










Proof of Theorem 8.4 (without discounting).









Remark 8.12. The arbitrage free price does not depend on the mean return rate!



Question 8.13. Consider a European call with maturity T and strike K. The payoff is VT = (ST − K)+. Our
proof shows that the arbitrage free price at time t ⩽ T is given by Vt = c(t, St), where c is defined by (8.5). The
proof uses Itô’s formula, which requires c to be twice differentiable in x; but this is clearly false at t = T . Is the
proof still correct?



Proposition 8.14 (Put call parity). Consider a European put and European call with the same strike K and
maturity T .
▷ c(t, St) = AFP of call (given by (8.5))
▷ p(t, St) = AFP of put.
Then c(t, x) − p(t, x) = x − Ke−r(T −t), and hence p(t, x) = Ke−r(T −t) − x − c(t, x).



8.3. The Greeks. Let c(t, x) be the arbitrage free price of a European call with maturity T and strike K when
the spot price is x. Recall

c(t, x) = xN(d+) − Ke−rτ N(d−) , d±
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, τ = T − t .

Definition 8.15. The delta is ∂xc.

Remark 8.16 (Delta hedging rule). ∆t = ∂xc(t, St).

Proposition 8.17. ∂xc = N(d+)





Definition 8.18. The Gamma is ∂2
xc and is given by ∂2
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Definition 8.19. The Theta is ∂tc, and is given by ∂tc = −rKe−rτ N(d−) − σx
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Proposition 8.20. (1) c is increasing as a function of x.
(2) c is convex as a function of x.
(3) c is decreasing as a function of t.



Remark 8.21. To properly hedge a short call, you always borrow from the bank. Moreover ∆T = 1 if ST > K,
∆T = 0 if ST < K.









Remark 8.22 (Delta neutral, Long Gamma). Say x0 is the spot price at time t.
• Short ∂xc(t, x0) shares, and buy one call option valued at c(t, x0).
• Put M = x0∂xc(t, x0) − c(t, x0) in the bank.
• What is the portfolio value when if the stock price is x (and we hold our position)?

▷ (Delta neutral) Portfolio value = c(t, x) − tangent line.
▷ (Long gamma) By convexity, portfolio value is always non-negative.





9. Multi-dimensional Itô calculus
• Let X and Y be two Itô processes.
• P = {0 = t1 < t1 · · · < tn = T} is a partition of [0, T ].

Definition 9.1. The joint quadratic variation of X, Y , is defined by

[X, Y ]T = lim
∥P ∥→0

n−1X

i=0
(Xti+1 − Xti

)(Yti+1 − Yti
) ,

Remark 9.2. The joint quadratic variation is sometimes written as d[X, Y ]t = dXt dYt.



Lemma 9.3. [X, Y ]T = 1
4 ([X + Y, X + Y ]T − [X − Y, X − Y ]T )


