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Deﬁnitiﬁn 6.24. A semi-martingale is a process of the for Xo + B+ M where:

> Xg is Fo-measurable (typically X, is constant).
> B is an adapted process with finite first varlatlon (W W,J’)q&
> M is a martingale.

Definition 6.25. An [to-process is a semi-martingale X = X + B + M where:
ﬁ_‘g

>B>t=/b ds, w1th/\b\ds<oo (Fionan Jmﬂ
1>Mt—/oSdWs,Wlth/|as|2ds<oo ;&3 m%) 4P /&

Remark 6.26. Short hand notation for It6 processes: d.X; —\l{t_flf + o th

Remark 6.27. Expressing X = Xo+B+M (or dX = bdt+o dW) is called the semi-martingale
decomposition or the Ito decomposition of X.



Theorem 6.28 (It6 formula). If f € C12, then
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{[ df(t, X)) = D, f(t Xt.w £t Xt %8§f'(t,XL)d[X7X]L
L’_/J

Remark 6.29. This is the main tool we will use going forward. We will return and study it
thoroughly after understanding all the notions involved.
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Proposition 6.30. If X = X, + M, then [X, X] = [M, M].
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Proposition 6.31 (Uniqueness). The [t6 decomposition is unique. That is, if X = Xo +

B+M Y0+C+N with:

l> B, C’ bounded vamatwn By=Cy=0
> M N martingale, My = Ny = 0.

Then Xo =Yy, B=C and M = N.
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Corollary 6.32. Let dX; :+ oy AW, with Efot bsds < oo and Efot 02ds < co. Then

X is a martingale if and only if b = 0.

S\
)&; Xt o4 Cff X,)
- Xo ' T(’c"lc" N g I, N

0 (]

U“Myfw = S[@JS -0 VL & xf X, + iwﬁwi <=7L=O>

(T/é)(mamﬁ)’mw Ma



T T T
Definition 6.33. If dX = bdt +\a dWi define / D;dX; = / D;b; dt + / Doy dW;.
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Remark 6.34. Note w dt is a [Riemann integral,| and Doy dWy is a It6 integral.
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6.6. Itd’s formula.

Remark 6.35. If f and X are differentiable, then
df (t, Xi) = Opf(t, X¢) dt + 0. f(t, Xy) d Xy
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Theorem (It6’s formula, Theorem 6.28). If|f € C*%/ then
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df(t,X,) = O f (8, X,) dt + D, f (1, X,) dX;
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Remark 6.36. If dX; = by dt + oy dW; then
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Intuition behind Ito’s formula?
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Ezample 6.37. @
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Example 6.38. |Find / Weaw,\ — Al & ol
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Ezample 6.39. Let My = Wy, and N; =

> We know M, N are martlngales
> Is M N a martingale?
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Ezample 6.40. Let X; = tsin(W;). Is X? — [X, X]; a martingale?
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