


4. Abstract measures

4.1. Dynkin systems.

Question 4.1. Say pi,v are two measures such that p=v on I1 C¥. Must p=v on o(ll)?

> Clearly need g\to be closed under intersections.
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Question 4.2. LtA {AGE“L() v(A)}. Must A be a o-algebra? (QMM [WCAQ_/ VC/%) EE
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Definition 4.3. We say A C P(X) is a A-system if:

(1) X e A — ) ‘ W\/\'QIN >
(2) f ACBand A,B€Athen B—A¢cA. (//’7 )I\ & Z, /

“—sj}i%) If 4@5\/}, AIL.%l then U°A,, € A.
Definition 4.4. We sayl[\%_P/(i(/)_ is a I—s/y_sie/ril if whenever A, B € 11, we have
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Corollary 4.6. If p, v oare nite jmeasures such that = v on H and H is closed under/ intersections, then 1/ on ofII).
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Lemma 4.5 (Dynkin system lemma). IfH is a w-system, and A D II, then A D o(II).
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Proof of Lemma 4.5 /y% (’W\‘ ,é j (ﬂ

(1) The arbitrary intersection of A-systems is a A-system. So it make sense to talk about A(II).
(2) fADTI, thenAD)\( ).

(3) If A is both a - system and a - system then A is a o-algebra.
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@ To finish the proof, we only need to show A(II) is closed under intersections.
Let C € A(I), and define Ac = {B € X\(II) | BN C € X(II)}. Then A¢ is a A-system.
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(6) If B,C € A(II), then BN C € A(II).
uppo

fB
> Suppose first D € II. Then D N B € A(TI) for all B € A(II).
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) f
all B € \(IT), we must have Ag D A(IT).
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4.2. Regularity of measures.

Definition 4.7. Let X be a metric space, and B, be a Borel measure on X. We say p is regular if:

(1) For all compact sets K, we have p(K) < oo.

(2) For all open sets U we have w(U) = sup{a(K) | K C U is compact}.
(3) For all Borel sets A we have [L(A) mf{u( )| U D A U open}.

Motivation:
> Approximation of measurable functions by continuous functions

> Differentiation of measures
/
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> Uniqueness in the\Riesz representation theorem

Question 4.8. If u is reqular, is u(A) = sup{u(K) | K C A, K compact} for all Borel sets A?



