





7. Review Problems

Problem 7.1 (From 2021 Midterm). Consider a discrete time market consisting ofand a_stock. The bank
pays interest rate r = 5% at every time period. Let :S:g denote the stock price at timén, and we know Sy = $10.
The stock price changes according to the flip of a fair coin: if the coin lands heads the stock price increases by
10% (i.e. Spy1 = 1. lS,ﬁld if the coin lands tails the stock price decreases by 5% (i.e. Sp41 = 0.955,). A

option pays the holder|(S3, |at time N = 5. Find the arbitrage free price of this option at time n = 1. Also ﬁnd
the number of shares héld 1n the replicating portfolio at time n = 0. Round your final answer two decimal places.

(I recommend rounding intermediate steps to three decimal places.)
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Problem 7.2. f 0 < r < s < t, find E(W;W;) and \E(W,. W, W;).
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Problem 7.3. Define the processes X,Y, Z by

t
e_szds7 Yt:exp(/ Wsds>7 Z, =tX?

Decompose each of these processes as the sum of a martingale and a process of finite first variation. What is the
quadratic variation of each of these processes?
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Problem 7.4. Define the processes X,Y by

t t
def def
Xt:e Wsds, t =
— 0 ==

Given 0 < s < t, compute EX;, EY;, E;X;, E.Y;.

\‘\(T?
= o
(l
Om
Q \g- o
_f
=
I
- S Q/Q@——
T
o
=
=
..{







t
Problem 7.5. Let M; = / WsdWs. Find a function f such that
0

&) d—efexp M — / f(s, Ws) ds

is a martingale.



Problem 7.6. Suppose 0 = o, is a deterministic (i.e. non-random) process, and M is a martingale such that
d[M, M]t = 0'? dt.

t
Xt :/ Uuqu
0

(1) Given \,s,t € R with 0 < s < t compute Ee*Vt and E erM:=Ms

(2) If r < s compute E exp(AM,. + u(M; — My)).

(3) What is the joint distribution of (M,, My — M,)?

(4) (Lévy’s criterion) If d[M, M|, = dt, then show that M is a standard Brownian motion.



Problem 7.7. Define the process X,Y by
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Problem 7.8. Let M; = / WsdWs. For s < t, is My — M independent of F,?7 Justify.
0



Problem 7.9. Determine whether the following identities are true or false, and justify your answer.

¢
(1) e** sin(2W;) = 2/ % cos(2W,) dW.
0

¢
(2) |Wy| = / sign(Ws) dWs. (Recall sign(z) =1if > 0, sign(z) = —1 if x < 0 and sign(z) =0if x =0.)
0



