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Definition 5.5.is the unique random wvariable such that:

(1) E;X is F;-measurable. |
(2) For ever@ﬂg\)_{dpz Aggdp ( 0. EC@AE£<> — E @LAK>

Remark 5.6. Choosing A = 0 implies E(E:X) = EX.
- T—3 3

Proposition 5.7 (Useful properties of conditional expectation).

(1) If a, B € R are constants, X, Y, random variables Ey(aX + fY) = aE, X + SE.Y .

~%2) If X 20, then E;X > 0. Equality holds if and only - zfmost surely.

(3) (Tower property) If 0 < s < t, then E,(E,X) = E,X.

(4) If X is Fi measurable, and Y is any random variable, the Et(XY) XE,Y.

(5) If X is F; measurable, then E,X = X (follows by choosing Y =1 above). -

(6) If Y is independent of F;, then LE_t“Y Eﬁ; /E

Remark 5.8. These properties are exactly the same as in discrete time.



Lemma 5.9 (Independence Lemma). IfX is F; measurable, Y is independent of F;, and f f(z,y): R? — R is any function, then
Lw-\.,) —




Example 5.11. If 2( , }_/ are twq@andard normal random variables, find Ee*XY .
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5.4. Martingales. be e Gi Mo s H/b
7A

Definition 5.12. An adapted process M is a martingale if for every 0 < s < ¢, we have E;M; = M,.

_— = ==

Remark 5.13. As with discrete time, a martingale is a fair game: stopping based on information available today will not change your
expected return.



Proposition 5.14. motion is a martingal
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