solutions of SDEs, we have

E(f(Z)) = E(f(Z)) = E(f(14 + Bis,724 + €Bay))
= E(f(m1t + By, vou +€Boy)My) .

Hence
g;

P$<|Zi,t —%‘,t| < —
[Ind|A

, ng,z':Lz)

= E*(1 My ).
( {|Bt|oo<(|1na|A>—1/2,wg} T)

Now, we have that, by 1t6 formula,
t t t
/ h(s)dB, = —A / B, dB, + A / By, dBs,
0 0 0

A
= 5(_3%,15 + B%,t) :

Therefore,
M, > exp(—‘;l(Bit +B3) - [ (B, + B2 ds).
Therefore, as T' < |In §| /A, under the event
Kd:ef{yBgoog #, Vth},
lné|A

we must have

1
My > eXp(— — 2) >C.
n
Since P(K) =~ 1/|In6|?, this finishes the proof. O

PROOF OF LEMMA 1.2.7.3. Let 2y € Ry, and Ty = inf{t > 0|y, > 1 -4},
where 7 is the solution to (1.2.5.7) with 79 = 29. A direct calculation shows
that there exists Cy for which Ty < Cy/A. Furthermore, when x5 € (0,1 — 20),

we have that
v(m,xg) = ( 2 1 ("17)> < 1(521)> .
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Therefore, following the proof of the tube lemma (Lemma 2.A.1), we find that
the function h(t) there satisfies

7 H(’Ylt)—Hl(’Ylt+Blt)|
o) = A (O et Bl
)| ( e

Therefore, under the event {SUPt<T0|Bt| <V1y;Bar, 2 O}, it is true that

To
(2.A.15) / h(t)[2dt < C.

0
We have that

. Co
K = {SUP|Zt — | <\To; Zoy 2 1 — 25} c {/ﬁ < A}'

t<Tp

Following the proof of Lemma 2.A.1, by Girsanov’s theorem and (2.A.15), there
exists p; € (0,1) such that

P(Ky) > CP(supl Bl < \/Toi Bar, > 0) > .

t<To

from which (1.2.7.5) follows immediately. O
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Coagulation-Fragmentation equations



CHAPTER 1

Introduction

The Coagulation-Fragmentation equation (C-F) is an integrodifferential equa-
tion that finds applications in many different fields, ranging from astronomy
to polymerization to the study of animal group sizes. The equation, with
pure coagulation, dates back to Smoluchowski [Smol6a], when he studied the
evolution of number density of particles as they coagulate. Later on, Blatz and
Tobolsky [BT45] use the full C-F to study polymerization-depolymerization
phenomena. The mathematical studies of this equation did not start until the
work of Melzak [Mel57], which was concerned with existence and uniqueness
of the solutions for bounded kernels. Since then, although there are still a lot
of open questions remain, major advancing has been made by both analytic
and probabilistic tools. We list here some, but not exhaustive, important
works that are relevant to our work. For existence and uniqueness of solutions,
there are the works of McLeod [McL62], Ball and Carr [BC90], Norris [Nor99],
Escobedo, Laurencot, Mischler and Perthame [EMP02; Esc+03]. For large
time behavior of solutions, there are the works of Aizenman and Bak [AB79],
Carizo [Can07], Carr [Car92], Menon and Pego [MP04; MP06; MP08], Degond,
Liu and Pego [DLP17], Liu, Niethammer and Pego [LNP19], Niethammer
and Velazquez [NV13] and Laurengot [Laul9a]. For surveys of what has been
done, we refer the readers to two dated by now but still excellent surveys by
Aldous [Ald99] and da Costa [dCos15] and the new monographs by Banasiak,
Lamb, and Laurengot [BLL19].

Here, coagulation represents binary merging when two clusters of particles meet,
which happens at some pre-determined rates; and fragmentation represents
binary splitting of a cluster, also at some pre-determined rates. Thus, the
C-F describes the evolution of cluster sizes over time given that there are only
coagulation and fragmentation that govern the dynamics.

A particularly interesting phenomenon of the C-F is that given the right
conditions, the solution, while still physical, does not conserve mass at all time.
There are two ways that this could happen. One comes from the formation of
particles of infinite size; the other comes from the formation of particles of size
zero, both in finite time. The first, called gelation, happens when the coagulation
is strong enough [Esc+03]. The latter, called dust formation, happens when
the fragmentation is strong enough (see Bertoin [Ber(06]). Typically, these
phenomena happen depending on the relative strengths between the coagulation
kernel and fragmentation kernel, not so much on the initial data. However,
there are borderline situations, where it is not very clear how solutions would
behave, hence more careful analysis needs to be done based on initial data.

57
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Both are very interesting and rich phenomena, and have been studied in various
contexts.

This part of the thesis is devoted to answer some of the questions concerning
the well-posedness and dynamics of solutions of the C-F in the regimes where
the phenomenon of gelation plays interesting roles. Our main approach is
to develop new techniques to analyze equations that result from the so-call
Bernstein transform, applied to the C-F. The use of Bernstein transform to
study the C-F for certain kernels was pioneered by Menon and Pego [MP04].

The results presented in this part of the thesis are from the works of the author
with Tran [TV21] (Chapter 2) and Pego [PV21] (Chapter 3).

I1.1.1. The coagulation-fragmentation equation

To mathematically describe the C-F, we let ¢(s,t) > 0 be the density of clusters
of particles of size s > 0 at time ¢ > 0. The evolution c is then given by

(I1.1.1.1) Ohe = Qe(c) + Qf(c) -

Here, the coagulation term (). and the fragmentation term )y could descibe
discrete dynamics (over N) or continuous dynamics (over [0,00)). In the discrete
case,

k—1
Qc(c>(k7t) = ; - a(k - j,j)C(k - j? t)C(j, t) - C(k7t) Z_:Cl(k,j)C(j, t) ;
and
Q)b 0) = =5k 1) b0k = .J) + 3 bl e+ 5.).

Analogously, in the continuous case,

(e 9]

Qc(c)(s,t) = ;/08 a(y,s —y)c(y, t)e(s —y, t) dy — c(s, t)/o a(s,y)c(y,t)dy,
and

Qr()(s.t) = —els.t) [ bls . 9)dy+ [ bl ey + 5,8)dy.
In both cases, a and b are called the coagulation kernel and fragmentation

kernel, respectively. They are nonnegative and symmetric functions defined on
N? or [0, 00)2. We will specify these kernels later in the subsequent chapters.
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Weak solution. We say that ¢ : N — [0,00) is a weak solution to the
discrete coagulation-fragmentation if for every bounded function ¢ : N — [0, 00),
we have

d o0
i 2 00l
Wir2) =g 3 60+K) —00) — 6Bl ke el
oo k—1
— 3 3 S 0) — 60) — ol — Gk~ Jlelit).

Likewise, we say that ¢ : [0,00)? — [0, 00) is a weak solution to the continuous
coagulation-fragmentation equation if for every test function ¢ € BC(]0, 00)) N
Lip(]0, 00)) with ¢(0) = 0, we have

jt/OOO P(s)c(s,t)ds
(113) =2 [7 [T(60s+8) = 6() — 9(8))als, )e(s el 1) dids
a ; ooo (/:WS) — ¢(8) — ¢(s = 9)) dé)b(é, s — 8)c(s,t)ds .

Here, BC([0, 00)) is the class of bounded continuous functions on [0, c0), and
Lip([0,00)) is the class of Lipschitz continuous functions on [0, co).

I1.1.2. Some mathematical tools

In this section, we remind the reader about some main tools that we will employ
later on. Even though these tools are somewhat new to the study of C-F, they
are quite standard in other parts of mathematics and have been developed a
lot in the last few decades.

11.1.2.1. Bernstein transform and functions. In this subsection, we
record a representation theorem of Bernstein functions. The results here are
classical and can be found in great details in the book by Schilling, Song and
Vondracek [SSV12].

DEFINITION I1.1.2.1. A function f : (0,00) — [0, 00) is a Bernstein function if
f € C>((0,00)) and, for n € N,

dn
(_1)n+1@f > 0
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THEOREM 11.1.2.2. A function f: (0,00) — [0,00) is a Bernstein function if
and only if it can be written (uniquely) as

(I1.1.2.1) f(z) = apr + ax + o )(1 — ) u(ds), z € (0,00)),

where ag, as = 0 and p is a measure such that
/ min{1, s} u(ds) < co.
(0,00)

The triple (ag, aso, it) is called the Lévy triple.

In other words, a Bernstein function is a Bernstein transform on the extended
real line [0, 00]. The proof of this theorem and more beautiful properties of
Bernstein functions and transform could be found in the book by Schilling,
Song, and Vondracek [SSV12].

Next, consider f : [0,00) — [0,00) which is a Bernstein function such that
f(0) = 0 and f is sublinear. By Theorem I1.1.2.2, f has the representation
formula (I1.1.2.1). Firstly, let x — 0% to get that

Uoo = ,}Héﬁ f(z)=0.

Secondly, divide (II.1.2.1) by x, let £ — oo and use the sublinearity of F' to
yield further that
ap = lim 7f(as) =0.
T—00 €T

Thus, under two additional conditions that f(0) = 0 and f is sublinear, we get
that ag = as = 0, and therefore,

fla) = /(Om)a—esw)u(ds), z € (0,00) .

For each Lévy triple (ag, aoo, 1), we can define a finite measure & on [0, o] by
(I1.1.2.2) dk(x) = apddp(x) 4 aooddoo(z) + min{x, 1} du(x) .

The Bernstein transform is also known as the “Laplace exponent” in probability
literature. It is a more general notion of the Laplace transform as it can be
used to deal with certain singular measures near 0. We note that the derivative
of a Bernstein transform of a measure is completely monotone and, hence, is a
Laplace transform of a measure. The following continuity theorem is useful
when one has to deal with limits of Bernstein transforms.

THEOREM 11.1.2.3 ([ILP18]). Let (ak, a”, , u*) be a sequence of Lévy triples with
Bernstein transforms f* (defined by (11.1.2.1)) and the associated measures k"
(defined by (11.1.2.2) ). Then the following statements are equivalent:

(1) The function f(x) = limy_,o f*(x) exists for each x € (0, 00).
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(2) The sequence k* converges weakly-x on [0, 00] to some finite measure

k. That is, for every g € C([0,00]), we have
lim (g, ) = (g, ).

k—o0

If either condition holds then f and Kk corresponds to a unique Lévy triple via
(I1.1.2.1) and (I1.1.2.2), respectively.

To our knowledge, the proof of this theorem is surprisingly recent [MP08].A
simplified proof is given in the appendix of the paper [ILP18].

11.1.2.2. Viscosity solutions. In this subsection, we record the defini-
tion and a few facts about viscosity solutions for first order Hamilton-Jacobi
equations. The results here are classical and can be found in great details in
the books by Bardi, Capuzzo-Dolcetta and Crandall [BC97; Cra97].

Let 2 C R" be a domain in R". Consider the Cauchy problem for following
Hamilton-Jacobi equation on §2 x [0, c0)

OF + H(x, ,DF)=0 x€Q,
(I1.1.2.3) F(z,t) = G(z,t) x € 09,
DEFINITION I1.1.2.4. For each T' > 0, a function F': 2 x [0,T) — R is called:

(a) a viscosity sub-solution of (I1.1.2.3) if F' € USC(Q2 x [0,T)), F(-,0) < Fy,
F(-,t) < G on 99, and for every ¢ € C*(Q x (0,T)) such that F(zo,t) =
©(xo,to) and F' — ¢ has a strict max at (xg, to), then

Ovp(@o, to) + H(z, p(xo, o), Dip(20, o)) < 0.

(b) a viscosity super-solution of (II.1.2.3) if F' € LSC(2x [0,T)), F(-,0) > Fy,
F(-,t) = G on 99, and for every p € C*(Q x (0,T)) such that F(zg,ty) =
©(xo,to) and F' — ¢ has a strict min at (xg,ty), then

dvp(wo, to) + H(z, (0, t0), Dp(x0,10)) 2 0.

(c) a viscosity solution of II.1.2.3 if it is both a viscosity sub-solution and a
viscosity super-solution.

For the purposes of this thesis, we suppose that the Hamiltonian H : 2 x R x
R"™ — R satisfies the following conditions

H € BUC(R" x B(0,R)) VR >0,
lim inf H(x,p)=o0.

[pl 00 zER™

(H)

For unbounded domain, solutions to equation (II.1.2.3) could be non-unique
if there are no extra criteria to select the right solution. One such criterion
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could be sublinearity, which is relevant to our work in this thesis. More general
discussions about the selection criteria on unbounded domains could be found

in [BCI7; Cra97].

THEOREM I1.1.2.5 (Comparison principle). Let 2 = [0,00) and assume condi-
tion (H). Suppose F* and F. are super-solution and sub-solution, respectively,
to the equation (11.1.2.3) such that

F* F,

lim — = lim — =0.
T—00 X :E—)oox

Then F, < F*.

COROLLARY I1.1.2.6. Let 2 = [0,00) and assume condition (H). Then, there
is at most one sub-linear solution to equation (11.1.2.3).

REMARK II.1.2.7. After having the comparison principle, to show existence,
one will need to construct a sub-solution and a super-solution that has the
desired property (in this case, sublinearity) and then use Perron’s method to
conclude. This is the task for our specific problem in Chapter 2.



CHAPTER 2

Well-posedness for multiplicative coagulation and
constant fragmentation kernels

I1.2.1. Introduction

The main goal of this chapter is to propose a new framework to analyze a border-
line situation described by Escobedo, Laurengot, Mischler and Perthame [EMP02;
EMPO02], where solutions to the C-F may or may not exhibit gelation, depend-
ing on the initial data (as opposed to the type of kernels). In particular, we
analyze the properties of viscosity solutions of a new singular Hamilton-Jacobi
equation (H-J), which results from transforming the C-F equation via the
so-called Bernstein transform. This, in our opinion, is natural and elegant since
it requires very minimal assumptions.

Throughout this chapter, we only deal with the continuous C-F and always
assume that

a(s,8) =ss§ and b(s,8) =1 foralls,§>0.

I1.2.1.1. The Bernstein transform. Consider the Bernstein transform
of ¢, for (z,t) € [0, 00)?,
F(z,t) :/ (1 — e=%)e(s, {) ds
0
and let
Gs(s)=1—e7",

we have

_ _;/Om (0= ) (1= (s, )33, 1) dids

_ ; OOO(_S — se T 4+ i(l — e ))e(s, t) ds

= Lmi(0) - 9Py MO OLURD P

= _;(ml(t) — 0, F(x,t))(my(t) — 0. F(x,t) +1) — Fla,?) +ma(l).

63
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Here, m;(t) is the total mass (first moment) of all particles at time ¢ > 0, that
is,

my(t) = /OOO sc(s,t)ds.

Let us assume that m,(t) < oo for all ¢ > 0. The key point is to transform a
seemingly hopeless nonlocal equation to a somewhat more tractable nonlinear
PDE, which enjoys some major developments in the past few decades. If
conservation of mass holds, then we can assume my(t) =m > 0 for all t > 0
for some m € (0, 00). This fact, together with the above computations, leads
to the following PDE for F'.

1 F
(I12.1.0a)  OF + 5(0:F —m)(@: F' —m — 1) + ——m=0 in (0,00)?%,
(I1.2.1.1b) 0< F(z,t) <mx on[0,00)?,
(I1.2.1.1c) F(z,0) = Fo(xz) on [0,00).

One then can study wellposedness and properties of solutions of (I1.2.1.1) to
deduce back information of C-F. Indeed, this is our main goal.

Note that the condition (II.2.1.1b) implies that F'(0,¢) = 0 and that it comes
directly from the Bernstein transform. Indeed, as ¢ > 0, it is clear that F' > 0.
Besides, the inequality 1 — e™** < sz for s, x > 0 gives

F(z,t) = / (1 —e*")e(s,t)ds < / sxc(s,t) ds = mz .
0 0
Moreover, the dominated convergence theorem gives
F(x,t ] —e
lim (,¢) = im/ 766(8,15) ds =0,
T—00 Jo x

T—00 x
which means that F(x,t) is sublinear in z. Here, for a given function v :
[0,00) — R, we say that it is sublinear if

lim M

T—00 €

=0.

It is therefore natural to search for solutions of (I1.2.1.1) that are sublinear in
x.

It is worth noting that (I.2.1.1) is a Hamilton-Jacobi equation with the
Hamiltonian

1
H(p,z,x) = §(p—m)(p—m—1)+§—m for all (p, z,2) € Rx R x (0,00),

which is of course singular at x = 0. Besides, H is monotone, but not Lipschitz
in z as

1 : 1
aZH(p7Z7'r) - ; 2 O and nggl+azH<pJZ;x> - :)311;%14»; - +OO .

This means that (I1.2.1.1) does not fall into the classical theory of viscosity
solutions to Hamilton-Jacobi equations developed by Crandall and Lions [CL83]
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(see also Crandall, Evans and Lions [CEL84]). It is thus our purpose to develop
a framework to study wellposedness and further properties of solutions to
(I1.2.1.1). For a different class of Hamilton-Jacobi equations that is singular in
p (but not in z), see the radially symmetric setting in Giga, Mitake and Tran
[GMT16].

We emphasize that for wellposedness and regularity results, we do not need
to impose all the properties of the Bernstein transform of the initial data
co = ¢(+,0). To be precise, a Bernstein transform of a measure is a C*°((0, 00))
(in fact, analytic) function. However, we only assume Fj to be Lipschitz and
sublinear for our wellposedness result and more regular for our regularity
results.

A more important point is that our assumption on ¢y is minimal. For existence
and uniqueness results, we do not have any restrictions on moments of ¢y except
finite first moment so that the derivative of the Bernstein transform makes
sense. In particular, we only require

m1(0) = /OOO sco(s)ds < oo

This also makes physical sense since one often wishes that the initial total mass
to be finite before talking about conservation of mass. Of course, we will need
to put in more conditions for our regularity results.

REMARK II.2.1.1. In fact, we are also able to define weak solutions in the
measure sense to (I1.1.1.1) in a similar fashion.

For each t > 0, let ¢;(ds) be a positive Radon measure in (0, 00). Then, we say
that ¢;(ds) is a weak solution in the measure sense to (II.1.1.1) if for every test
function ¢ € BC([0, 00)) N Lip([0, 00)) with ¢(0) = 0, we have

ST oy atdsy =5 [T [T (60 48) — ols) - 0(5))55 cnlds)ed5)
5 [T [ 00) = 63— o0 — 9 ds) eutas).

This is clearly a weaker notion of solutions than that in (II.1.1.3). Nevertheless,
the Bernstein transform of ¢;(ds) and (I1.2.1.1) still make perfect sense. We
will use this notion of solutions when talking about the existence results for

the C-F.

I1.2.1.2. A conjecture. In [EMP02; Esc+03], the authors conjectured
that in borderline situations where coagulation kernel and fragmentation kernel
balance each other out, the solution will conserve mass if the initial data have
small enough total mass. Otherwise, for large total mass initial data, gelation
will occur. In the paper by Vigil and Ziff [VZ89], the authors argued that if
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the zeroth moment of the solution reaches negative value in finite time, one
expects coagulation to dominate, hence gelation will occur.

It has been expected by experts in the field that for our specific kernels, the
critical initial mass should be m4(0) = 1 so that for m,(0) > 1, one has gelation;
and for m4(0) < 1, one has solutions that conserve mass. We give here a simple
reason why such expectation arises.

Integrating equation (II.1.1.1) and denoting mo(t) = [5° ¢(s,t) ds, the zeroth
moment, we get the following equation

d 1

ZMo(t) = gma(t)(1 —m(t)).

Suppose now mq(t) = my(0) > 1 as it is true before gelation occurs (if ever).
Then mg(t) will be negative in finite time. On the other hand, mg(¢) remains
positive if 0 < my(0) < 1. Therefore, by the reasoning above, m;(0) = 1 is
believed to be the critical mass. Our goal is to give results towards resolving
this conjecture, which will be detailed in the next subsection.

11.2.1.3. Main results. In this subsection, we give rigorous statements
about our results, which we believe to be the stepping stones for further
investigations in the future, both in the theory of viscosity solutions and in the
theory of C-F.

First and foremost, we need to understand the existence and uniqueness of
viscosity solutions for equation (I1.2.1.1).

THEOREM I1.2.1.2. Assume that 0 < m < 1. Assume further that Fy is
Lipschitz, sublinear, and 0 < Fo(x) < mz. Then, (11.2.1.1) has a unique
Lipschitz, sublinear solution F.

The proof of this theorem is given in Section 11.2.2. Theorem I1.2.1.2 gives us
a simple but important implication about C-F.

COROLLARY 11.2.1.3. Assume that m,(0) = m € (0,1]. Then, equation (I11.1.1.1)
has at most one mass-conserving solution.

We believe that the uniqueness result of Corollary 11.2.1.3 is new in the
literature although existence results of mass-conserving solutions for (II.1.1.1)
for the whole range of m4(0) € (0, 1] are still not yet available. In a recent
important work, Laurengot [Laul9a] showed existence and uniqueness of mass-
conserving solutions to (II.1.1.1) under some additional moment conditions for
0 <m(0) < 41§g2. In Theorem 11.2.1.8 below, we obtain existence (and of
course uniqueness) of mass-conserving weak solutions in the measure sense to
(IL.1.1.1) in case that 0 < my(0) < 3, and ¢(-,0) has bounded second moment.
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We note that, in general, if the viscosity solution to the Hamilton-Jacobi
equation forms shocks, one cannot have a solution of C-F that conserves mass
anymore. This is because if there were a solution of C-F that conserves mass,
its Bernstein transform would need to solve the Hamilton-Jacobi equation and
at the same time would need to be smooth. This cannot be the case if there
were shocks.

It is, therefore, of our interest to study the regularity of the viscosity solutions
of the equation (I1.2.1.1). Moreover, regularity results in the theory of viscosity
solutions are important in their own rights.

THEOREM I1.2.1.4. Suppose m > 1. Assume that Fy is smooth, sublinear,
and 0 < Fyo(x) < mz. Then equation (11.2.1.1) does NOT admit a solution
F € C'([0,00)?%) which is sublinear in x.

The proof of this theorem is given in Subsection I1.2.3.1. Based on our discussion
above, Theorem I1.2.1.4 implies immediately the following consequence.

COROLLARY I1.2.1.5. Assume that mi(0) = m > 1. Then, there is no mass-
conserving solution to equation (11.1.1.1).

A version of Corollary I1.2.1.5 already appeared in [BLL19]. We here obtain
non-existence of mass-conserving solutions under the minimal assumption, that
is, m1(0) > 1. We do not need to assume anything else about other moments.
In particular, we do not need to impose that the zeroth moment, number of
clusters, is finite as in [BLL19]. It is also worth noting that Corollaries 11.2.1.3
and 11.2.1.5 hold true for mass-conserving weak solutions in the measure sense
to (I1.1.1.1) as well.

To study regularity of F' for 0 < m < 1, we impose more conditions on Fj as
following. Assume that there exist 5 € (0,1) and C' > 0 such that

(A1) 0< Fi(z) <m and Fj0) =m,
(A2) —C < Fl'(z) <0,
(A3) “E <o) <0 and  [J2FYlcos (oo < C-

e

The above assumptions hold true when Fj is the Bernstein transform of
co = ¢(+,0), where ¢ has m1(0) = m and also bounded second moment, that is,

me(0) = /Ooo s%c(s,0)ds < C.

Indeed,
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and F{(0) = m. For second derivative, one has
—C < Fj(z) = —/ s’e "5c(s,0)ds <0,
0

and

ok (x) = —/ s*re " c(s,0) ds = —/ (sxe™*)sc(s,0)ds > ——.
0 0 e
We use the fact that re™™ < e™! for r > 0 in the above. Besides, for z,y €
0, 00),

2B () = yFy ()| < [ foe ™ = ye v |s%e(s,0) ds
0

é/ |z — y|s?c(s,0)ds < Clz — y|.
0

In the second inequality above, we use the point that |ze™** — ye ¥*| < |x — y|,

which can be derived by the usual mean value theorem and

‘(ze’zs)’ = ‘e’zs —zse * < 1 for all z > 0.

We first show that F' is always concave in x provided that (A1)-(A2) hold and
0<m< 1.

LEMMA I1.2.1.6. Assume (A1)—(A2), and 0 < m < 1. Assume further that
Fy is sublinear, and 0 < Fy(x) < ma. Then, the sublinear solution F' to the
equation (11.2.1.1) is concave in x for each t > 0.

The concavity of F' in the above lemma is rather standard as the Hamiltonian
is convex (in fact quadratic) in p. Of course, we need to be careful with the
singularity of H in x at x = 0, but otherwise, the arguments in the proof of
Lemma I1.2.1.6 are quite classical. Next, we show that in a smaller range of
m (0 <m < 3), FeC"((0,00)%) NC([0,00) x (0,00)) under assumptions
(A1)—(A3). It is worth noting that we do not need to put any assumption on
third or higher derivatives of Fy.

THEOREM I1.2.1.7. Assume (A1)~(A3), and 0 < m < i. Assume further
that Fy is bounded, and 0 < Fy(x) < mz. Then the sublinear solution F' to
the equation (11.2.1.1) is in C*1((0,00)?) N C ([0, 00) X (0,00)). Moreover, F
satisfies that, for (z,t) € (0,00)?,

0< 9, F(z,t)<m and —1<202F(z,t) <0.
To the best of our knowledge, the regularity result in Theorem I1.2.1.7 is new

in the literature. The proofs of Lemma I1.2.1.6 and Theorem I1.2.1.7 are given
in Subsection I1.2.3.2. Next is our existence result for C-F when 0 < m < %
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THEOREM I1.2.1.8. Assume that Fy is the Bernstein transform of ¢o = c(-,0),
where ¢y has m1(0) = m € (0, 3) and also bounded zeroth and second moments,
that is,

o0

mo(0) = /OOO c(s,0)ds < C and ms(0) = /0 s%c(s,0)ds < C.

Then (I1.1.1.1) has a mass-conserving weak solution in the measure sense.

Of course, this mass-conserving weak solution in the measure sense is unique

thanks to Corollary I1.2.1.3. The range we get here for 0 < m;(0) < 3 is an

improvement to the previous range of 0 < m;(0) < @ obtained in [Laul9al.
The proof of Theorem I1.2.1.8 is given in Subsection 11.2.3.2.3. Basically,
under the assumptions of Theorem I1.2.1.8, we first need to show that F' €
C>((0,00)?) in Proposition 11.2.3.9. Then, we deduce that (—1)"*19"F > 0 for
all n € N in Proposition I1.2.3.10. These highly nontrivial regularity results of F,
together with a characterization of Bernstein functions (see Subsection I1.1.2.1

of Chapter 1), allow us to obtain Theorem 11.2.1.8.

We then obtain the following large time behavior result for F'in case 0 < m < 1.
Here, we do not need assumption (A3).

THEOREM 11.2.1.9. Assume (Al)-(A2). Let 0 < m < 1, Fy be sublinear,
and 0 < Fy(z) < max. Let F be the Lipschitz, sublinear solution to equa-
tion (11.2.1.1). Then

(I1.2.1.2) Jim F(z,t) = mx
locally uniformly on [0, 00).

REMARK I1.2.1.10. It is worth noting that (I11.2.5.2) is only useful for 0 < m < 1,
and is meaningless when m = 1. Large time behavior of F' in case m = 1 has
been studied recently by Mitake, Tran and Van [MTV21].

Heuristically, Theorem I1.2.1.9 implies that as ¢ — oo, all the solutions (mass-
conserving or not) will turn to dusts (particles of size zero) if their initial total
mass is less than 1. To see this, we note that, if Fio(z) = lim;_, F(z,t) is a
Bernstein transform, then for some measure io,

Foo(z) = /Ooo(l — e ) oo (ds) = mz .

Differentiating in x, it is necessary that

/OO se " Lo (ds) =m,
0

which implies sy (ds) = mdy(ds).

To avoid any confusion, we conclude the introduction by emphasizing the
following points.
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e While the viscosity solution to the Hamilton-Jacobi equation (II.2.1.1)
itself does not correspond to any extension of weak solutions to the C-F,
if the viscosity solution F' is smooth (i.e., a smooth classical solution)
and (—1)"™9"F > 0 in (0,00)? for all n € N, it would correspond
to a mass-conserving weak solution in the measure sense to the C-F.
Therefore, regularity of the viscosity solution will imply whether one
could have a mass-conserving weak solution in the measure sense to
the C-F or not. This is, obviously, an extremely hard and central issue
in the theory of viscosity solutions.

e Here, we achieve uniqueness of mass-conserving weak solutions to the C-
F for 0 < my(0) < 1. We show existence of such mass-conserving weak
solutions for 0 < m;(0) < %, and of course, the range % <my(0) <1
is still open.

e To obtain a classical mass-conserving solution for equation (II.1.1.1)
in case 0 < my(0) < %, one needs to show that the mass-conserving
weak solution in the measure sense actually admits a density, which
requires more properties from the corresponding Bernstein function.
This has been done by Degond, Liu and Pego [DLP17] in a different
setting, but remains a hard problem here and will be addressed in
future works.

I1.2.2. Wellposedness of (11.2.1.1) in case m € (0, 1]

We first prove the existence and uniqueness of viscosity solutions to (II.2.1.1).
In this section, we always assume that conditions of Theorem I1.2.1.2 are in
force.

I1.2.2.1. Existence of viscosity solutions to (II.2.1.1). We search for
sublinear solutions to (I1.2.1.1) which satisfy (I1.2.1.1b), that is,

0< F(z,t) <max  for all (z,t) € [0,00)2.

Since (I1.2.1.1) is singular at = = 0, we cut off its singularity by introducing a
sequence of function {¢,} where

én(x) = max {i,x} for all z € [0, 00) .

By the classical theory of viscosity solutions, we have that for each n € N, the
equation

(11.2.2.1)
OF + 3(0.F —m)(0,F —m—1)+ X5 —m =0 in (0,00)?,
F(z,0) = Fy(x) on [0,00),

F(0,t) =0 on [0,00),
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has a unique sublinear viscosity solution F". In fact, the sublinearity of F™
can be seen through the fact that

Fo(z) — Ct < F™(x,t) < Fy(x) + Ct  for all (z,t) € [0,00)?,

as Fo(x) — Ct, Fo(x) + Ct are a subsolution and a supersolution to (I11.2.2.1),
respectively, for some C' > 0 sufficiently large. To see this, we have

1
C+ §(ang(m) —m) (0. Fo(z) —m—1) + (@) m =0
and
o+ ;(@Fo(a:) )@y Fo(x) —m — 1) + W Cm <0

provided that
C>=2m+ sup |[(0.Fy(x) —m)(0.Fp(x) —m —1)|.

z€(0,00)

LEMMA 11.2.2.1. For each n € N, let F™ be the viscosity solution to equa-
tion (11.2.2.1). Then, we have that

(11.2.2.2) Frtt CFm
for alln € N.

PRrROOF. To see this, we note that ¢, > ¢,.1. Therefore

I F

- < ,

¢n ¢n+1
which implies that F™™ is a supersolution to equation (I1.2.2.1) with ¢,41. Thus,
(11.2.2.2) follows. O

LEMMA I1.2.2.2. For each n € N, let F™ be the viscosity solution to equa-
tion (11.2.2.1). Then, {F"} is equi-Lipschitz, that is, there exists a constant
C > 0 so that for everyn € N,

(11223) ’Fn(l'l,tl) — Fn(mo,to)‘ § C(’tl - to‘ + ‘33'1 - I’OD s
for every tg, t1, xo, x1 € [0, 00).
Proor. We achieve global Lipschitz property in time using the solutions

to the approximation problems. We note that equation (I1.2.2.1) obeys the
classical theory of viscosity solutions so the comparison principle holds.

For each n € N, we have that ¢~ = 0 is a subsolution and ¢* = max + % is a
supersolution to equation (I1.2.2.1). To see the subsolution, we have that

1 —1

5m(m+1)—m: m(m2) <0.
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To see the supersolution, we have that
mx + = — if v >
Pn() <

which is always nonnegative. On the other hand, as shown just before Lemma
I1.2.2.1, we also have that Fy(z) — Ct and Fy(x) + Ct are a subsolution and a

supersolution to (I1.2.2.1), respectively. Therefore, G~ (z,t) = max{0, Fy(x) —
Ct} is also a subsolution, and G*(z,t) = min{ma + 1, Fy(z) + Ot} is also a
supersolution to (I1.2.2.1). And so, by the comparison principle,

(I1.2.2.4) G (z,t) < F™(z,t) < G (z,1).

Thus, for t > 0,

SI=3I

nmrx+1—m ifxz

|F™(z,t) — F"(x,0)] < Ct.
By the L*-contractive property of solutions to Hamilton-Jacobi equations
(which follows from the comparison principle itself), for every to,t; € [0, 00)
with ¢, > to,
(I1.2.2.5)
Sup| ™, 11) — F"(z,t0)] < sup| F™(x, t, — to) — F"(w,0)| < Clt; — o]

This is equivalent to the fact that
(I1.2.2.6) |0 F" (x,t)] < C

in the viscosity sense. Therefore, rearranging equation (I1.2.2.1) and using
triangle inequality, estimates (I1.2.2.4) and (I1.2.2.6), we have

n

in the viscosity sense. Therefore, there exists a constant C' > 0 (independent
of n € N) so that

<C

(8, F™ — m)(0,F™ —m — 1)| = 2|~ 8,F" +m —

|0, F" < C
in the viscosity sense, which is equivalent to
(I1.2.2.7) |F™(x1,t) — F™(z0,t)| < Clay — x|
for every x1, z € (0,00). Combining estimates (I1.2.2.5) and (11.2.2.7), we get
the desired inequality (11.2.2.3). O

LEMMA 11.2.2.3. There exists a function F' so that {F"} converges to F' locally
uniformly on [0,00)?, and F is sublinear, uniformly Lipschitz with the same

Lipschitz constant as in Lemma I1.2.2.2. Furthermore, F' is a viscosity solution
to equation (I1.2.1.1).

ProoF. The locally uniform convergence follows from Lemmas [1.2.2.1
and 11.2.2.2. It is clear from the convergence and (I1.2.2.4) that F' is sublinear,
and 0 < F(z,t) < ma for all (z,t) € [0,00)% The fact that F is a viscosity
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solution to (I1.2.1.1) follows directly from the definition and the facts that
{F™} converges to F' locally uniformly and {¢,} converges to x uniformly. [

I1.2.2.2. Uniqueness of solutions to (11.2.1.1).

LEMMA 11.2.2.4 (Comparison Principle). Let u be a sublinear viscosity sub-
solution and v be a sublinear viscosity supersolution to equation (11.2.1.1),
respectively. Then u < v.

PROOF. We have that for every n € N, u is a subsolution, and v = v + %
is a supersolution to equation (I1.2.2.1), respectively. The subsolution is clear
to see.

To check the supersolution property, we note that, since m < 1,

Vb it mmzgom, for z >
On n+1l-m2=202=

SI=3=

—m, forx<

v
x
Therefore,

n

>0tv+;(8xv—m)(8xv—m—1)+z—m}O

—m

O™ + ;(@CU” —m)(0,v" —m—1)+

in the viscosity sense. By the classical theory of viscosity solution applied to
equation (I1.2.2.1), we imply that

u <o,
But as v™ — v locally uniformly as n — oo, we then conclude

U<,

as desired. 0
Let us now give the proof of Theorem I11.2.1.2.

Proof of Theorem I1.2.1.2. By Lemma 11.2.2.3, (I1.2.1.1) admits a solu-
tion F', which is Lipschitz on [0, 00)?, and is sublinear in z. Lemma I11.2.2.4
then yields the uniqueness of F. U

Corollary I1.2.1.3 then follows immediately.

Proof of Corollary I1.2.1.3. Let ¢ be a mass-conserving solution to (I1.1.1.1)

with m = m4(0) € (0,1]. Let F, Fy be the Bernstein transforms of ¢, ¢y = ¢(+,0),
respectively. Then, F' is a solution to (I[.2.3.1), F' is sublinear in z, and
F € C~((0,0)%*) N C*'([0,00)?). In particular, F is the unique sublinear
viscosity solution to (I1.2.3.1). This gives the uniqueness of c. O
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I1.2.3. Regularity results

I1.2.3.1. Non-existence of C! sublinear solutions when m > 1. We
first show the impossibility of C! sublinear solutions when m > 1. It is
important to note that the sublinear requirement is used crucially here as
(I1.2.1.1) admits special solutions 91 (z,t) = mz and y(z,t) = (m — 1)x for
all (x,t) € [0,00)?, which are both linear in .

Proof of Theorem 11.2.1.4. We proceed by contradiction and suppose
that such a solution F' exists. Then,

F(0,t)=0 and 0,F(0,t)=0.
Let x — 07 in (I1.2.1.1) and use the fact that
F(x,t) — F(0,t F(z,t
0,F(0,t) = lim (.) = F(O0.5) _ p, Fl@0)

20+ T z—0t X

to yield

1
5(6$F(O,t) —m)(0,F(0,t) —m — 1)+ 0, F(0,t) —m =0.
Thus, either 0,F(0,t) =m or 0,F(0,t) =m — 1. In other words, 0,F(0,t) >
m—1> 0. Now, fix ¢ € (0, m —1). By sublinearity in x of F', for a fixed t > 0,
there exists x; > 0 such that

o(t) = max (F(x,t) —ox) = F(x4,t) —oxy > 0.

x€|0,00

The computations from here to the end of this proof are all justified in the
viscosity sense. Observe that, at © = x;, 0,F (x,t) = o and F(xy,t)/xy > 0.
Therefore,

1 1
OF(21,1) < —5 (0 = m){o—m—1)— (o —m) = — (o —m){or—m-+1) = —¢o.
Furthermore,
N s (p(t) — go(t - S)
7 (t) B sll}(%r S
o [Fant) —om] = [F(a st = s) = ox]
s—0+ S
< lim [F (4, 1) — o] — [F(x4, 0 — 5) — o]
s—07+ s

= 8tF(ZBt,t) < —Cy < 0.
Therefore, there exists T' > 0 so that ¢(T") < 0, which is a contradiction. [
Proof of Corollary I1.2.1.5. Assume by contradiction that there exists

a mass-conserving solution ¢ to (IL.1.1.1) with m = m4(0) > 1. Let F, Fy be
the Bernstein transforms of ¢, ¢y = ¢(+,0), respectively. Then, F is a solution
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to (I1.2.3.1), F is sublinear in x, and F € C*((0,00)?) N C([0,00)?). This of
course contradicts Theorem 11.2.1.4. The proof is complete. ([l

11.2.3.2. The case 0 <m < 1. In the case 0 < m < 1, a central topic we
set out to study is when is it that classical solutions to the equation (I1.2.1.1)
exist for all time. This is not a simple task as viscosity solutions to Hamilton-
Jacobi equations are Lipschitz, but might not be C! in general.

To do this, we study another regularized version of equation (I1.2.1.1) by adding
a viscosity term and then study the vanishing viscosity limit. Specifically, for
€ > 0, we consider

O F + %(axF - m)(axF -—m- 1) + % -mo = Ea($)amF’
(11.2.3.1) F(z,0) = Fy(z),
F(0,t) =

In this section, we use assumptions (A1)—(A3) whenever needed.

We give ourselves some freedom of choices for the nonnegative function a(z).
This freedom gives us some flexibility in proving bounds.

11.2.3.2.1. Concavity of F when 0 < m < 1. In this section, we always
assume (A1)—(A2), and Fj is sublinear, and 0 < Fy(x) < maz. For each £ > 0,
let FT be the classical solution to equation (II.2.3.1) corresponding to a = 1.
By regularity theory for parabolic equations, FF € C°°((0,00)?) N C%([0, 00) X
(0,00)) (for example, see LadyZenskaja, Solonnikov, Ural’ceva [LSUGS|, Lieber-
man [Lie96], Krylov [Kry96]). Here, CZ([0, 00) x (0, o)) is the space of functions
which are C? in x and C" in ¢ on [0, 00) x (0,00).

LeEmMMA I1.2.3.1. Assume (Al)-(A2). Assume further that Fy is sublinear
and 0 < Fy(x) < mz. For each ¢ > 0, let FY be the classical solution to
equation (11.2.3.1) corresponding to a = 1. Then,

(11.2.3.2) 0< 8, F < m.

PROOF. Firstly, as 0 < Ff(x,t) < max for each t > 0, we imply that
(11.2.3.3) 0< 8, F5(0,¢) <m.
Differentiate (I1.2.3.1) to get

ﬁ@gﬂ+<@ﬂ Zﬂ>=m

where .
LE[¢) & 01+ 0, FEDpp — (m + 5) 050 0%

is a linear parabolic operator.



1I.2.3. REGULARITY RESULTS 76
By Taylor’s expansion, for each (z,t) € (0,00)?, there exists o = a(x,t) € (0,1)
so that
0= F{(0,t) = Ff(z,t) — 0, F} (o, 1) .
Thus,
n 0. F(x,t) — 0. Ff (ax, t)
x

5[0, FF] —0.

We only show here that 0, F; < m by the usual maximum principle. The lower
bound can be done in a similar manner. Suppose that for some T" > 0, there
exists x¢ = 0 such that
F{ = 0, F (0, T).
omax  O0.F = 0.1 (20, T)

Thanks to (I1.2.3.3), we only need to consider the case that zy > 0. At this
point 0, Ff (zo,T) > 0, Ff(axy, T), and so L[]0, Ff](xg,T) < 0. By repeating
the proof of the maximum principle for a linear parabolic operator, we obtain
the desired conclusion that 0, F7 < m. O

REMARK I1.2.3.2. In the use of the maximum principle, to keep the presentation
clean, it is typically the case that one assumes that maximum points of a
bounded continuous function (9, FF in the above proof) occur. To justify this
point rigorously, one can consider maximum of 9, F¢(x,t) — dz on [0, 00)?, for
9 >0,and let 6 — 0.

LEMMA I1.2.3.3. Let Ff be the classical solution to equation (11.2.3.1) with
a =1. Then,

(11.2.3.4) O2FF(0,t) <O forallt>0.

PROOF. As F£(0,t) =0 for all ¢ > 0, 0,F5(0,t) =0 and

z—0t x

Let x — 07 in (I1.2.3.1) and use the above to get

— 0,F5(0,1).

(11.2.3.5) ;@ﬁmﬁ—mmmﬁam—m+m—dmﬁqm

which, together with (11.2.3.2), yields (I1.2.3.4). O

We are now ready to prove that F} is concave in x.

LeEMMA 11.2.3.4. Assume (A1)—(A2). Assume further that Fy is sublinear
and 0 < Fy(x) < ma. For each € > 0, let F§ be the classical solution to
equation (I1.2.3.1) corresponding to a = 1. Then, for (x,t) € (0,00)?,

(11.2.3.6) OXFF <0.
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PROOF. We proceed by the maximum principle. Differentiating (I1.2.3.1)
twice in =, we get

T 3

2 e e _ €

Recall that .

Lo[¢] = 09+ 0, F1 020 — (m + 5)Dut) — 2.
By Taylor’s expansion, for each (z,t) € (0,00)?, there exists § = 0(z,t) € (0,1)
so that )

0= F5(0,¢) = Fo(a,t) — 20, FE(x, 1) + %agFf(ex, ).
This implies
ORF;  2Ft —a0,F) _ 2Fi(w,1) — O2F (62,1
x x3 x

)

which, by plugging into equation (I1.2.3.7), gives us

LAOFY) + (G3FD)? )

Let us now show that 92 FF < 0 by the usual maximum principle. Suppose now
for some T > 0, there exists ¢y > 0 so that
0*F¢ = 9*F¢ T).
[07(2/)12‘)[6’11] xzt'1 zt'1 (Io, )
Thanks to (I1.2.3.4), we might assume further that zo > 0. By the maximum
principle,

LEO2F) (w0, T) >0 and  O?F(x0,T) — O2F: (00, T) > 0,
which yields
(O2Ff (10, T))> <0 = O2°F(20,T) =0.
This implies 92FF < 0, as desired. O

Then, Lemma [1.2.1.6 is an immediate consequence of Lemmas 11.2.3.1 and
11.2.3.4.

11.2.3.2.2. Regularity of F' in case 0 < m < % Suppose 0 < m < % Here,
we always assume (A1)—(A3), and Fj is sublinear and 0 < Fy(z) < ma. Let
a € C*=([0,00)) be a nondecreasing and concave function such that

(11.2.3.8) a(z) = {525 zi E <1>]o)

For each € > 0, let F5 be the viscosity solution to equation (I1.2.3.1) corre-
sponding to the above a. It is worth noting that in this case, (I1.2.3.1) is a
degenerate parabolic equation, and one needs to be careful with regularity
of F5 at z = 0. Of course, F§ € C*((0,00)?), but boundary regularity is
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not obvious. In the following, we study further properties of 5 by using the
specific structure of the equation.

LEMMA I1.2.3.5. For each ¢ > 0, let F5 be the viscosity solution to equa-
tion (11.2.3.1) with a defined as in (11.2.3.8). Then, F5 is concave in x and

0< 0. F5<m in (0,00)2.

PROOF. For each § > 0, consider

(I1.2.3.9)
OF + 5(0,F —m)(0,F —m—1)+ £ —m = (ca(z) + 6)05 F,
F(z,0) = Fy(z),
F(0,1) —0.

Let F5° be the unique solution to the above. Then, F5° € C*((0,00)2%) N
C3([0, 00) x (0, 00)).

By repeating the proof of Lemma I1.2.3.1, we obtain that 0 < axFQE’d <m. Ina
similar fashion, 92F5°(0,t) < 0 for all £ > 0 by following the proof of (I.2.3.4).
Finally, we use the maximum principle to conclude that Fj “ i concave in z.
Indeed, replicating the proof of Lemma I1.2.3.4, we find that for some 7" > 0,
there exists zg > 0 such that

0 0% OGS = OLFE . ).

The maximum principle then gives us that
2
(02F5 (20, T))" < 20" (wo)O2F5 (w0, T) .
Note that a”(zo) < 0 as a is chosen to be concave. Therefore, 92F5* (0, T) < 0.
Let 6 — 0" to get the desired results. 0

LEMMA I1.2.3.6. For each ¢ > 0, let Iy be the viscosity solution to equa-
tion (11.2.3.1) with a defined as in (11.2.3.8). Then, F§ € C1([0,00)?) and

0. F5(0,t) =m.
In other words, fort >0,
(I1.2.3.10) lim z02F5(z,t) = 0.

z—0t

PrOOF. By Lemma 11.2.3.5, x — 0,F5(z,t) is decreasing in (0, 00) and
0 < 0, F5(x,t) < m, and so, lim, o+ 0, F5 (z,t) exists. By the L’Hopital rule,

Fs — F5
0xF§(0,t) — lim 2($,t) 2<Oat)

r—0t X

= 1li F5(x,t
My, 0:F (1)

which means that x — F§(z,t) is C* on [0, 00) for each fixed ¢ > 0. Besides, by
the results of Daskalopoulos and Hamilton [DHI8], Koch [Koc98], Feehan and
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Pop [FP13], we yield further that, for each T > 0, F5 € C**#([0, 00) x [0,T]),
and
1E3 llez+s < C|[ Folle2+s

for some constant C' = C'(e,T") > 0. Here,
1 £llez+e = [1fllea + 19z fllea + 10efllcs + 1205 flles.

and

I fllce = |f(w1,t1) — f(x2,12)]

Fllzoo((0.00)x[0,77) + sup :
(0.0 011 (z1,t1)#(z2,t2) S((‘Tl’tl)’ <m2’t2>)ﬁ
(z1,t1),(22,t2)€[0,00) x[0,T]

The distance s is defined as: For (z1,t1), (z2,12) € [0, 00)?,

aer |T1 — o

T VE VB

Let us show now that in fact 0,F5(0,¢) = m for all ¢ > 0. For any 0 < b; < bs,
define by

s((xlvtl)’(x27t2)) + |t1 —tgl.

bo
amﬁ/ Fe(x,t)dt .

by
Integrate (I1.2.3.1) with respect to t € [by, bo] and let z — 07 to yield
1 /b
mﬁm%m@:i/ﬂmﬁuo—mmmﬁmw—m+nﬁgu
r—r b1

Suppose by contradiction that the right hand side above is negative, which is
denoted by —C' < 0. Then,

C

lim 202G () = —— < 0.
z—0*t 3
Thus, by the L'Hopital rule,
2
¢ = lim 20°G(x) = lim 0:G(x) = lim 0:G(z) )
e a—0t a0t 1/x =0 logx

However, note that

ba
.60l = | [ o.r5te)

<m(by — b)) =C,

which implies that
0,G(x)

lim ——= =
a0 logx

)

which is a contradiction. Thus, we always have lim._¢+ ex0*G(z) = 0 for
any 0 < by < by and, therefore, 0,F5(0,t) = m for all t > 0. This gives us
(I1.2.3.10) and also that

lim O,F5(x,t) = 0= 0,F5(0,t).
z—0+t

The proof is complete. 0J
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LEMMA 11.2.3.7. For each ¢ > 0, let F5 be the viscosity solution to equa-
tion (11.2.3.1) with a defined as in (11.2.3.8). Then, for ¢ > 0 sufficiently
small,

(11.2.3.11) 202F5 > —1  in (0,00)%.
PROOF. We break the proof into a few steps as following.

Step 1. Again, differentiating (I1.2.3.1) twice in x, we get
(11.2.3.12)

1
(002F5 + |0.F5 — (m+ )| G2F5 ) + (@2F5)* +

O0F5  20,F5 | 2F

2 3

—¢ (d’agF; + 24 OPF + aaiFg) .

Let

G° < z07F; .
By concavity of F¥ in z (Lemma 11.2.3.5) and the proof of Lemma I1.2.3.6,
G € CP([0,00) x [0,T]) for each T' > 0, G° < 0, and G*(0,t) = 0 for all ¢ > 0.
Besides, by the condition (A3), we have that

1
1 <-2g rFy(x) = G*(2,0) <0 forallxz>0.
e

For t > 0, define by

alt) = inf  GS
[0,00)%[0,¢]

Surely, a : [0,00) = (—00,0] is decreasing and bounded, and «(0) € [—1,0].
We now show that « is continuous. Fix T' > 0. For s,t € [0,7T], we use the
property G¢ € C?([0,00) x [0,T]) to see that, for each z > 0,

|G€(.§L’, S) o G€($,t>| < ClS - 2S|B/27
for some C' = C(e,T) > 0. Therefore, for s,t € [0,T],
(I1.2.3.13) la(s) — a(t)| < Cls — t[P/2

Thus, « is locally Holder continuous, and hence, is continuous on [0, 00). Tt is
of our goal now to show that a(t) > —1 for all t € [0, c0).

Step 2. Fix T > 0 such that «(T) < «(0). Suppose that there exists
(x0,t0) € (0,00) x (0,T] such that

[o,og)lir[%),ﬂ G(z,t) = G*(zo,t0) = a(T) <0

(see Remark 11.2.3.8). We then have that, at (xo, o),
0> 0,G° = 200,0%F% |
and
(I1.2.3.14) 0= 0,G° = 200’ F5 + 0°F; <= O0°F5 = —00°F% |
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and, therefore,

(I1.2.3.15) 0 < ?GF <= 220LF;5 > —2000°F5 = 20°F5 .

Multiplying equation (I1.2.3.12) by z3 and use estimate (I1.2.3.15) to evaluate
at (xg,to), we obtain

2(F2€ — xoﬁng)
Zo

a(T)* + o(T) (m + 2 - (9IF2€) +

2a(x)
Lo

> sa(T)( — 2a'(z0) + a”(xo)xo> > 2ea(T) .

The last inequality follows since «(T') < 0 and, by the way we choose a,

2 2
alzo) _ 2a'(xg) + a" (o) wo < alo)
Zo Zo

<2.

Therefore, rearranging terms, we have
a(T)? + Aa(T)+ B >0,
where
A=m+ 2 — 2e — 0, F5 (x0,to) ,

and

B _ Q(FQE(ZL‘Q, t()) — a:o('?xFZE(xg, to))
Zo

We have that, since 0 < 0,F5 < m and Fj is concave in z, for Kk = m —
8xF2€(x07t0)7
0<k<<m and 0<<B<2k.

Therefore,
3 3
§+m—25:A<m+§—2€<2,

and

B <2k <2m.

m < 5. For € > 0 sufficiently small,

1 2 1 1 2
> (- - S —m) - S - .
(2 li) +4(2 m> 8£>(2 /i) >0
From the quadratic formula and the above estimates, we find that either

—A—+A?2—-4B
2 Y

a(T) <
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or

—A++VA?2—-4B
5 .
It is worth noting that, for ¢ > 0 sufficiently small,

a(T) >

—A-VAT—4B _-A-(}-r) 3 m
< =—l4+e<— -+,
2 2 4 2
and
A+VEZ_aB _ A+ (i-k) 1
= =——-—K+tez—-—m
2 2 2
We then deduce that, for each T > 0, either
3 m
11.2.3.16 < -2 — |
(11.2.3.16) o)< -5 -4
or
1
(I1.2.3.17) a(T) > —5 T m.

Surely, —% -2< —% — m and there is a gap of size % between these two
numbers.

Step 3. We show that, for small enough € > 0, only (11.2.3.17) holds for all
T > 0. Assume by contradiction that this is not the case, then there exists

T > 0 such that (I1.2.3.16) holds, that is,
3 m 1
N<——-—<—-— ,
a(T) 1T 5 <5 mm< a(0)
By the continuity of «a, there exists 7° € (0,7") so that
3 m . ) 1

which is a contradiction with the conclusion of Step 2 above.

Thus, for small enough € > 0,
1
202 F5 (z,t) > —gTm> -1
for every (z,t) € (0,00)?%, as desired. O

REMARK I[1.2.3.8. In the use of the maximum principle in the above proof,
to keep the presentation clean, we assume that minimum points of G¢, which
is continuous and bounded, exist on [0,00) x [0,7] for T' > 0. To justify this
point rigorously, one can consider minimum of G¢(x,t) + dx, for § > 0, and let
5 — 0T. Let us supply the details here.

Pick T" > 0 such that

T) = mi .
a(T) I[gller]la<a(O)
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For each k € N sufficiently large, we choose d; € (0, %) sufficiently small such
that

1
a(T) < o Ir)lir[lo . (G*(z,t) + 0px) = G (g, tg) + Oy, < (T) + 7 < «(0),

for some (wy, ) € (0,00) x (0,7]. In particular, yz; < . Let

ar = G (z, tg) € <a(T),a(T) + li:) .

We use the maximum principle at (2, t;) and perform careful computations to
deduce that

3 2(FE — 2,0, F¢
ai+ak(m+2—8ﬁF§>+ (3 xx’“ 2)
k

k<2a(:vk)

T

1
+ 5kxk (m + 5 -+ 2€G/(l'k) — (%CFQE)

> ca —2a'(xy) + a”(xk)a:k) > 2eqy .

Let k£ — oo and argue in a similar way as in Step 2 of the above proof to yield
that either

3 m
< — — —,
al) <=7 -5
or
1
o(T) > —5 —m,

from which the proof follows. As this is of course tedious and distracting, we
intentionally avoid putting it in the above already technical proof.

We are now ready to prove one of our main regularity results that F €
CH1((0,00)2) N CH([0, 00) x (0,00)) when 0 < m < 3.

Proof of Theorem 11.2.1.7. From Lemma I1.2.3.5, Lemma I1.2.3.6 and
Lemma I1.2.3.7, we have that |0, F5| < m, |20?F5| < 1 and |9,F5| < C. Thus,
by the Arzela-Ascoli theorem, there exists F' in C([0,00)?) and a subsequence
{e;} — 0 so that, locally uniformly

lim FS' = F.

11— 00

By stability of viscosity solutions, F solves equation (I1.2.1.1).

Now, fix xg > 0. For x > z(, by Lemmas 11.2.3.5 and 11.2.3.7,
1
—— <97 F5(2) <0.
o
Letting x1, 2o > x(, we have
8IF25(:161, t) — @;Ff(xg, t) ‘ .
Tr1 — X2 N

[EYO2FS (x,t) do - 1

2

(11.2.3.18)

X
xT1 — T2 Zo
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Thus, there exist constants C' > 0 and zy > 0, such that for x > zy and
0 < z < 2y, we can uniformly bound the double difference quotient

Fila+20) 2o 2+ Blat)
22 To

<

Letting € to 0, we get
‘F(:v+2z,t)—2F(x—|—z,t)+F(x,t)‘ o C

<=
22 T

This implies F is C™! in 2 on [zg,00) x (0,00) for all 2o > 0, which yields
that F is locally C*! in z in (0, 00)%. It is clear then that F' is concave and F
inherits estimate (I11.2.3.11) from Fj, that is,

—1 < 20?F(2,t) <0 for all (x,t) € (0,00)°.

On the other hand, differentiating equation (I1.2.1.1) in z, we have
1 u F
in the viscosity sense, where U = 0, F.

Now, letting x > x¢, by the obtained estimates on F,

F(x. t 1
(z, )ém and —— <9,U(z,t)<0.
T i

0<U(z,t) <m, 0<

Therefore, there exists C'= C(xg) such that for z > o,
0 (2,1)| = |0, F (1) < C

in the viscosity sense. In a similar way, differentiate the equation with respect
to ¢ to deduce that for x > zy and t > 0, there exists C' = C(x() such that

0}F (2,t)] < C.

Therefore, F' € C11((0,00)?), and F is concave in z. A similar argument (but
easier) as that in the proof of Lemma I1.2.3.6 shows that F' € C'([0,00) x
(0,00)). O

11.2.3.2.3. Existence of solutions to equation (IL.1.1.1) for 0 < my(0) < 1.
We now prove the existence of mass-conserving weak solutions in the measure
sense to equation (IL.1.1.1) when 0 < m = m;(0) < 3. Therefore, in this
subsection, we will always assume Fj is the Bernstein transform of ¢y = ¢(+,0),
where ¢y has m;(0) = m € (0, %) and also bounded second moment, that is,

mao(0) = /OOO s?c(s,0)ds < C.

Our goal is to show, via a combination of the maximum principle and localiza-
tions around the characteristics (see Evans [EvalO, Chapter 3]), that F' is a
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Bernstein function and, therefore, has a representation as a Bernstein transform
of a measure.

By Theorem I1.2.1.7, we already have that F' € C1'((0,00)?) N C ([0, 00) x
(0,00)). Let us now use this result to yield further that F' € C°°((0,00)?) N
C'([0,00)?).

PRrOPOSITION 11.2.3.9. Assume all the assumptions in Theorem [1.2.1.8. Then
F e 0%((0,00)%) N C*([0,00)?).

Proor. We proceed by using characteristics and earlier results. Denote by
X(xz,t) the characteristic starting from x, that is, X(z,0) = z. Set P(z,t) =
0. F(X(z,t),t)), and Z(t) = F(X(x,t),t) for all ¢t > 0. When there is no
confusion, we just write X(t), P(t), Z(t) instead of X(x,t), P(x,t), Z(x,1),
respectively. Then, X (0) = z, P(0) = 0, Fy(x), Z(0) = Fo(x). We have the
following Hamiltonian system

X = 0,H(P(t), 2(t), X (1) = P(t) - (m+ 1) .
P=—0,H— (0. H>P=;?<(Z>)2 X
Z=P.-0,H—H="Y

Z(
2 X(t

m(l—m)
2

~+
~—

Note first that F' € CH1((0, 00)*) N C([0, 00) x (0,00)), and also 0 < 9, F < m
thanks to Theorem 11.2.1.7. Therefore,

N .1
(11.2.3.19) —1<— <m+ 2) <X<—3.

Besides, the concavity of F' in x yields further that

. Z) P() 1 (F(X(0)1)
P X0 T FE00) >0,

Let us now show that {X(z,-)}se(0,00) are well-ordered in (0, 00)?, and none
of these two intersect. Assume otherwise that X (z,t) = X (y,t) > 0 for some
r#yandt>0. As F € C'((0,00)?) N C([0,00) x (0,0)), 0, F(X (z,t),t)
is uniquely defined, and therefore,

P(x,t) = P(y,t) = 0, F(X(x,t),t) and Z(z,t)=Z(y,t) = F(X(x,t),t).

Hence, (X, P, Z)(x,t) = (X, P, Z)(y,t), and this contradicts the uniqueness of
solutions to the Hamiltonian system on [0,¢] as we reverse the time.

Next, for each t > 0, let [(¢) > 0 be such that X(I(t),t) = 0. This is
possible because of (I1.2.3.19). As Fj is smooth, X, P,Z are smooth in z.
Thanks to our Hamiltonian system and the well-ordered of {X(z,)}.c(0,00),
the map = — X(z,t) is a smooth bijection from (I(t),00) to (0,00). Let
X1, t): (0,00) — (I(t), ) be the inverse of X (,t).
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\\

AN

X(y.t) \\

AN

y - B X

FiGUuRE 1I1.2.3.1. Characteristics

Let us show further that X(-,t) is a smooth diffeomorphism. It is enough to
show that X(-,t) : (I(t) + n=',n) — (X((t) + n~',t), X (n,t)) is a smooth
diffeomorphism for each n € N sufficiently large. Let

0 ={(X(x,5),5) : x € (I(t) +n"",n),s € [0,4]} .
Thanks to Theorem I1.2.1.7, there exists C' > 0 such that
—C < 9?F(z,5) <0 in O

in the viscosity sense. We differentiate the first equation in the Hamiltonian
system with respect to x and use the fact that P(x,s) = 0,F(X(z,s),s) to
yield that

0,X (2,5) = 0,P(z,s) = °F(X(x,5),5) - 0. X (x,5) > —C0, X (x,5).
Thus, 0, X (x, s) satisfies a differential inequality, and in particular,
s+ e 0, X (x, 5) is nondecreasing on [0, t].

It is then clear that 0, X (z,s) > 0 for all z € (I(t) + n~!,n),s € [0,t]. By the
inverse function theorem, X ~1(-,¢) is then smooth, and

F(z,t) = Z(X Y(x,1),1)
is smooth as Z is also smooth.
Let us finally use the property P > 0 to yield that F € C'([0, 00)?). We only

need to show that d,F' is continuous at (0,0). For each € > 0, we are able to
find » > 0 such that Fj(z) € [m —¢e,m] for all x € [0,r]. Let

V. ={(y,s) € [0,00)* : y = X(x,s) for some x € [0,7] and s > 0}.

Then, as P > 0, we see that 0,F(y,s) € [m — e,m] for all (y,s) € V.. The
proof is complete. l
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It is worth noting that in this problem, for the characteristics, only the condition
for t = 0 is in use. The boundary condition for x = 0, though still satisfied, is
not being used (ineffective).

Now that we have F € C*((0,00)?) N C*(]0,00)?), we continue to prove the
last requirement to have that F'is a Bernstein function.

PrOPOSITION I1.2.3.10. Assume all the assumptions in Theorem I1.2.1.8. Then,
(=1)"Mo"F >0 in (0,00)* for alln € N.

Of course, we verified the above claim already when n = 1. A main difficulty
to achieve this result is that 07 F' might be singular at x = 0, and thus, we do
not have much knowledge on the boundary behavior there. This is also clear
in view of the method of characteristics as described above. Here is a way to
fix this issue, which is motivated by Lemma I1.2.3.6.

LEmMA I1.2.3.11. We have that, for allt > 0,
lim z02F (v,t) = 0.

z—0t

PROOF. Let Q = 0*F. Differentiate (I1.2.1.1) with respect to x twice, we
get
1 oF—F
(11.2.3.20) 0Q — (m +5 - (%F) 0,Q = —Q* — @ ot T8
T

A very important point here is that (I1.2.3.20) has the same characteristics
X(x,t) as in Proposition 11.2.3.9. Recall that

X = <m + ;) +OF(X(1),1),

and (I1.2.3.19) holds. Let R(t) = Q(X(t),t), then
. R XP—-Z7
R=-R*— _ 42—
XX
Since —1 < x0?F < 0, we infer that R < 0, 1 + RX > 0, and
. R XP—-7Z7 XP—-7 2 Z
2
2.3. =R = > == (P-Z2).
2321) R—-R- 425 S50 28— 2 (P )
This differential inequality about R will be used to give us the desired result.
Note that F' € C'([0,00)?), and for each ¢ > 0,

hm(@ﬂ@ﬂ—F@ﬁ>:O

z—0t X

3

So, for fixed T > 0, there exists a modulus of continuity w : (0,00) — [0, c0)
with lim, o+ w(r) = 0 such that for all r > 0,

F(z,t)

O F(x,t) — <w(r) forall (x,t) € (0,r] x [0,T7].
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Fix r > 0 and on each given characteristic X (x,-), which reaches 0 in finite
time, take sg > 0 such that 0 < X(z,s9) < r. For s > sg, we use this in
(I1.2.3.21) to get that

: 2w(r)
> -
R(s) > X(s)?
Integrate this and use (11.2.3.19) to yield, for t > s,
| t —2X(s)
£ > —9 o _ds> —9 / d
R(t) > Rso) —26(0) || 7o 45 > Rlso) — 20(r) [ 2 as

X(t)R(t) = X (t)R(so) — 4w(r).
Besides, X (t)R(t) < 0 thanks to Theorem I11.2.1.7. Combine the two inequali-
ties, we get, for X(t) < r and t € [0,T],

Thus,

(I1.2.3.22) IX(t)R(t)] < CX(t) + 4w(r),
where C' = maxuep, |y (x)] + maxeeor [02F(r,t)]. Let X(t) — 07 and
r — 0T in this order in the above to get the conclusion. U

LEMMA 11.2.3.12. Fixn € N with n > 2, and R > 0. Then, there exists a
constant C = C(n, R) > 0 such that

(112323) ||x”_16;}F($, t)||Loo((07R)2) < C.

PROOF. The proof is rather tedious with a lot of terms appearing in the
differentiations. We prove by induction with respect to j = n in (11.2.3.23).
The base case j = 2 was already done by Theorem I1.2.1.7. Assume that
(I1.2.3.23) holds true for j =n — 1 > 2, and we now show that it is also true
for j =n.

Step 1. Differentiate (I1.2.1.1) with respect to x by n times, we get
n 1 n+1 1 n 2 n E _
0,0 F <m+ 2) OE + 07 ((0.F)2) + (x) _0.
Let @ = 0} F. Then
1
(11.2.3.24) 0,Q — (m - &rF> 0.Q = f(x,1),
where the source term f is

Q_ 1< nl(@ )0 FF) ' (=) nl(0pF)
flat) = =n@F)Q= =5 ) kl(n — k)! L e

k=2 k=0
Recall that (I1.2.3.24) has the same characteristics X (x,t) as in Proposition
I1.2.3.9

X = <m + ;) + O F(X(1),1),
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and (I1.2.3.19) holds. Thanks to Lemma I1.2.3.11 and (I1.2.3.22), for fixed
T > 0, we are able to find a modulus of continuity w : (0,00) — [0, 00) with
lim, g+ w(r) = 0 such that

w02F (2, 1) <w(r)  forall (z,t) € (0,7] x [0,7].

Let R(t) = Q(X(t),t) and fix r > 0. As X(t) reaches 0 in finite time, we can
pick sp = 0 to be the smallest constant such that X (sg) < r. Surely, s = 0 in
case X (0) = = < r. Without loss of generality, we assume that for some ¢ > sy,
X(t) >0, and

(11.2.3.25) M = X()" Y R(t)] = max X(s)"'|R(s)] > 0.

s€[s0,t]

Step 2. Tt is our goal to bound X (¢)"'R(t) uniformly in x. Again, without
loss of generality, we may assume that R(s) does not change sign for s € (sq, t]
(otherwise, change sy to be a bigger constant such that R(sg) = 0 and R(s)
does not change sign for s € (sg,t]). Let us note right away that —% =8
a good term and needs not to be controlled. Indeed, if R > 0 in (sg,t), then
—% < 0 there, and so

(11.2.3.26)
RO = R(0) = Rso) + [ 5(X
< R(sg +/ —n(0?F)Rds
n2|k+1 n+1—k n—1 ¢ 1\n—k, 1Ak
+/( 15~ (9, 'F)@ F) Z( 1) n-k(%F)> s
2 = kl(n — k)! = kIXnR

A similar claim holds in case R < 0 in (so,t). A key point that we need here
in order to bound the above complicated sum is that, for ¢ > 2, by (11.2.3.19)

to1 t —2X(s) 2 1 1
11.2.3.2 s < ) ds < - D
(11-2:3.27) w0 X3S L x(s) i1 (X(t)’—l rH)

This, together with the induction hypothesis, gives us that
(I1.2.3.28)

X"t

s| < C.

[ (-1 PpacARICASIIIE GV CAIAN
so \ 2 kl(n — k)! kX n—k+1
Let us next bound the remaining term containing R. As —w(r) < z0?F < 0 in
(0,7] x [0,T], one has
(I1.2.3.29)
t tnw(r)M 2nw(r)M 1 1
O’F)Rds| < | ————~—ds < _
" /so( IR S | e B T \ v
3w(r)M o M
SX ()t T 2X (t)n!

for r > 0 small enough.

k=2 k=0
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Combining (I1.2.3.25), (I1.2.3.26), (11.2.3.28) and (I1.2.3.29), we deduce that

M
M<C+ >
which yields that M < 2C. By definition of M, X (t) and R(t), we reach the
desired result. O

We are now ready to prove Proposition 11.2.3.10 by induction. Our idea here is
to use the maximum principle for z¥~19%F for k > 3 in the inductive argument.
However, as the behavior of 2*710*F is unclear as x — 0%, we need to use
localizations around characteristics to take care of this issue.

Proof of Proposition I1.2.3.10. Let us show that (—1)"*9"F > 0 in
(0,00)? by induction. By Theorem I1.2.1.7, this is true for n = 2 already.
Assume that this is true for all n < &k — 1 for some & > 3. We now show that
this is true for n = k. Let us just deal with the case that k is even as the other
case can be done analogously.

Step 1. Differentiate (I1.2.1.1) with respect to = by k times, we get

(12330)  90LF ~ (m+ ;) O + ;a’; ((0.F)?) + & (5) 0.

Let W(x,t) = 2* 7108 F, and we aim at deriving a PDE for W. As always, the
last term on the left hand side above is not so easy to deal with. The following
is a new insight to handle this term thanks to Lemma [1.2.3.12,

F 1
k=1 k _ o k—lgk
"oy (m) "0, (/0 8xF(m:,t)dr>

1 1
= gh! / rR M P (ra, t) dr = -
0 22 Jo

W(x,t) k

KO (2, 1) dz

T 2

/OxW(z,t)dz.

We used integration by parts in the last equality above. Multiply (11.2.3.30)
by 2¥~! and use the above identity, we arrive at

(I1.2.3.31)
oW — <m+ ! —@F) (axW— (k- 1)W) VR e ds
2 x x  x%Jo

K2 R0 ) (5 F)
ik — )]

as in Proposition 11.2.3.9,

= —k(OPFYW — 2*1

= LM

)

Again, this equation has the same characteristics X (x, t
- 1

and (I1.2.3.19) holds. This clear localization of characteristics is very important.
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Step 2. We now need to show that W < 0 in (0, 00)?. Assume by contradiction
that there exists (zg,T) € (0,00)? such that W (zo,T) > 0. Of course, zy =
X (z,T) for some z > xg.

For the initial condition of W, it is not hard to see that W (0,0) = 0 and
W(z,0) <0 for x € [0,00). Choose z1, 23 very close to z such that z; < z < 29,
and define a new initial condition W (-,0), which is smooth on [0, 00), such that

V:V(x,()) = W (z,0) for = € [z1, 2] ,
W(z,0) < W(z,0) for x & [21, zo] .

Let W be the solution to (I1.2.3.31) corresponding to this new initial condition
W(-,0). Because of the locality of the characteristics, we see that W (zq, T) =
W (z0,T). In fact, we can choose W(-,0) to be as negative as we wish outside

of 21, z3]. For our purpose, we choose z1, 23, and W(, 0) so that
(11.2.3.32)

W(a,t) < W(X(z,0),t) forallze (o, ”“"20] Ulz+1,00), t€[0,7].

Now, slightly abusing the notations, let us assume that IV satisfies (I1.2.3.32) as
well (in other words, write W in place of W for simplicity). For each ¢ € [0, 7],
by (I1.2.3.32), there exists x; € (IO z+ 1) so that

€)= max Wz, t) = W(x,t).

z€[0,00)

We use the maximum principle in (I1.2.3.31) to get an estimate for £. Notice
that, as k is even, (O5F'F)(OFH1=IF) > 0 for 2 < i < k — 2 always by the
induction hypothesis. At (x,t), we have 0,W (zy,t) = 0, and

1 o
— Wiz, t)dz < W(ay,t).

Tt JO
Therefore,

gty + ((k: —1) <m - ; - 8xF) + kxtagmxt,t)) <0.

Tt

Note that z; € (”"0 z+ 1) and

‘(k _1) <m - ; - &CF) + k02 (20, 1) < 2k

As £(0) < 0, by the usual differential inequality, we get that £(¢) < 0 for all
t € [0, 7). In particular, 0 > &(T) = W (xo,T) > 0, which is absurd. The proof
is complete. O

Proof of Theorem 11.2.1.8. The result follows immediately by combin-
ing Propositions 11.2.3.9, 11.2.3.10 and Theorem I1.1.2.2. U
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11.2.4. Equilibria

In this section, we study the equilibria of equation (I1.2.3.1) in the case 0 <
m < 1. At equilibrium, the equation reads

(I1.2.4.1) ;(&CF —m)(0,F —m—1)+ i —-m=0.

Let us emphasize again that we search for Lipschitz, sublinear viscosity solution
F which satisfies 0 < F(x) < ma for z € [0, 00).

LEMMA I1.2.4.1. Suppose 0 < m < 1. Let F be a Lipschitz, sublinear viscosity
solution to equation (11.3.1.5) which satisfies 0 < F(x) < mx for x € [0, 00).
Then, there exists a constant C' > 0 so that all the local minimums of F' belong

to [0, C1.

PrRoOOF. By contradiction, if there exists a sequence of local minimums
{z,} = oo of F, then by the supersolution test, we have

1 F(x,
-m(m+ 1)+ (x)—m20.
2 T
This means, for n € N,
F(z, 1
ii)ZQm(l—m)>0,

which is a contradiction as F'(z,)/x, — 0 by the sublinearity assumption. [

ProroSITION 11.2.4.2. Suppose 0 < m < 1. Then equation (11.3.1.5) has no
Lipschitz, sublinear viscosity solution F' which satisfies 0 < F(x) < mx for
x € [0, 00).

PROOF. Suppose by contradiction that F' is a Lipschitz, sublinear solution
to equation (I1.3.1.5) and 0 < F(z) < ma for x € [0,00). By Lemma I1.2.4.1,
there exists a C' > 0 so that F'(z) is monotone on [C, 00), i.e., for a.e. z € [C, 00),
either

F'(z)20 or F'(z)<0.

Let us consider two cases in the following.

Case 1. F'(z) > 0 for a.e. x > C. Since F(z) < maz, we have
1

F
2(F’(x) —m)(F'(x) —m—1)=m — Flw) >0.
x
Thus, either F'(x) < m or F'(z) > m + 1. We claim that F'(z) < m for a.e.
x = C' by changing C' to be a bigger value if needed. Indeed, assume otherwise,
that this is not the case. Since F'(x) < mx, we cannot have that F'(z) > m+1

for a.e. x > C. Then, we can find xs > x; > C such that F'(x;) < m, and
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F'(z5) > m+ 1. Let ¢(z) = (m + )z for x € [x1,22] be a test function, and
let x3 € [x1, 2] be a minimum point of F'— ¢ on [z, xs]. As

F'(x1) <m < ¢ (x1) —m—l—;—¢’(x2) <m+1<Fl(x),

it is clear that z3 # x; and x3 # 5. In other words, x3 € (21, x2), and one is
able to use the viscosity supersolution test to yield that

1 1 1 F(x3) 1
<z (m+5 - +-—-m—1)4+—=— =,
0 2(m 5 m)(m 5 ™M ) s m 3

which is absurd. Therefore,

0< F'(z) <m forae z>C.

N
|

~
In particular, for a.e. x > C,

L) —m)(F () —m — 1) <

which implies

1 1
§(O—m)(0—m— 1) = §m(m—|—1),
F(x)
T
But this means that F' is not sublinear.

1 1
>m—§m(m+1):§m(l—m)>0.

Case 2. F'(x) <0 for a.e. > C. Then F is decreasing on [C, 00) and there
exists a > 0 such that o = lim,_,o, F'(x). Consequently,

lim (;(F'(@ ) (F(x) —m—1) — m> —0.

T—r00

On the other hand, as F' > 0 always, we can find a sequence {y,} — oo such
that F'(y,) — 0. Let x = y,, in the above and let n — oo to deduce that

1 1
Ozi(O—m)(O—m—l)—m:§m(m—1) <0,
which is absurd.

Therefore, in all cases, we are led to contradictions. The proof is complete. [

PROPOSITION 11.2.4.3. Let m = 1. Then equation (11.3.1.5) admits a Lipschitz,
sublinear viscosity solution F which satisfies 0 < F(x) < mz for x € [0, 00).

PRroOOF. Let G =1 — 0,F. Then the equilibrium equation reads as
1 1 =
(I1.2.4.2) “G(G+1) - f/ G=0.
2 x Jo

This is the same equation studied in the work of Degond, Liu and Pego [DLP17,
Section 5], of which the solution must satisfy the transcendental equation

G(z)
s = Czx,

(I1.2.4.3) (1-G(2)?
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for some constant C' > 0. Let us recall a quick proof of (I1.2.4.3). Multiply
(I1.2.4.2) by z, then differentiate the result with respect to = to imply

;G(G 1)+ ;x(zcaxa +0,G) =G =0,

which means that

L 30.G  0.G
:1-¢a
Integrate the above to yield (11.2.4.3). Therefore, we can pick C' = 1 in (11.2.4.3)
and G to be a Bernstein function taking the form

(11.2.4.4) G(z) = /0‘”(1 — ey (s)e 17T g
where N
/ 7(5)6_48/27 ds = 1.
0

See [DLP17, Section 5] for further details on the derivation of (I1.2.4.4). This
implies that

(I1.2.4.5) 0, F(z) =1 / (1— e )y (s)e~ /¥ ds > 0,
0
and that
lim £ _ o
T—00 x

Furthermore, by successive differentiations, we can also see that 0, F is com-
pletely monotone, that is, (—1)"™9"F > 0 for all n € N, which means that F
is a Bernstein function. O

REMARK 11.2.4.4. From the above proposition, it is actually not hard to see
that, for m = 1, equation (I1.3.1.5) admits a family of Lipschitz, sublinear
viscosity solution { )} ~o which satisfies 0 < F)\(z) < x for z € [0, 00). Indeed,
take F' as in the above proof, and let

Fyx(z) = \F (i) for all z € [0, 00).

Then,
Ca(@) = 1 — 0, Fy(2) = 1 — O, F (i) e (i) ,

which means that

Gi(x) x

(1=Gi@)* A
This implies that (I1.2.4.3) is satisfied with C'= . Hence, F) is a solution to
(I1.3.1.5) for each A > 0.

The existence of this family of solutions {F)} =0 to (I1.3.1.5) makes the study
of large time behavior of the viscosity solution to (II.2.1.1) for m = 1 quite

difficult.



11.2.5. LARGE TIME BEHAVIOR FOR 0 < M < 1 95

I1.2.5. Large time behavior for 0 <m < 1

In this section, we study the large time behavior of the viscosity solution to
equation (I[.2.1.1) for 0 < m < 1. Our goal is to prove Theorem II1.2.1.9.

From Proposition I1.2.4.2, one cannot expect a sublinear equilibrium, that is, a
Lipschitz sublinear solution to (I1.3.1.5). However, it is very interesting that the
solution to equation (I1.2.1.1) still converges to the linear function mx locally
uniformly as ¢ — oo. This implies that, even if we have a mass-conserving
solution at all time, the sizes of particles decrease until they become dust at
time infinity.

To prove the theorem, we need the following results.

LEMMA 11.2.5.1. Let F be a viscosity supersolution to equation (11.3.1.5) that
satisfies the following

F is concave,
(I1.2.5.1) lim inf, . 7% >0,
0< F(r) <ma.

Then, F(r) = mu.

PROOF. First, observe that o + 09, F(x) is decreasing whenever 9, F(x) is
defined. By the requirement that

lim inf £ )
T—r00 x

>0,

we have that 0,F(z) > 0. As F is differentiable almost everywhere, pick
{z,} — o0 so that F' is differentiable at z,, for all n € N. Define

_ Flz,
0<a® lim O, F(x,) = lim Flan)

T—r 00 Ty

<m

Thus, letting x,, — oo in the equation (I1.3.1.5), we get

1
Ogi(a—m)(a—m—l—l)go.

Therefore, it is necessary that o = m and F(x) = ma for all x € [0,00). O

We immediately have the following consequence.

COROLLARY 11.2.5.2. Let F be a viscosity solution to equation (I11.3.1.5) satis-
fying (11.2.5.1). Then F(x) = max for x € [0, 00).
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LEMMA 11.2.5.3. Let F' be the Lipschitz, sublinear viscosity solution to equa-
tion (11.2.1.1). Then, locally uniformly for x € [0, 00),

- 1
(I1.2.5.2) hgg}f F(z,t) > Zm(l —m)z.
PROOF. We construct a sublinear subsolution to the equation (I1.2.1.1) so
that the inequality (I1.2.5.2) holds. Define, for (z,t) € [0, 00)?,
1 1
o(x,t) = min {4m(1 —m)zx, Zm(l - m)t} :

To see that ¢ is a subsolution to (I1.2.1.1), we first note that 1m(1 —m)z is a
subsolution. Furthermore,

S 1) = {m(l—m)x, x<t,

—_

m(l—m)t, x>t.

NN

So, for z > t,

1
Oup + 5 (Do = m)(@up —m — 1)+ ~ —m

1 1 1
<-m(l—m)+-m(m—1)+-m(1—m)=0.
4 2 4

Since equation (I1.2.1.1) has a convex Hamiltonian, minimum of two subsolu-
tions is a subsolution (see Tran [Tra21, Chapter 2] and the references therein).
Note that this property is not true for general Hamiltonians.

By the comparison principle, we have that F' > ¢. Letting ¢ — 0o, we obtain
(I1.2.5.2) locally uniformly for x € [0, 00). O

Proof of Theorem 11.2.1.9. By Lemma 11.2.5.3, locally uniformly for
x € (0,00),

F
m = liminf (z.?)

t—o0 x

1
> Zm(l —m)>0.
Let
Glz) = litrgian(x, t) forall z € [0,00).

This function is well-defined since F is globally Lipschitz on [0,00)? and
0 < F(z,t) < ma. By stability of viscosity solutions, G is a supersolution to
equation

1
2(0$G—m)(6xG—m—1)+f—m>O

in (0,00). As xz +— F(z,t) is concave for every ¢t > 0, G is concave. Moreover,
0< G <mz and

G(x) =2 -m(l —m)x for all x € [0,00).

=
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By Lemma I1.2.5.1, G(z) = mx for z € [0,00). We use this and the fact that
F(x,t) < mz for all (z,t) € [0,00)? to conclude that, locally uniformly for
x € [0, 00),

Jim F(z,t) = G(x) = mx,

as desired. 0



CHAPTER 3

Dynamics for multiplicative coagulation kernel singularly
perturbed by additive fragmentation kernel

I1.3.1. Introduction

The main goal of this chapter is to discuss a problem concerning the dynamics of
the solution to discrete coagulation-fragmentation equation with multiplicative
coagulation and small additive fragmentation kernels. The problem could
be thought of as a pure coagulation equation that is singularly perturbed by
small fragmentation. Letting the fragmentation kernel vanish, in the limit,
one expects that the solutions tend to the so-called Flory solution of the pure
multiplicative coagulation equation, where part of the total mass escapes to
infinity. We describe how the lost mass behaves. Our proposed technique is
based on the study of a nonlinear backward parabolic equation, resulting from
the Laplace transform of the equation, and a detailed study of the tail behavior
of the Flory solution of the pure coagulation equation with multiplicative kernel.
We formulate a variant of a prediction by Ben-Naim and Kaprisky [BK11] and
discuss what has been done and what should be done to prove this prediction.

To begin, we mathematically prescribe the kernels under consideration:
(I1.3.1.1) a(s,s) =5s and b(8,s) =b°(8,5) = (5 + ),

where 0 < € < 1. In this chapter, we will restrict ourselves to the discrete
equation and leave the study of the continuous equation for future work as, to
our knowledge, the problem of well-posedness for the continuous solution is
still not investigated. Henceforth, we write px(t) = p(k,t) and in the strong
form the discrete equation with multiplicative-additive kernels reads

Dupi(t) Zyk 7) 0 () pr—; (t) — kpi(t ZJ/)J
(IL.3.1.2a)

+ Za (k4 7)pr+;(t) — 551{:(1{; — Dpi(t),
7=1

with initial value
(I1.3.1.2b) p(0) = po.

When € = 0, our equation becomes a pure coagulation equation with multiplica-
tive coagulation kernel. This pure coagulation equation exhibits a phenomenon
called gelation, in which the total mass of the system is not conserved for
all time ¢ > 0 due to the formation of large particles that escape the scale
captured by the model (see [McL62; Ley03] for further discussions). One can

98
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think of these particles as those with infinite size. An important feature of the
pure multiplicative coagulation equation is that after gelation, it may have two
solutions, depending on how one looks at the equation initially. Specifically, as
the solution conserves mass m until the gelation time, one can either write the
pure coagulation equation as

1 k—1
(I1.3.1.3) Oypr(t) Z] t)pe—j(t) — kpp(t Z] p;(t
or
1 k—1
(I1.3.1.4) Orpi(t) Z] t)pe—j(t) — kmpyi(t) .

While equation (II.3.1.3) only cons1ders the interactions of finite-mass parti-
cles after gelation, equation (II.3.1.4) allows interactions between finite-mass
particles and infinite-mass ones. The solution to the former equation is called
the Stockmayer solution and latter the Flory solution (see [Ley03] for further
discussions). Both exhibit gelation and are the same up to the gelation time
T,

gel-

When € > 0, the equation enters a regime where fragmentation helps prevent
the formation of infinite-size particles. Hence, in this case, we have a unique
solution that conserves mass, as proven by da Costa [Cos95| for the discrete
equation (see Theorem I1.3.1.1 below).

We denote the n'™ moment of p(t) by

ma(t) = YK pit)

ieN
We will always assume finite first and second moments for initial data, i.e.,
(A1) my(0) +m2(0) < 00
For convenience, when there is no notational confusion, we will write
m =m4(0).

Furthermore, by solution, we always mean mass-conserving solution, whose
existence and uniqueness to (I1.3.1.2) has been studied by da Costa [Cos95]
using the method of moment bounds. Now, we recast without proof his result
in the following theorem.

THEOREM I1.3.1.1 ([Cos95]). Assume (Al). There exists a unique admissible
solution p to equation (11.3.1.2) that preserves mass, i.e.,

0= S kput) Zm “ s (0).
k=1

Furthermore, p has finite second moment, i.e.,

) = kP p(t) < o0
k=1
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for all time t > 0.

Due to mass conservation when € > 0, in the limit as € tends to 0, one
expects that solutions to equation (I1.3.1.2) converge to the solution of the
Flory solution of the pure multiplicative coagulation equation (¢ = 0) (see
Proposition 11.3.1.4). However, as the total mass is not conserved for all time
for the Flory solution, a crucial question one may ask is: “What happens to
the lost mass?” Our goal is to provide an answer to this question.

Let p° be the Flory solution and let the loss of mass to infinity be defined by

g:1]0,00) = [0, 00)
g(t) =m = kpp(t).
keN

For small ¢, one expects an emergence of giant clusters with larger scale that
contain a significant portion of the total mass. By assuming that the number
of particles is of order O(1/¢) and the mass of the giant particles is of order
O(g(t)/e), Ben-Naim and Krapivsky [BK11] heuristically described the giant
particles coming from (I1.3.1.2) by the stationary solution to the equation

c0,G(s,1) = ; [ 35 = 965,06 (s — 5,15 — s(g(t) — G5, 1)+

2

g(t) s
+/ $G(5,0)ds — TG, 1),

where G here is the density of the large cluster after being normalized appro-
priately. The g(¢) upper bound in the last integral follows from the assumption
that g(t)/e is the size of the largest particle before normalization. The key
observation is that in the pure coagulation equation, gelation occurs and the
lost mass in this case will be approximately the mass for the large particles
in (II.3.1.2) after some time Ty > 0. It is worth noting that Ben-Naim and
Krapivsky’s assumption is motivated by stochastic simulations and, hence, the
largest particle assumption is natural.

Our analysis does not assume there is a largest particle and takes the coagulation-
fragmentation equation as the starting point (as opposed to stochastic simula-
tions like Ben-Naim and Krapivsky). Therefore, the above equation does not
quite capture the large clusters and modifications need to be made. Keeping
the same scaling as Ben-Naim and Krapivsky did, we will show that the giant
particles are approximated by the solution to the equation

0=_ /Osé(s —5)G(5, )G (s — 5,8) ds — sg(t)G(s, D)+

0o 2
+ [ 5G(3,t)ds — %G(s,t) ,

s

whose formula is given by
o—s/9(t)

G(s,t) =

S
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This formula could be obtained by a certain scaling limit of the equilibrium
of the discrete equation (I1.3.1.2), whose formula is given in the following
proposition.

ProprosITION 11.3.1.2. The unique non-zero equilibrium solution of equa-
tion (11.3.1.2) in discrete space is given by

k

em
11.3.1.5 o = ——————
( ) Pk k(m +¢e)k’

where m is the total mass, i.e.,

m=m; = Z kpy. .
keN
REMARK I1.3.1.3. An important feature of the equilibrium solution is that it
satisfies the detailed-balance condition

a(k7])ﬁk:5] = b(k7]>ﬁk+J :
This tells us that the net rate of reaction for one pair of cluster sizes due to
coagulation and fragmentation is zero, which is intuitively clear but may not
necessarily be satisfied for all kernels.

The question about long-time behavior of the coagulation-fragmentation equa-
tion is a challenge in general and has been studied by researchers for different
types of kernels (see, for example, [Car92; FM04; MP04; MP08; FM04; Can07;
Laul9b; BLL19; MTV21]). However, a lot still remains unknown. For our
specific kernels, this question has been partially answered. Denote py, = kpy(t)
and fix = kpr, where p is the solution of (I1.3.1.2). It has been proven by
Fournier and Mischler [FM04] that u converges to i exponentially fast in L' if
the initial mass is sufficiently small. Exponential decay to equilibrium for large
initial mass remains an open question. We will not discuss this issue here but
leave it for future work.

As a first step towards our analysis, we show that as € tends to zero, the loss
of mass to infinity does happen and, thus, the pure coagulation equation is
expected to be a good approximation of small scale particles in (11.3.1.2).

PROPOSITION 11.3.1.4. Let p° be the Flory solution to the pure coagulation
equation (¢ = 0) and p° be the solution to equation (11.3.1.2) for each € > 0.
Then, for every k € N,

: e _ 0

lim pj, = pj
locally uniformly in t.

In order to understand the behavior of p* as ¢ — 0, it is crucial to understand
the tail behavior of the Flory solution. We stress that, while this is a step to
our final goal, it is important in general to understand the tail behavior of
Flory solution for general initial data as well. To the best of our knowledge,
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this has not been studied except for the special case when the initial datum is
monomers, in which case, one can write down an explicit formula for the Flory
equation based on induction [Ley03; McL62], namely

kk—B
11.3.1.6 O() = ——th—le=h

From here and using Stirling’s approximation formula, we could deduce that

C
pr(t) < 52

for all t > 0. We confirm this bound for general initial data with minimal
assumption.

THEOREM I1.3.1.5. Let p° be the Flory solution to the pure coagulation equation
(e =0). Suppose py satisfies (Al). Then, there exists a constant C > 0 such
that for every t > 0, we have

(I11.3.1.7) pa(t) < 5

The proof of this theorem is based on the so-called Bernstein transform of the
mass density of Flory solution. We study the regularity of the characteristics
of the complex Burgers’s equation (obtained by performing the Bernstein
transform to equation (I1.3.1.4)) on the right half of the complex plane and
use the Fourier-Laplace inversion formula to deduce the tail behavior of the
Flory solution. This technique is inspired by that of Menon and Pego [MP06].
The difficulty in our case is that we have to deal with the formation of shocks
of the Burgers’s equation. Hence, results in [MPO06] do not readily apply.

Viewing {p° o kp5 } >0 as a set of measures and using concentration-compactness
lemma [Lio84; StrO8b], we deduce that there is a split of the mass into two
almost disjoint systems of particles, small particles and giant particles. Be-
cause of the splitting of u°, one can see that there is a significant mass that
concentrates in the giant particles. A natural question that is equivalent to
the prediction by Ben-Naim and Krapivsky is, “What is the correct scaling to
study the large scale clusters as € tends to 07” The following conjecture, if
true, would be an answer to this question.

CONJECTURE I1.3.1.6. Define ¢ : [0,00)* = R

CE(S’ t) = n2qus/sj (t) )

Then, for every t > 0, the following weak-star convergence of finite Radon
measures on [0,00) holds

(I1.3.1.8) sc(s,t)ds = e/ ds + (m — g(t))do,
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as € — 0. Furthermore, the function ¢(s) = s~'e=%/9®) s the solution to the
equation

1/03 3(s — 8)&(8,1)&(s — 8,1) d& — sg(t)e(s, )+
(I1.3.1.9)

00 2
+/ 50(5,4)ds — Ze(s,1) = 0.
Heuristically, this conjecture says that the giant particles behave as if they
were in equilibrium, approximated by the solution of equation (I1.3.1.9), given
that the mass “near infinity” is g(¢). This means that for each given &, there is
a metastable manifold where the solutions to (I1.3.1.2) spend some time nearby
before converging to the true equilibirum solution of (I1.3.1.2).

We propose a direction to resolve Conjecture I1.3.1.6 based on rescaling p* and
applying the Laplace transform. By a bad fortune, when ¢ > 0, the Laplace
transform of the scaled solution to (I1.3.1.2) unfortunately gives a nonlinear
singular backward parabolic equation (see equation (I1.3.4.11)). This equation
is far from well understood in any sense. We try to overcome this difficulty
by exploiting the tail behavior of the Flory solution so that for ¢ sufficiently
small, we can bound the time derivative of the Laplace transform of the scaled
solution uniformly. This allows us the ability to treat the equation as a second
order elliptic equation, which is well understood.

Even though at the time this thesis is being written the proposed method
still does not yield the desired result, it allows us to come very close to the
resolution. One of our future goals is to study more deeply what is achievable
by this method. We note that our technique is novel in the sense that it
tightly harmonizes the information between the solution of the coagulation-
fragmentation equation and that of the transformed equation. Previously,
works have been done on the Bernstein/Laplace side to deduce information on
the coagulation-fragmentation side (see, for example [Ley03; MP04; DLP17;
TV21]) but hardly the other way around. Our work is an example how one
can “bootstrap” knowledge from both sides to gain more information.

The above conjecture, if true, would qualitatively confirm the infinite version
of the prediction by Ben-Naim and Krapivsky in the weak sense without any
rate. We conjecture that this is true in L' sense as well for any fixed time
t > Tye. We do not see evidence for what the rate of convergence should be.

11.3.1.1. Plan of the chapter. We outline our plan for the chapter.
We start with some preliminaries (Section I1.3.2) where we show Proposi-
tions I11.3.1.2 and I1.3.1.4. Then, we study the tail behavior of Flory solution
and give the proof to Theorem I1.3.1.5 in Section I1.3.3. Lastly, we study
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the scaling limit of the tail of solution to (I1.3.1.2) and give the some heuris-
tics as well as conditional results towards confirming Conjecture 11.3.1.6 in
Section I1.3.4.

I1.3.2. Preliminaries

11.3.2.1. Equilibrium. In this subsection, we will give a proof of Propo-
sition I1.3.1.2.

PrROOF OF PROPOSITION I1.3.1.2. We proceed by induction by noticing
that this is a system of infinite algebraic equations and the equation for py
depends on pq, ..., pp_1 as

3 X900y = hmpu) + 32l + )puest) = 5205~ et
k—1
123 )pr—j(t) — kmpi(t) ( Zyp] ) 1 ek(k — 1) py(t) .

The base case k = 1 is verified by the following computation

0= —mﬁ1+6(m—ﬁ1).

Therefore,
. em
P e
The rest of the proof is a standard induction argument. U

11.3.2.2. Singular limit. In this subsection, we will give a proof of Propo-
sition 11.3.1.4. Let us remind ourselves that for each € > 0, p° solves equa-
tion (I1.3.1.2), i.e. for each k € N,

O (t) ZJ — J) 05t pi;(t) — kpi(t ij]

&3 (k) ) - ;ek«k SVACS

with initial value
pr(0) = po -

By conservation of mass (see Theorem I1.3.1.1),

ijj =m
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Therefore, we can re-write the above equation as

i3 (t) Z J(k = 3) p5 () Py (t) — mkpi(t)
(11.3.2.1) 1
+em—e¢ ijj(t) — 551@(1@ — 1)pi().
j=1
Abstractly, for each ¢ € N,

where for fixed (zi,...,25_1), Ff (xl, ., Tg_1,-) is an affine function and,
locally uniformly,
e = s
where
1 k—1
Fe(z1, ...,z Zj — J) xjTp_; — mkxy, .

We use the following lemma, whose proof is a standard ODE exercise and is
omitted.

LEMMA 11.3.2.1. For eache > 0, let F* : R¥ — R¥ be locally Lipschitz functions.
Let y® be solutions to
d
= [F*
Y =),
with initial data y*(0) = y5. Suppose F© — F° locally uniformly and y§5 — y3.
Then, locally uniformly,

gy’ =
Proposition 11.3.1.4 is an immediate consequence of the Lemma 11.3.2.1. [

11.3.3. Tail behavior of Flory solution

For notational convenience, in this section, we always denote the Flory solution
to the pure coagulation equation by p = p°. We need a few preliminary results
before proving Theorem I1.3.1.5. To aid the reader, we cite the following
classical lemma whose proof can be found in the classic book of Feller [Fel71].

LEMMA I1.3.3.1 ([Fel71, Lemma XV.1.4]). Let u be a probability measure on N
and ¢ be the characteristic function of u, i.e.,

O =3 e

keN
There exist only three possibilities:

(1) [e(Q)] <1 for all C.
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(2) Q)] =1 and |p(Q)| < 1 for 0 < ¢ < 2xw /L, in which case p =Y fik,
@ is 2w /l-periodic and |{k | f > 0} > 2. Here, { (called the span of
i) s the mazimal number so that the initial clusters are concentrated
on ¢N.

(3) lp(Q)| =1 for all ¢, in which case u =y for some k € N.

REMARK 11.3.3.2. In this section, upon rescaling the lattice, without loss of
generality, we assume that py has span ¢ = 1. Therefore, ¢(py) has period 2.
This will simplify our notations greatly.

Our strategy is to study the Bernstein-Fourier transform of the mass density.
Consider for z € C; where C; = {z € C|Rez > 0}

K(z,t) = kz%!(l — e "V kpp(t) .

Denote by g(t) the mass lost to infinity of the Flory solution. Thus, monotoni-
cally,

g(t) =0, t < Tya s
g(t) >0, t> Ty -
By the weak formulation of the CF, we find K solves the equation
(K +g(t) — (K +g()0.K =0.

Let K(z,t) = K(2,t) 4 g(t). Then K solves the classical Burgers’s equation in
the right half of the complex plane

(I1.3.3.1) K —KO.K =0,

with initial data

(11.3.3.2) K(2,0) = Ko(z) = > (1 — e ™)kpi(0).
keN

We want to study the characteristics of this equation. In particular, we will show
that the inverse of the characteristic map at any time ¢t > 0 is a diffeomorphism
from C, to its image. From there, we can study the Fourier transform of the
Flory solution by a pullback along the characteristics and arrive at the rate of
decay of the tail of the Flory solution.

Let s(t;z,tp) € C, to be the characteristic curve starting from z at time t,.
Along s(t; z, ), K is constant, i.e., K(s(t;z,to),t) = K(z,tp). Thus, s is given
by

(I1.3.3.3) s(t; z,t0) = 2 — K(z,t0)(t — to) -
When ty = 0, we write

s(t;2) = s(t;2,0) and  z(t) = s(t; 2).
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Let B.(z) be the ball of radius € around the point z in the complex plane C.
Let T, = inf{t >0 ‘ s(t;z) e 0CLU{z=2+1i0]|x € ]R}} Thus, T is the
first time the characteristic curve starting from z hits the imaginary axis or
the real axis.

LEMMA 11.3.3.3. Let z € C,\{z =z +1i0 |z € R} and and T be the first time
the characteristic hits the imaginary azis. Then T, = T . In other words, the
characteristic must hit the imaginary axis first before hitting the real axis.

PROOF. Let z = o + iy where x € (0,00) and y € R\{0}. Furthermore,
write z(t) = x(t) + iy(t). Thus, z(0) = z. We rewrite the equation (11.3.3.3)
for the characteristics starting from z at time 0.

S(t; Z) = S(t; Z(to), tg) = Z(to) — K(Z(to), tg)(t — to)

= z(ty) — (t — to) (Z(l — e ) kpy(t) + 9(t0)>

keN

== (t = t0) (301 = ¢ cos(y(to))hpu(to) + glto)

keN

(11.3.3.4)

4 z'(y () Y e ) sin(ky(to))kpk(t0)> .

keN

As the characteristics are straight lines, we only need to confirm the following
ratio
y—Ims(t;z) Imz vy

(11.3.3.5)

r — Res(t; 2) “Rez o

as it will confirm that, in the complex plane, the characteristics is “flatter”
than the line connecting 0 to z initially. Consider

y — ye @ cos(ky) — re M sin(ky) >y — (x +y)e Y > 0.

This immediately implies inequality (I1.3.3.5) when we rewrite it in terms of
infinite sums. Our proof is finished. 0

REMARK I1.3.3.4. Tt is an informative exercise to prove the above fact using
backward characteristics. It is, in fact, how we first made the observation.

LEMMA I1.3.3.5. Lete > 0. There exists M. such that for every z € C\ U=,
and for 0 <t < T,, we have

gooe

0s(t; z) S M

11.3.3.
(I1.3.3.6) o




11.3.3. TAIL BEHAVIOR OF FLORY SOLUTION 108

PRrooOF. By 27-periodicity, we only consider z = z+iy for which 0 < y < 27.
Recall that s(t;z) = z — Ko(z)t. Thus,

Os(t; )

‘1—8K0 ‘ ‘1-tz€kzk/}0k
0z keN
(I13.3.7)
‘1 —t Y e " (cos(ky) + isin(ky))k>po
keN

For convenience, instead of looking at complex balls B.(0) U B.(i27), we look
at complex squares {[O, el + i([O, elU 27 — &, 2%])}. The claim is true for the
balls by the obvious equivalence. We break our analysis into two parts.

Case I: x > €. By Lemma I1.3.3.3 we know that Re s(7%;z) = 0. Therefore,
by (I1.3.3.4),

x x x

< = .
S(1— ek cos(ky)kposr — L(1— e )kpoy  Ko(x)
We then have that since K is strictly concanve,

(I1.3.3.8) T, =

_ 20, Ko(x)
(11.3.3.9) T.Y e ™k pyp < it < 1.
;%:\1 Ko()
Substituting this into (11.3.3.7), we have that for 0 < ¢ < 73,
Os(t;
(11.3.3.10) LRI S e 2 pgy > 0.
0z keN
Furthermore, we note that
kx 1.2
lim 20, Ko(x) ~ lim z Y e "k po _0

T—00 Ko(x) T—00 Z(l — e—kx)kpo k
and monotonically, as x 0,

) T

Thus, for every ¢ > 0, there exists M, such that inequality (I1.3.3.6) holds for
zeCin{z >e}.

(I1.3.3.11)

Case II: 0 < x < e <y < 2w —e. We re-consider

_ 0. Ko(x)
Tz e kxk,Q — L0z M0
O = S conlh s
20, Ko(x)

 Ko(z) + X e k(1 — cos(ky))kpo
By Lemma I1.3.3.1, there exists a constant f. > 0 such that

> e (1 — cos(ky))kpoy = f- -
keN
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Therefore,

. 0, Kol)
.S e ™™k py < BP0l
2 “S Ko@) + fo

for some M. > 0. Substituting this into (I1.3.3.10), we arrive at our claim. [

gl_M€7

A closer look at the above lemma reveals that one can get a quantiative lower
bound for |0s(t; 2)/0z| when z — k2mi, k=0,1,....

LEMMA 11.3.3.6. There exists 6 > 0 and C > 0 such that for z € Bs(k2mi), k =

0,1,..., we have

0s(t; z)
0z

Furthermore, 6 and C' depend on the initial data pg.

(I1.3.3.12) > Clz].

Proor. Without loss of generality, we only focus on the situation z — 0.
As done previously, instead of showing for the typical Euclidean norm, we
provide the proof using the max norm |z|,, = max(|z|,|y|) on the right hand
side (and leave the Euclidean norm on the left hand side) as these norms are
equivalent. We divide the proof into two cases.

Case I: 0 < y < x. We analyze (I1.3.3.11) more carefully. By Taylor’s theorem,
there exist hy, hy € (0,1) such that

Ko(z) — 20, Ko(x) _  12%07Ko(lw)
Ko(.T) N 2 a:é?xKo(hgx)

where C' > 0 only depends on py. Re-visiting (11.3.3.10), there exists § such
that for all x € (0,0), we have

0s(t; z) <
0z

> Cr,

0, Ko(x)
l1—-——>2Cr=C|72|~.
Ko(z) 2|

Case II: 0 < x < y.

Step 1: The difficulty in this case that z could be 0 and hence T, would be
arbitrarily small. Let T, = T, where z = x + 0i. Thus, from (I1.3.3.8), for
z =T+ 1y,
T.<T,.
From (I1.3.3.7), we have that
0s(t; z)
0z

= ’ tz e " (cos(ky) + i sin(ky))k*po
keN

(‘1—tZe Coskryk:p()k

keN

+ Y e * sin(ky)k po

keN

).
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If 0 <t <T,./2, by (I1.3.3.9) and (11.3.3.11) we have

> |2]oo -

l\')\'—‘

(IL3.3.13) 1—tY e ™ cos(ky)k®por >1— 7 EN e M P pg g >

keN keN

Step 2: Furthermore, we also observe that as z approaches the imaginary axis,
T, — 0 as well. Therefore, there exists a constant ry such that for 0 < z < 7o,

T, < ma2(0)
100

Using (I1.3.3.13) once more, we can then assume that y > x > r( for the rest
of this proof. Therefore,

T,>
100

Step 3: When T, /2 <t < T, let L be such that

Zk Pok S 1OOZk3POk

k=L

Choose 0 such that 0L < /2. If § < rg, then we go back to Step 2. Therefore,
we can assume that 6 > y > x > ry. By our choice of §, we ensure that for
k=1,.., K, it is true that sin(ky) > ky/2. Therefore,

Ze smk:ykp()k

keN

Z e " sin(ky)k*por + Y e sin(ky)k>po

2 k>L
T(Ze sin(ky)k pOk—Ze kxk;Q,oOk)
(I1.3.3.14) 2 k>L
T L
( Ze "k p k_l()()zkgp()k)
Ty (y —7/21.3 3 )
> ——(Z k - k
5 (22:16 Po,k 1002 Po,k
where C' is independent of €. From (I1.3.3.13) and (I1.3.3.14), we deduce that
0s(t; z) 0, Ko(x)
21— ——+—>Cr=Cf¢|,
0z Ko(z) v 12
finishing the proof. U

REMARK I1.3.3.7. It is true that K € C((0,00); C*(C,)) as it is the Bernstein
transform of p°(t).
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LEMMA I1.3.3.8. Let t > 0. Then the characteristic map s(t;-) : s~ (t;C,) —
C. s a diffeomorphism.

PROOF. By definition, s(t;-) is onto. By the formula (I1.3.3.3), s is contin-
uous. We then want to show one-to-one property. Furthermore, the character-
istics s(¢; z) satisfies the equation

Os(t;z)
ot

Therefore, by Remark I1.3.3.7 uniqueness of ODE, s(¢; ) is one-to-one. Thus,
for every Z € C,, we can find a unique z such that

—K(s(t; 2),1).

zZ=s(t;z).
We can then define the inverse function s7!(¢;-) : C; — s71(;C,) as
(I1.3.3.15) sHt2) = 2.

Using (I1.3.3.3), we can deduce that for s71(¢;-) is continuous. Hence, s(t;-) is a
homeomorphism. As s and s~! are both differentiable, the proof is finished. [

REMARK I1.3.3.9. A consequence of Lemmas I1.3.3.5 and 11.3.3.8 is that for
every point Z € Cy\ Ug—o1, . B:(i2k), there exists a § = &, such that

sT'(t;2) e Cy\ |J  Bs(i2km),
k=0,1,...
and

|3 st z)‘ 1
0z \ M5
for some M;s > 0.

Next, we would like to study the regularity of K along the imaginary axis. To
this end, we need to understand the interplay between the relationship between
the domain and image of the characteristics s(t; z) at a given time ¢.

PROPOSITION 11.3.3.10. Let t > 0, then K(-,t) € C®Y2(C,) and that there
exists a constant C' independent of t and € such that

[K(21,1) — K(Z,1)|

|21 _§2|1/2

<C.

Sup
21,22 €E+

def

PROOF. Let ¢ > 0 be a small constant to be chosen later and Z € S.
{x +iy |z >e}. We could then find § = §. > 0 such that s7'(S.) C S;.

Furthermore, by the Remark I1.3.3.7, singularities (if they exist) can only occur
on the imaginary axis {z = iy}. By 27 periodicity, we only consider the case
near the imaginary axes. Letting Z = s(t; z) and rewriting (11.3.3.3), we get

ézz—tz k:pok
keN
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Rearranging terms, it follows that

F4mt=z+Y e Pkpyt

keN
kz
—Z—FZ(l—/{Z—{-())/{p kHZZ k‘pOkt

keN keN n=3

Thus,
0

(I1.3.3.16) Z=2z—2zmy(0)t + m?’;)zzt + R(2)t,
where
(11.3.3.17) =3 Z k:po -

keNn=3
We divide our analysis into two different regions.

Step 4. First, fix yo € Up—o1,. (12k7 + €,i2(k + 1)7 — €) and consider the

sequences {Z, 27} € C such that

lim 2z} = lim 22 =1%o -
j—o0 Jj—o0

For [ = 1,2, write
zé = st Zé) :
By Remark I1.3.3.9, there exists M. — 0 as ¢ — 0 such that for large enough
j? k?
KL — K| _ [Ko(z]) — Ko=)
1% — 2 Me|z; — 2|

< Oa|azKO(Z]1)| < és’

where C. — oo as & — 0. Therefore,

' — K(3? K(Zht)— K(32,¢ .
|K(Zy07t> K(Zz7t>| — lim ‘ (’Z ) (Zk:7 )| < C€7

liyo — | 700 % — &

showing that K € Lip(@Jr\Uk:O’lw Bg(iZkW)).

Step 5: By the previous step, we see that the singularity points are Z = k27
where £k = 0,1,.... By 27r periodicity, we only need to analyze when zZ = 0.

Consider the sequences {Z}, 2} € C, such that

lim z! = lim 22 =0.
00 d 00

Again, for [ = 1,2, write
zﬁ = s (¢, 2;) :
By Lemma I1.3.3.6, we have

k5

— % > Cmax(|z], ||z — 2l > Clz; — %[
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[K(z) 1) = K(Z, 0] _ [Ko(z) = Ko(=)]

~ ~ ~X
15 — 22 Clzj — 2l
<C,
where C is independent of €. The proof is complete. O

REMARK I1.3.3.11. In the proof above, we actually see that K is Lipschitz
away from the points Z = i2kw, where k =0,1,....

ProOOF OoF THEOREM II1.3.1.5. In the case of monomers, u = 9;, Theo-
rem I1.3.1.5 is true because of the explicit formula for the solution (I1.3.1.6).
Thus, we assume that u = Y frd, where f; is non-zero for at least two indices.
Recall Remark I1.3.3.2 that we assume the span ¢ of py to be 1.

Step 1: Recall that for y > 0, there exists a unique z € C, such that
(I1.3.3.18) iy =s(t;z) =2z —tKo(z) and K(iy,t) = Ko(z).
Therefore, there exists a curve I' € C4 such that s(t;I') = {z =iy |y € [0, 27]}.
We have that
K(Zy, t) = Z(l — 671ky)kpk<t) .
keN

By Fourier-Laplace inversion formula and a change of variable using the rela-
tions (I1.3.3.18), we have

(11.3.3.19)
thon(t) = gz [0y = [ ity dy
= ik‘tQ?T /027r e, K (iy, t) dy = Ton /Fek(z_tKO(z))(‘?zKo(z) dz
_ —Z,kl% [ D (1 0.8 (=) ~ 1) d
_ _k;r Ozw ¢t gy + ikéﬁ/rek(z_mo(z)) A

The first integral vanishes as the integrand is 27-periodic. We want to analyze
the second integral. Let I' be the directed straight line that connects i27 to 0.
Note that in the y-direction, the characteristics obeys the following periodicity
property
s(tyiy +x) =i(2r +y) + s(ti2r +y) + @) .

Let 3 the closed path that contains T, r , and two straight lines that connect
[ to I'. By the periodicity property of the characteristics, the integrals of
exp(k(z —tKy(z))) over the two straight horizontal lines cancel each other (see
Figure 11.3.3.1). By Cauchy’s integral formula, we have



I1.3.3. TAIL BEHAVIOR OF FLORY SOLUTION 114

12T

il
[1

YV

Ficure I1.3.3.1. Contour integral

[ expli(z — 1o(2))) d= = @'/02” exp(h(iA — tKo(iM)) dA.

Here, we parametrize I' by i\ where \ € [0, 27]. Using the formula (11.3.3.2)
for Ky, we have

/ " dz
r

Step 2: Let L,d be constants (depending on pg) such that

27
< / exp <tk:<—m + 3 cos(k)\)kp%)) dX.
0

keN

L o]
> kpor =10 kpor and L <
=1 )

il

4
Note that with the choices of L and d, we have cos(k\) > 1/2 for k < L and
0 < A< 6. Thus,

27
/ e—kz dz </ exp (tk (—m + Z cos(k)\)kpo,k)> dA
r 0

keN

tk L
< —thm + — AV ) X
/[O,§]U[2Tr§,27r] eXp( m+ 9 ;COS( )k po i

2m—4
+ /5 exp <tk<—m +> cos(k:)\)kpo’k)) dA

keN

th &
S —thm + > 2(1 — (kX)*)k )dA
[0,8]u[2m—é,27] eXp( m+ 2 1; ( (kA)*)kpok

27 —0
+ [ e (tk(—m +3 cos(m)kpo,k» dx
é

keN
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00 L
< exp(~thm + 1k S~ Kpos — th 3 (6N koo, ) dA
k=1 k=1

[0,0]JU[2m—6,27

27—0
[ e <tk<—m s cos(m)kpo,k» dA

keN

¢ e 2 BN )
< 4 (t (— + )) .
= | exp(tk(—m + X cos(k\)kpos

keN

By Lemma I1.3.3.1 we know that there exists an n = s > 0 such that for
A € [6,2m — ¢, it is true that

m— Y cos(kX)kpoy = 1.
keN

Therefore, by a change of variable A = kX and integrating in terms of \, we
have that

27—0 Ce_tkn
/ exp (tk’ <—m +> COS(k?/\)ICp07k>> d\ < P
s

keN

Combining this with equation (I1.3.3.19), we get

C

(11.3.3.20) pult) < e

Step 3: Lastly, observe that for 0 <t < Ty /2 = 1/(2m3(0)),

Tgel
2

0.5(t: )] = [1 = 0. Ko(2)] = |1+ 3 Fhpn,| >

keN

Therefore, s(t; z) is a diffecomophism and K(z,t) is smooth. By Fourier-Laplace
inversion formula and integration by parts,

1 2r 2w
kpi(t) = 2—/ e K (iy,t) dy = /0 eZkyajK(iy,t) dy .

7w Jo 422

Since the integrand in the last integral is bounded, there exists a constant
C > 0, independent of ¢, such that

(11.3.3.21) pr(t)

N

C
ﬁ .

Combining (I1.3.3.20) and (I1.3.3.21), estimate (I1.3.1.7) follows immediately.
U
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11.3.4. Scaling limit of tails

In this section, we will discuss Conjecture 11.3.1.6. We outline a very promis-

ing way to prove this conjecture and discuss where the bottleneck is (see
Remark I1.3.4.5).

Recall that p° is the Flory solution to the pure coagulation equation. We then
define & (s,t) : [0,00)* = R,

(s, 1) = e ?plse ().

*

Observe that sc°(s,t)ds — (m — g(t))dy as € tends to 0. Hence, to prove
Conjecture 11.3.1.6, it is enough to show

(I1.3.4.1) s((s,t) — & (s, 1)) ds = /90 s .

First, we define, for each t € (0, 00), functions ¢ (¢), & (t) : eN — R,

[k
RS
O
—~

~+
~—

c(t
et 2 D g e

We note that

ek+e
(I1.3.4.2a) EL(t) = /Ek c“(s,t)ds = ec®(ek, 1),
and

ek+e
(IL.3.4.2b) E.(1) = / o Elst)ds = e (ek ).

Then, we have

Oy, (t) (ZJ — 7)) P5(t)ph_ (t) — Kpi(t Z]pj )

I ONERN §k<k— 1)/)2@))

1k1 00

9= Z e”j(k — )& () (t) — keg (1) D_ej &;(t)

J=1

ek(ek — ) (1) .

(11.3.4.3)

3+ ) Eras(t) — o
j=1
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Substitute (11.3.4.2) into (I1.3.4.3), we get
(I1.3.4.4)
5&508(5]@ t) =

== Z e“j(k “(ej, t)c(ek — e, t) — ek (ek, ) > g2 (g4, 1)

j=1

1
+e Z(ak +ej)cf(ek +ej,t) — ggk(ak — &) (ck, ).

J=1

Of course, for every € > 0, m = 372, e%j cz;(t). However, as the mass splits
when ¢ — 0, we expect that there exists a function ¢ : [0,00) — R so that
scf(s,t)ds = (m— g(t))6y +c(s,t) ds, where g(t) = [ sc(s,t)ds is the lost mass
of the Flory solution. Heuristically but incorrectly ignoring (m — g(t))do, we
could blindly intepret 3222, £2j cz;(t) as the total mass of giant particles, which
is approximated by ¢(t). Therefore, neglecting the interaction between giant
particles and small particles, if such a function ¢ exists, then by sending ¢ — 0
in equation (I1.3.4.4), it must satisfy the following equation

2/ (s —8)c(8,t)c(s — 8,t)ds — sg(t)c(s,t)

+/ se(s,t) ds — %E(s,t)

whose solution is
e—5/9(t)
c(s,t) =
(5,6) =

Our goal is to make these heuristics rigorous.

LEMMA I1.3.4.1. For every € < &g, let h® = ¢& — ¢&. Then,

1+ Ck~1/2
(113.4.5) el < 2
R T
and
(11.3.4.6) Ouhe,| < M

for some constants C;, M > 0, independent of €.

ProoF. We divide the proof of the theorem into a few steps.

Step 1: We first show the upper bound. Note that h°(0) = 0. We proceed by
induction. First, for £ = 1, we have that

Ophe = —mhi(t) + > (e +¢€j) ;-
7j=1



11.3.4. SCALING LIMIT OF TAILS 118

Thus,
0<hi(t)=e™ Otemsi (e+ej)i, (s)ds<1—e ™.
Therefore,
hi <1= 511/5
Now, suppose it is true for j = 1,...,k — 1 that
(11.3.4.7) e, < ;

We want to show that this inequality is true for j = k. Consider

athik - Z € ] z—:] sk €j éeycsk s]) kmhzk
N ae 1
+ Z(Sk) + 6])06k+€j 28 k<6k - 6) Cek
j=1
1 k—1 )
27 € j(k )( 6gh6k 6_] sk sjhij) kmhik
7=1
o 1
+ Z(Ek + 83) Ek-i-ej 2 k(€k - 8>Cak
(11.3.4.8) i=1 c
1 k—1 &£ & ] 1
<— 2’/{;_'(63 M)—kk—lhe
ad 1
— kmhgy, + > (ek + ) — §5k(k — )&
j=1
1 e .
5 2,15 JE; + J&&;) — kmhs
]:

—m— <km+ Seh(h - 1)> < |

Thus, by Gronwall’s inequality,

1

akzk 1)7

I1.3.4.9 () <
(11349 G0 <

as desired.

Step 2: Let p = 1/2. We now show the lower bound. It is true for the base
case k = 1 as hi(t) > 0. On the one hand, suppose that
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is true for j < k — 1. Again, from a similar computation as above, we have
k—1

1 . € € €
athzk = 278 Z 52](k )(Cajhak 5] Ek EjhE]) kmh&k
j=1
> 1
(113.4.10) ek + )y — 5 ck(ek —e)
j=1
€ 1 € C

The last inequality follows from the tail bound of Flory solution, i.e., Theo-
rem [1.3.1.5. By Gronwall’s inequality once again, we have

. —1-Ck12

hey 2 PN
as desired. Estimate (11.3.4.6) also follows immediately after using the bound
for |hf| in (I1.3.4.8) and (I1.3.4.10). O

We next perform the discrete Laplace transform for ¢ and ¢°. Define

€ x€k~€ € zskAs
Fo(z,t) = > e ™* &, (1) F (z,t) =D e ™Feg (¢
keN keN

The resulting equations for F© and £< are

@W@wzi@£W+E@W

oo k—1

_72 —zskk pk—i_zze_xsjkp
(I1.3.4.11) k=2 j=1
1
— (0, F* —(%Fs
2 ( ) + €
1 me % + 0, F*
_ Lo Ly e me O
2¢ * 2 + 1—e—e=
and
e 1 [e\2 m e

REMARK I1.3.4.2. Note that F"(xz, ) is the Laplace transform of p° and that
Fe(x,t) = F'(ex,t)/e. The equation for the scaled Flory solution always
becomes (I1.3.4.12) after Laplace transform. This means that the solution to
this Hamilton-Jacobi equation, after the initial shock, remains smooth at ALL
time after gelation time.

REMARK I1.3.4.3. Observe that as ¢ — 0,
O, Fe(2,t) = 0,F (e, t) — —my ()

and

PEe(2,t) = 0*F (ex,t) — 0,
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Letting G° < F¢ — [, we have

€0,G* = ;((&CFE)Z — (axﬁsf) + mo, G — ;83(}’5
me " 4+ 0, F*¢

1 —e2=

1 .4 €
— —0PF° — ZQ,F°
el Tl e

1 R R
— 5(a,,;c:a)? + 0, F0, F — (0,F%)? + m0,G*

(11.3.4.13) me—<* 4 9, F°

1 1,54 €
— —0’GF — —9%F° — —0,F°
SR R T A G =y

1 . 1 1.4
— 5(a:,;c:f)? + (0, F° 4+ m)0,G* — 503(;5 — EéﬁFE

me~* + 0,G° + 6xﬁ€ €
— —0,F*®.
LR f——— 2

This equation is a nonlinear backward parabolic equation, which is far from
being understood. We seek to overcome the difficulty of analyzing the equation
directly by showing that 0;G® is uniformly bounded for each time ¢ > 0 and
treat the equation as an ODE in space with bounded forcing.

LEMMA 11.3.4.4. Let t > 0 and xo > 0, there exists a constant C' = C(xy) > 0
such that

(I1.3.4.14) sup sup €|0,G"(-,t)] < C,

€€(0,1) [zo,00)
and

(I1.3.4.15) sup sup |02G°(-, 1) < C.

€€(0,1) [zo,00)

PROOF. For the calculations below, the constant M = M, will change
from line to line but will be independent of . By (I1.3.4.6) and dominated
convergence theorem, for z > 0,

¢

10,G ()| = |0, D e " hi (1) < O e ™ < -
k=1 k=1

Multiply both sides by e, (11.3.4.14) follows. Furthermore, since every first
order derivative terms are uniformly bounded, (II.3.4.15) follows immediately
from (I1.3.4.13). O

REMARK 11.3.4.5. As the left hand side of the equation (I1.3.4.13) can only be
shown to be bounded at the moment, we cannot proceed to the final proof of
Conjecture I1.3.1.6. If we could improve the bounds in Lemma I1.3.4.1, we may
be able to show that the left hand side is of order o(1) (as opposed to O(1)) as
¢ vanishes.
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A way to show this is to show that p; < C'/k” for some v > 2 and C > 0
independent of €. Of course, this requires a detailed study of the rate of decay
of the tail of pj, which is a significant challenge. Knowing exactly how the
second moment of p; behaves as ¢ vanishes will also be very useful.

We now show what happens IF it is indeed that for some xzy > 0,

(I1.3.4.16) lin% sup £|0,G°(-,t)| =0,
e—

[ocg,oo)

PROPOSITION 11.3.4.6. Suppose (11.3.4.16) holds. Define H® = —0,G° =
—0,(F¢ — F*). Fort >0, locally uniformly,

1 € . — ] .
lim H*(-,t) = H(-,1)
where H is the unique bounded solution to the equation

gt) - H

1 S D
(11.3.4.17) —H* — g(t)H + 5aIH + =0

2
that is a completely monotone function.

REMARK 11.3.4.7. Of course, when ¢t < T, H = 0 because g(t) = 0 in this
case.

REMARK 1I1.3.4.8. We note that the uniqueness might fail in the above propo-
sition if we don’t require both boundedness and complete monotonicity.

Before giving the proof of this proposition, we need a few preliminary lemmas
concerning the behavior of the solutions of equation (I1.3.4.17).

LEMMA I1.3.4.9. Let

9(t)
I1.3.4.18 H(z,t) = —————.
( ) @) = T 2@
Then H solves (11.3.4.17).
ProoOF. This is immediate by a simple calculation. ([l

LEMMA I1.3.4.10. Fiz t > Tye. There exists a unique bounded solution to
equation (11.3.4.17) that is a completely monotone function.

Proor. We show this by phase plane analysis. Solving the equation

1 t) —
§u2—g(t)u+ g )x “ =0,
we have that
1
uy(r,t) =g(t) + — —/9(t)* + —
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ws(z, 1) = g(0) + - +1[9(tV + 5

On the one hand, it is true that any solution to (I1.3.4.15) satisfies
O H(x,t) >0, H € (ui(w,t),us(w,t)),
O H(x,t) =0, H € {uy(x,t),us(x,t)},
OuH(x,t) <0, H ¢ ui(z,t),us(,t)].

and

On the other hand, we have

ig%ul(x7t):g(t)7 i%UQ(I7t):OO

and
lim wi(2,1) =0,  lim us(w,t) = 29(t).

5f\¥¥¥i¥¥¥##¥l¥¥#¥#i
PO T T T T TR TN T T N T TN TR TR TN B T
/3 'S S T T T R 2 T T T R TR T TR B R B
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34 7 T T T T T T T S T T T T T T
1 A
f a o o S U S S U U U U
2 A G S S s - - o =
t VARV Y A B A A Y 5 A A B B I A A 2
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F1Gure I1.3.4.1. Solutions to equation (I1.3.4.17).

Thus, 0 is an unstable limit point and 2¢(¢) is a stable limit point. Let H be
given by (I1.3.4.18). We note that

. 9(t) N
H(1,t) = ————— and lim H(x,t)=0.
0= 4w) g )
Therefore, if H is another solution of equation (I1.3.4.17), there are two cases:
. B . 9(t)
(I) xlglzlo H(z,t)=—00 if H(1,t) < T+ @)
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. . 9(t)
II lim H(xz,t) =2¢g(t) if H(1,t) > ,
(1) lim H(x.t) = 29(1 (1> o
where 7y € (0,00]. In case (II), because lim, ,ou?(x) = oo, any bounded
solution must be increasing initially near x = 0 and, therefore, cannot be a
completely monotone function. Thus, the only bounded solution that is a
completely monotone function is H, proving Lemma 11.3.4.10. 0

PROOF OF PROPOSITION I1.3.4.6. Recall that H¢ & —9,G* and G* satis-
fies (I1.3.4.13). By equation (I1.3.4.16) and Arzela-Ascoli theorem, there exists
a function H(-,t) such that, up to a subsequence, H®(-,t) — H(-,t) locally
uniformly. As |H¢| < m, |H| < m as well.

Lastly, as 0,F°(x,t) — —m + g(t) < 0 locally uniformly, H is a completely
monotone function as it is the locally uniform limit of {—0,F* —m + g(t)}, a
sequence of completely monotone functions. By the uniqueness of the completely
monotone solution to (I1.3.4.17), the convergence above is true for the full
sequence { H¢}. The proof is finished. O

Finally, we will show that if (I1.3.4.16) is true then Conjecture 11.3.1.6 is true.

A CONDITIONAL PROOF OF CONJECTURE I1.3.1.6. Suppose it is true that (11.3.4.16)
holds. Let /(s,t) = sc(s,t) = e~*/9®). Denote by L(z,t) = L(¢(-,t))(z) the
Laplace transform of £. A simple calculation shows that
_ 9
 L+ag(t)’
The limit (I1.3.4.1) follows immediately from Proposition 11.3.4.6 and the

continuity theorem for the Laplace transform (see for example [Fel71]), which
proves Conjecture 11.3.1.6. O

L(z,t)
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