




Theorem (Itô’s formula, Theorem 6.29). If f ∈ C1,2, then

df(t, Xt) = ∂tf(t, Xt) dt + ∂xf(t, Xt) dXt + 1
2∂2

xf(t, Xt) d[X, X]t

Remark 6.37. If dXt = bt dt + σt dWt then

df(t, Xt) =
�

∂tf(t, Xt) + bt∂xf(t, Xt) + 1
2σ2

t ∂2
xf(t, Xt)

�
dt + ∂xf(t, Xt)σt dWt .



Intuition behind Itô’s formula.



Intuition behind Itô’s formula.







Example 6.38. Find the quadratic variation of W 2
t .



Example 6.39. Find
Z t

0
Ws dWs.





Example 6.40. Let Mt = Wt, and Nt = W 2
t − t.

▷ We know M, N are martingales.
▷ Is MN a martingale?





Example 6.41. Let Xt = t sin(Wt). Is X2
t − [X, X]t a martingale?



Example 6.42. Say dMt = σt dWt. Show that M2 − [M, M ] is a martingale.





Theorem 6.43 (Lévy’s criterion). Let M be a continuous martingale such that M0 = 0 and [M, M ]t = t. Then
M is a Brownian motion.




















