LECTURE NOTES ON MEASURE THEORY
FALL 2022

GAUTAM IYER

Department of Mathematical Sciences, Carnegie Mellon University, Pittsburgh, PA

E-mail address: gautam@math.cmu.edu.

15213.

1.
2.
3.

3.1
3.2.

4

4.1.
4.2.
4.3.
4.4.

5

5.1.
5.2.
5.3.
0.4.

6

6.1.
6.2.
6.3.

7

7.1.
7.2.
7.3.

8

8.1.
8.2.
8.3.
8.4.

9

9.1.
9.2.
9.3.

10.

CONTENTS

Preface.
Sigma Algebras and Measures
Lebesgue Measure
Lebesgue Outer Measure
Carathéodory Extension
Abstract measures
Dynkin systems
Regularity of measures
Non-measurable sets
Completion of measures
Measurable Functions
Measurable functions
Cantor Function
Almost Everywhere
Approximation
Integration
Construction of the Lebesgue integral.
Dominated convergence
Push forward measures
Convergence
Modes of convergence
LP spaces
Uniform integrability
Signed Measures
Hanh and Jordan Decomposition Theorems
Absolute Continuity
Dual of LP
Riesz Representation Theorem
Product measures
Fubini and Tonelli theorems
Convolutions
Fourier Series
Differentiation

10.1. Lebesgue Differentiation
10.2. Fundamental theorem of calculus.
10.3. Change of variables

11.

Fourier Transform

11.1. Definition and Basic Properties
11.2. Fourier Inversion
11.3.  L2-theory

© O© © WO TIJJJJOO0 0O O ULUt Uik i W wwN



Appendix A. The d-dimensional Hausdorff measure in R?
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1. Preface.

These notes originated as slides I used while teaching this course remotely in
2020. They mainly contain theorem statements and definitions. I projected them
(spaced out) in class, and filled in the proofs by writing over them with a tablet.
The annotated version of these slides with handwritten proofs, can be found on the
2020 website. The ETEXsource of these slides is also available on git.



2. Sigma Algebras and Measures
o Motivation: Suppose f,: [0,1] — [0,1], and (f,) — 0 pointwise. Prove
1
lim fn=0.

n—oo
> Simgle to state using Riemann integrals. Not so easy to prove. (Challenge!)
> Will prove this using Lebesgue integration.
— Riemann integration: partition the domain (count sequentially)
— Lebesgue integration: partition the range (stack and sort).
e Goal:
> Develop Lebesgue integration.
> Need a notion of “measure” (generalization of volume)
> Need “o-algebras”.
e Why o-algebras?

Theorem 2.1 (Banach Tarski). There existsn € N, sets Ay, ..
R? such that:

(1) A1, ..., A, partition B(0,1).

(2) There exist isometries R; such that Ry(A1), ...

., A, € B(0,1) C

, R.(Ay) partition B(0,2).
e How do you explain this?

Definition 2.2 (c-algebra). Let X be a set. We say X C P(X) is a o-algebra on
X if:

(1) Nonempty: § € &

(2) Closed under compliments: A € ¥ = A° € X.

(3) Closed under countable unions: 4; € ¥ = J;=, 4; € .

Remark 2.3. Any o-algebra is also closed under countable intersections.
Question 2.4. Is P(X) is a o-algebra?

Question 2.5. Is ¥ = {), X} is a o-algebra?

Question 2.6. Is ¥ = {A||A] < 00 or |A°] < oo} a o-algebra?

Question 2.7. Is ¥ = {A| either A or A€ is finite or countable} a o-algebra?
Proposition 2.8. IfVa € A, ¥, is a 0-algebra, then 50 is () ,c 4 Ya-

Definition 2.9. If £ C P(X), define o(€) to be the intersection of all o-algebras
containing £.

Remark 2.10. o(€) is the smallest o-algebra containing £.

Definition 2.11. Suppose X is a topological space. The Borel o-algebra on X is
defined to be the o-algebra generated by all open subsets of X. Notation: B(X).

Question 2.12. Can you get B(X) by taking all countable unions / intersections
of open and closed sets?

Question 2.13. Is B(R) = P(R)?

Definition 2.14. Let X be a o-algebra on X. We say p is a (positive) measure on
(X,%) if:

(1) p: ¥ —[0,00]

(2) u(0) =0
(3) (Countable additivity): FEj,FEs,--- € ¥ are (countably many) pairwise
disjoint sets, then (e, Ei) = > ooy u(E;).

Question 2.15. Is the second assumption necessary?
Question 2.16. Let u(A) = cardinality of A. Is p a measure?

Question 2.17. Fiz xg € X. Let u(A) =1 if xg € A, and 0 otherwise. Is u a
measure?

Theorem 2.18. There exists a measure A on B(R?) such that \(I) = vol(I) for all
cuboids I.

+ Goal: Define [, fdu (the Lebesgue integral).
o Idea:
> Say s : X — R is such that s = Zf[ a;14,, for some a; € R, A; € ¥.. (Called
simple functions.)
> Define [y sdu = ZJIV aiph(A4;).
> If f >0, define [y fdu=sup,c; [y sdp.
o Will do this after constructing the Lebesgue measure.

3. Lebesgue Measure
3.1. Lebesgue Outer Measure.

Definition 3.1. We say I C R is a cell if T is a finite interval. Define ¢(I) =
sup I —inf I.

Definition 3.2. We say I C R? is a cell if it is a product of cells. If I = I} x - - - x Iy,
then define ¢(I) = Hle 0(1;).

Remark 3.3. ((I) = (1) = ¢(I).
Remark 3.4. 0 = Hf(a, a), and so £(0) = 0.
Remark 3.5. For all a € R, (1) = £(I + ).

Theorem 3.6. There exists a (unique) measure A on (R, B(R?)) such that \(I) =
L(I) for all cells I.

Question 3.7. How do you extend ¢ to other sets?

Definition 3.8 (Lebesgue outer measure). Given A C R?, define
A (A) = inf{Zf([k) ‘ AC UIk7Where I, is a cell} .
1 1

Remark 3.9. Some authors use m* instead of A*.

Remark 3.10. \* is defined on P(R?); but only “well behaved” on a o-algebra.
Question 3.11. What is \*(0)) ? What is \*(R%)?

Proposition 3.12. If E C F, then A\*(E) < \*(F).



Proposition 3.13. If By, E, ... C R%, then \*(UE;) < > A (E;).
Proposition 3.14. Let A, B C R?, and suppose d(A, B) > 0. Then \*(AU B) =
Ax (A) + A= (B).

Proof: Only need to show \*(AU B) > A\*(A) + \*(B). If A*(AU B) = oo, we are
done, so assume \*(A U B) < co.

Proposition 3.15. If I CR? is a cell, then \*(I) = ¢(I).

Lemma 3.16. If {I;.} divide I by hyperplanes, then Y ¢(It) = £(I).

Lemma 3.17. \*(A) = inf{>_¢(I;) | A C UIy, and I} are all open cells}.

Proof of Proposition 3.15: Suppose first I is closed (hence compact). Pick £ > 0.

Proposition 3.18 (Translation invariance). For all A C R?, a € R?, \*(A) =
M (a+ A).

3.2. Carathéodory Extension. Our goal is to start with an outer measure, and
restrict it to a measure.

Definition 3.19. We say p* is an outer measure on X if:
(1) p*: P(X) — [0,00], and p*(0) = 0.
(2) If A C B then p*(A4) < p*(B).
(3) If A; C X (not necessarily disjoint), then p* (U2, A4;) < >oio ) ¥ (A4;).

Ezxample 3.20. Any measure is an outer measure.

FEzample 3.21. The Lebesgue outer measure is an outer measure.

def

Theorem 3.22 (Carathéodory extension). Let ¥ = {E C X | u*(A) = p*(ANE)+
pw (AN E°) YA C X}. Then X is a o-algebra, and p* is a measure on (X,X).

Remark 3.23. Clearly p*(A) < p*(ANE) + p* (AN E°) for all E, A.

Intuition: Suppose p* = A*. In order to show p*(A) > p*(ANE) + pu*(AN E°),
cover A by cells so that u*(A) > > ¢(Ix) —e. Split this cover into cells that intersect
FE and cells that intersect E°. If E is nice, hopefully the overlap is small.

Proof of Theorem 3.22

(1) D ex.
EeY = E°e€X.

(2)
(3) E,FeX = EUF e3X. (Hence Er,...,E, € X = UVE; €X.)
(4)

If Ey,...,E, € ¥ are pairwise disjoint, A C X, then p*(A N (ULE;)) =
St (AN E).

(5) X is closed under countable disjoint unions, and p* is countably additive
on X.

Proof: Let Ey, Es, ..
Remark 3.24. Note, the above shows p*(A N (UPE;)) = D07 u* (AN E;).

Definition 3.25. Define the Lebesgue o-algebra by L(RY) = {E | \*(A) = \* (AN
E)+ M*(AN E°) VA C R},

Definition 3.26. Define the Lebesgue measure by A\(E) = \*(E) for all E € L(R?).

., € ¥ be pairwise disjoint, and A C X be arbitrary.

Remark 3.27. By Carathéodory, £(R?) is a o-algebra, and ) is a measure on L.
Question 3.28. Is L(R?) non-trivial?

Proposition 3.29. If I C R is a cell, then I € L(R?).

Proof:

Proposition 3.30. £(R?) D B(R?).

Remark 3.31. We will show later that £(RY) = B(RY) + N, where N = {A C R? |
A*(A) = 0}.

Here are two results that will be proved later:

Theorem 3.32. L(RY) D B(RY). (In fact the cardinality of L(R?) is larger than
that of B(RY).)

Theorem 3.33. L(R?) C P(RY).

Theorem 3.34 (Uniqueness). If u is any measure on (RY, B(R?)) such that u(I) =
M) for all cells, then u(E) = X\(E) for all E € B(R?).

Question 3.35. Let £ C P(X), and suppose p, v are two measures which agree on
E. Must they agree on o(E)?

4. Abstract measures

4.1. Dynkin systems.

Question 4.1. Say u,v are two measures such that p=v on Il CX. Must u =v
on o(II)?
> Clearly need II to be closed under intersections.

Question 4.2. Let A={A € X | pu(A) =v(A)}. Must A be a o-algebra?

> If A,Be A, must AUB € A?

> IfACB, A Be A must B— A€ A?

> If A; C Ai+l € A, must UTCAZ' e AN?

Definition 4.3. We say A C P(X) is a A-system if:
(1) X eA
(2) f AC Band A,B € A then B— A€ A.
(3) If A, € A, A, € Ay then USPA, € A.

Definition 4.4. We say IT C P(X) is a m-system if whenever A, B € II, we have
ANnBell

Lemma 4.5 (Dynkin system lemma). If I is a w-system, and A DO II, then
A D o(II).

Corollary 4.6. If u, v are finite measures such that yp = v on Il, and II is closed
under intersections, then = v on o(II).

Proof of Lemma 4.5



(1) The arbitrary intersection of A-systems is a A-system. So it make sense to talk
about A(II).
) If A DI, then A D A(II).
) If A is both a m-system and a A-system, then A is a o-algebra.
) To finish the proof, we only need to show A(II) is closed under intersections.
) Let C' € A(I), and define Ac = {B € A(II) | BN C € A(II)}. Then A¢ is a
A-system.
(6) If B,C € A\(II), then BN C € X(II).
> Suppose first D € II. Then D N B € A(II) for all B € A(II).
> For all B € A(II), we must have Ap D A\(II).

(2
(3
(4
(5

4.2. Regularity of measures.

Definition 4.7. Let X be a metric space, and p be a Borel measure on X. We say
u is regular if:

(1) For all compact sets K, we have u(K) < co.

(2) For all open sets U we have p(U) = sup{u(K) | K C U is compact}.

(3) For all Borel sets A we have p(A) = inf{u(U) |U D A, U open}.

Motivation:

> Approximation of measurable functions by continuous functions
> Differentiation of measures

> Uniqueness in the Riesz representation theorem

Question 4.8. If u is reqular, is u(A) = sup{u(K) | K C A, K compact} for all
Borel sets A?

Remark 4.9. (1) If X = RY and p is regular, then u(A) = sup{u(K) | K C
A, K compact}.

(2) Further, for any € > 0 there exists an open set U O A and a closed set C C A
such that u(U — C) < e.

(3) If u(A) < oo, then can make C above compact.

Proof. Will return and prove it using the next theorem. O

Theorem 4.10. Suppose X is a compact metric space, and i is a finite Borel
measure on X. Then p is reqular. Further, for any e > 0, there exists U O A open
and K C A closed such that p(U — K) < e.

Proof:

(1) Let A ={A € B(X)|Ve >0, 3K C A compact, U 2O A open, such that pu(U —
K) < e}.

(2) A contains all open sets.

(3) Ais a A-system. (In this case it’s easy to directly show that A is a o-algebra.)

(4) Dynkin’s Lemma implies A D B(X), finishing the proof.

Corollary 4.11. Let X be a metric space and p a Borel measure on X . Suppose
there exists a sequence of sets B, C X such that B, C B,t1, B, is compact,
X =U°B,, and p(By) < 0o. Then u is reqular. Further:

(1) For any A € B(X), u(A) = sup{p(K) | K C K is compact}.

(2) For any € > 0, there exists U O A open and C C A closed such that
wlU—-0) <e.
Proof. On homework. O
Corollary 4.12. Let A € L(R?).
(1) X(A) =inf{\{U) |U 2 A, U open} =sup{\(K) | K C A, K compact}.
(2) For any € > 0, there exists C C A closed and U D A open such that
ANU-C)<e.

4.3. Non-measurable sets.

Theorem 4.13. There exists E C R such that E ¢ L(R).

(
(2) Let E C R be such that |[ENCy| =1 for all a.

(3) Note if g1, g2 € Q with g1 # qo, then ¢ + ENgs + E = 0.

(4) Suppose for contradiction E € L(R).

(5) A(E)>0

(6) AM(E) =0 (contradiction).

Here are two results that we won’t prove (or use later) in the interest of time.
Theorem 4.14. Let A C R%. Every subset of A is Lebesque measurable if and only
if A(A*) =0.

Theorem 4.15. There exists a set A C R such that:

(1) If E € L(R) and E C A, then A\(E) = 0.

(2) If E € L(R) and E C A, then A\(E) = 0.
4.4. Completion of measures.
Theorem 4.16. A € L(R?) if and only if there exist F,G € B(R?) such that
FCACG and A(G—-F)=0.
Corollary 4.17. Let N = {A C R? | \*(A) = 0}. Then A € L(R?) if and only if
A= BUN for some B € B(R?) and N € N.
Definition 4.18. Let N ={AC X |IE€ X, ED A, p(E)=0}. Wesay (X,X,u)
is complete if /' C 2.

Remark 4.19. If ¥ is given by Carathéodory (Theorem 3.22), then X is p-complete.

Definition 4.20. Let (X, X, 1) be a measure space. We define the completion of ¥
with respect to the measure u by

¥, Z{AC X |3F,G € ¥ such that FC AC G and u(G — F) =0}
For every A € £, find F, G as above and define ji(A) = u(F).

Proposition 4.21. ¥, is a o-algebra, i is a measure on 3, and (X,X,, /1) is
complete.

Proposition 4.22. ¥, = 0(XUN), and ¥, is the smallest ji-complete o-algebra
containing 2.



Proposition 4.23. £L(R?) = o(B(R?) UN), and L(R?) is the completion of B(R?)
with respect to .

Remark 4.24. There could exist p-null sets that are not in 3.

5. Measurable Functions

5.1. Measurable functions.

Definition 5.1. Let (X, X, 1) be a measurable space, and (Y, 7) a topological space.

We say f: X — Y is measurable if f~1(7) C X.
Remark 5.2. Y is typically [—oo, 0o}, R, or some linear space.
Remark 5.3. Any continuous function is Borel measurable, but not conversely.

Question 5.4. Say f: X — Y is measurable. For every B € B(Y), must f~1(B) €
x?

Theorem 5.5. Say f: X — Y is measurable. Then, for every B € B(Y'), we must
have f~1(B) € X.

Lemma 5.6. Let f: X — Y be arbitrary, and ¥ be a o-algebra on X. Then
Y ={ACY|fA) € X} is a o-algebra (on Y ).

Proposition 5.7. Suppose B(Y) = o(C) for some C CP(Y). Then f: X =Y is
measurable if and only if f~*(C) € ¥ for all C € C.

Corollary 5.8. Let f: X — [—00,00]. Then f is measurable if and only if for all
a € R, we have {f <a} € X.

Lemma 5.9. If f: X — R™ is measurable, and g: R™ — R"™ is Borel, then
go f: X — R™ is measurable.

Question 5.10. Is the above true if g was Lebesque measurable?

Theorem 5.11. Let f,: X — R be a sequence of measurable functions. Then
sup fn, inf f,,, limsup f,, liminf f,, and lim f,, (if it exists) are all measurable.

Lemma 5.12. Let f,g: X — R. The function (f,g): X — R? is measurable if and
only if both f and g are measurable.

Corollary 5.13. If f,g: X — R are measurable, then so is f + g, fg and f/g
(when defined).

5.2. Cantor Function.

Definition 5.14 (Cantor function). Let C be the Cantor set, and o = log2/log3
be the Hausdorff dimension of C. Let f(z) = Ho(C N[0, z])/H(C).

(1) f(0) =0, f(1) =1 and f is increasing. (In fact, f is differentiable exactly on
C¢, and f’ =0 wherever defined.)

(2) f is continuous everywhere. (In fact f is Holder continuous with exponent
a =log2/log3.)

(3) Let g = f~1. That is, g(x) = inf{y | f(y) = 2} (Note, since f is continuous

fg(x)) = x)).

Proposition 5.15. The function g: [0,1] — C is a strictly injective Borel measur-
able function.

Theorem 5.16. L(R) D B(R).

Theorem 5.17. There exists hi,ho: R — R such that hy is L(R)-measurable, ho
is B(R) measurable, but hy o hy is not L(R) measurable.

Remark 5.18. Note hy o hy has to be B(R)-measurable.
5.3. Almost Everywhere.

Definition 5.19. Let (X, X, 1) be a measure space. We say a property P holds
almost everywhere if there exists a null set IV such that P holds on V€.

Ezample 5.20. If f, g are two functions, we say f = g almost everywhere if {f # g}
is a null set.

Ezample 5.21. Almost every real number is irrational.

AMAN (2,2 + h))
h

Ezample 5.22. If A € L(R), then }llir%
—
(Contrast with HW3, Q3b)

= 14(z) for almost every z.

Example 5.23. Let x € (0,1), and p,/q, be the n'" convergent in the continued
2

fraction expansion of z. Then lim 842 — Lrrel
n—oo M og

Assume hereafter (X, X, 1) is complete.
Proposition 5.24. If f = g almost everywhere and f is measurable, then so is g.

Proposition 5.25. If (f,) — f almost everywhere, and each f, is measurable, then
sois f.

5.4. Approximation.

Definition 5.26. A function s: X — R is called simple if s is measurable, and has
finite range (i.e. s(R) = {a1,...an}).

Question 5.27. Why bother with simple functions?

Theorem 5.28. If f > 0 is a measurable function, then there exists a sequence of
simple functions (s,) which increases to f.

Corollary 5.29. If f: X — R is measurable, then there exists a sequence of simple
functions (sy) such that (s,) — [ pointwise, and |s,| < |f].

Theorem 5.30 (Lusin). Let p be a finite regular measure on a metric space X.
Let f: X — R be measurable. For any € > 0 there exists a continuous function

g: X — R such that p{f # g} <e.

Lemma 5.31 (Tietze’s extension theorem). If C C X is closed, and f: C' — R is
continuous, then there exist f: X — R such that f = f on C.

Lemma 5.32. Let f: X — R be measurable. For every e > 0, there exists C C X
closed such that n(X — C) < e and f: C — R is continuous.



Proof of Lusin’s theorem. Previous two lemmas. ([
Proof of Lemma 5.52. O
Remark 5.33. It is not true that for every measurable function f there exists a
continuous function g such that f = g almost everywhere.

6. Integration

6.1. Construction of the Lebesgue integral. Recall, s: X — R is simple if s is
measurable and has finite range.

Definition 6.1. Let s >
A;=s"

0 be a simple function. Let {aq,...,a,} = s(X), and set

L(a;). Define fxsdu S ai A

Remark 6.2. Always use the convention 0 - co = 0.
Remark 6.3. Other notation: [ sdu = [ s(x) du(z).
Proposition 6.4. If0 < s <t are simple, then [, sdu < [y tdp.
Proposition 6.5. If s, t >

Definition 6.6. Let f: X
0 < s < f, ssimple.}.

0 are simple, then [\ (s+t)dp = [y sdu+ [ tdp.
— [0, 0] be measurable. Define [, fdu = sup{ [y sdpu|

Definition 6.7. Let f: X — [—00,00] be measurable. We say f is integrable if
Jx fTdp < oo and [ f~du < oo. In this case we define [y fdu = [y fTdu—
Jx 1~ dp.

Definition 6.8. We let L*(X) = L*(X, %, 1) be the set of all integrable functions
on X. (Note f € L' < |f| € L )

Definition 6.9. We say f is integrable in the extended sense if either [ fTdu < oo
or [ f7dp < oo. In this case we still define [ fdu= [ fTdu— [ f~ dpu.

Remark 6.10. If both [y f*du =ocoand [y f~ du = oo, then [y fdp is not defined.

Question 6.11. Do we have linearity?

Proposition 6.12 (Consistency). Ifs =1 a;la,
sup{ [y tdu| 0 <t <s, simple}.

> 0 is simple, then Y a;pu(A;) =

Theorem 6.13 (Monotone convergence). Say (f,) — f almost everywhere, 0 <
fn < fn+17 then (fX fn d/‘) — fX fdlf“

Theorem 6.14. If f, g are integrable, then [(f +g)dp= [y fdu+ [y gdpu.

6.2. Dominated convergence. When does lim fX frndu # fX fdu? Two typical
situations where it fails:

(1) Mass escapes to infinity

(2) Mass clusters at a point

Theorem 6.15 (Dominated convergence). Say (fn) is a sequence of measurable
functions, such that (f,) — f almost everywhere. Moreover, there exists F € L'(X)
such that | f,| < F almost everywhere. Then lim, o [y fndp = [y fdpu.

Lemma 6.16 (Fatou). Suppose f, > 0, and (f,) — f. Then liminf fX fndp >
Jx fdp.
Proof of Theorem 6.15

Theorem 6.17 (Beppo-Levi). If f, >0, then 37" [ fadp = [ (O°7 fn) dp.

Theorem 6.18. If f: R* — R is Riemann integrable, then the Riemann integral of
f is the same as the Lebesgue integral.

Proof. 10U O

Question 6 19. Let f:[0,00) = R be measurable, and define the Laplace transform
of f by F(s fo e Stf(t)dt. Is F continuous? Is F' differentiable?

Questlon 6.20. Let ¢ be a bump function, and (g,) be an enumeration of the
rationals. Define f(x) =Y 00 ¢(2™(x — ¢n)). Is [ finite almost everywhere?

6.3. Push forward measures.
Definition 6.21. Say f: X — R? is integrable, then define
/ de: (/ fldﬂ7"'7/ fddﬂ)7 Wheref: (fla"'7fd)’
X X X
Theorem 6.22. Let (X, 3, 1) be a measure space, f: X — Y be arbitrary. Define

r={ACY|f1(A) € 3}, and define v(A) = u(f~(A)). Then v is a measure on
(Y,7) and [, gdv = [, go fdpu.

Remark 6.23. The measure v is called the push forward of p and denoted by f*(u),
or fiy-1. This is used often to define Laws of random variables. (We will use it to
prove the change of variable formula.)

Corollary 6.24. If a € RY, then [, f(z + &) d\(@) = [a f(

7. Convergence
7.1. Modes of convergence.
Definition 7.1. We say (f,) — f almost everywhere if for almost every = € X, we

have (f,(x)) — f(z).

Definition 7.2. We say (f,) — f in measure (notation (f,,) & f) if for all € > 0,
we have (u{|fn — f| > ¢}) = 0.

Definition 7.3. Let p € [1,00). We say (fn) — f in L? if ([y|fn — f|P dp) — 0.
Question 7.4. Why p > 12 How about p = c0?

(1) (fn) — f almost everywhere implies (f,) — f in measure if u(X) < co.

(2) (fn) — f in measure implies (f,) — f almost everywhere along a subsequence.

(3) (fn) — f in L? implies (f,) — f in measure (for p < c0), and hence (f,) = f
along a subsequence.

(4) Convergence almost everywhere or in measure don’t imply convergence in LP.

Theorem 7.5. If (f,) — f almost everywhere and u(X) < oo, then (f,) — f in
measure.



Lemma 7.6 (Egorov). If (fn) — [ almost everywhere and u(X) < oo, for every
€ > 0 there exists A. such that u(AS) < e and (fn) — f uniformly on Ae.

Remark 7.7. This does not imply (f,) — f uniformly almost everywhere.
Proof of Theorem 7.5

Proposition 7.8. If (f,) — f in measure then (f,) need not converge to f almost
everywhere.

Proposition 7.9. If (f,) — f in measure, then there exists a subsequence (fn,)
such that (fn,) — f almost everywhere.

Lemma 7.10 (Borel Cantelli). If > u(Ag) < oo, then almost every x belongs to
only finitely many Ay (i.e. p{x |z € Ay infinitely often} = 0).

Proof of Proposition 7.9. O
7.2. LP spaces.

Definition 7.11. A Banach space is a normed vector space that is complete under
the metric induced by the norm.

Ezample 7.12. C, R4, C(X), etc. are all Banach spaces.
1/
Definition 7.13. For p € (0, 00), define || f||, = (/ Fik du) "
X

Definition 7.14. For p = oo, define ||f|lcc = esssup|f| = inf{C > 0] |f| <
C' almost surely}

Definition 7.15. Let (X, X, ) be a measure space, and assume ¥ is p-complete.

Define £P(X) ={f: X = R|| fll, < oo}
Question 7.16. Is £P(X) a Banach space?

Definition 7.17. Define an equivalence relation on £P by f ~ g if f = g almost
everywhere.

Definition 7.18. Define LP(X) = LP(X)/ ~.

Remark 7.19. We will always treat elements of LP(X) as functions, implicitly
identifying a function with its equivalence class under the relation ~. In order to be
logically correct, however, we need to ensure that every operation we perform on
functions respects the equivalence relation ~.

Theorem 7.20. Forp € [1,00|, LP(X) is a Banach space.

Theorem 7.21 (Holder’s inequality). Say p,q € [1,00] with 1/p+1/q = 1. If
feL?andge L, then fg € L' and |[x fgdu| < | fllpllglly-

Remark 7.22. The relation between p and g can be motivated by dimension counting,
or scaling.

Brute force proof of Theorem 7.21
Proof of Theorem 7.21 using Young’s inequality.

Theorem 7.23 (Young’s inequality). If z,y > 0, 1/p+ 1/q = 1 then zy <
P /p+yi/q.
Lemma 7.24 (Duality). If p € [1,00), 1/p+1/q =1, then
1
Ifll = sup 7/ fgdu= sup / fodu.

geri—o |9llq Jx lglla=1Jx
Remark 7.25. For p = oo this is still true if X is o-finite.
Theorem 7.26 (Minkowski’s inequality). If f,g € LP, then f + g € LP and
If 4+ gllp < I fllp + llgllp-

Theorem 7.27 (Jensen’s inequality). If u(X) =1, f € LY(X), a < f < b almost
everywhere, and ¢ : (a,b) — R is convez, then

tp(/deu)</X<pOfdu-

Proof of Theorem 7.20: Only remains to show LP is complete.

Lemma 7.28. Suppose p < 00, fn € LP and Y || fullp < o0o. Let f =3 fn. Then
Fel?, Ifllp <SNfallps 3o fu— fin LP and Y f, — [ almost everywhere.

Proof of Theorem 7.20:

Proposition 7.29. Ifp € [1,00), (fn) — [ in LP, then (f,) — f in measure.
Lemma 7.30 (Chebychev’s inequality). For any A > 0, we have u({|f| > A\}) <
Sl

Proof of Proposition 7.29

7.3. Uniform integrability.

Question 7.31. When does convergence in measure imply L' convergence?

Theorem 7.32 (Vitali). Let (f,) € L*(X). The sequence (f,) is convergent in L'
if and only if
(1) (fn) converges in measure,
(2) (fn) is uniformly integrable,
(3) (Fa) s tight
Definition 7.33. Let {f, | @ € A} be a family measurable functions on (X, ¥).
(1) The family {f, | @ € A} is uniformly integrable if for all € > 0 there exists
6 > 0 such that whenever u(E) < § we have [,|f|du <e.
(2) The family {f, | @ € A} is tight if for every & > 0 there exists F' € ¥ with
p(F) < oo such that [,.|fa|dp < e for all a € A.

Proposition 7.34. If |f,| < F foralla € A, and F € L', then {f, | a € A} is
both uniformly integrable, and tight.

Proof:
Proof of Theorem 7.32



A—=00 n

Theorem 7.35. If lim sup/ | fnl di = 0, then (f,) is uniformly integrable.
{Ifnl>A}

Theorem 7.36. If there exists an increasing function ¢: [0,00) — [0,00) such that

lim #(x) = 00, and su / O(|fnl) dp < o0, then (fn) is uniformly integrable.
X

r—o00 I n
Remark 7.37. The hypothesis in both the above theorems are equivalent.

Remark 7.38. If additionally sup,, [y|fa|dp < oo, then the converse of both the
above theorems are true.

Proof:
Corollary 7.39. If (f,) — f in measure, 1(X) < 0o, and sup,,||f|l, < oo for any
p> 1, then (fn) = f in L2 for every q € [1,p).

8. Signed Measures
8.1. Hanh and Jordan Decomposition Theorems.

Definition 8.1. We say p: ¥ — [—00, 0] is a signed measure if:

(1) The range of p doesn’t contain both +o0o and —oo.

(2) p(@) =0
(3) If A; € ¥ are countably many pairwise disjoint sets then p(UPA4;) =

ZTO H(A;).
Ezample 8.2. Let f € L'(X, p), and define v by v(A) = [, fdu. Then v is a signed
measure, and we write dv = f dpu.

Ezample 8.3. If u, v are two (positive) measures such that either one is finite, then
1 — v is a signed measure.

Definition 8.4. We say A € ¥ is a negative set if u(B) < 0 for all B € ¥ with
B C A. Wesay A € X is a positive set if u(B) > 0 for all B € ¥ with B C A.

Theorem 8.5 (Hanh decomposition). If u is a signed measure on X, then X = PUN
where P is positive and N is negative.

Remark 8.6. The decomposition is unique up to null sets.

Lemma 8.7. If u(A) € (—o0, 00) then there exists B C A such that B is negative
and p(B) < p(A).

Proof: Proof of Theorem 8.5:

Theorem 8.8 (Jordan Decomposition). Any signed measure can be expressed
(uniquely) as the difference of two mutually singular positive measures.

Definition 8.9. We say two positive measures u, v are mutually singular if there
exists C' C X such that for every A € 3 we have p(ANC)=v(ANC*) =0.

Proof of Theorem 8.8

Definition 8.10. Let i be a signed measure with Jordan decomposition p = put—p~.
Define the variation of y to be the (positive) measure || = pt + p=.

Definition 8.11. Define the total variation of pu by ||u|| = |u|(X).

Proposition 8.12. Let M be the set of all finite signed measures on X. Then M
is a Banach space under the total variation norm.

8.2. Absolute Continuity.

Definition 8.13. Let p, v be two measures. We say v is absolutely continuous with
respect to f (notation v < ) if whenever p(A) = 0 we have v(A) = 0.

Ezample 8.14. Let g > 0 and define v(A) = ngd,u. (Notation: Say dv = gdu.)

Theorem 8.15 (Radon-Nikodym). If u,v are two positive o-finite measures such
v < [, then there exists a unique measurable function g such that 0 < g < oo almost
everywhere and dv = gdu.

Theorem 8.16 (Lebesgue Decomposition). Let u, v be positive measures such that
v is o-finite. There exists a unique pair of measures (Vae,Vs) such that v, < p,
vs L, and v = vy + vs.

Corollary 8.17. Let i be a positive measure, and v be a finite signed measure.
There exists a unique pair of signed measures (Vqe,Vs) such that ve. < 1, Vs L p
and Vv = Vg + Us.

Corollary 8.18. Let u,v be o-finite positive measures. There exists a unique
positive measure vs and nonnegative measurable function g such that p L vy and
dv =dvs + gdu.

8.3. Dual of LP.

Proposition 8.19. Let U,V be Banach spaces, and T: U — V be linear. Then T
is continuous if and only if there exists ¢ < oo such that | Tu|lyv < cllully for all
velU,veV.

Definition 8.20. We say T: U — V is a bounded linear transformation if 7" is
linear and there exists ¢ < oo such that ||Tully < c||ully for allu e U, v € V.

Definition 8.21. The dual of U is defined by
U*={u"|u": U — Ris bounded and linear.}

Define a norm on U* by

. 1 1
e = sup ——u(u) = sup ——u*(u) =
uev—o [[ullu lullu=1 llullu

ju (w)] -

[l sup ——
lullu=1 ||uHU

Proposition 8.22. The dual of a Banach space is a Banach space.

Proposition 8.23. Let 1/p+1/q = 1, g € L9(X). Define Ty: LP — R by
Tyf = [y fgdp. Then T, € (LP)*.

Proposition 8.24. The map g — T is a bounded linear map from LT — (LP)*.

Theorem 8.25. Let (X, X, p) be a o-finite measure space, p € [1,00), 1/p+1/q = 1.
The map g — Ty is a bijective linear isometry between LY and (LP)*.

Remark 8.26. For p € (1,00) the above is still true even if X is not o-finite.

Remark 8.27. For p = oo, the map g — T gives an injective linear isometry of
L' — (L*)*). Tt is not surjective in most cases.



8.4. Riesz Representation Theorem.

Theorem 8.28 (Riesz Representation Theorem). Let X be a compact metric space,
and M be the set of all finite signed measures on X. Define A: M — C(X)*
by Au(f) = [y fdp for all p € M and f € C(X). Then A is a bijective linear
isometry.

Remark 8.29. In particular, for every I € C(X)*, there exists a unique finite regular
Borel measure p such that I(f) = [y fdp for every f € C(X).

9. Product measures

9.1. Fubini and Tonelli theorems. Let (X, X, 1) and (Y, 7,v) be two measure
spaces. Define ¥ x 1 ={AxB|A€X, Ber},and L®@7=0(Z x 7).

Theorem 9.1. Let p,v be two o-finite measures. There exists a unique measure T
on ¥ @1 such that m(A x B) = u(A)v(B) for every A€ ¥, BET.

Theorem 9.2 (Tonelli). Let f: X x Y — [0,00] be ¥ ® T-measurable. For every
20 € X, yo € Y the functions x — f(x,y0) and y — f(xo,y) are measurable.
Moreover,

[;nytuy)dﬂwny)zulex( wﬂ/f@zy)du@ﬁ)dp@j

91) = [ ([ e a@) i),

Theorem 9.3 (Fubini). If f € LY(X x Y, ) then for almost every o € X, yo € Y,
the functions x — f(x,yo) and y — f(xo,y) are integrable in x and y respectively.
Moreover,(9.1) holds.

Lemma 9.4. Forevery E C X XY,z € X, y €Y define the horizontal and vertical
slices of E by Hy(E) ={z € X | (z,y) € E} and V,(E) ={y €Y | (z,y) € E}.

(1) For everyx € X, y € Y we have Hy(E) € ¥ and V,(E) € 7.
(2) The functions x — v(Vy(E)) and y — u(Hy(E)) are measurable.

Proof of Theorem 9.1
Proof of Theorem 9.2
Proof of Theorem 9.8

Theorem 9.5 (Layer Cake). If f: X — [0,00] is measurable then / fdu =
X

/wa>ﬂﬁ
0

oo oo oo
Proposition 9.6. If (a,,) are such that Z |Gm,n| < 00, then Z Zam,n =

m,n=0 m=0n=0
[SSINeS)
> D ma

n=0m=0

Theorem 9.7 (Minkowski’s 1nequahty) If f: X xY — R is measurable, then
1/p /p
([|[ t@naw] aw)” < [ ([ 17@or )" ww

9.2. Convolutions.
Definition 9.8. If f,g € L'(R?) define the convolution by f * g(z / flx

iy [ sl

Remark 9.9. If f,g € L'(R?), then f * g < oo almost everywhere.
Theorem 9.10 (Young). If% + % =1+1, feLP(R?), ge LYRY) then f*g €
L'(RY), and ||f = glle- < | fllzellgllze-

Remark 9.11. One can show ||f * g, < Cpqllfllpllgllq for some constant Cp , < 1.
The optimal constant can be found by choosing f, g to be Gaussian’s.

Definition 9.12. (¢,,) is an approzimate identity if: (1) ¢, > 0, (2)
and (3) Ve > 0, lim on(y)dy = 0.

n—roo

f]Rd on =1,

{lyl>e}
0 be any function with [, ¢ = 1, and set ¢, = sidg;(%)
(2mt) =% exp(—|z|?/(2t)), for z € R%.

Proposition 9.15. If p € [1,00), f € LP, and (p,) is an approximate identity,
then @, x f — f in LP.

FEzample 9.13. Let ¢ >
Ezample 9.14. Gi(x) =

Remark 9.16. For p = oo the above is still true at points where f is continuous.

9.3. Fourier Series. Let X = [0, 1] with the Lebesgue measure. For n € Z define
en(x) = e*™* and given f,g € L*(X,C) define (f,g) = [ fgdA. This defines an
inner product on L?(X), and | f||2. = (f, f)-

Definition 9.17. If f € L?, n € Z, define the n'® Fourier coefficient of f by
f(n) = (f,en).

Definition 9.18. For N € N, let Sy f = ZI_VN f(n)en, be the N-th partial sum of
the Fourier Series of f.

Question 9.19. Does Sy f — f¢ In what sense?
Lemma 9.20. (e, €)= dpm-

Corollary 9.21. Letp € span{e_y,...,
If = Snfll2 <IIf —pll2-

en}. Then (f —Snf,p) = 0. Consequently,

sin(2w (N + %)x)

Proposition 9.22. Sy f = Dy * f, where Dy = -
sin(ma)

Dy are called the Dirichlet Kernels.

. The functions

Proposition 9.23. Define the Cesaro sum by oy f = % -t Snf. Then onf =
1 /sin(N 2

Fn x f, where Fy = —(M) .
N\ sin(mz)



Remark 9.24. The functions Fy are called the Fejér Kernels.

Proposition 9.25. The Fejér kernels are an approximate identity, but the Dirichlet
kernels are not.

Corollary 9.26. Ifp € [1,00) and f € L?, then onf — f in LP.
Corollary 9.27. If f € L? then Sy f — f in L?.
Theorem 9.28. Ifp € (1,00), f € LP then Syf — f in LP.

Proof. The proof requires boundedness of the Hilbert transform and is beyond the
scope of this course. O

Theorem 9.29. If f € L*° and is Holder continuous at x with any exponent o > 0,
then Spf(z) = x

Proof. On homework. O

Remark 9.30. If f is simply continuous at x, then certainly o, f(z) — f(z), but
Snf(x) need not converge to f(x). In fact, for almost every continuous periodic
function function, Sy f diverges on a dense Gj.

The next few results establish a connection between the regularity (differentiabil-
ity) of a function and decay of its Fourier coefficients.

Theorem 9.31 (Riemann Lebesgue). Let o be a finite measure and set fi(n) =
fol Endp. If p < X, then (fi(n)) — 0 as n — oo.

Theorem 9.32 (Parseval’s equality). If f € L2([0,1]) then ||flle = || f]lz2.
Question 9.33. What are the Fourier coefficients of f'?

Definition 9.34. We say g is a weak derivative of f if (f,¢') = —(g,
€ G ([0,1]).
per

Proposition 9.35. If f € L' has a weak derivative f' € L', then (f')"(n) =
2minf(n).

Corollary 9.36. If f € L? has a weak derivative f' €
0.

v) for all

L2, then Y[(1+|n])| f(n)]]?

>0, let Hy, = {f € L*| | flla- < oo}, where || f|3. =

Definition 9.37. For s
S (L+[n))** [ f(n) .

Remark 9.38. H* is essentially the space of L? functions that also have s “weak
derivatives” in L2.

Theorem 9.39 (1D Sobolev Embedding). If s > & and Hy,, C Cper([0,1]) and the
inclusion map is continuous.

Remark 9.40. Need s > %. The theorem is false when s = 1/2.
Remark 9.41. In d dimensions the above is still true if you assume s > d/2.

Remark 9.42. More generally one can show for o € (0,1), s = 3 +n+a, H3, C C™.

per

then HS,. C L?™ and the

271 ) per

Theorem 9.43 (1D Sobolev embedding). If s > 1
inclusion map is continuous.

Remark 9.44. The above is true for s = % - %, for some p € [1,00) but our proof

won’t work.

10. Differentiation
10.1. Lebesgue Differentiation.

Theorem 10 1 (Fundamental theorem of Calculus 1). If f is continuous and
fo t) dt, then F is differentiable and F' = f.

Theorem 10.2 (Fundamental theorem of Calculus 2). If f is Riemann integrable,
and F' = f, then f;f = F(b) — F(a).
Our goal is to generalize these to Lebesgue integrable functions.

Theorem 10.3 (Lebesgue Differentiation). If f € L'(R%), then for almost every
RY, 1 d\ =
R B Sy

7 50

Lemma 10.4 (Vitali Covering Lemma). Let W C UYNB(x;,7;). There eists

S C{l,...,N} such that:
(1) {B(x;,r;) |i € S} are pairwise disjoint.
(2) W C UjesB(x;,3r;) and hence [W| < 34Y, o B(wi, ;).

Definition 10.5 (Maximal function). Let p be a finite (signed) Borel measure on
R?. Define the mazimal function of u by

[l (B(x, 7))
Mup(x) = sup ————7-
N( ) r>0 |B(9c,7”)|
Proposition 10.6. My € LY, and |[Mu > o| < %Hu”

Corollary 10.7. If f € LY(RY), then |{Mf > o}

1
Proposition 10.8. If f € L*(RY), then lim
r—0 |B(z,r)|

< B fll
[f(y) — f@)|dy =0

ly—z|<r
almost everywhere.

Remark 10.9. This immediately implies Theorem 10.3.

Corollary 10.10. If u < A is a finite signed measure, then the Radon-Nikodym

d B
derivative is given by dl;\ = lim ! W
T €T.T

Remark 10.11. Wil use this to prove the change of variables formula.
Theorem 10.12. Let p be a finite signed measure which is mutually singular with
respect to the Lebesgue measure.

(1) Z = 0, A-almost everywhere.

(2) d‘“ = 00, |p|-almost everywhere.



10.2. Fundamental theorem of calculus.

Question 10.13. Does f: [0,1] — R differentiable almost everywhere imply [’ €
L'?

Questlon 10.14. Does f: [0,1] — R differentiable almost everywhere, and f' € L'
imply f(x) = [ f'?

Definition 10.15. We say f: R — R is absolutely continuous if for every € > 0
there exists § > 0 such that for every finite disjoint collection of intervals (x1,y1),

.., (zN,yN), such that quxz —yi| < 9, we have me(xz) — fly)| <e.
Remark 10.16. Any absolutely continuous function is continuous, but not conversely.

Theorem 10.17. Let f: [a,b] — R be measurable. Then f is absolutely contz’nuous
if and only if f is differentiable almost everywhere, f' € L', and f(z f I
everywhere.

Proof of the reverse implication of Theorem 10.17

Lemma 10.18. If f is absolutely continuous, monotone and injective, then f is
differentiable almost everywhere, f' € L' and f(z) — f(a) = f; f! everywhere.

Lemma 10.19. If f is absolutely continuous and monotone, then f is differentiable
almost everywhere, f' € L' and f(z) — f(a) = faz f! almost everywhere.

Lemma 10.20. If f is absolutely continuous then there exist g, h increasing such
that f =g — h.

Proof of the forward implication of Theorem 10.17. Follows immediately from the
previous lemmas. O

10.3. Change of variables.
Theorem 10.21. Let U,V C R? be open and ¢: U — V be C' and bijective. If
feLYV), then / fdx= / fopldet V| dA.
v U
= AMep(4)).
Lemma 10.22. p is a Borel measure and [, f o odp = [, fdX.

The main idea behind the proof is as follows: Let u(A)

Lemma 10.23. p < A

|det V|, where Du(x) = lim wB(@,r))

Lemma 10.24. Dy = N TERS T

Proof of Theorem 10.21. Follows immediately from the above Lemmas. (|

Proof of Lemma 10.22
Proof of Lemma 10.23
Proof of Lemma 10.24

11. Fourier Transform
11.1. Definition and Basic Properties.
(1) Recallif f € L2([0,1]), we set e, (x) = ™", a,, = fol f(x)e

f=>ane, in L?.
(2) Suppose now f € L2, ([-L/2,L/2]). Can we rescale and send L — 00?

Definition 11.1. If f € L'(R?), ¢ € R?, define the Fourier transform of f (denoted
by f) by f(¢) =/ fla)e TS dg
R4

—2minz gy and got

Remark 11.2. More generally, if p is a finite (signed) Borel measure, then can define
ple) = [ e o)
Rd

Analogous to Fourier series, we will show that f is defined even for f € L?, and

)= [ Foermo i

Lemma 11.3 (Linearity). If f,g € L', a € R then (f + ag)" =
Lemma 11.4 (Translation). Let 7, f(z) = f(z —y). Then

(ry )" (§) = e f(g).
Lemma 11.5 (Dilations). Let 0xf(x) = 37 f(%). Then (6xf)"(&) = F(X6).
Lemma 11.6. If f,g € L', then (f * g)" = f3.
Lemma 11.7. If (1 + |z])f(z) € LY(R%) then 9, f(€) = (—2miz; f () (€).
Lemma 11.8. If f € C}, 8;f € L', then (9;f)(€) = 2mi&; f(£).

Theorem 11.9 (Riemann-Lebesgue Lemma). If f € L, then f € Cy and || f||p~ <
1fllze-

11.2. Fourier Inversion.

prove f(x

f+oz§.

Theorem 11.10 (Inversion). If f,feL, then flx) = f(§) +2mide.8) ge

Direct proof attempt:

Lemma 11.11. If G(z) = (27
G=a.

Lemma 11.12. If f,g € L' then [4. f§ = [z fg.

Lemma 11.13. If f € C(RY) N LY (RY) and f € L' (RY), then

fl@)= [ f(&e™ =8 qg.

Rd

)_d/26_‘$|2/2, then G(€) = e~127€1/2 " and hence

Proof of Theorem 11.10.
Remark 11.14. Tf f, f € L', then ||f — ¢. * fl|lp~ < ||f —

f(=x).

(b * f) Ly =0
Remark 11.15. If f, f € L' then f(z) =



11.3. L>-theory.

Theorem 11.16 (Plancherel). The Fourier transform extends to a bijective linear
isometry on L*(R%; C).

Definition 11.17. Define the Schwartz space, S, to be the set of all smooth

functions such that sup, (1 + |2|™)|D*f(z)| < oo for all n € N and multi-indexes .

Remark 11.18. Note C°(R%) C S, and so S is a dense subset of LP(R?) for all
p € [1,00).

Lemma 11.19. If f,g € S, then [y, fgdz = [, fode.
Proof of Theorem 11.16
Definition 11.20. Let s > 0 and define the Sobolev space of index s by

. 1/2
H* = {f € LX(RY) | |f|n- < o0}, where | fllu- = ( / A+ If©r) .
Remark 11.21. A function f € H' if and only if f and all first order weak derivatives
are in L2,

Remark 11.22. For s < 0, one needs to define H® as the completion of S under the
H?® norm.

Proposition 11.23. Let s € (0,1). Then f € H® if and only if

rf = nfllez\? dh
/0 ( RE ) G <o

Remark 11.24. For s = 1, we instead need supy,_.o 7 [lf — 7.fl| 2 < 0.

Remark 11.25. If s € (0,1], then there exists C' = C(s) such that ||f — 7 f||z2 <
CIh)®|| f||L> for all f € H*, h € R%.

Theorem 11.26 (Sobolev embedding). If s > d/2 then H*(R%) C Cy(R?), and the
inclusion map is continuous.

Corollary 11.27. If s > n+ d/2, then H*(R?) C C'(R?) and the inclusion map
8 continuous.

Proposition 11.28 (Elliptic regularity). Say f € S(R?), u € H?*(R?) is such that
lim |2|?|Vu(z)| =0 and —Au = f, then u € S.

|z|— 00

Appendix A. The d-dimensional Hausdorff measure in R?

Let (X,d) be any metric space, 6 > 0, a > 0 and H_ s be the outer measure
defined by

5o =it { > pa(Ey)
1

diam(FE;) < §, and A C GE]} )
1

where
e’ /2

palA) = T(1+ %)

(diar;(A))a'

Remark A.1. The function p, above are chosen so that if A = B(0,7) C R, then
pa(A) = |A].

Definition A.2. Let H} = lims_,o H}.

Proposition A.3 (From homework 2). The outer measure H, restricts to a measure
on the Borel o-algebra.
Theorem A.4. If X =R?, and a = d then H, = \ (the Lebesgue measure).
Lemma A.5 (Infinite Vitali’s Covering Lemma). Let W C UyecaB(Za, 7o), with
Supro < 0o. There exists a countable set T C A such that:

(1) {B(x;, ;) |i €I} are pairwise disjoint.

(2) W C U;erB(z;,57;) and hence [W| < 59457

ies B(mi, Ti).

Lemma A.6. Let U C R be open and § > 0. There exists countably many z; € U,
r; € (0,0) such that B(z;,r;) C U, are pairwise disjoint, and U — UB(x;,7;)| = 0.
Lemma A.7. H; < \.

Theorem A.8 (Isodiametric inequality).

|A| < |B(0,1/2)| diam(A)? = |B(0, diam(A)/2)|
Remark A.9. Note A need not be contained in a ball of radius diam(A)/2.
Proof of Theorem A.4.

Proposition A.10 (Steiner Symmetrization). Let P C RY be a hyperplane with
unit normal 7. Let A € L(R?). There exists Sp(A) € L(R?) such that:
(1) Sp(A) is symmetric about P (i.e. for any x € P, t € R, we have x + th €
Sp(A) < z—th e Sp(A)).
(2) diam(Sp(A)) < diam(A).
(3) 1Sp(A)| = [A].

Proof of Theorem A.8
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