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ABSTRACT

In this thesis, we quantitatively study the interaction between diffusion
and mixing in both the continuous, and discrete time setting. In discrete
time, we consider a mixing dynamical system interposed with diffusion. In
continuous time, we consider the advection diffusion equation where the
advecting vector field is assumed to be sufficiently mixing. The main result is
to estimate the dissipation time and energy decay based on an assumption
quantifying the mixing rate.

The thesis is mainly based on the paper [F119].
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Chapter 1

Introduction

Diffusion and mixing are two fundamental phenomena that arise in a wide
variety of applications ranging from micro-fluids to meteorology, and even
cosmology. In incompressible fluids, stirring induces mixing by filamentation
and facilitates the formation of small scales. Diffusion, on the other hand,
efficiently damps small scales and the balance between these two phenomena
is the main subject of our investigation. Specifically, our aim is to quantify
the interaction between diffusion and mixing in a manner that often arises in
the context of fluids [DT06, CKRZ08,LTD11, Thil2].

In the absence of diffusion, the mixing of tracer particles passively ad-
vected by an incompressible flow has been extensively studied. Several au-
thors [MMPO05, LTD11, Thil2] measured mixing using multi-scale norms and
studied how efficiently incompressible flows can mix (see for instance [Bre03,
LLNT12, TKX14, ACM16,YZ17] and references therein). In this scenario,
however, there is no apriori limit to the resolution attainable via mixing.

In contrast, in the presence of diffusion, the effects of mixing may be
enhanced, balanced, or even counteracted by diffusion (see for instance [FP94,
TC03, FNW04, CKRZ08,INRZ10, KX15, MDTY18, MD18]). In this thesis we
quantify this interaction by studying the energy dissipation rate. Explicitly, we
study the advection diffusion equation, and establish several explicit relations
between the mixing rate of the drift and the energy dissipation rate.

In this chapter, we begin by introducing the notion of mixing from the
dynamical system perspective in Section 1.1. Next, in Section 1.2 we describe
mixing rates in a manner that is well suited to the study of the advection
diffusion equation. In Section 1.3, we introduce the notion of dissipation
time in the context of pulsed diffusions and the advection diffusion equation.



Finally in Section 1.4, we conclude this chapter with the statement of the
main results of this thesis.

1.1 Ergodicity and Mixing

Many physical phenomena can be modeled as dynamical systems, and
ergodic theory is the study of the long time behavior of these dynamical
systems. The abstract framework in ergodic theory starts with a probability
space (X, B, 1), and a measure preserving transformation 7: X — X that
represents the time dynamics.

We recall that T is ergodic, if the only invariant sets are either null or
co-null (i.e. if for any A € B we have T-!'(A) = A, then u(A) € {0,1}). If T
is ergodic, then the Birkhoff ergodic theorem (see for instance [EFHN15,
Corollary 11.2]) guarantees that for any f € L'(X), we have

n—1
lgm — E f(T7x) :/ fdup, for almost every x € X .
j=0

Roughly speaking, this means that if 7" is ergodic then the phase-space
averages and time averages are equal.

Given any two sets A, B € B, we apply the Birkhoff ergodic theorem to
the function f = 14, and multiply by 15. This gives

n—1

.1 —
(1.1.1) nh—{gOn]ZOM(T TANB) = p(A)u(B) for any A, B € B.

From probabilistic point of view, we recall that two events A, B are inde-
pendent if (AN B) = p(A)u(B). Thus the ergodicity of 7' tells us that,
for any pair of events A, B € B, the events T~ " A, B become approximately
independent as n — oco. The notions of strong mixing and weak mizing,
defined below, impose stronger requirements on the sense in which T-"A, B
become independent as n — oo.

Definition 1.1.1. Let T be a measure-preserving transformation on the
probability space (X, B, u).
(1) We say that T' is weakly mizing, if for every A, B € B, we have
1 n—1 )
lim — Y |u(T7ANB) — uw(A)uB)|=0.
7=0

n—oo n,
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(2) We say that T' is strongly mizing, if for every A, B € B, we have
dim (T AN B) = p(A)u(B) .

Clearly strong-mixing implies weak-mixing, which in turn implies ergodic-
ity. The converse implications, however, are both false. Roughly speaking,
strongly mixing says that for every Borel set A, successive iterations of the
map 1" will stretch and fold it over X so that it eventually the fraction of every
fixed region B C X occupied by iterates of A will approach p(A). Figure 1.1
shows an example of the dynamics of successive iterations of a flow on the
Torus that is conjectured to be strongly mixing [Pie94]. For a comprehensive
review and more examples we refer the reader to [KH95, SOW06, EFHN15].
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Figure 1.1: An example of mixing on the torus.

In general checking a particular dynamical systems is mixing is not an easy
task. While there are several equivalent characterizations of ergodicity and
mixing, none of these criterion are easy to check. The best known equivalent
characterizations involve spectral conditions, which we now describe. In order
to describe these conditions, we first reformulate our setup functionally.

Note that the dynamical system 7: X — X induces an isometry U on
L3(X, B, 11) defined by composition:

Uf < foT forall fe L*X,B,u).

The operator U is known as the Koopman operator associated with T'. Recall
L3(X, B, j1), hereafter abbreviated to L?, denotes the space of complex-valued
square-integrable functions on X with the inner-product

(f.9)= [ fadn.
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The fact that T' is measure preserving is equivalent to the operator U being
an isometry. If additionally 7" is invertible, then U is unitary.

As we will see below, the ergodicity and mixing of the dynamical system
T is intrinsically related to spectral properties of U.

Proposition 1.1.2. Let T: X — X be a measure preserving transformation.
1. The map T is ergodic if and only if 1 is a simple eigenvalue of U.

2. The map T is weakly mixing if and only if the only eigenvalue of U
is 1, and it is a simple eigenvalue.

The first part of this proposition is easily verified. Indeed, the definition of
ergodicity is equivalent to the fact that T'f = f if and only if f is a constant.
This immediately yields the first part of Proposition 1.1.2. The proof of the
second part is more involved, and we refer the reader to...

Invertible strongly mixing operators can also be characterized spectrally
by the property that its maximal spectral type consists of only Rajchman
measures. Since the precise definitions of this would involve too long a
digression, we refer the reader to [EFHN15, Chapter 18.4.2] instead.

We conclude this section with a few well known examples of ergodic and
mixing maps.

Ezample 1.1.3 (Irrational shift). Fix « € R\ Q and define T': R/Z — R/Z by
T(x)=z+a modl.

It is well known that T is ergodic, but not mixing, with respect to the
Lebesgue measure (see for instance [EFHN15, Chapter 9.2]).

Ezample 1.1.4 (Uniformly expanding maps). Define ¢: T' — T! by
e(x) =mzx mod 1,

for any m € Z with m > 2. It is well known that ¢ strongly mixing with
respect to the Lebesgue measure (see for instance [KH95, Proposition 4.2.11]).
We will revisit this example in Chapter 1.2.1, and prove a stronger result
showing that uniformly expanding maps are in fact exponentially mixing.

Ezample 1.1.5. Consider the Bernoulli shift U : /2 — (2 defined by

U@), =ax,_1 forn>2

4



U(z); =0.

It is easy to see that the Bernoulli shift U is strongly mixing, and we refer
the reader to [EFHN15, Chapter 6.2] for the proof.

Example 1.1.6. The Bakers map and cat map are two other well known
examples of mixing maps, and are described in the next section.

1.2 Mixing Rates

In order to study rates of mixing, one needs to impose additional structure
on the underlying space. Instead of working on an abstract measure space,
we now work a d-dimensional Riemannian manifold M. For simplicity we
assume the metric is normalized so that the total volume of M is 1. In this
context, a volume preserving diffeomorphism ¢: M — M is said to be mizing
(or strongly mizing) if for every pair of Borel sets A, B C M, we have
(1.2.1) Lim vol(¢ " (A) N B) = vol(A) vol(B).

Approximating by simple functions we see that (1.2.1) immediately implies
that for any f,g € L2, we have'

Jim (U"f, g) = 0.
Thus, one can quantify the mizing rate by requiring the correlations (U™ f, g)
to decay at a particular rate. Since these are linear in f, g, a natural first
attempt is to require

(1.22) (W™ £.9)] < hw) £ gl

where || ]|, ||g]| denote the L? norms of f and g, respectively, and h(n) is some
decreasing sequence that vanishes at infinity. This, however, is impossible.
Indeed using duality, equation (1.2.2) immediately implies

(1.2.3) U I < h(n)lI £l == 0.
Of course, U is a unitary operator and hence we must also have ||[U™f|| = || f|l,

which is in direct contradiction to (1.2.3).

'Recall L3 is the set of all mean zero square integrable functions, and U: L — L3 is
the Koopman operator defined by Uf = f o ¢.



To circumvent this difficulty, one uses stronger norms of f and g on the right
of (1.2.2). The traditional choice in the dynamical systems literature is to use
Hoélder norms. However, following Fannjiang et. al. [FW03, FNW04, FNW06],

we use Sobolev norms instead, as it is more convenient for our purposes.

Definition 1.2.1. Let h: N — (0, 00) be a decreasing function that vanishes
at infinity, and o, 5 > 0. We say that ¢ is strongly o, 8 mizing with rate
function h if for all f € H*, g € H the associated Koopman operator U
satisfies

(1.2.4) ‘(U"f, g>\ < h(n)l[fllallglls -

Here H* = H (M) is ’_che homogeneous Sobolev space of order «, and
|||« denotes the norm in H®.

Remark 1.2.2. It is easy to see that if U is unitary, then one must have both
a > 0 and > 0. If, however, U is only an isometry (and not necessarily
invertible) it is possible to find examples where either > 0, or § > 0. The
uniformly expanding map (discussed below) is one such example.

Remark 1.2.3. When U is the Koopman operator associated with a smooth
map ¢, the rate function can decay at most exponentially. To see this,
note that for k € N we have ||U f||x < ¢l f]|x for some finite constant ¢; =
ce(||eller) > 1. Iterating this n times, choosing k = [F], and g = U™ f
in (1.2.4) gives
LA = 1T 11 < ) fllall flleck
forcing )
11 e
") T

When the rate function h decays exponentially, the map ¢ is called

exponentially mixing.

Definition 1.2.4. We say ¢ is «, 8 exponentially mizing if ¢ is strongly «,
[ mixing with an exponentially decaying rate function h.

We will shortly see that if ¢ is strongly exponentially mixing for some «,
£ > 0, then it must be strongly exponentially mixing for every «, § > 0.

Remark 1.2.5. By duality equation (1.2.4) implies that if ¢ is «, [/ mixing
with rate function A, then

(1.2.5) 10" fll-s < h(n)[[ flla -

6



In particular, this implies ||U"f||—g — 0 as n — oo, and this has been used
by many authors [MMPO05, LTD11, Thil2,IKX14] to quantify (strong) mixing.

We now address the role of «, # in Definition 1.2.1. It turns out that
if ¢ is strongly «, # mixing with rate function h, then it must be strongly
o/, f" mixing (at a particular rate) for every o/, 5/ > 0. This is stated as the
following proposition.

Proposition 1.2.6. Suppose for some o, > 0, the map ¢ is strongly «,
B mixing with rate function h. Then, for any o', /> 0, the map ¢ is
strongly o', B’ mixing with rate function

() = A Th(t)’,
where Ay > 0 is the first eigenvalue of —A on M,
def a'\* B
(= o)t (3 = )+ AB)(1- ) +<a’Aa>(1—B) ,
(@’ Na)(B'NB)
of
In particular, if for some «a, 8 > 0, ¢ is strongly «, § exponentially mixing,
then it is strongly o/, 3’ exponentially mixing for all o/, 5/ > 0.

and 5=

Proof. If p < ', then we note

10" fll-pr < AN -5

<
<N 7RI f o
On the other hand, if 8 > ' then by Sobolev interpolation we have

(Lo 3 e o e
(n >ﬁ/ﬂuf|r§/ﬁ|\ful p'16
1

U™ fll-p <
<h
<A ) £l

This shows that ¢ is strongly «, ' mixing with rate function

I (t) S 07 TS



By dualizing, we see ¢! is strongly (', o mixing with rate function h;.
Thus, using the above argument, ¢~ must be 3, o/ mixing with rate function

h/(t) def )\1—(@/—&)+—ﬂ/(1—a//0‘)+h1 (t>(a’/a)/\1
= A Th(t),
as desired. L

We now turn our attention to weak mixing. Recall that the dynamical
system generated by ¢ is said to be weakly mizing if for every pair of Borel
sets A, B C M, we have

Z_j \vol(go"‘f(A) N B) = vol(A) vol(B)| = 0.

1 n
(1.2.6) lim —
k=0

n—oo n,

Approximating by simple functions, and using the fact that U is L? bounded,
one can show that (1.2.6) holds if and only if

S|, g)f

n
k=0

for all f,g € L2 (see for instance [EFHN15, Theorem 9.19 (iv)]). We can now
quantify the weak mizing rate by by imposing a rate of convergence in (1.2.7).

1
(1.2.7) lim —

n—oo n,

=0,

Definition 1.2.7. Let h: N — (0, 00) be a decreasing function that vanishes
at infinity. Given «, 8 > 0, we say that ¢ is weakly o, 5 mizing with rate
function h if for all f € H*, g € H® and n € N the associated Koopman
operator U satisfies

(1.28) (i:iMka, g>\2)m < h(m)[fllallglls

Unlike Definition 1.2.1, the convergence rate need not involve stronger
norms of both f and g. Indeed we will show later (Chapter 3.1) that for toral
automorphisms, either a or # may be chosen to be 0. However, as we show
next, it is impossible to choose both o = 0 and § = 0, and thus convergence
rate must involve a stronger norm of either f, or of g.

Proposition 1.2.8. Let h be any function that decreases to 0. Then there
does not exist any diffeomorphism ¢ which is weakly 0, 0 mixing with rate
function h.



Proof. Suppose for contradiction there exists a diffeomorphism ¢ which is
weakly 0, 0 mixing with some rate function h. Recall, by definition, the rate
function A must vanish at infinity. We will show that for any fixed N € N,

(129) o lel= 1( Z' s ):1'

This immediately implies h(N) > 1, contradicting the fact that h vanishes
at oo.

Thus to finish the proof we only need to prove (1.2.9). For this, note
that ¢ must be weakly mixing (as h vanishes at infinity). Since weakly mixing
maps are ergodic, we know (see for instance [Wal82]) that almost every point
has a dense orbit. Let 2 be one such point, and note that ¢"(xy) # o for
all n # 0. By continuity of ¢ we can now find a § = 6(N) > 0 such that

0" (B(x0.8)) N @™ (Bao,6)) =0, ¥ |nl,lm| <N, m#n.

Now let p € C.(B(xg,d) N L2(M) be such that ||p|| = 1, and define the
test functions f, g by

1 N-1 1 N-1
= Z U'p, and —=

Note by definition of p we have (U'p, U7p) = 0 whenever 0 < |i — j| < N.
This implies ||f|| = ||g]| = 1, and

1 k N 1 N— N— .
— U — (U, U7 p)
~ k;)( f.9 ‘ ¥ 2:: {: P,
This proves (1.2.9) as desired, finishing the proof. ]

The analog of definition of mixing rates in continuous time is as follows.

Definition 1.2.9. Let h: [0,00) — (0,00) be a continuous, decreasing func-
tion that vanishes at oo, and o, 3 > 0. Let ¢ ;: M — M be the flow map
of u defined by

atspsvt = u((p&t, t) and ()OS,S = Id .



1. We say that the vector field u is strongly o, 8 mizing with rate function h
if for all f € H®, g € H” we have

(F 0 @ar 9)| <t = 8)lIFlallglls- (1.2.10)

2. We say that ¢ is weakly a, B mizing with rate function h if for all
f e H® g€ HP we have

=/

We devote the rest of this section to examples.

9 1/2
(fovara dr) <ht=9flalgls. (1211

1.2.1 Example: Uniformly Expanding Map
Recall that the uniformly expanding map ¢: T! — T is defined by

e(x) =mx mod 1.

for m € N with m > 2.

Proposition 1.2.10. The uniformly expanding map o is 0, B exponentially
mizing.

Proof. Let U be the corresponding Koopman operator defined by ¢. We find
that for any f € LZ(T?)

(U ) h) = f<k> if K = mp for some p € Z ,

m
0 otherwise .

Hence we have for any 5 > 0

U™ fl|F=s = Do Imk[ P |(U ) (m"k)|? = D [m" k|71 )" (k)|
k#0 k+#0
=m | fllF-s <m f[7e

By duality, this shows that for any f € L2(T") and g € H?(T"), we have

(U™ £, 90l <2772 fll2lglls

This concludes the proof. O

10



Remark 1.2.11. Note, the above shows that the uniformly expanding map
is strongly «, 8 mixing with @ = 0. The reason this does not contradict
Remark 1.2.2 is because the expanding map is not a diffeomorphism, and thus
the associated Koopman operator is not invertible. For any volume preserving
diffeomorphism, we must of course have both a > 0 and > 0, as mentioned
in Remark 1.2.2.

1.2.2 Example: Baker’s map
Let X =10,1] x [0, 1] and define the map ¢ : X — X
1 1
(2x,§y) if0<x<§,

p(z,y) = 1 1
(21‘—1,5(3/—1-1)) ifggxgl.

The Baker’s map is strongly exponentially mixing and we refer the reader
to [SOW06, Example 3.7.2] for a discussion, figures and a heuristic outline of
a proof.

1.2.3 Example: Cat map
2 1
()

o(z) = Az (mod Z?),

Let

The map ¢, defined by

on the two dimensional torus is strongly mixing. Maps of this form are known
as toral automorphisms, and have been extensively studied. We analyze them
in Chapter 3, below, where we prove that they are exponentially mixing.

1.3 Dissipation Time

In our setup we will consider a mixing map on a closed Riemannian
manifold. While the primary manifold we are interested in is the torus, there
are, to the best of our knowledge, no known examples of smooth exponentially
mixing maps on the torus that can be realized as the time one map of the flow

11



of a smooth incompressible vector field. There are, however, several examples
of closed Riemannian manifolds that admit such maps (see [Dol98, BW16]
and references therein). Since working on closed Riemannian manifolds does
not increase the complexity by much, we state our results in this context
instead of restricting our attention to the torus.

Let M be a closed d-dimensional Riemannian manifold, and ¢: M —
M be a smooth volume preserving diffeomorphism. For simplicity we will
subsequently assume that the volume form on M is normalized so that the
total volume, |M|, is 1. Let v > 0 be the strength of the diffusion, A denote
the Laplace-Beltrami operator on M, and L = L%(M) denote the space of
all mean zero square integrable functions on M. Given 6y € L3, we consider
the pulsed diffusion defined by

(1.3.1) Opiq = e"2U0, .

Here U: L*(M) — L*(M) is the Koopman operator associated with ¢, and is
defined by Uf = f o . Our aim is to understand the asymptotic behaviour
of the energy [|0, |z in the long time, small diffusivity limit. For notational
convenience, we will use ||-|| to denote the L2 norm, and (-, -) to denote the
L2 inner-product.

Since ¢ is volume preserving, the operator U is unitary and hence if
v = 0 the system (1.3.1) conserves energy. If v > 0 and ¢ is mixing, then
Koopman operator U produces fine scales which are rapidly damped by the
diffusion. We quantify this using the notion of dissipation time in [FWO03]
(see also [FNW04, ENW06]).

Definition 1.3.1 (Dissipation time). We define the dissipation time of the
operator U by

of . 1
raint{n € N (€20) 3003 < }

e
. 16ll 5
.J. — n — 0 .
(1.3.2) mf{neN’ 10, < for all ELO}
e

Since U is unitary we clearly have ||6,| < e ||0,_1||, where A\; > 0 is
the smallest non-zero eigenvalue of —A on M. Consequently, we always have

(133) Td < N



Our aim is to investigate how (1.3.3) can be improved given an assumption
on the “mixing rate” of ¢.

In the continuous time setting, we consider the dissipation time for the
advection-diffusion equation. Let M be a (smooth) closed Riemannian mani-
fold, and u be a smooth, time dependent, divergence free vector field on M.
Let 6 be a solution to the advection-diffusion equation

{@98 + (u(t) - V)0 —vAO, =0  in M, for t > s,

1.3.4
( ) 05(t) = b5 for t = s.

for t > s, with initial data 64(s) = 6,0 € Lg(M). Since u is divergence free
we have

1
(13.5) L2001 + v VoI =0,
and hence
(1.3.6) 16 ()] < e 16,01

Our interest, again, is to to investigate how this decay rate can be quantifi-
ably improved when the flow of u is mixing. At a first glance, this energy
estimate (1.3.5) hides the information from the advection flow u(z,t), which
says the change of rate of ||f]|;2 only depends on [|V0| 2. We will show that
the advection flow u does play an important role in the decay of ||6]| .2 by
increasing the ||V6|| 2 in some sense, which will be quantitatively studied
later.

To give readers an intuitive idea of this, we refer to Figure 1.2 from
paper [LTD11], which shows the snapshots of the scalar field evolution with
initial distribution 6y(x,y) = sinx under a specifically constructed mixing
flow on the domain [0,27]%. We can see from Figure 1.2, under the influence
of mixing, the space scales become smaller and smaller, which occurs along
with energy moving to high frequencies. It thus then yields to a faster energy
decay.

Similar to our treatment of pulsed diffusions, we define the dissipation
time of u by

1650l
(&

1
£ s, and [Sullizor < o))
e

T4 d:efsup(inf{t —s|t>s, and [|0,()] <

seR

for all 6,0 € Lg})

(1.3.7) = sup(inf{t -5

seR

13



t=0 t=0.2 t=04

Figure 1.2: Evolution of scalar field in [0, 27]? under an optimally mixing flow
with initial 0y(z,y) = sinx. This figure is taken from [LTD11].

where S, is the solution operator to (1.3.4).
From (1.3.6) we immediately see that for any smooth divergence free
advecting field u we again have

where A; is the smallest non-zero eigenvalue of —A on M. If the flow of u
is mixing, then we expect that 7; to be much smaller than than 1/(\v).
It turns out that all stationary vector fields for which v7; — 0 can be
elegantly characterized in terms of the spectrum of the operator v - V. Indeed,
seminal work of Constantin et. al. [CKRZ08] shows? that for time independent
incompressible vector fields u, vry — 0 if and only if the operator (u - V) has
no eigenfunctions in H'. Consequently, it follows that if the flow generated
by wu is weakly mixing, we must have v7; — 0 as v — 0.

Our aim is to obtain bounds on the rate at which v7; — 0, under an
assumption on the rate at which the flow of u mixes.

2More precisely, in [CKRZ08] the authors show that an incompressible, time independent,
vector field u is relazation enhancing if and only if (u - V) has no eigenfunctions in H'. It
is, however, easy to see that a vector field is relaxation enhancing if and only if vy — 0.
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1.4 Main results

The main results of this thesis quantifies the interaction between mixing
and diffusion by studying the energy dissipation rate. Roughly speaking, our
main results can be stated as follows:

1. In the continuous time setting we show (Theorem 4.1.1) that if the
flow is strongly mixing, then the dissipation time (i.e. the time required
for the system to dissipate a constant fraction of its initial energy)
can be bounded explicitly in terms of the mixing rate. In particular,
for exponentially mixing flows, then the dissipation time is bounded
by C|lnv|?, where v is the strength of the diffusion. If instead the flow
is weakly mixing at a polynomial rate, then the dissipation time is
bounded by C/1° for some explicit § € (0,1) (Theorem 4.2.1).

2. Under similar assumptions in the discrete time setting we obtain the
same bounds on the dissipation time (Theorems 2.1.1 and 2.2.1). We
also show (Theorem 3.2.1) that the energy can not decay faster than
double exponentially in time. Moreover, we obtain a family of examples
where the energy indeed decays double exponentially in time. (In
the continuous time setting the double exponential lower bound is
known [P0096], however, to the best of our knowledge there are no
smooth flows which are known to attain this lower bound.)

3. In bounded domains, Berestycki et. al. [BHNO5] studied asymptotics
of the principal eigenvalue of the operator —vA +u -V as v — 0.
We show (Proposition 4.4.1) that one can use the dissipation time to
obtain quantitative bounds on the rate at which the principal eigenvalue
approaches 0.

Remark 1.4.1. In the continuous time setting similar results were obtained by
Coti Zelati et al. [CZDE18], and their work is discussed in Section 4, below.

In this thesis, we will study the dissipation enhancement for pulsed diffu-
sions in Chapter 2, and obtain an explicit formula bounding the dissipation
time in terms of the mixing rate. In Chapter 3 we study dissipation enhance-
ment and energy decay for pulsed diffusions under toral automorphisms, and
obtain an family of examples where the energy decays double exponentially
in time. In chapter 4, we study the dissipation enhancement for the advection
diffusion equations. Finally, in Appendix A we characterize pulsed diffusions
whose dissipation time vanishes faster than O(1/v).
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Chapter 2

Dissipation Enhancement for
Pulsed Diffusions

In this chapter we study the dissipation time (1.3.2) for pulsed diffu-
sions (1.3.1). We will give upper bounds of the dissipation time for both
strongly and weakly mixing maps. Our result shows that given any mixing
rate of a map, the upper bound of dissipation time for the corresponding
pulsed diffusion model can be formulated explicitly. We will also briefly
discuss the relations between the strongly and weakly mixing cases after that
and give a characterization of the dissipation time on the map which has no
H' cigenfunctions.

2.1 The Strongly Mixing Case

First recall that the pulsed diffusion is defined by
Qn—f—l = eyAUQn )

where 6y € L3 and U is the Koopman operator associated with ¢. Our main
results on the dissipation time when the underlying map is strongly mixing
are as follows:

Theorem 2.1.1. Let o, > 0, and h: [0,00) — (0,00) be a decreasing
function that vanishes at infinity. If ¢ is strongly o, [ mixing with rate
function h, then the dissipation time is bounded by

C

(2.1.1) S )
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Here C' is a universal constant which can be chosen to be 34, and Hy: (0, 00) —
(0,00) is defined by

(2.1.2) Hi(p) Sup{)\ ‘ h< 1 ) < )\—(a+ﬁ)/2}
2v/Ap 2

Before proceeding further, we compute the dissipation time 74 in two
useful cases.

Corollary 2.1.2. Let o, 5, h, ¢ be as in Theorem 2.1.1.

1. If the mizing rate function h: (0,00) — (0, 00) is the power law

c
h(t) = w7 (2.1.3)
for some p > 0, then the dissipation time is bounded by
O def « + /B
< — here § = ——— , 2.1.4
< where P ( )

and C = C(c,a, B,p) > 0 is a finite constant

2. If the mizing rate function h: [0,00) — (0,00) is the exponential func-
tion

h(t) = ¢y exp(—cat), (2.1.5)
for some constants c1,co > 0, then the dissipation time is bounded by
74 < Cllnv|*, (2.1.6)
and C = C(cy,co,, 3) > 0 is a finite constant

Remark 2.1.3. In the proof of Corollary 2.1.2 (page 19) we will see that the
bound (2.1.6) can be improved to a bound of the form

2

T4 < CO(|1n v|—Cy ln‘ln v — In|ln V|D
for explicit constants Cy, C7 depending only on ¢, ¢o, «, 8 and the constant C'
appearing in (2.1.1). However, since C' is not optimal, this improvement is

not significant.
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To prove Theorem 2.1.1, we need two lemmas below.

Lemma 2.1.4. Given 0 € L2, define £,0 by

(2.1.7) &ne - )2y
If for 6y € LE and cy > 0 we have

(2.1.8) 0o = collbo]l”

then

16111 < e7]16o ]|

Lemma 2.1.5. Let 0 < A\ < Ay < -+ be the eigenvalues of the Laplacian,
where each eigenvalue is repeated according to its multiplicity. Let Ay be the
largest eigenvalue satisfying Ay < Hy(v), where we recall that Hy is defined
in (2.1.2). If

(2.1.9) E,00 < Anll6oll* .
then for
1. -
(2.1.10) mo = Z{h_1<2)\N(a+ﬂ)/2)-‘
we have
vH(v)my
(2.1.11) [CERIERS exp<—16>||90||2.

Here h™1 is the inverse function of h.

Momentarily postponing the proofs of Lemmas 2.1.4 and 2.1.5 we prove
Theorem 2.1.1.

Proof of Theorem 2.1.1. Choosing ¢y = Ay and repeatedly applying Lem-
mas 2.1.4 and 2.1.5 we obtain an increasing sequence of times n; such that

vH(v)n
10 < exp( =N g and s <omg.
This immediately implies
32
2.1.12 < —— .
( ) Td v H, () + my

18



Note by choice of Ay we have

1 \(a+8)/2
2\/ I/)\N 2

And since h is decreasing, it further implies

\=(a+B)/2 1
h—1< N > < )
2 2\/ l/)\N

By the choice of mg, we then have

1 1

(2.1.13) mo <

< < '
vV l/)\N V)\N

Recall by Weyl’s lemma (see for instance [MP49]) we know

A D(§ + 1)/
2.1.14 N~ 2 2/d
( ) ] VOl(M)Q/d j 9

asymptotically as j — oo. This implies A\j11 — A; = o()\;). Using this, and
the fact that Hy(v) — oo as v — 0, we must have

1
(2.1.15) SH) < < Hi(v),

when v is sufficiently small. Substituting this in (2.1.13) gives

2
vH(v)’

moy <

and using this in (2.1.12) yields the desired result. O

To prove Corollary 2.1.2, we only need to compute the function H;
explicitly for the specific rate functions of interest.

Proof of Corollary 2.1.2. When the mixing rate function h is the power law
as defined in (2.1.3), we compute

1

4r—1 ) RN

c2yp

Hi(v) = (
Substituting this into (2.1.1) yields (2.1.4) as desired.
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When the mixing rate function h is the exponential function as defined
in (2.1.5), we can not compute H; exactly, as (2.1.2) only yields

2 —2
(2.1.16) Hl(l/):CQ(ln2+lncl+MlnHl(y)) :
4v 2
Since Hy(v) — oo as v — 0, we know H;(v) > 1 for sufficiently small v.
C
Hw) <=,
1(v) y

for some constant C' = C(cy, ¢, o, ). Using this in (2.1.16) yields

Hy(v) > ¢

~ vy’

Substituting this in (2.1.1) yields (2.1.6) as desired. This argument can also
be iterated to obtain improved bounds as stated in Remark 2.1.3. O

It remains to prove Lemmas 2.1.4 and 2.1.5.

Proof of Lemma 2.1.4. Note first that (1.3.1) and (2.1.7) imply the energy
equality

16:]17 =Y e (Ubo, e,)]* = > _|(Ubo, &;)|* — vE,0q
=1 =1
(2.1.17) = |6o]]* — vE.6 -

Now using (2.1.8) immediately implies
(2.1.18) 10111 < (1 = o) [100l* < e 161 * 0

In order to prove Lemma 2.1.5, we first need to estimate the difference
between the pulsed diffusion and the underlying dynamical system. We do
this as follows.

Lemma 2.1.6. Let ¢, defined by
¢n = Un907

be the evolution of 8y under the dynamical system generated by p. Then for
alln > 0 we have

n—1
(2.1.19) 160 — dll < 3 /vt
k=0
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Proof. Since ¢, = U¢,,_1, we have
16, — ¢ull < N2 = DUGall + U (Gnr = $na)

o

— —vAi _ 1)2 A2 12 _
> (e DU, e)” )+ [10n-1 = dn]

=1
o)

< (S e

i=1

< \/mﬂL 10n—1 — Gl ,

and hence (2.1.19) follows by induction.

We now prove Lemma 2.1.5.

Proof of Lemma 2.1.5. By (2.1.17), we have

mo—1

(2.1.20) 16 I* = 611" = v Y~ Ebim

Thus the decay of ||6,,,]| is governed by the growth of 7' £,6,,
to estimate &,0,, we claim

(2.1.21) 2010mi1ll? < E0m < 2||Ub,|17, forallm e N.

Indeed, by definition of £, (equation (2.1.7)) we have

VE, b = i@ — e )| (Ub) (k)

k=1

1/2
Ubp1,ed?) " + 18-t = dn-a

. In order

where (U6,,)"(k) £ (Ub,,,e;) is the k-th Fourier coefficient of U#,,, and
e is the eigenfunction of the Laplacian corresponding to the eigenvalue \j.

Now (2.1.21) follows from the inequalities
Qe M L1 — e M LN,
We next claim that for all sufficiently small v we have
(2.1.22) 164117 < Anll6:]1%-

To see this, note that (2.1.9) and (2.1.21) imply
(2.1.23) 16413 < 5 0o < *H@oll?
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Moreover, our choice of Ay (in equation (2.1.2)) guarantees Ay < 1/(2v) for
all v sufficiently small. Thus

1
16111 = 11601* = vE€.80 = (1= vAn)[I6o]I* = S 1160l1*

and substituting this in equation (2.1.23) gives (2.1.22) as claimed.
We now claim that for N and mg as in the statement of Lemma 2.1.5 we
have

mo ! )\Nmo

(2.1.24) 3 &b > [Ecali

m=1

Note equation (2.1.24) immediately implies (2.1.11). Indeed, by (2.1.20), we
have

VAN VAN
62 < (1= 2570 1012 < exp(— 2257 ) o

8
< exp((- VI g 2

where last inequality followed from (2.1.15).
Thus it only remains to prove equation (2.1.24). For this we let ¢,
defined by

(bm = Umilel )
be the evolution of #; under the dynamical system generated by ¢. Let
Py: L} — L3 be the orthogonal projection onto span{ey,...,ex}. Us-
ing (2.1.21) we have
mo—1 mo—1 mo—1
m=1 m=mg/2 m=mg/2
mo—1
=22y Y (I = Py)Opgal®
m=mg/2
mo—1
> X M0 = Pl
m=mgo/2
mo—1
=2 30 = Po)ss — 6|
m= m0/2
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(2.1.25)
(Tl = S 1Pyl =2 S [mss = bt
v\ Nl > IPvGmll > MOmrr = Smaal®) -
m=mg/2 m=mg/2

Now using Lemma 2.1.6 we estimate the last term on the right of (2.1.25)
by

mo—1 mo 1 mo 1 m
S st — Smi? < (Z Jve, 91) DN,
m=mg/2 m= m0/2 m=mg/2 =1
m() 1
(2.1.26) Z &0, .

For the second term on the right of (2.1.25) we note that since U is
strongly «, § mixing with rate function h, we have

1T fll—s < h(m)|[ fla
for every f € H® (see also (1.2.5) ). This implies

mo—1 mo—1 mo—1
S PNl < X MldmnllZs < X AR ]2
m=mg/2 m=mg/2 m=mg/2

\moh( )A%Hd)lu \moh( )A?VH&HQ 2|9, 20

eren <mon() x50,

where the last inequality followed from (2.1.22).
Substituting (2.1.26) and (2.1.27) in (2.1.25) we obtain

mo—1 1

(2.1.28) N £ > mO’\N<2 - h( ) X’*ﬁ)ne I2.
m=1

1+ )\Nym%
Clearly, by choice of mg in (2.1.10), we know

2.1.29 h AN .
( ) ( 2 ) 4

Moreover, using the definition of H; (2.1.2) and the fact that Ay < Hi(v),
we see

(2.1.30) Avvmd < 1.
Now using (2.1.29) and (2.1.30) in (2.1.28) implies (2.1.24). This finishes the
proof of Lemma 2.1.5. ]
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2.2 The Weakly Mixing Case.

When ¢ is weakly mixing, the bounds we obtain for the dissipation time
are weaker than that in Theorem 2.1.1. We state these results next.

Theorem 2.2.1. Let o, > 0, and h: [0,00) — (0,00) be a decreasing
function that vanishes at infinity. If @ is weakly o, B mizing with rate
function h, then the dissipation time is bounded by

C
(2.2.1) S S

Here C' is a universal constant which can be chosen to be 34, and Hy: (0,00) —
(0,00) is defined by

1 1
2.2.2 H def {,\ ‘ h( ) < )\—(2a+25+d)/4} 7
( ) 2u) = sup V2uA 2/é

where ¢ = ¢(M) > 0 is a finite constant that only depends on the manifold M.

Remark 2.2.2. We will see in the proof of Theorem 2.2.1 that the constant ¢ can
be determined by the asymptotic growth of the eigenvalues of the Laplacian
on M. Explicitly, let 0 < A\; < Ay < --- be the eigenvalues of the Laplacian,
where each eigenvalue is repeated according to its multiplicity. Then for any
e € (0,1) we can choose
AP (L) (dm) 2L+ 1

j=oo ] vol(M)
The existence, and precise value, of the limit above is given by Weyl’s lemma
(see for instance [MP49)]).

We now compute 74 explicitly when the weak mixing rate function h

decays polynomially.

Corollary 2.2.3. Let o, 5, h, ¢ be as in Theorem 2.2.1. If the mizing rate
function h is the power law (2.1.3) for some p € (0,1/2]', then the dissipation
time is bounded by

d+2a+ 203
d+2p+2a+ 28"

and C = C(p, M, s, a, B) is some finite constant.

(2.2.3) T4 < Ov™°, where 6=

"'We require p € (0,1/2], instead of p > 0, as the weak mixing rate can never be faster
than 1/4/n. This can be seen immediately by choosing f = g in (1.2.8).
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We now turn our attention to Theorem 2.2.1. The proof is very similar
to the proof of Theorem 2.1.1, the only difference is that the analog of
Lemma 2.2.4 is not as explicit.

Lemma 2.2.4. Let \y be the largest eigenvalue of —A such that Ay < Hy(v),
and suppose
8,,60 < )\NHGOHQ .

Then,
vHy(v)m
[ e LU VAT
16
where
I —(d+2a
(224) me = ’Vh1<2 EAN(d+2 +25)/4)“ + 1’

and ¢ s the constant in Theorem 2.2.1 and Remark 2.2.2.

Given Lemma 2.2.4, the proof of Theorem 2.2.1 is essentially the same as
the proof of Theorem 2.1.1.

Proof of Theorem 2.2.1. Choosing ¢y = Ay and repeatedly applying Lem-
mas 2.1.4 and 2.2.4 we obtain an increasing sequence of times n; such that

vHy(v)n
o, < e~ g and s e <o
This immediately implies
32
2.2.5 < — .
( ) Td v H, () + my

By the choice of my and Ay, we notice that

1 1 2
< < < ~
o VAN T vAy T vH(v)
This proves (2.2.1). O

Before proving Lemma 2.2.4, we prove Corollary 2.2.3.
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Proof of Corollary 2.2.3. The proof only involves computing H, explicitly
when h is given by the power law (2.1.3). Using (2.2.2) we see

1
200 +28+2p+d
Substituting this into (2.2.1) yields (2.2.3) as desired. O

46’
Hy(v) = <2(p+2)/20\/5) yw where § =

It remains to prove Lemma 2.2.4.

Proof of Lemma 2.2.4. We first claim that (2.1.24) still holds if Ay, mg chosen
as in the statement of Lemma 2.2.4. Once (2.1.24) is established, then the
remainder of the proof is identical to that of Lemma 2.1.5.

To prove (2.1.24), we observe that the lower bound (2.1.25) (from the
proof of Lemma 2.1.5) still holds in this case. For last term on the right
of (2.1.25), we use the bound (2.1.26). The only difference here is to estimate
the second term using the weak mixing assumption (1.2.8) instead. Observe

1 mo—1 N 1 mo—1

_ P, m 2 = — g 2.
— mzon N O || ;mo mZ:OKel,U 1)]

Since ¢ is weak «, f-mixing with rate function h, (1.2.8) yields

1 mo—1

— 3" e, Um)P < h(mo — 1611277 < h(mo — 12 A% 16417

mo m=0
< h(mg = 1PN (100216213 < hlmo — 12X 16041

Together with (2.1.22) this gives

1 mo—1 N
- > IPxGmiall® < h(mo — 1)2NA (|64
m=0

< eh(mg — 1)2AE2 207219, 12 |

where the last inequality follows from the fact that E)\%Q /2 < N < 6/\}1\,/2
when N is sufficiently large. This yields?

mo—1 mo—1
(2.2.6) Y I1Pvomall? < X [1Pxdmral?]6:]1?
m=myg/2 m=0
2Note that in the proof of Lemma 2.1.5, we used
mofl mofl
S Ebm = Y Esbm
1 m0/2
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< emoh(mg — 1)2)\%+2a+2ﬁ)/2”91“2 .

Substituting this and (2.1.26) in (2.1.25) gives

mo—1

A 1 o
(227) Z &,Qm = ]%(2 — Ch(mo — 1) >\(d+2 +23) /2) H9 HQ
m=1

Now, the choice of mg in (2.2.4) forces

(2.2.8) Eh(mg — 1)2AlF2et20/2

S

Moreover, using (2.2.2) and the fact that \y < Ho

—~

V), we see
2
(2.2.9) Avvm < Ah~ (2 Ay (d“a“ﬁ)/“) Ay < 1.

Substituting (2.2.8) and (2.2.9) in (2.2.7) implies (2.1.24), which finishes the
proof. n

2.3 Relations between our bounds on the dis-
sipation time in the strong and weak mix-
ing cases

Note that as v — 0, both H;(rv) — oo and Hy(v) — 0o. Thus the bounds
obtained in both Theorems 2.1.1 and 2.2.1, guarantee v7; — 0 as v — 0, and
hence are stronger than the elementary bound (1.3.3).

Notice that if ¢ is strongly «, § mixing with rate function h, then it is
also weakly «, § mixing with rate function h,,, where hy,: [0,00) — (0, 00) is
any continuous decreasing function such that

def 1n1 1/2
( > h(k) ) for every n € N.
" k=0

and focussed on bounding the tail of the sum in order to effectively use the decay of h.
In (2.2.6), however, using only the tail of the sum does not improve our final result, and
we can directly sum over the entire history. We only do it here because it allows us to
directly use last part of the proof of Lemma 2.1.5.
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In this case, however, one immediately sees that the bound provided by
Theorem 2.2.1 is weaker than that provided by Theorem 2.1.1.

In particular, suppose ¢ is strongly «, § mixing with rate function h given
by the power law (2.1.3) for some p € (0,1/2]. Then ¢ is also weakly a, /3
mixing with rate function given by

C p<1/2,
hw(t) = r 1/2
<Cpln(tl+t)) p=1/2.

for some constant C, = C,(c, p). In this case Corollary 2.2.3 applies when
p < 1/2, and asserts that the dissipation time 7,4 is bounded by (2.2.3). This,
however, is weaker than (2.1.4).

Before proceeding further, we note that Fannjiang et. al. [FNW04] (see
also [FW03,FNWO06]) also obtain bounds on the dissipation time 7, assuming
the time decay of the correlations of the diffusive operator e*AU for sufficiently
small v. Explicitly they assume sufficient decay of ((e’2U)"f, g) as n — oo,
and then show that the dissipation time 74 is at most C'/|lnv|. In contrast,
our results only assume decay of the correlations of the operator U (without
diffusion) as in Definition 1.2.1.

In continuous time, Constantin et. al. [CKRZ08] (see also [KSZ08]) char-
acterized flows for which the dissipation time is o(1/v). Their result can
directly be adapted to pulsed diffusions as follows.

Proposition 2.3.1. The Koopman operator U has no eigenfunctions in H*
if and only if

limvry, =0.
v—0

Since the proof is a direct adaptation of [CKRZ08, KSZ08], we relegate it
to Appendix A.
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Chapter 3

Toral Automorphisms and the
Energy Decay of Pulsed
Diffusions

In this chapter, we study the energy decay of pulsed diffusions with toral
automorphisms. Using results from algebraic number theory we show that
toral automorphisms are exponentially mixing, and that the L? energy of the
associated pulsed diffusion decays double exponentially.

Recall a toral automorphism is a map of the form

(3.0.1) o(r) = Az (mod Z%),

where A € SLy(Z) is an integer valued d x d matrix with determinant 1. Maps
of this form are known as “cat maps”, and one particular example is when

d =2 and
2 1
A:<1 1).

The reason for the somewhat unusual name is that originally “CAT” was an
abbreviation for Continuous Automorphism of the Torus. However, it has
now become tradition to demonstrate the mixing effects of this map using
the image of a cat [SOWO06].

29



3.1 Mixing Rates of Toral Automorphisms

It is well known that no eigenvalue of A is a root of unity, if and only if ¢
is ergodic, if and only if ¢ is strongly mixing (see [Kat71], Page 160, problem
4.2.11 in [KH95]) Our interest is in understanding the mixing rates in the
sense of Definition 1.2.1.

Proposition 3.1.1. Let A € SLy(Z) be such that:
(C1) No eigenvalue of A is a root of unity,
(C2) and the characteristic polynomial of A is irreducible over Q.

If a, 8 > 0 then the toral automorphism @: T4 — T? defined by (3.0.1) is
strongly o, 8 mizing with rate function

1 100 = Cogen( g (a0 757)).

for some finite non-zero constants C, 3 = Cy 5(A, o, ) and Cy = Cy(A).
Remark 3.1.2. Condition (C2) above is equivalent to assuming that A has no
proper invariant subspaces in Q.

For completeness, we also mention that if A satisfies Condition (C1) above,

then A is also weakly «, § mixing if either « = 0 or § = 0 (but not both).

Proposition 3.1.3. Let A € SL4(Z) satisfy the condition (C1) in Proposi-
tion 3.1.1.

1. If either « > 0 and f =0, or a« = 0 and g > 0, then there exists a
finite constant Co g = C(c, B) such that ¢ is weakly o, 8 mizing with
rate function

Cop d
N aV > 5
1 1/2
(3.1.2) hn) = Cw(“”) Cavp=2
’ n 2
Cos d
@vB)d avh<g
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2. If further A satisfies condition (C2) in Proposition 3.1.3, and both o > 0
and B > 0, then there ezists a finite constant C, 3 = C(A, o, B) such
that ¢ is weakly o, B mizing with rate function

Cop
\/ﬁ .

(3.1.3) h(n) =

When d = 2, Proposition 3.1.1 is well known and can be proved elemen-
tarily. In higher dimensions, a version of Proposition 3.1.1 was proved by
Lind [Lin82, Theorem 6] using a lemma of Katznelson [Kat71, Lemma 3] on
Diophantine approximation. Proposition 3.1.1 can also be deduced from the
results on the algebraic structure of toral automorphisms developed in [FWO03].
These arguments, however, rely on three sophisticated results from number
theory: the Schmidt subspace theorem [Sch80], Minkowski’s theorem on linear
forms [New72, Chapter VI] and van der Waerdern’s theorem on arithmetic
progressions [vdW27, Luk48]. We will avoid using these results, and instead
instead prove Proposition 3.1.1 directly using the following two algebraic
lemmas. These lemmas will be reused subsequently in the proof of sharpness
of the double exponential bound (3.2.1) in Theorem 3.2.1.

Lemma 3.1.4. Suppose A € SL4(Z) satisfies the assumptions (C1) and (C2)
in Proposition 3.1.1. There exists a basis {vi,...,vq} of C* such that the
following hold:

1. Each v; is an eigenvector of A.

2. If k € Z¢ — 0, and a; = a;(k) € C are such that

d d
k= Zal(k)vz = ZCLZ”UZ‘,
1 1

then we must have

(3.1.4) [Tlai(k) > 1.

i=1
Lemma 3.1.5 (Kronecker [Kro57]). Let p be a monic polynomial with integer

coefficients that is irreducible over Q. If all the roots of p are contained in
the unit disk, they must be roots of unity.
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The proofs of Lemma 3.1.4 and 3.1.5 use elementary facts about algebraic
number fields, and to avoid breaking continuity, we defer the proofs to
Section 3.3. The reason these lemmas arise here is as follows. Lemma 3.1.5
will guarantee that guarantee (A7)~ has at least one eigenvalue, (j, strictly
outside the unit disk. Lemma 3.1.4 now guarantees that all non-zero Fourier
frequencies have a certain minimum component in the eigenspace of (;. This
will of course dominate the long time behaviour, leading to exponential mixing
of ¢ and rapid energy dissipation of the associated pulsed diffusion.

Proof of Proposition 3.1.1. Let B = (AT)™! and f € L2. Observe

U = [ e f(An)do = [ e f (@) da = f(BR).

’]I‘d
and hence
(3.1.5) (U f)Nk) = f(B"k),

for all n > 0. Now to prove that ¢ is exponentially mixing, let f € H*, and
g € HP. Using (3.1.5) we have

1

Uty = 3 FBRgk) = > oo | BRI F(BR) k5 (F)
kezd—0 keZd—0’ k' |k|
Consequently
1
3.1.6 s g(sup ) )
(316) 0791 < ( s0p s )1l

We now estimate the pre-factor on the right of (3.1.6) using Lemmas 3.1.4
and 3.1.5. First note that B € SL4(Z) also satisfies the assumptions (C1)
and (C2). Let vy, ..., vg be the basis given by Lemma 3.1.4, and (3, ...,
(4 be the corresponding eigenvalues. Since the characteristic polynomial
of B satisfies the conditions of Lemma 3.1.5, we see that B has at least one
eigenvalue outside the unit disk. Without loss of generality we suppose |(;] >
1.

By equivalence of norms on finite dimensional spaces, we know there exists
¢, > 0 such that

1 1/2
(3.1.7) — K| < <Z|ai(k’)\2) <clk|, forall K €72,
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Using Lemma 3.1.4, we note

la1|[Ci]" (1% [S1
Thus
s <ol )
Sup s 1 SUP = e ) -
kezZd—0 |Bnk| |k5|ﬁ S k€Zd—0 |k|ﬁ (d=1)a

If (d—1)a < S, (3.1.6) and the above shows that ¢ is strongly a, § mixing with
rate function h(n) = C|;|~™. This proves (3.1.1) in the case (d — 1)a < S.

On the other hand, if (d—1)a > 3, we let o = [3/(d—1). By the previous
argument we know ¢ is o/, 8 mixing with rate function h(n) = C|¢;|~"".
Since a > o/, || fllor < ||flo and it immediately follows that ¢ is also a,
mixing with the same rate function. This proves (3.1.1) when (d — 1)a > 8
completing the proof. O

Proof of Proposition 3.1.3. The second assertion follows immediately from
Proposition 3.1.1. Indeed, when both «, 8 > 0, Proposition 3.1.1 implies ¢
is strongly «, 8 mixing with rate function h given by (3.1.1). Since the rate
function decays exponentially, it is square summable and equation (3.1.3)
holds with C, 5 = (352, h(i)?)V/2.

To prove the first assertion, suppose first « = 0 and 3 > 0. As before set
B = (AT)7! and let f,g € L? and observe

1 n—1 1 n—1 R _ 2
=S WU Lol ==>7 > F(BR)ak)
" izo " i20lkezd—o
2 n—1 7 sz 2
. ol HED)
noizo k€zZd—0 ’k|

We now split the analysis into cases. First suppose § > d/2. By Kro-
necker’s theorem (Lemma 3.1.5) we see that the matrix B can not have finite
order, and hence k, Bk, B%k, ..., B" 'k are all distinct. Thus (3.1.8) implies

L B Lol & LAP
LYlwiraf <8 ¥ SIEL MR 5
1=0 kezd—0 i=0 kezi—0

Since 5 > d/2, the sum on the right is finite, showing ¢ is 0, 5 mixing with
rate function C'/n'/? as desired.
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Suppose now [ < d/2. Let m € N be a large integer that will be chosen
shortly, and split the above sum as

(3.1.9)

= [k FERE o B

l UZ <

Z‘ n (0<%:<m§ |k|218 §|kz>:m |k|2l8 )
(5.1.10) <Hf|12ngu2[(1 > )+ o

X B n0<|k\<m|k‘25 m28
Cmd=28 1

(31.11) < IR (=2—+ =5 ).

for some (explicit) constant C' = C(d), independent of n. (Note, we again
used the fact that k, B¥, ..., are all distinct when computing the first sum on
the right of (3.1.9) to obtain (3.1.10).) We now choose m = Cn'/¢ in order
to minimize the right hand side. This implies

G . _ ClfIPNgliz
ggwfﬁgﬂ S 2w

proving (3.1.2) when § < d/2.
Finally, when 8 = d/2 we repeat the same argument above to ob-
tain (3.1.10). When summed (3.1.10) now yields

e Clnm 1
(3112 UL < IRl ( i)
ni= m

and choosing m = n yields (3.1.2) as desired.

We have now proved (3.1.2) when o« = 0 and 8 > 0. For the case a > 0
and 8 = 0, note that (U'f,g) = (f,U"g). Thus replacing the matrix A
with A~! reduces the case when a > 0, 3 = 0 to the case when a =0, 5 > 0.
This finishes the proof. O

3.2 Double Exponential Energy Decay

We now turn to studying the energy decay as n — oo. Clearly

[n/7a)

vATryT) /Tl ~In/t
61 < | (te20y7) " ™0 o]l < e~/

N

H(el/AU)Td
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and thus the energy ||0,|| decays at least exponentially with rate 1/7, as
n — oo. This bound, however, is not optimal. Indeed, if ¢ is the Arnold
cat map, it is known [TCO03] that the energy decays double exponentially.
We show that this remains true for a large class of toral automorphisms.
Moreover, Poon [Po096] proved a matching lower bound for the continuous
time advection diffusion equation. This is readily adapted to the discrete
time setting.

Theorem 3.2.1 (Energy decay). For any 6, € H?', there exist finite constants
C =C(p) >0 and v = v(p) > 1 for which the double exponential lower
bound

Cvl|0o])?
32.1) 161 > 1601 exp (- ")

holds. Moreover, there exists a smooth, volume preserving diffeomorphism on
the torus for which the above bound is achieved. Fxplicitly, if ¢ is any toral
automorphism which has no proper invariant rational subspaces, and has no
eigenvalues that are roots of unity, then there exists finite constants C' and
v > 1 such that

V?’L
(322) 161 < 160 exp(~“2-)

for all 6y € L3.

In the rest of this section, we aim to prove Theorem 3.2.1. Our first result
shows that if a toral automorphism satisfies conditions (C1) and (C2) in
Proposition 3.1.1, then the energy of the associated pulsed diffusion decays
double exponentially. This will prove sharpness of the lower bound (3.2.1) in
Theorem 3.2.1. Following this we will prove lower bound (3.2.1) itself using a
convexity argument.

Proposition 3.2.2. Suppose A € SL4(7Z) satisfies the assumptions (C1)
and (C2) in Proposition 3.1.1. Let ¢ be the associated toral automorphism
defined in (3.0.1), and 6,, be the pulsed diffusion defined by (1.3.1). Then
there exist constants ¢ > 0 and v > 1 such that

(3.2.3) 16, < eXp(— - )
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Remark 3.2.3. In the proof of Proposition 3.2.2 we will see that the constant ~
can be chosen to be

d
v =TI v 1>
i=1
where (i, ..., (4 are the eigenvalues of A.

Proof. Using (3.1.5) we see

A

Opir(k) = e V"0, (BE) .

Setting A, = AT, iterating the above, squaring and summing in k gives

(3.2.4) 6,0 = 3= exp(~2v ST ) o)
j=1

kezi—0

Observe that the matrix A, also satisfies the conditions (C1) and (C2) in

Proposition 3.1.1. Let vy, ..., vg be the basis of C? given by Lemma 3.1.4,
and (1, ..., (4 be the corresponding eigenvalues. Now (3.2.4) implies
2 2w I 21125 \ 14 2

1617 < D exp( =5 2 2 lailIGIY )16o(k)
kezZd—0 * j=1li=1

w &GP — G 7 2
= % e Yl (M) ) ok

keZd—0 * =1 ’CZ| -

2w o (1GP ) [P
(3.2.5) < Il66|> sup exp(— |ai|2< )) .
kezd—0 c3 ; 1Gl]?2 =1

where ¢, is the constant in (3.1.7).
We will now show that the last term decays double exponentially in n.
Indeed, the inequality of the means implies

§;|ai|2(|Cz‘\2‘(;;|;1)_—1’@|2) . d(i:ﬁl|ai|2<|<i‘2‘(zJ;)__1’<i|2)>1/d
d d 12(nt1) _ (2
= d(il_[1|ai|2)l/d(i1‘[1<|@| |(CJ2)_ 1|gz| )>l/d

(3.2.6) > d(ﬁ(|Ci|2|‘z;)__1’g|2)>l/d,
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where the last inequality followed from Lemma 3.1.4. As in the proof of
Proposition 3.1.1, Lemma 3.1.5 guarantees that max;|(;| > 1. The right
hand side of (3.2.6) is of order TI;(|¢;| V 1)*"/¢ and substituting this in (3.2.5)
gives (3.2.3) as desired. O

We now prove Theorem 3.2.1.

Proof. Proposition 3.2.2 immediately shows that the double exponential upper
bound equation (3.2.2) is achieved for the desired class of toral automorphisms.
Thus it only remains to prove the double exponential lower bound (3.2.1).
For this, observe

[[0n1a]? 1602
|0, 1% — In]|6n]]? = ln< ) — ln< )
o 161> U6,

1 (Zie_MiKU@meOP)
= 1n y
Zil{Ub, e:)?
where we recall that \; are the eigenvalues of the Laplacian, and e;’s are the

corresponding eigenfunctions. Using concavity of the logarithm and Jensen’s
inequality to bound the last term on the right we obtain

—2v 3 il {Uby, e)° U613
|01 || — In|6,]] = - ’ =2 1
1011 165 S (U, )2 U0,
2
(3.2.7) > —20|[ Vi~ HZ”H; :
We now claim
16,113 on [160l3
528 < IVl
16,2 £ 1160]12

Note that substituting (3.2.8) in (3.2.7) and summing in n immediately
implies (3.2.1). Thus to finish the proof we only need to prove (3.2.8).
For this we observe
1Onalli UG _ 00l RIIUOW]" = [16nsa [I*|U 61T
1Onsal® U0 16112U6,[2

1 —2v)\; 9 2)
RN (A=A 0,,, €; 0,,¢;
||9n||2||U9n||2<Ze ( DUB, e)?[(Ub,, e5)]

]

37



1 — 4V
- HGHQHU@!P(Z WA\ = M\ UBn, ) |P[(UB,, e5)]?

1<j

+3 e N — \)UB,, e) 2 (U8,, €j>’2)

i>7
< (e = AU ) P )
[AETE j
3 N0 = X)) (U8, eI (UB )
i>]
=0.
B O N L2 I Lo o,
n+1][1 nil1 nill 2 nill
< - < Vgl
1BusalP S 1062~ TGl 2 1612
and iterating yields (3.2.8). This finishes the proof. O

3.3 Diophantine Approximation and Krone-
cker’s Theorem

We now prove Lemmas 3.1.4 and 3.1.5. The proofs rely on standard facts
on algebraic number fields, and we refer the reader to the books [Mar77]
and [Rib01] for a comprehensive treatment.

Before beginning the proof of Lemma 3.1.4, we remark that a weaker
version of it follows directly from the Schmidt subspace theorem [Sch80, Ch
VI, Thm. 1B]. Explicitly, the Schmidt subspace theorem guarantees that for
any € > 0 we have

1
k)] >
|k|®

at all integer points k € Z?, except on finitely many proper rational subspaces.
To use the Schmidt subspace theorem in our context we would need to handle
the exceptional subspaces. The approach taken by Fannjiang et. al. in [FWO03]
is to use van der Waerdern’s theorem on arithmetic progressions [vdW27,
Luk48] to construct an equivalent minimization problem whose minimizer is
guaranteed to lie outside the exceptional subspaces. In our specific context
we can directly prove the stronger bound (3.1.4), and avoid using the Schmidt
subspace theorem entirely.

38



Proof of Lemma 3.1.4. Let p be the characteristic polynomial of A, and (3,
.., (g be the roots of p. Let F' = Q((1,...,(s) and G = Gal(F/Q) denote
the Galois group. Let G; C G be the group of field automorphisms that fix
G,and F; = {z € F|o(z) = z Yo € G;} be the fixed field of G;. Since
det(A — ¢;I) = 0, there must exist v; in the F; vector space F¢ such that
Av; = (v;. Viewing v; as an element of C?, we let V' € GLg(C) be the matrix
with columns vy, ..., vy. Dividing each v; by a large integer if necessary, we
may assume that each entry of V! is an algebraic integer. We claim that v,
..., Uq is the desired basis.
To see this suppose k = > a;v;. By construction of the basis note that if
o € G is such that o((;) = ¢j, then o(v;) = v;. This implies that o(a;) = a;.
Note also that since the groups G; are conjugate, they all have the same
cardinality. Consequently

Px = H o(a) = (izﬁai)m’

c€eg

where m = |G1|. Thus p, is in the fixed field of G, and hence must be rational.

Further, since a; = (V‘lk) - €;, each a; must also be an algebraic integer.
This forces p, to be a rational algebraic integer, and hence an integer. By
transitivity of the Galois group we see that if a; = 0 for some 7, then we must
have a; = 0 for all j. Thus p. must be a non-zero integer if k£ # 0. Hence
Ip«] = 1 and (3.1.4) follows. O

Lemma 3.1.5 is due to Kronecker [Kro57]. This result was improved by
Stewart [Ste78] and Dobrowolski [Dob79]. More generally Lehmer’s conjec-
ture [Leh33] asserts that if i, ..., (4 are the roots of p and the product
[1(1 V |¢;]) is smaller than an absolute constant p (widely believed to be
approximately 1.176...), then each (; is a root of unity. For our purposes,
however, Kronecker’s original result will suffice. Since the proof is short and
elementary, we present it below.

Proof of Lemma 3.1.5. Let (3, ..., (4 be the roots of p. For any n € N, let p,,
be the minimal monic polynomial satisfied by (7. Since the Galois conjugates
of (7' are precisely (7, ..., ¢}, the coefficients of p, are symmetric functions
of (7', ..., ¢}. By assumption |(;| < 1, which implies |(]'| < 1, which in
turn implies that the coefficients of p,, are uniformly bounded as functions
of n. There are only finitely many polynomials with degree at most d, and
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uniformly bounded integer coefficients. Thus for some distinct m,n € N we
must have p,,, = p,. This forces ({* = (}' showing (; is a root of unity. n
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Chapter 4

Dissipation Enhancement for
the Advection Diffusion
Equation

The main results of this chapter are Theorems 4.1.1 and 4.2.1, which
bound the dissipation time (1.3.7) in the continuous time setting (1.3.4).
These results are improvements of the results in the original paper [F119].
The improvement was obtained by using a better estimate for the difference
between the diffusive system and the underlying dynamical system taken
from [CZDE1S], and then following the proof in [FI19]. As a result the
dissipation time bounds we obtain in the continuous setting match those
previously obtained in the discrete time setting.

4.1 The Strongly Mixing Case

Theorem 4.1.1. Let o, > 0, and h: [0,00) — (0,00) be a decreasing
function that vanishes at infinity. If u is strongly o, B mizxing with rate
function h, then the dissipation time is bounded by

C
vHs(v)

(411) Td <
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Here C' is a universal constant which can be chosen to be 18, and Hs: (0, 00) —
(0,00) is defined by

\—(a+8)/2 )
(412)  Hy(p) = Sup{)\ ’ \/Xhl( ) < }
64

2 \/MHVUHLOO

where h=1 is the inverse function of h.

As before, we now compute Hj explicitly for polynomial, and exponential
rate functions. These special cases were previously obtained in [CZDEI1S].

Corollary 4.1.2. Let o, 3,u,h be as in Theorem 4.1.1.

1. If the mizing rate function h is the power law (2.1.3), then
C a+p

Ty < 5 where § = et B+’ (4.1.3)
and C' = C(a, B, ¢, ||Vul|r=) is a finite constant.
2. If the mizing rate function h is the exponential (2.1.5), then
74 < Cllnv|*, (4.1.4)
and C' = Cl(a, B, ¢1, 2, ||Vul|r<) is a finite constant.

As in Section 1.3, let 0,9 € L3(M), let 64(t) be the solution of (1.3.4). By
the energy inequality (1.3.5) we know

s o ¢ 6,7
10:(0)17 = 0. (s) P exp(—2v [ ).

Thus, [|05(t)|| decays rapidly when the ratio ||0s(¢)||1/||0s(¢)|| remains large.
Precisely, if for some ¢y > 0, we have

105 (0)]13 = col 0s(1)[|*,  forall s <t < to,
then
(4.1.5) 16,(2)]% < 672uco(tfs)H9870”27 for all s < < t,.

As in the proof of Theorems 2.1.1 and 2.2.1, we will show that if the ra-
tio ||0s.0l/1/]|0s0] is small, then the mixing properties of u will guarantee that
for some later time ty > s, ||0s(to)|| becomes sufficiently small. This is the
content of the following lemma.
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Lemma 4.1.3. Choose \y to be the largest eigenvalue satisfying Ay < Hz(v)
where Hs(v) is defined in (4.1.2). If

(4.1.6) 100l1F < Anll6s0]l*

then we have

(4.1.7) Hes<t0)”2 < eXp(— VH?,(V)S(tO - S)) ||‘98,0H2'

at a time ty given by

)\1—\7(&*‘/3)/2)

to 5 4207 (22

Momentarily postponing the proof of Lemma 4.1.3, we prove Theo-
rem 4.1.1.

Proof of Theorem 4.1.1. Choosing ¢y = Ay and repeatedly applying the in-
equality (4.1.5) and Lemma 4.1.3, we obtain an increasing sequence of times
(t},), such that (t}.) — oo and

vHs(v)(t), — s
0.1 < exp (= PGy o e and o <t
This immediately implies
16
4.1.8 < —— to— S).
( ) Td VHg(Z/) + ( 0 8)

By choice of Ay and tg, we know that to — s < 1/(vAy) < 2/(vHs(v)) for v
sufficiently small. The last inequality followed from Weyl’s lemma as in the
proof Theorem 2.1.1 (equation (2.1.15)). This proves (4.1.1) as desired. [

We now compute Hj explicitly when the mixing rate function decays
exponentially, or polynomially.

Proof of Corollary 4.1.2. Suppose first the mixing rate function h satisfies
the power law (2.1.3). In this case the inverse is given by h='(t) = (c/t)/.
Thus, by definition of Hj (in (4.1.2)), we have

N A ) R — —
64+ /1] V||
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Since H3(rv) — oo as v — 0, the above forces
Hi(v) ~ Cyp/(athitp)

asymptotically as v — 0, for some constant C' = C(c, p, a, 3, || Vu||z=). Using
this in (4.1.1) yields (4.1.3) as desired.

Suppose now the rate function h is the exponential (2.1.5). Then we see
h=Y(t) = (Inc; — Int)/cy. By the definition of Hj in (4.1.2), we have

8 s
\/m(lncl—l-a; IH(H3(V))+IH2) = oo
64, /v||Vul

which implies

Hy(v) = O<|11|) |

asymptotically as v — 0. Substituting this in (4.1.1) yields (4.1.4) as desired.
[

It remains to prove Lemma 4.1.3. For this we will need a standard result
estimating the difference between 6 and solutions to the inviscid transport
equation.

Lemma 4.1.4. Let ¢, defined by

¢s = 93,0 O Psit

be the evolution of 059 under the dynamical system generated by ¢s;. If
0.0 € H (M), then for allt > s, we have

Hes(t) - ¢s(t)H2

t 1/2
(@19 <2200t = 5)0ull (2Vullew [ 1000 dy + 18,0l )

Proof. First multiplying (1.3.4) by Af,(t) and integrate over time, we get

d
T 10sllzn + 200105172 < 20Vl o 165171

which yields
t t
(4.1.10) 2w [ 10,05 dy < 20\Vull= [ 10 v+ 10,0l
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Also we note that
d
%HQS - ¢SH2 = 2V<A9.S) 93 - ¢s>
< 4|05l 21050l

where in the last inequality the energy conservation was used. Hence, for any
t > s, we have

t
165(8) = o5 (DII* < 4Vlles,oll/s 10| 2 dy

t 1/2
<220t = 5)0eoll (2 [ 16,01 )

Combining this with (4.1.10), we further get

t 1/2
16.(8) = 6, (D) < 2/20(t = 5)60ll (21Tl [ 164130 dr -+ [Buollin )

which ends the proof. O
We can now prove Lemma 4.1.3.

Proof of Lemma 4.1.3. Integrating the energy equality (1.3.5) gives

2 2 o 2
(4.1.11) 165 (to)lI” = 11050l — 2”/3 16(r)[[7 dr-
We claim that our choice of A\ and t; will guarantee
t An(to = 8)||0s0l?
(1112) [0z > 2000 = Dol

This immediately yields (4.1.7) since when v is small enough, we have

1
§H3(l/) < )\N < Hg(l/) .

Thus to finish the proof we only have to prove (4.1.12). We prove by assuming

the converse inequality holds [/(|6,(r)||2 dr < ’WSM.

Note first

to to
[0 dr = A [, I = Pr)s()] dr
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AN

> 58 [l = Py)au(r)] dr
py ﬁ ig (I — Py)(0s(r) = () [P dr
(1.1.13) > ““4)\|es,ou2 - AQN M LACT

A [10.) = 9.) P dr

We will now bound the last two terms in (4.1.13). For the second term, note
the strong mixing assumption gives

to
»/;0+5

(4.1.14)

tO—S t0—82 tO—S t0—82 9% o
< (" )Hes,oui< TN () a0l el

Pyos(r)dr < XY [, 10502 dr < X5 [, h(r—s)zues,onidr

Using the assumption (4.1.6), we obtain

S 2
) 16011

Now we bound the last term in (4.1.13). Using Lemma 4.1.4 we obtain

[ 10.) = 6.0) ) dr
r 1/2
< / 2\/2V(t—3)||95,0||<2||VU||L°O J 1.0 s dt + [6s0l3 ) dr

to 1/2
< 2v20(to — 5?00l (21 Fulee [ 160.(0) s dt + 116,01 )
(4.1.16)
o Ay (tg — 1/2
< 2vu(ty — s ool (T =) 4y )

to 9 to
(4.1.15) ﬁﬁs 1PN s (1) [I7 drr <
T2

4

Now going back to (4.1.13) we get

An(to — 9)|10s0ll* _ An(to—9)[10s0l>  to— 5.4 to — 5\?
8 - 1 B A]V+B+1h(2) 0ol

46



) oAy (tg — 1/2
—2)\N\/2y(to—3)3/2H95,0H2<HVUHL 4N( 0~ 5) +AN> .

Plugging in the choice of ¢y and canceling Ay (to — $)||0s.0]|* both sides, we get

1

8

4

Vu oo}\ th — S 1/2
76 — 22wty — 5)1/2(" Iz 2N( 0 ))

1 e o
— E —2 ||VU||Lool/)\N(tO — S) .

According to the choice of Ay, the right hand side is greater than <, which
ends at a contradiction. O

oo — 1/2
- 2@( 5)1/2(HVUHL An(to — 5) + )\N)

1
71
1
“1
1
T4

4.2 The Weakly Mixing Case.

In this section, we bound the dissipation time for weakly mixing flows.

Theorem 4.2.1. Let o, > 0, and h: [0,00) — (0,00) be a decreasing
function that vanishes at infinity. If u is strongly o, [ mixing with rate
function h, then the dissipation time is bounded by

C

(4.2.1) WS g

Here C' is a universal constant which can be chosen to be 18, and Hy: (0,00) —

(0,00) is defined by

(4.22)  Hi(u) = sup{)\ ‘ \/Xh1<1)\(d+2°‘+25)/4> < 1},
64

2V/é VU Vul| e

where h™' is the inverse function of h and é = ¢(M) > 0 is the same constant
as in Theorem 2.2.1 and Remark 2.2.2.

As before, we compute the above dissipation time bound explicitly when
the mixing rate function decays polynomially.
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Corollary 4.2.2. Suppose u is weakly o, 5 mizing with rate function h,
where o, B > 0, and h is power law (2.1.3). Then the dissipation time is
bounded by

d+2a+ 20

4.2.3 < Cv0 h § =
(4.2:3) K d+2p+2a+23"

and C' = C(c,¢,a, B, ||Vul||L=) is some finite constant.

We now turn our attention to Theorem 4.2.1. The proof is similar to the
proof of Theorem 4.1.1. The main difference is that the analog of Lemma 4.1.3
is weaker.

Lemma 4.2.3. Let Ay to be the largest eigenvalue of —A such that Ay <
H,(v), where we recall that the function Hy is defined in (4.2.2). If

(4.2.4) 1050l < Anll6sol*,

then we have

(4.2.5) H95<t0)H2 < eXp(— VH4(V)8(tO — 5)) Hes,OHQ ’

at a time ty given by

L | —(d+20
to =S+ 2h_1 (~AN(d+2 +2/3)/4> .

2\/¢
Proof of Theorem 4.2.1. Given Lemma 4.2.3, the proof of Theorem 4.2.1 is
identical to that of Theorem 4.1.1. n

As before, the proof of Corollary 4.2.2 only involves computing H, explicitly
when the mixing rate function decays polynomially.

Proof of Corollary 4.2.2. When the mixing rate function A is given by the
power law (2.1.3), we compute h~'(t) = (c/t)"/?. By the definition of H,
(equation (4.2.2)), we have

1/p 1
[Ha(v) (26\/EH4(V>(d+2a+26)/4> S S—

Hy(v) = O(v~ #atamrar)

asymptotically as v — 0. Substituting this in (4.2.1) yields (4.2.3) as desired.
0

which then yields
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Proof of Lemma 4.2.5. Following the proof of Lemma 4.1.3, we claim that
the inequality (4.1.12) still holds in our case, provided Ay and ¢, are chosen
correctly. Here we also prove by contradiction. Indeed, note that (4.1.13)
and (4.1.16) still hold, and the only difference here is that we need to bound the
second term in (4.1.13) using the weak mixing assumption. Explicitly, (1.2.11)

gives
to
/tioJrS
2

to N
PaoIFdr < [, Yo 1ou(r) e dr
2 =1

N

SR OIS

=1

N(ty—s to— s
< MO =9y (022 N ool

2
N(tg—3s), (to—s\2%. .
< ( 02 )h< 0 . ) )\NJDBHGS,OHQ
é(to — 5) . (to — 8\2 (4420
(4.2.6) <A 3 S>h( - 8) A0, 0|12,
where last inequality followed from the fact that C)\d/ <N K 6)\%2 holds

when N is sufficiently large. Substituting (4.1.16) and (4 2.6) into (4.1.13),
we obtain

1
> A (to —j)H@s,oHQ (1 B 5Agg+2a+2ﬁ)/2h<t0 2_ 5>2

—8/20(to — 8) (|| V]| 1 A (o — 8) /4 + )\N)1/2> .

By our choice of ty, we have

1 1 1
Lo sVl A - )

By the choice of Ay, we have 8,/v||Vul||L=An(to — s) < 1/4, which ends at a
contradiction. This finishes the proof. n
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4.3 Optimality

In the particular case of shear flows a stronger estimate on the dissipation
time can be obtained using Theorem 1.1 in [BCZ17]. Namely let © = u(y) be
a smooth shear flow on the 2-dimensional torus with non-degenerate critical
points, and let L2 denote the space of all functions whose horizontal average
is 0. Now Theorem 1.1 in [BCZ17] guarantees that the dissipation time is
bounded by

Inv|?
20

(4.3.1) Ta<C

for some constant C' > 0.

To place this in the context of our results, we restrict our attention to
L2 functions on T? whose horizontal averages are all 0. On this space, the
method of stationary phase one can show that the flow generated by wu is
strongly 1, 1 mixing with rate function h(t) = Ct~'/2 (see equation (1.8)
in [BCZ17]). Consequently, by Corollary 4.1.2 guarantees that the dissipation
time is bounded by

This, however, is weaker than (4.3.1).
In general, we recall that Poon [Poo96] showed the double exponential
lower bound

(4.3.2) 162()]| = exp(—Cry'=*)|[0soll

for some constants C' > 0 and v > 1. To the best of our knowledge, there are
no incompressible smooth divergence free vector fields for which the lower
bound (4.3.2) is attained. Moreover, on the torus, recent work of Miles and
Doering [MD18] suggests that the Batchelor length scale may limit the long
term effectiveness of mixing forcing only a single-exponential energy decay.

4.4 The Principal Eigenvalue with Dirichlet
Boundary Conditions

Finally, we turn our attention to studying the principal eigenvalue of
the operator —vA + u - V in a bounded domain 2 with Dirichlet boundary
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conditions. In this case, in addition to v being smooth and divergence
free, we also assume u is time independent and tangential on the boundary
(i.e. -7 =0 on 0N, where 7 denotes the outward pointing unit normal). Let
to(v, u) denote the principal eigenvalue of —vA + u - V with homogeneous
Dirichlet boundary conditions on 0f2.

By Rayleigh’s principle we note

po(v, ) = po(v,0) = vpe(1,0)

where 1o(1,0) is the principal eigenvalue of the Laplacian. Our interest
is in understanding the behaviour of po(v,u)/v as v — 0. Berestycki et.
al. [BHNO5] showed that (v, u)/v — oo if and only if w - V has no first
integrals in HJ. That is, po(v,u)/v — oo if and only if there does not exist
w € Hy(Q) such that u - Vw = 0.

In general it does not appear to be possible to obtain a rate at which
to(v,u) /v — oo. If, however, the flow generated by u is sufficiently mixing
then we obtain a rate at which py(v,u)/v — oo in terms of the mixing rate
of u. This is our next result.

Proposition 4.4.1. Ifu is a smooth, time independent, incompressible vector
field which is tangential on O0S), then

v UTy

(4.4.1)

Proposition 4.4.1 follows immediately by solving the advection diffusion
equation with the principal eigenfunction as the initial data.

We now prove Proposition 4.4.1 estimating the principal eigenvalue of
—vA + (u- V) in a bounded domain with Dirichlet boundary conditions.

Proof of Proposition 4.4.1. For notational convenience we will write pg to
denote po(v,u). Let ¢9 = ¢o(v,u) be the principal eigenfunction of the
operator —vA + (u - V). Then we know

(2, t) = Po(x)e ot
satisfies the advection diffusion equation
Y +u-Vy —vAp =0,

with initial data ¢g. Consequently ||t (¢)|| = e #°!(|¢)(0)||. This forces 74 >
1/1o proving (4.4.1) as claimed. O
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We note that the proof of Theorems 4.1.1, 4.2.1 only use the spectral
decomposition of the Laplacian, and are unaffected by the presence of spa-
tial boundaries. Thus Theorems 4.1.1 and 4.2.1 still apply in this context.
Consequently, if u is known to be (strongly, or weakly) mixing at a particular
rate, then po(v,u)/v must diverge to infinity, and the growth rate can be
obtained by using (4.4.1) and Theorems 4.1.1, 4.2.1, or Corollaries 4.1.2, 4.2.2
as appropriate.

For example, if o, 6 > 0 and wu is strongly «, [ mixing with the exponen-
tially decaying rate function (2.1.5), then

o) 1
> :
v Cv|lnv|?

We remark, however, that in view of (4.3.2) and (4.4.1), we expect that if u
that generates an exponentially mixing flow, then one should have

po(v, ) < 1
v~ Cyllny|’

We are, however, presently unable to prove this stronger bound.
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Appendix A

A Characterization of

Relaxation Enhancing Maps on
the Torus

In continuous time, we call a flow is relaxation enhancing if |S(2)|| — 0 as
v — 0, where S(t) is the solution operator of the advection diffusion equation.
In other words, a flow is relaxation enhancing if the dissipation time is o(1/v).
Constantin et. al. [CKRZ08] (see also [KSZ08]) characterized flows for which
the dissipation time is o(1/v). For our pulsed diffusion model, similar result
still holds, which we stated before as Proposition 2.3.1. It says that the
Koopman operator U has no eigenfunctions in H? if and only if

limvry =0.
v—0

We devote this appendix to proving Proposition 2.3.1. The main idea
behind the proof is the same as that used in [CKRZ08, KSZ08|. The backward
implication is simpler, and we present the proof of it first.

Proof of the backward implication in Proposition 2.5.1. For the backward im-
plication, we need to assume v7y; — 0, and show that the associated Koopman
operator U has no non-constant eigenfunctions in H'. Suppose, for sake of
contradiction, that f € H' is an eigenfunction, normalized so that | f|| = 1,
and let A\ be the corresponding eigenvalue. Choosing 6y = f, and defining 6,
by (1.3.1) we observe

|<9n+1af> - <U9naf>| =

D (L= e ) (U6,)" () [ (k)

k
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14

v v
< UUES) I < ZEb+ IR
Using equation (2.1.17), this gives

[{Ons1: f) = (U0, I < S0P = 110nia]1*) + ngH?

N —

which implies

1
(O ) = U, )] 2 =5 (16all = [16n52]%) — gl!f\l?

Since (U0, f) = (0, U*f) = X0y, f), and || = 1, the above implies

1
[Onsr. 1)1 = 16 S > =510 = 10uial®) = ZIUFIE.

Iterating this gives

{6 ] = (S ) =

since 6y = f. Thus

_} 2 _ 2y e
LUAIE = ) = 0117

1

1 1 nv ny
60, £ 2 SUFI+ 51607 = 21013 = 5 = SR

Now choosing n to be the dissipation time 7, gives

1 1 TaV
=2 (e )] 2 5~ 2SR,

and hence
< e—2
UTy =2 ——— .
~ellfIR

This contradicts the assumption v7; — 0 as v — 0, finishing the proof. [

For the other direction, we need two lemmas. The first is an application
of the discrete RAGE theorem.
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Lemma A.0.1. Let K C S={¢ € L2 |||¢|| = 1} be a compact set. Let P,
be the spectral projection on the continuous spectral subspace in the spectral
decomposition of U. For any N,§ > 0, there exists n.(N,d, K) such that for
alln =2 n. and any ¢ € K, we have

1 n—1 )
(A.0.1) — 2 IIPNUTR)” < 6.
=1

Proof. Define

def 1 nd l
fn, ¢) = Y IPNU P
=1

n—1:=

Recall that by the RAGE theorem [CFKS87] we have

1 n—1 )
h_}m — ZHAUchqSHQ =0, for any compact operator A,

and hence for all ¢, f(¢,n) — 0 as n — oo. Thus, to finish the proof, we
only need to show that this convergence is uniform on compact sets.

To prove this, it is enough to prove the functions f(-,n) are equicontinuous.
For this observe that for any ¢, ¢ € S we have

|f(n7 le) - f(n’ ¢2)|

1 nd ‘ . ‘ ,
< o1 Y IPU P | — | PNUPeoll| (| U Fedha]| + | PxU" Pecia] )
i=1

n—1
< =g Sl eal(lonl + el

< 2[[1 — ¢l
This shows equicontinuity, finishing the proof. O

Lemma A.0.2. Assume that the Koopman operator U has no eigenfunctions
in H'. Let P, be the spectral projection on its point spectral subspace. Let
K be a compact subset of S. Define the set K1 = {¢ € K|| P9l > 1}.
Then for any C > 0, there exist N,(C, K) and n,(C, K) such that for any
N > N,(C,K), any n > n,(C, K), and any ¢ € K,

1 n—1 ]
(A.0.2) p— Y_IPvUBgll = C.
=1
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The proof of this is the same as Lemma 3.3 in [CKRZ08] and we do not
present it here. We can now finish the proof of Proposition 2.3.1.

Proof of the forward implication in Proposition 2.5.1. For this direction we
are given that U has no eigenfunctions in H', and need to show v7y — 0 as
v — 0. We will show that for any n > 0,

(A.0.3) He(m)H —~0asv—0,

which immediately implies v7; — 0 as v — 0. To prove (A.0.3), we need
to show for any given 7, ¢, there exists 1, such that for any v < vy, we
have ||0([2])]]* < e for any initial 6, € H with [|6p]| = 1. We choose N
large enough satisfying e /80 < ¢, Denote K = {¢ € S|||¢||> < An}, and
K, ={¢ € K|||P¢| > 3} Let ny be

1
ng = maX{Q,np(E))\N, K),nc(N, 20" K)} ,

and choose vy small enough so that

U o_ 1 nfvAn ||Vl 7R*? 1
n < —, vonT < — and < -
P 2y, S A (m = D([Velie —1) 4

Note that if £,6,, > Ax||0,]|* for all n € [0, [n/v]], then we have
N7\ |2
(D et e
v

If not, let ng € [0, [n/v]] be the first time satisfying &£,0,, < An|0n,l*
Similar to (2.1.22) we have ||6,,11]|7 < An||0ng+1]|>. We claim that our choice
of ny will guarantee

(A.0.4) L e [

Given (A.0.4), we can find 72 € [n/(2v),n/v] such that [|0([n/v])]]? < ||0x]]* <
e AWVR/A0 Lo ANn/80 o proving (A.0.3) as desired.

Thus it only remains to prove (A.0.4). For this, define ¢,,, = U™ 16,1,
and observe

0, )
O _ Bwn g pe —Umpg, .y and Py — UM Pyl
ol N10ng+1ll
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We now consider two cases.

Case I | Pebng41]|* = §10ne1[1? (or equivalently | Bybngra ] < 3[10ng+1[?)- In
this case, we have

ny1—1 nyi—1
Z gugn()-i-m = 2 Z ||9n0+1+m||%
m=1 m=1
ni—1
> 2 v Y (I = Pn)bngti14mll”
m=1
(A.0.5)
ni—1 ni—1
> Ay YT = Py)miall* =228 D 1T = Px)(Ongs10m — Pmia) |l -
m=1 m=1

By direct calculation, we also have

1
(I = Px)émaa|* 2 S = Prx) Pepmpal* = 11 = Prv) Bpbmsa |

1 1 m m

> §||UmPc¢9n0+1||2 - §”PNU Pc@no—H”2 - HU Pp9n0+1||2
1 1 m

= §||P<:9no-|—1||2 - §||PNU P08n0+1||2 - ||Pp9no+1||2-

By Lemmas A.0.1,A.0.2, and the choice of ny, we have

1 ni—1

1
DN = P)émall® 2 75 l10moall” -

n1—1 m—=1

(A.0.6)

Substituting (2.1.26) and (A.0.6) in (A.0.5) gives

ni—1
X An(ni—1) 2
> Ebngrm = ————|On11|I”
o 0 20 0

Since ||0ngsn, |2 = [|0nos1ll> — ¥ S €0y +m, We further have

vAn(ng —1)
N R s [ &
I/)\an _VANTI

< (- MOnoll* < ™50 (160, ]I*
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Case II: | Pybnyi1ll* = 110nys1ll? (or equivalently || Pebngsi]|* < §l10ng+1]1?).
By Lemma A.0.2, we have

1 ny—1

ZHPNU Popyilli = 5AN]160nes1 |17,

1= m=1

and Lemma A.0.1 yields

(A.0.7)

R m )\N
(AOS) Ny — Z ||PNU Pceno—HH% X ||67L0+1||2
m=1
Combining (A.0.7) and (A.0.7), we get
1 ni—1 9 9
(AOQ) ny — 1 Z HPNUmeno-HHl 2 2)\NH0n0+1H .
m=1

By (2.1.26) and (2.1.21), we have

1 nip—1 ) TL%I/ ni—1
ny — 1 Z ||9n0+1+m ¢m+1|| < Z ||U6n0+1+m”1
ny1—1
|25 Ong 1 |17

”1V||V90||2n1+2

X ‘97‘& i
(1~ D([Velz~ - 1Pl
1
< ZH m)-i-l” )
which implies
1 ni—1 2 AN 9
(A.0.10) 1 Z | PN (Ongr14m — Pmr1) |7 < Heno—HH

m=1
Equation (A.0.9) together with (A.0.10) gives

ni—1 ni—1 )\

N
(A'O'll) Z ”enoJrlerHl Z HPN@noJrlerHl

5 (n1 — 1)[|ng11 >

We now use (2.1.21) again to get

ni—1

Z Ebrgrm = An(n1 = 1)[[Ong ||
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which, as before, yields

_V/\an
16rgns I < €72 10 [1*

This proves (A.0.4) as desired, finishing the proof.
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