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Theorem 6.17. If / D7 dt < oo|dLgy, then:

(1) Ir = lim Ip(T) exists a.s., and EI(T)? < c0.
= IPI=20 ==
—
(2) The process IT is a martingale: E Iy = E D dW = / D, dW, = I
’N—éj O =

(3) [I,1]r :/ D} dt a.s.
—_— 0o —

T
Remark 6.18. If we only had / D?dt < oo ass., then I(T) = |\119i\|m OIP(T) still exists, and is finite a.s. But it
—

0
may not be a martingale (it’s a local martingale).
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Corollary 6.19 (Itd isometry). /DdW E/ D2 dt

Proof.
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Proposition 6.20. If% aeR, D D adapted processes ( 0(_ & LQW@}OW )4/\&7‘ WJ@M)

T
mD +aD,) dW, —\_/ D, dWy +a/ D, dW,
0
T
Proposition 6.21. / Dy dW, +/ DgdWy —— S D &M’)

Question 6.22. IfD >0, then must fo Dy dW; > 07

i
By D=4 %;MKM.

o &TL by, = W /)/%/Z anld b 20,



Remark 6.23. (1) For Riemann-Sticltjes ntglw DJc g{%@b

(2) For Ito ntgl—/DdW typically does not exist.

— <\§ % %> Hﬁ
( \fb> DNk @5 DW Nﬂﬂ%@



6.5. Semi-martingales and It6 Processes.

t
Question 6.24. What is / WsdW,?
0



Definition 6.25. A semi-martingale is a process of the form X = Xo + B + M where:

> Xg is Fp-measurable (typically X, is constant).
> B is an adapted process with finite first variation (aka bounded variation).
> M is a martingale. S

/—\/—5
Definition 6.26. An [{6- process is a semi-martingale X = Xo + B B+ M where:

I>Bt /bds w1th/|b\ds<ooé\ (AQQ/VW/IM’ Vl/\*>

> Mt—/ s AW, Wlth/|05|2d8<00 e— 4[,71.9 ‘“/\i-’
0 0

~

Remark 6.27. Short hand notation for Itd processes: dXt =bydt + oy th.

Remark 6.28. Expressing X = Xo+ B + M (or dX = bdt +o dW) is called the semi-martingale decomposition
or the Ito decomposition of X. JG —
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(t, Xt)ilét + iaif(thL) d[X, X1

—

Theorem 6.29 (It6 formula). If f € C12
df (t, Xy) = 0 f(t, Xy) dt +10. f
;2 = ~

Remark 6.30. This is the main tool we will use
understanding all the notions involved.

J[%LML%& M/L Wiy JMW «w/t& T W{jw

oing forward. We will return/fand study it thoroughly after
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Proposition 6.32 (Uniqueness). The It6 decomposition is unique. That is, if X = @ B+M=Yy+C+N,
with: = = = =
> B,C bounded variation, By = Cy =0 _
> M, N martingale, My = Ny = 0.

Then Xo =Yy, B=C and M = N.










Corollary 6.33. Let dX; : oy dWy with Efot bsds < o0 and Efg Ug ds < 0o. Then X is a martingale
if and only if b=0.

bk G K e n mg.



T T T
Definition 6.34. If dX = bdt + o dW, define D;dX; = D;b; dt + / Doy dW;.
- A v

T T
Remark 6.35. Note / D;b; dt is a Riemann integral, ind / Doy dW; is a It6 integral.
0 0 U



6.6. Itd’s formula.

Remark 6.36. If f an d@ e differ df(t bl)thjf(t Xt)cit;+?£f(taXt>‘%_£
\
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Theorem (It6’s formula, Theorem 6. 29)/5 f(@ t@%

(4 X0) = 9] (4 X0 e+ 0214 X0 4 + SO2T( X0) dIX, X],
T~ T~~~

Remark 6.37/ If dX; = by dt + oy dW; then % k/—\/-’
_ e~ y)
_|_

1
df(t, X,) = <8tf(t X,) +gg‘ 507 B, f (t, X;)o0 AW .



Example 6.38.

Find the quadratic variation of W2.

‘B)DJ(/ O
0L = 2
2

Gl =7
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