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Theorem 6.11. Let M be a continuous martingale.
(1) EM? < oo if and only if E[M,M]; < .
(2) In thzs case M7 — [M, M]; is a continuous martingale.
(8) Conversely, zf M; w a martingale for any continuous, increasing process A
such that Ay =70, 0, then we must have A, = [M, M];.

Remark 6.12. The optional problem on HW2 gives some intuition in discrete time.



Remark 6.13. If X has finite first variation, then | X1 — X¢| = O(dt).
Remark 6.14. If X has finite quadratic variation, then | X1 — X¢| & O(\/ﬁb > O(dt).
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6.4. Itd Integrals F——' + { —- 5 (
o D= D!t! some‘@gg process (position on an asset) 0.%0 + 4 T +
_.Ja,—%—\_“ et

e P={0=1tp <t <---} increasing sequence of times. - N

L] H__ﬂ = max; ti+1 — t> and AZX = Xti+1 — th..

« W: standaur1 Brownian motion.

n— r/—v\ﬁ
e Ip(z)dzef AW+Dt (WT—Wt) E [‘ >
1o S0 o o € b, %,
Definition 6.15. The It6 Integral of D with respect to Brownian motion is defined by
T ’\/\\““I
AW

— Ir= DydW, = lim Ip(T) O% NWL LQCW
= 0

o = [P0 N @J
Remark 6.16. Suppose for simplicity T = t,,. i

+
(1) Riemann integrals: lim Z DgAiW exists, for an € [tiytip1]- {%agg
IlPl— AR

(2) Itd integrals: Need &; = t for the limit to exist.
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Theorem 6.17. IfE D2 dt < oo ag., then: g > &w
(1) IT = lim Ip(T) exists a.s., and Ek < 0. "[T - 4

it £ 2

—>(2) \The process It Jis a martingale: Esly = E / D, dW, = / D,.dW, = I,

>(3) ][T_/ D} dt a.s. C/\Me 3}9 O\'h N Q(Jz P'U’W ,WJL\>

T
Remark 6.18. If we only had / D? dt < 0o a.s., then I(T) = lim Ip(T) still exists, and

— [IP|=0

is finite a.s. But it may not bmmgale (it’s a local martingale).
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Corollary 6.19 (It isometry). / Dy th —E/ D2 dt — g £ D 0\/&

Proof. O
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Intuition for Theorem 6.17 (2). Check Ip(T') is a martingale.
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Proposition 6.20. If o,a € R, D, D adapted processes

T _ T T
/ (qps + @DS) AWy = a/ Dy dW, + d/ D, dW,
0 - 0 0

Ty, T Tyl

Proposition 6.21. Dy, dW, + D,dW, — D &\,\)

o T ° e
Question 6.22. ]fD 0, then must fo Dy dW; > 02 &— ﬁ\g@l
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6.5. Semi-martingales and It6 Processes.

t
Question 6.23. What is / WedW,?
0

..



Definition 6.24. A is a process of the form X = XO + B + M where:

> X is Fo-measurable (typically Xj is constant).

> Bis an adapted process with finite first varlatlon @LK BOMM \]MW% M)
———————
> M is a martingale.

Definition 6.25. An It6-process is a semi-martingale X = X ++ M, where:

D\%:/Otf’:sds’ with /0t|b5ds<oo CSM vaw cmﬂl}> — igjo”f (% OHD
> ]\it:/otosdws’ with /0t|08|2d5<oo (:(:/o ‘,”C}> —> AM%: V’b Ml\){7

Remark 6.26. Short hand notation for It6 processes: dX; = b; dt + oy dW;.
Remark 6.27. Expressing X = Xo+B+M (or dX = bdt+o dW) is called the semi-martingale

decomposition or the of X.
E——N



Theorem 6.28 (It6 formula). If f € C12, then

df@v‘éﬁ) :a

t
N~

\ 1 ‘
f(t, Xe)dt + 0, f (£, Xy) dXy + 507 f (1, Xy) d[ X, X

- - 2= —
Remark 6.29. This is the main tool we will use going forward. We will refurn and study it
thoroughly after understanding all the notions involved.




Proposition 6.30. If X = X, + B + @ then [X, X] = [M, M].



Proposition 6.31 (Uniqueness). The [t6 decomposition is unique. That is, if X = Xo +
B+M=Yy,+C+N, with:

> B, C bounded variation, By = Cy =0

> M, N martingale, My = Ny = 0.

Then Xg =Yy, B=C and M = N.



