
7. Review Problems
Problem 7.1. If 0 � r � s � t, find E(WsWt) and E(WrWsWt).









Problem 7.2. Define the processes X, Y, Z by

Xt =
� Wt

0
e−s2

ds , Yt = exp
�� t

0
Ws ds

�
, Zt = tX2

t

Decompose each of these processes as the sum of a martingale and a process of finite first
variation. What is the quadratic variation of each of these processes?













Problem 7.3. Define the processes X, Y by

Xt
def=

� t

0
Ws ds , Yt

def=
� t

0
Ws dWs .

Given 0 � s < t, compute EXt, EYt, EsXt, EsYt.









Problem 7.4. Let Mt =
� t

0
Ws dWs. Find a function f such that

E(t) def= exp
�

Mt −
� t

0
f(s, Ws) ds

�

is a martingale.







Problem 7.5. Suppose σ = σt is a deterministic (i.e. non-random) process, and M is a
martingale such that d[M, M ]t = σ2

t dt.

Xt =
� t

0
σu dWu .

(1) Given λ, s, t ∈ R with 0 � s < t compute EeλMt and EseλMt−Ms

(2) If r � s compute E exp(λMr + µ(Mt − Ms)).
(3) What is the joint distribution of (Mr, Mt − Ms)?
(4) (Lévy’s criterion) If d[M, M ]t = dt, then show that M is a standard Brownian

motion.























Problem 7.6. Define the process X, Y by

X =
� t

0
s dWs , Y =

� t

0
Ws ds .

Find a formula for EXn
t and EY n

t for any n ∈ N.










