v,

Proposition 5.8. [W,W]r =T almost surely. H—‘_ﬁ_/(’—r\‘\_—_f
i e

Remark 5.9. For use in the proof: Var(N(0,0%)?) = EN(0,02)* — (EN(0,02%)?)% = 254 O
Proof:. 0
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ition 5.10. W2 — [W, W]; is a martingale.
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Theorem 5.11. Let M be a continuous martingale.
(1) EM? < oo if and only if E[M, M]; < cc.
/@ In This cas Mz’s a continuous martingale.

Conversely, if M? — Ayt is a martingale for any continuous, increasing process A such that Ay = 0, then we must have
Ay = [M,M],. — 7 - -
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Remark 5.12.lIf X has finite first variation} then | X1 s — X¢| = |O(6t). )
———— T T T Pt

Remark 5.13. If X has finite quadratic variation, then | X; s — ~ O(V/dt) > O(5t).
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5.4. It6 Integrals.
e D; = D(t) some adapted process |(position on an asset
P {0 =ty < t; < ---} increasing sequence o C % /{’va[_) ,J? %>
||—WndAX X, — X,
. standard Browniah motion —

- A
Ip(T defZDtAWvLDt (Wr —W,,) ( > _LJH) S

—_— =,
—_— =0

Definition 5.14. The Vt6 Integral|of D with respect to Brownian motion is defined by
)

= / D,dW, = lim Ip(T).
0 I1P[I=0

Remark 5.15. Suppose for simplicity T = t,,.

(1) Riemann integrals: lim ZD&AZ-W exists, for any & € [t;, tit1].
|P|[—=0

| — L
(2) Tt0 integrals: fN?eﬂ_Ei:—'_(for the Timit to exist E;\D/
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Theorem 5.16. IfE/ D?dt < 0 a.s., then:

(1) Ir = | hlm Ip(T) exists a.s., and EI

e T 2
(2) The process IT is a martingale: E It dW = I

(8) [I,Ilr = [ D?dt a.s.
, o'

T

Remark 5.17. If we only had / D?dt < oo a.s., then I(T) = \|113'i|\m Ip(T) still exists, and is finite a.s. But it may not be a
0 —0

martingale (it’s a local martingale).



