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1. Preface.

These are the notes I used while teaching an undergraduate course on Continuous time finance at Carnegie
Mellon University in Fall 2022. T filled in all proofs and details by hand during lectures, and these notes only contain
statements and definitions. A PDF of these notes is on the class website, and the source code is available on git.

If you find these notes useful, you may modify them as needed to suit your purposes. In this case, please consider
contributing your changes back here.



2. Syllabus Overview

o Class website and full syllabus: https://www.math.cmu.edu/~gautam/sj/teaching/2021-22/420-cts-time-fin
e TA’s: Jonghwa Park <jonghwap@andrew.cmu.edu>.
o Homework Due: 2:29PM, Wednesdays.
o Midterms: Wed 2/23, Mon 4/4 (closed book in class).
¢ Homework:
> Good quality scans please! Use a scanning app, and not simply take photos. (I use Adobe Scan.)
> 20% penalty if turned in within an hour of the deadline. 100% penalty after that.
> Two homework assignments can be turned in 24h late without penalty.
> Bottom two homework scores are dropped from your grade (personal emergencies, interviews, other deadlines,
etc.).
> Collaboration is encouraged. Homework is not a test — ensure you learn from doing the homework.
> You must write solutions independently, and can only turn in solutions you fully understand.
¢ Academic Integrity
> Zero tolerance for violations (automatic R).
> Violations include:
— Not writing up solutions independently and/or plagiarizing solutions
— Turning in solutions you do not understand.
— Seeking, receiving or providing assistance during an exam.
> All violations will be reported to the university, and they may impose additional penalties.
¢ Grading: 30% homework, 20% each midterm, 30% final.

Course Outline.

e Develop tools to price securities in continuous time.
> Brownian motion (not as easy as coin tosses)
> Conditional expectation: No explicit formula!
> Itd formula: main tool used for computation. Develop some intuition.
> Measurablity / risk neutral measures: much more abstract. Complete description is technical. But we need a
working knowledge.
Derive and understand the Black-Scholes formula.
Fundamental theorems of asset pricing
Asian options, Barrier options, etc.

v Vv Vv

3. Introduction.

(1) Binomial model: Trade at discrete time intervals (370).

(2) Suppose now we can trade continuously in time.

(3) Consider a market with a bank and a stock, whose spot price at time ¢ is denoted by S;.

(4) The continuously compounded interest rate is r (i.e. money in the bank grows like 0,C(t) = rC(t).

(5) Assume liquidity, neglect transaction costs (frictionless), and the borrowing/lending rates are the same.

(6) In the Black-Scholes setting, we model the stock prices by a Geometric Brownian motion with parameters o
(the mean return rate) and o (the volatility).

(7) (Black-Scholes Formula) The price at time ¢ of a European call with maturity 7" and strike K is given by

c(t,x) = xN(dy(T —t,z)) — Ke "T"ON(d_(T — t,)),

where di = %\E(ln(%) + (ri %)T) ) N(z) = \/% /_ﬂ; e V2 dy.

(8) Can be obtained as the limit of the Binomial model as N — oo by choosing;:

r (2

N VN

Remark 3.1. There’s no explicit formula for the option price for fixed N in the Binomial model. But there’s a “nice”
explicit formula when N — oc.

T r o
Tbinomzﬁa u:uNzl“v‘N‘Fﬁ d=dy =1+


https://www.math.cmu.edu/~gautam/sj/teaching/2021-22/420-cts-time-fin
mailto:jonghwap@andrew.cmu.edu

4. Central limit theorem (review).

Definition 4.1. We say X is a normally distributed random variable with mean yx and variance o2 if the PDF of X
is

_ ! (x —p)?
Remark 4.2. Notation: X ~ N (u,0?).

Remark 4.3. Normally distributed random variables are also called Gaussian.

Let Xq, ..., X,, be a sequence of i.i.d. random variables, with EX, = 0 and VarX,, = 1. Let Sy = 0,
Su = Yy Xi.

Question 4.4. How does S,, behave as n — co.

Theorem 4.5 (Law of large numbers). S,/n — 0 as n — oo.

Remark 4.6. Easy check: Compute Var(S,,/n).

Theorem 4.7 (Central limit theorem). S, /v/n — N(0,1). That is, for any bounded continuous function f,

Ef(j%) — BF(N(0,1)).

Let X be a random variable.

Definition 4.8. The characteristic function of X is defined by px(A\) = Eet*X.
Definition 4.9. The moment generating function (MGF) of X is defined by Mx (\) = Ee*X.
Ezample 4.10. If X ~ N(0,1) then px(\) = e=*/2 and Mx(\) = X'/,
Theorem 4.11. EX" = (—i)"cpg?) (0) = M)((") (0). In particular, EX = —ip’(0) = M5 (0), and EX? = —¢'%(0) =
Mx(0).
Remark 4.12. Here f(™)(0) denotes the n'" derivative of f at 0.
Let X,Y be two random variables.

Theorem 4.13. The following are equivalent.

(1) X andY have the same distribution (PDF)

(2) X andY have the same CDEF.

(3) X and Y have the same characteristic function.

(4) X andY have the same moment generating function.

Theorem 4.14. A sequence of random variables (X,,) — X (in distribution) if and only if ox, — @x pointwise.
Theorem 4.15. A sequence of random variables (X,,) — X (in distribution) if and only if Mx, — Mx pointwise.
Remark 4.16. The proofs of Theorem 4.13-4.15 are beyond the scope of this course; we will use them without proof.
Proof of Theorem 4.7.

5. Stochastic Processes.

5.1. Brownian motion.
e Discrete time: Simple Random Walk.
> X, =Y. &, where &’s are i.i.d. E¢; = 0, and Range(§;) = {£1}.
¢ Continuous time: Brownian motion.
>Y, =X, +({t—n)ép1ift €[n,n+1).
> Repeat more frequently: Flip a coin every e seconds, and take a step of size /e.
> Rescale: Y7 = /Y, /.. (Chose /e factor to ensure Var(Y;®) ~ t.)
> Let Wy = iiL%Yf.

Definition 5.1 (Brownian motion). The process W above is called a Brownian motion.

> Named after Robert Brown (a botanist).
> Definition is intuitive, but not as convenient to work with.



(t=s)/c
o If t,s are multiples of e Y7 — Y7 ~ /e Z & =% N(0,t — s).
i=1

e Y7 — Y only uses coin tosses that are “after s”, and so independent of Y.

Definition 5.2. Brownian motion is a continuous process such that:
(1) Wy — W5 ~ N(0,t — ),
(2) W; — Wy is independent of F.

Remark 5.3. We will define F; shortly. Intuitively, Fs is the set of all events that are “known” at time s.

5.2. Sample space, measure, and filtration.
 Discrete time: Sample space @ = (w1,...,wn).
o View (wq,...,wy) as the trajectory of a random walk.
o Continuous time: Sample space 2 = C([0,00)) (space of continuous functions).
> It’s infinite. No probability mass function!
> Mathematically impossible to define P(A) for all A C Q.
¢ Restrict our attention to G, a subset of some sets A C €2, on which P can be defined.
> G is a o-algebra. (Closed countable under unions, complements, intersections.)
e P is called a probability measure on (2, G) if:
> P:G—[0,1], P(0) =0, P(Q) =1.
> P(AUB) = P(A)+ P(B) if A, B € G are disjoint.

oo

> If A, € G, P(U An) = lim P(4,).

¢ Random variables are measurable functions of the sample space:
> Require {X € A} € G for every “nice” A C R.
b Eg {X=1}€G,{X >5} €3G, {X €[3,4)} €, etc.
> Recall {X € A} ={w e Q| X(w) € A}.

o Expectation is a Lebesgue Integral: Notation EX = / XdP = / X(w)dP(w).
Q Q

> No simple formula.
> If X = ZailA” then EX = Za,P(Az)
1 wed

> 14 is the indicator function of A: 14(w) = {0 ¢ A
w

Proposition 5.4 (Useful properties of expectation).

(1) (Linearity) «, 8 € R, X,Y random variables, E(aX + Y) = «EX + SEY.
(2) (Positivity) If X > 0 then EX > 0. If X > 0 and EX =0 then X = 0 almost surely.

(3) (Layer Cake) If X >0, EX :/ P(X >t)dt.
0

(4) More generally, if ¢ is increasing, ¢(0) =0 then Ep(X) = / o' (t) P(X > t)dt.
0
(o)

(5) (Unconscious Statistician Formula) If PDF of X is p, then Ef(X) = / f(z)p(x) dx.
— 0o
o Filtrations:
> Discrete time: F,, = events described using the first n coin tosses.
> Coin tosses doesn’t translate well to continuous time.
> Discrete time try #2: F,, = events described using the trajectory of the SRW up to time n.
> Continuous time: F; = events described using the trajectory of the Brownian motion up to time t.
> Ift; <t, Ay CR then {Wy, € Ay,..., W, € A,} € Fi. (Need all t; < t!)
> As before: if s < t, then F, C F;.
> Discrete time: Fo = {0, Q}. Continuous time: Fo = {A € G| P(A) € {0,1}}.

5.3. Conditional expectation.

o Notation E;(X) = E(X | F;) (read as conditional expectation of X given F;)

e No formula! But same intuition as discrete time.

e E;X(w)= “average of X over II;(w)”, where II;(w) = {w’ € Q| w'(s) = w(s) Vs < t}.
o Mathematically problematic: P(II;(w)) = 0 (but it still works out.)



Definition 5.5. E;X is the unique random variable such that:
(1) E:X is F;-measurable.

(2) For every A € Fy, / E. X dP = / XdP
A A

Remark 5.6. Choosing A = Q implies E(E;X) = EX.

Proposition 5.7 (Useful properties of conditional expectation).

(1) If a, B € R are constants, X, Y, random variables E(aX + Y) = aE, X + SE,Y .
(2) If X >0, then E;X > 0. Equality holds if and only if X = 0 almost surely.

(8) (Tower property) If 0 < s < t, then Ei(E,X) = E,X.

(4) If X is F; measurable, and'Y is any random variable, then E.(XY )= XE,Y .

(5) If X is Fy measurable, then E;X = X (follows by choosing Y =1 above).

(6) If Y is independent of F;, then E;Y = EY.

Remark 5.8. These properties are exactly the same as in discrete time.

Lemma 5.9 (Independence Lemma). If X is F; measurable, Y is independent of F;, and f = f(x,y): R? = R is
any function, then
Etf(va) :g(X)a where g(l’) :Ef(il',Y)

Remark 5.10. If py is the PDF of Y, then E; f(X,Y) = / F(X,y) py (y) dy.
R

Ezample 5.11. If X,Y are two independent standard normal random variables, find Ee*XY .
5.4. Martingales.
Definition 5.12. An adapted process M is a martingale if for every 0 < s < t, we have E;M; = M.

Remark 5.13. As with discrete time, a martingale is a fair game: stopping based on information available today will
not change your expected return.

Proposition 5.14. Brownian motion is a martingale.
Proof.
Question 5.15. Is W? a martingale? How about W32 ¢

6. Stochastic Integration

6.1. Motivation.

e Hold b; shares of a stock with price S;.
e Ounly trade at times P={0=t; < ...,t, =T}

n—1
o Net gain/loss from changes in stock price: Z by, ArS, where ApS =Sy, | — Sy,
k=0

o Trade continuously in time. Expect net gain/loss to be ¥ hHm Z by ARS = / by dS;.

> || P|| = maxy (tp41 — tr).

> Riemann-Stieltjes integral: " hHm Z be, ApS = / by dSy,

> The & € [tg, tr+1] can be chosen arbltrarlly.
> Only works if the first variation of S is finite. False for most stochastic processes.

6.2. First Variation.

Definition 6.1. For any process X, define the ﬁrst variation by
n—1

def def
Vo (X) = lim Z‘ K= A, Z' r Kl

Remark 6.2. If X (t) is a differentiable function of ¢ then Vo mX < oo.
Proposition 6.3. EV|o W = oo



Remark 6.4. In fact, Vjp mjW = oo almost surely. Brownian motion does not have finite first variation.
Remark 6.5. The Riemann-Stieltjes integral fOT by dWy does not exist.

Proof of Proposition 6.3.

6.3. Quadratic Variation.

Definition 6.6. If M is a continuous time adapted process, define

n—1 n—1
M, M)r = i M, ., —M,)?= 1l ARM)?.
[ ’ ]T \|P1|\Ig();)( th+1 tk) ”Pl“rgokzzo( k )

Proposition 6.7. For continuous processes the following hold:

(1) Finite first variation implies the quadratic variation is 0

(2) Finite (non-zero) quadratic variation implies the first variation is infinite.
Proposition 6.8. [W,W]p =T almost surely.
Remark 6.9. For use in the proof: Var(N(0,0%)?) = EN(0,02)* — (EN(0,02%)2)% = 20
Proof:.
Proposition 6.10. W2 — [W,W]; is a martingale.

Theorem 6.11. Let M be a continuous martingale.
(1) EM}? < oo if and only if E[M, M), < .
(2) In this case M? — [M, M]; is a continuous martingale.

(3) Conversely, if M? — Ay is a martingale for any continuous, increasing process A such that Ag = 0, then we
must have A, = [M, M],.

Remark 6.12. If X has finite first variation, then | X; 5 — X¢| = O(dt).
Remark 6.13. If X has finite quadratic variation, then | X, 5 — X;| = O(V/6t) > O(dt).
6.4. Itd6 Integrals.

e D; = D(t) some adapted process (position on an asset).
e« P={0=tg <ty <---} increasing sequence of times.

L] HPH = max; ti+1 — ti, and AzX = Xt — Xt7
e W : standard Brownian motion.

n—1

« Ip(T) =Y Dy, AW + Dy, (Wr — Wy,)
=0

i1

Definition 6.14. The [It6 Integral of D with respect to Brownian motion is defined by

T
ITZ/ Dtth: 111 IP(T)
0

li
[ P[|—0
Remark 6.15. Suppose for simplicity T = t,,.
(1) Riemann integrals: lim ZD&AI'W exists, for any & € [t;, tit1].
P||—0

[
(2) It6 integrals: Need &; = t; for the limit to exist.

T
Theorem 6.16. IfE/ D? dt < 0o a.s., then:
0

(1) Ir = lim Ip(T) exists a.s., and EI(T)? < oo.
I1PlI—0

t s
(2) The process It is a martingale: E I = ES/ D, dW, = / D, dW, =1,
0 0

() [, 117 = / D2t as.

T

Remark 6.17. If we only had / D} dt < oo a.s., then I(T) = ||113i\|m Ip(T) still exists, and is finite a.s. But it may
—0

0
not be a martingale (it’s a local martingale).



T 9 T
Corollary 6.18 (It6 isometry). E(/ Dy th) = E/ D? dt
0 0

Proof.
Intuition for Theorem 6.16 (2). Check Ip(T') is a martingale.

Proposition 6.19. If a,& € R, D, D adapted processes

T B T T~
/(aDs—l—o?Ds)dWS:a/ DSdWS—s—d/ D, dW,
0 0 0

T T
Proposition 6.20. D, dW, + D, dW,
0 T
Question 6.21. If D > 0, then must fOT D, dW,; > 0%

6.5. Semi-martingales and It6 Processes.
t

Question 6.22. What is / WsdW,?
0

Definition 6.23. A semi-martingale is a process of the form X = Xy + B + M where:

> X, is Fo-measurable (typically Xy is constant).
> B is an adapted process with finite first variation.
> M is a martingale.

Definition 6.24. An [t6-process is a semi-martingale X = Xo + B + M, where:
t t
> By = / bs ds, with / |bs| ds < oo
0 0
t t
> M, = / o AW, with / los|?ds < oo
0 0

Remark 6.25. Short hand notation for It6 processes: dX; = b; dt + oy dW;.

Remark 6.26. Expressing X = Xo+ B+ M (or dX = bdt 4+ o dW) is called the semi-martingale decomposition or
the It6 decomposition of X.

Theorem 6.27 (It formula). If f € CY2, then
1.
df (t, X¢) = O f(t, X¢) dt + 0, f (¢, X¢) d X + gﬁﬁf(thf) d[X, X1

Remark 6.28. This is the main tool we will use going forward. We will return and study it thoroughly after
understanding all the notions involved.

Proposition 6.29. If X = Xo+ B+ M, then [X, X]| = [M, M].

Proposition 6.30 (Uniqueness). The Ité decomposition is unique. That is, if X = Xo+ B+ M =Yy +C+ N, with:

> B, C bounded variation, By = Cy =0
> M, N martingale, My = Ny = 0.

Then Xg =Yy, B=C and M = N.

Corollary 6.31. Let dX; = by dt + o dW; with Efot bs ds < 0o and Efot 02ds < co. Then X is a martingale if
and only if b= 0.

T T T
Definition 6.32. If dX = bdt + o dW, define / D:dX, = / Dby dt + / Dyoy dW.
0 0 0

T T
Remark 6.33. Note / D;b; dt is a Riemann integral, and / Doy dWy is a Ito integral.
0 0



6.6. Itd’s formula.
Remark 6.34. If f and X are differentiable, then

df (t, Xi) = O f(t, X¢) dt + 0, f(, X)) d Xy
Theorem (It6’s formula, Theorem 6.27). If f € CY2, then

df (t, X¢) = O f (t, Xy) dt + O, f(t, Xy) d X, + %aif(t,xt) d[X, X];
Remark 6.35. If dX; = b; dt + o dW; then
df (t, X;) = (@f(t,Xt) b+ %of) dt + 9, f(t, X,)o, AW, .
Intuition behind Ité’s formula.

Ezample 6.36. Find the quadratic variation of W2.
t

Example 6.37. Find/ Wy dWs.
0

Ezample 6.38. Let M; = W, and N, = VVt2 —t.

> We know M, N are martingales.
> Is M N a martingale?

Ezample 6.39. Let X; = tsin(W;). Let Y; = fg W, dX,. Is Y a martingale? Is X? — [X, X]; a martingale?

Remark 6.40. If M is a martingale, then the Itd integral N; = j;f D, dM; is also a martingale (provided
Efot D2d[M,M]s; < oo). If X is not a martingale, however, the Ito integral Y; = fot Dy dX; need not be a
martingale.

Example 6.41. Say dM; = o, dW;. Show that M? — [M, M] is a martingale.

Ezample 6.42. f 0 < r < s < t, find E(W;W;) and E(W,W,W,).

t
Ezxample 6.43. Let M; = / W, dWy. Find a function f such that
0

t
Eit)= exp(Mt - / f(s,WS)ds>
0
is a martingale.

Theorem 6.44 (Lévy’s criterion). If M is a continuous martingale with My = 0 and [M, M) = ¢ then M is a
standard Brownian motion.

Proof:.

Remark 6.45. More generally, we we only know M is a continuous martingale, with [M, M]; = at for some o > 0,
then M is a Brownian motion. That is, for some a,b € R, the rescaled process W = aM + b is a standard Brownian
motion.

Remark 6.46. Requiring M is continuous is essential; the compensated Poisson process is a discontinuous martingale
with No = 0, [V, N]; = t, but is not a standard Brownian motion.

7. Black Scholes Merton equation

7.1. Market setup and assumptions.

e Cash: simple interest rate r in a bank.

e Let At be small. C,, o¢ be cash in bank at time n At.

» Withdraw at time n At and immediately re-deposit: C(,q1)ar = (147 At)Crag.

e Set t = nAt, send At — 0: 3,C = rC and C; = Cye™.

e 7 is called the continuously compounded interest rate.

e Alternately: If a bank pays interest rate p after time T', then the equivalent continuously compounded interest
rate is r = & In(1 + p).

o Stock price: Siyar = (1 + r At)S; + noise.
> Variance of noise should be proportional to At.



> Variance of noise should be proportional to S;.
. StJrAt - St = ’I’St At + O'St(AWt).

Definition 7.1. A Geometric Brownian motion with parameters «, o is defined by:
dSt = O[St dt + O'St th .

e «a: Mean return rate (or percentage drift)
o o volatility (or percentage volatility)

2
Proposition 7.2. S; = 5, exp((a — %)t + O'Wt>

Market Assumptions.

« 1 stock, Price S, modelled by GBM(«, o).

e Money market: Continuously compounded interest rate 7.
> Oy = cash at time t = Cpe". (Or 6;C; = rC;.)
> Borrowing and lending rate are both r.

 Frictionless (no transaction costs)

o Liquid (fractional quantities can be traded)

7.2. The Black, Sholes, Merton equation. Consider a security that pays Vi = ¢(St) at maturity time 7.

Theorem 7.3. If the security can be replicated, and f = f(t,x) is a function such that the wealth of the replicating
portfolio is given by X; = f(t,St), then:

(7.1) atf+maxf+"2$285f—rf:o £>0,t<T,
(7.2) f(t,0) = g(0)e"" t< T,
(7.3) f(T,z) = g(z) z>0.

Theorem 7.4. Conversely, if f satisfies (7.1)—=(7.3) then the security can be replicated, and X; = f(t,S;) is the
wealth of the replicating portfolio at any time t < T.

Remark 7.5. Wealth of replicating portfolio equals the arbitrage free price.
Remark 7.6. g(z) = (x — K)7 is a European call with strike K and maturity 7T
Remark 7.7. g(z) = (K — 2)7" is a European put with strike K and maturity 7'

Proposition 7.8. A standard change of variables gives an explicit solution to (7.1)—(7.3):
2

(7.4) f(t,x)z/_ie‘”g(xexp((r—az)T—i-oﬁy))e_yz\/;dy, T=T-—t.

Corollary 7.9. For European calls, g(x) = (z — K)¥, and

(7.5) f(t,z) =c(t,z) = eN(d (T —t,z)) — Ke " T DN(d_(T — t,z))
where

o st 2 2 (0(2) + (£ 7)),

and

1 * 2
(7.7) N(z) = — eV /24y,
V2T J_so

is the CDF of a standard normal variable.

Remark 7.10. Equation (7.1) is called a partial differential equation. In order to have a unique solution it needs:

(1) A terminal condition (this is equation (7.3)),
(2) A boundary condition at = 0 (this is equation (7.2)),
(3) A boundary condition at infinity (not discussed yet).
> For put options, g(x) = (K — 2)T, the boundary condition at infinity is

lim f(¢t,z)=0.
T—00



> For call options, g(x) = (z — K)™, the boundary condition at infinity is

lim [ft,z) — (@ —Ke"T™N] =0 or  f(ta)=(z—-Ke ") asz— oo.

Definition 7.11. If X; is the wealth of a self-financing portfolio then
dXy = ArdSy + (X — ALSy) dt

for some adapted process A; (called the trading strategy).

Proof of Theorem 7.3.

Proof of Theorem 7.4.
Proof of Theorem 7.4 (without discounting).

Remark 7.12. The arbitrage free price does not depend on the mean return rate!

Question 7.13. Consider a European call with maturity T and strike K. The payoff is Vr = (St — K)*. Our
proof shows that the arbitrage free price at time t < T is given by Vi = c¢(t, Sy), where ¢ is defined by (7.5). The
proof uses Ité’s formula, which requires ¢ to be twice differentiable in x; but this is clearly false att = T. Is the
proof still correct?

Proposition 7.14 (Put call parity). Consider a European put and European call with the same strike K and
maturity T'.

> c(t,St) = AFP of call (given by (7.5))

> p(t,Sy) = AFP of put.

Then c(t,z) — p(t,x) =z — Ke " T=Y and hence p(t,z) = Ke "T=) — x — ¢(t, x).

7.3. The Greeks. Let c(t,x) be the arbitrage free price of a European call with maturity 7" and strike K when the
spot price is . Recall

c(t,x) = aN(dy) — Ke " N(d_), dy %ﬁ(ln(%) + (r + %Q)T) L r=T—t.

Definition 7.15. The delta is 0,c.
Remark 7.16 (Delta hedging rule). A; = 9,¢(t, Sy).
Proposition 7.17. d,c = N(dy)

_di>.

1
Definition 7.18. The Gamma is 9?c and is given by d2c = exp( 5

TON2TT

Definition 7.19. The Theta is O:c, and is given by dyc = —rKe ""N(d_) — %N’(d.ﬁ
T
Proposition 7.20. (1) c is increasing as a function of x.
(2) c is convezr as a function of x.
(8) c is decreasing as a function of t.

Remark 7.21. To properly hedge a short call, you always borrow from the bank. Moreover Ay = 1 if Sp > K,
Ar =0if Sr < K.

Remark 7.22 (Delta neutral, Long Gamma). Say xg is the spot price at time ¢.

e Short 9,c(t, o) shares, and buy one call option valued at ¢(t, o).

o Put M = 20,c(t, x0) — c(t, zo) in the bank.

o What is the portfolio value when if the stock price is « (and we hold our position)?
> (Delta neutral) Portfolio value = ¢(t, ) — tangent line.
> (Long gamma) By convexity, portfolio value is always non-negative.

Remark 7.23. The derivation of the Black—Scholes formula above has a few limitations:

(1) Tt only applies to markets with one stock.

(2) It requires securities to have a payoff of the form ¢(Sr).

(3) It can’t handle random interest rates.

(4) Deriving the formula (7.4) was so tedious that we skipped it.

We will remedy each of these by providing an alternate approach using Risk Neutral Measures.



8. Multi-dimensional It6 calculus

e Let X and Y be two Itd processes.

e P={0=t; <ty---<t, =T} 1is a partition of [0,T].
Definition 8.1. The joint quadratic variation of X,Y, is defined by

n—1

[X, Y]T = HIIDIHHLO Z(Xti+l - Xt'i)()/tii»l - Yvn) ’
i=0

Remark 8.2. The joint quadratic variation is sometimes written as d[X,Y]; = dX; dY;.
Lemma 8.3. [X,Y]r =3([X+Y, X +Y]r - [X - Y, X - Y]r)
Proposition 8.4 (Product rule). d(XY); = X;dY; + Y:dX: + d[X,Y];

Proposition 8.5. Say X,Y are two semi-martingales.

o Write X = Xg+ B+ M, where B has bounded variation and M is a martingale.
o WriteY =Yy + C+ N, where C has bounded variation and N is a martingale.
e Then d[X,Y]; = d[M,N];.

Remark 8.6. Recall, all processes are implicitly assumed to be adapted and continuous.
Corollary 8.7. If X is a semi-martingale and B has bounded variation then [X, B] = 0.
Remark 8.8 (Two dimensional chain rule). If X is a differentiable function of ¢, then

d(f(t, X, Y2)) = Ouf(t, Xe, Yy) dt + On f(t, X+, Yy) d Xy + 0y f(t, X, Y2) dY3

Remark 8.9 (Notation). 0,f = %’:, O f = %, etc.

Theorem 8.10 (Two-dimensional It6 formula).
e Let X,Y be a two Ité process.

e Let f = f(t,x,y) be a function that’s defined for t € R, z,y € R.
o Suppose f € CY2. That is:

> f is once differentiable in t

> f is twice in both x and y.

> All the above partial derivatives are continuous. Then:

d(f(t, Xe, Y1) = 0uf (¢, X0, Vo) dt + Op f (8, X1, Y2) d Xy + Oy f (T, Xy, Ye) dYy

1 .
+ 5 (0271, X2 Vo) dIX, X]o + 02F (1, X2, Vo) dIY. Y ) + 20,0, £ (1, X1, Vi) dIX, Y, )
Remark 8.11. We will often drop the arguments of f and simply write

1/, , oo
d(f(t, X, Y2)) = O f dt + O, f dX¢ + 0, f dY; + 5 (dif d[X, X]¢ + 0} f d[Y, Y] + 20,0, f d[X, Y]t)
Remember the arguments are present. After differentiating f you should substitute z = X, y = Y;.

Remark 8.12 (Integral form). The integral form of the above is

T T T
f(T,XT,YT)—f(O,XO,YO):/ atfdt—i—/ 5Idet+/ Oy f dY;
0 0 0

T

1 T T
([ raexy s [ oipayiviv2 [ o.0,rdx.v))
0

0 J0

Intuition behind Theorem 8.10.
To use the d-dimensional It6 formula, we need to compute joint quadratic variations.

Proposition 8.13. Let M, N be continuous martingales, with EM? < oo and EN}? < cc.
(1) MN — [M, N] is also a continuous martingale.

(2) Conversely if MN — B is a continuous martingale for some continuous adapted, bounded variation process
B with By =0, then B = [M, NJ.

Proof.
Proposition 8.14. (1) (Symmetry) [X,Y] =[Y, X]



(2) (Bi-linearity) If a € R, X,Y, Z are semi-martingales, [X,Y + aZ] = [X, Y] + o[X, Z].
Proof.
Proposition 8.15. Let M, N be two martingales, o, T two adapted processes.
o Let Xy = /tades and Y; = /tTSdNS.
e Then [X, Y(])t = [T og T d[M, N]SO,
Remark 8.16. Alternately, if dX; = o dM; and dY; = 74 dNy, then d[X, Y] = o7 d[M, N];.
Intuition.

Proposition 8.17. If M, N are continuous martingales, EM? < co, EN? < oo and M, N are independent, then
[M,N]=0.

Remark 8.18 (Warning). Independence implies E(M;N;) = EM;EN;. But it does not imply E;(M;N;) =
E M;E;N;. So you can’t use this to show M N is a martingale, and hence conclude [M, N] = 0.

Correct proof.

Remark 8.19. [M, N] = 0 does not imply M, N are independent. For example:
o Let M; = fot 1{Ws<0} dW
o Let Nt == f(; 1{Ws>0} dWS

Vector Notation.

e d-dimensional vectors: Write x = (x1,...,24) € R%
o d-dimensional random vectors: X = (X1,...,X4), where each X; is a random variable.
o d-dimensional stochastic processes: X; = (X},..., X{), where each X/ is a stochastic process.

> For scalars (or random variables): X denotes the i-th power of X.
> For vectors (or random random vectors): X denotes the i-th coordinate of X.
> There is no ambiguity (can’t take powers of vectors, or coordinates of scalars)
o Alternate notation used in many books: Use X (¢) for the d-dimensional stochastic process, and X;(¢) for the i-th
coordinate.
o May sometimes write X = (X!,..., X9) for random vectors, instead of (X1,..., Xg).

Theorem 8.20 (Multi-dimensional It6 formula).

o Let X be a d-dimensional It6 process. X; = (X},..., X2).
e Let f = f(t,x) be a function that’s defined for t € R, x € R
e Suppose f € CY2. That is:

> f is once differentiable in t

> f is twice in each coordinate x;

> All the above partial derivatives are continuous. Then:

d
A(f(t, Xy)) = 0 f(t, Xo) dt + Y 0 f(t, Xy) dX] + % > 0:0;f(t, Xo) d[X7, X1,

i=1 ij

Remark 8.21 (Integral form of It6’s formula).

F(T, X7) — f(0,Xo) = /at (t, X:) dt+Z/ Oif(t, Xy) dX! + Z/ 8,0, f(t, X1) d[ X, X7],

Definition 8.22 (d-dimensional Brownian motion). We say a d-dimensional process W = (W1 ... . W9) is a
Brownian motion if:

(1) Each coordinate W is a standard 1-dimensional Brownian motion.
(2) For i # j, the processes W* and W/ are independent.
dt  i=7,

Remark 8.23. If W is a d-dimensional Brownian motion then d[W*, W], = {Odt Iy



Example 8.24. Let f € C2 W be a d-dimensional Brownian motion, and set X; = f(¢,W;). Find the Ito
decomposition of X.

Question 8.25. Let W be a 2-dimensional Brownian motion. Let X; = In(|Wy|?) = In((W})? + (W2)?). Is X a
martingale?

Theorem 8.26 (Lévy). Let M be a d-dimensional process such that:

(1) M is a continuous martingale.

o at  i=j,
(2) The joint quadratic variation satisfies: d[W*, W7], = {Odt oy
Then M is a d-dimensional Brownian motion.

Proof.

9. Risk Neutral Measures

9.1. Risk Neutral Pricing.
Goal.

« Consider a market with a bank and a few stocks. Let S}, SZ, ..., Si* denote the prices of each stock at time t.
e The bank has interest rate R;, which is some adapted process.
¢ Find the risk neutral measure and use it to price securities.

Cash flow.
¢ Evolution of cash is governed by 9;C; = R;C;.

t
e Solving implies C; = Cy exp ( / R, ds).
0

t
Definition 9.1. Let D; = exp(—/ R, ds) be the discount factor.
0

Remark 9.2. Note 0;D = —R;D;.
Remark 9.3. D, dollars in the bank at time 0 becomes $1 in the bank at time ¢.

Definition 9.4. We say P is a risk neutral measure if:
(1) P is equivalent to P (i.e. P(A) = 0 if and only if P(A) = 0)
(2) The discounted price of all stocks is a martingale under P. That is, if S? denotes the price of the i-th stock,
then D;S! is a P martingale.

Theorem 9.5. The discounted wealth of any self-financing portfolio is a martingale under P.

Remark 9.6. The converse requires a “completeness” assumption. If the stocks are modelled by Geometric Brownian
motion with a non-degeneracy condition, then we will use the martingale representation theorem to show that any
martingale under P is the discounted wealth of a self financing portfolio.

Theorem 9.7. Consider a security that pays Vi at time T. If the security can be replicated, then the arbitrage free
price at time t 1is

vz BiDrve) = Bu(own( [ ~Reas) V).

t

Remark 9.8. As before, if P is a new measure, we use E to denote expectations with respect to P and E; to denote
conditional expectations.

Remark 9.9. We will later study conditions under which any security can be replicated.
9.2. Girsanov Theorem.

Ezample 9.10. Fix T > 0. Let Z7 be a Fp-measurable random variable.
e Assume Z7 >0 and EZr = 1.

o Define P(A):E(ZTIA):/ Zr dP.
A

« Can check EX = E(ZrX). That is / XdP = / X Zp dP.
5 Q Q
¢ Notation: Write dP = Zp dP.



Theorem 9.11 (Cameron, Martin, Girsanov). Fiz T > 0, and define:

e by = (b},...,b%) a d-dimensional adapted process.
e W a d-dimensional Brownian motion.
o Wy=W;+ [)byds (i.e. AW, = by dt +dW, ).

e dP = Zr dP, where
t 1 t )
7, = — | be-dWs—= [ |bs]?ds).
c=exp(= [ boedw— g [ as)

If Z is a martingale, then P is an equivalent measure under which W is a Brownian motion up to time T.

Remark 9.12. Note W; is a vector.
(1) So Wy = W, + fg bs ds means W} = W} + f(f bt ds, for each i € {1,...,d}.
(2) Similarly, dW; = by dt + dW; means dW} = bi dt + dW} for each i € {1,...,d}.

S

Remark 9.13. [) by - dW, means [; S0 | bl dW! (dot product).

d
Proposition 9.14. dZ, = —Z,b; - dW;. Eaxplicitly, in coordinates, dZy = —Z; Z bi de,
i=1

Question 9.15. Looks like Z is a martingale. Why did we assume it in Theorem 9.117
Remark 9.16. We will return and prove Theorem 9.11 later.
9.3. Comnstructing Risk Neutral Measures. Suppose the market has only one stock whose price process satisfies
dSt = oztSt dt + O'tSt th .
Theorem 9.17. The (unique) risk neutral measure is given by dP = Zp dP, where
T T
1 - R
ZT:eXp(—/ atth—f/ efdt), g, = 2L
0 2 Jo oy
Proposition 9.18. The stock price satisfies
dS; = RSy dt + 04 S dW
where W is a Brownian motion under the risk neutral measure.

9.4. Black Scholes Formula revisited.

o Suppose the interest rate R; = r (is constant in time).
e Suppose the price of the stock is a GBM(a, o) (both «, o are constant in time).

Theorem 9.19. Consider a security that pays Vr = g(St) at maturity time T. The arbitrage free price of this
security at any time t < T is given by f(t,St), where

(7.4) f(t,x):/_O:Oe—m—g(mexp((r—022)7'—1—(7\5111))e_yz\/Q/TQTdy7 T=T—1t.

Remark 9.20. This proves Proposition 7.8.

Theorem 9.21 (Black Scholes Formula). The arbitrage free price of a European call with strike K and maturity T
s given by:

(7.5) c(t, ) = xN(dy (T —t,z)) — Ke "T="ON(d_(T —t,))
where

ger 1 xT a
(7.6) dy(r,x) = —(hl(E) + (r + 7)7’) )
and

def 1 v —y2/2

(7.7) N(z) & 7/ /2 gy
is the CDF of a standard normal variable.

Remark 9.22. This proves Corollary 7.9.



9.5. The Martingale Representation Theorem.

Theorem 9.23. If M; is a square integrable martingale with respect to the Brownian filtration, then there exists a
predictable process D such that E fot D?ds < oo and

t
Mt:MO+/ Dy dW,.
0

Remark 9.24. A square integrable martingale is a martingale for which EM? < oo for all t.
Remark 9.25. For our purposes, think of a predictable process as a left continuous and adapted process.
Theorem 9.26. Consider the one stock market form Theorem 9.17.

(1) Any P martingale is the discounted wealth of a self financing portfolio (i.e. converse of Theorem 9.5 holds)

(2) Any security with an Fr-measurable payoff is replicable, and so Theorem 9.7 holds for any Fr-measurable
function Vp.

(8) The risk neutral measure is unique.
9.6. Multi-dimensional market model.
e Let W be a d-dimensional Brownian motion, o a m-dimensional process, and o a m X d matrix valued process.
o+ Let S', ..., S™ be the price processes of m stocks. Set S = (S*,...,5™).
e Model dSZ = O[ZS,Z' dt + SZ' Zj 0i,5 thJ
¢ Consider a market with the above stocks, and a bank with interest rate given by an adapted process R.
Theorem 9.27. There is a risk neutral measure if and only if you can solve the market price of risk system
a—R=o06.
The risk neutral measure is unique if and only if the above system has a unique solution.
Theorem 9.28 (Fundamental theorems of asset pricing).

(1) The market has no arbitrage if and only if a risk neutral measure exists.

(2) The market is complete and arbitrage free if and only if the risk neutral measure is unique.
Ezxample 9.29. Consider the above market with m = 2, d = 1, and «, ¢ and the interest rate r are all constant in
time. The market is complete and arbitrage free if and only if

a1 —7T Qo — 7T

01 g9
If the above doesn’t hold and explicit arbitrage can be found.

Ezample 9.30. Consider the above market with m = 1, d = 2. There are infinitely many risk neutral measures. Can
explicitly find securities that can’t be replicated. (Or equivalently, can explicitly find processes whose discounted
wealth is a P martingale, but are not the wealth of a self financing portfolio.)

9.7. Dividend paying stocks.

o Without dividends, discounted wealth of self-financing portfolios are martingales under the risk neutral measure.
o With dividends, discounted wealth of self-financing portfolios with the dividends reinvested are martingales under
the risk neutral measure.
o Model:
> Dividends payed continuously at rate A; per time unit.
> Valid for large composite funds.
> dSt = O[tSt dt + O'tSt de — AtSt dt.
o Self financing portfolios: Wealth evolves according to dX; = Ay dS; + Ry(Xy — ArSy) + Ay ALS, dt.
e Risk neutral measure: Chosen to make the discounted wealth of self-financing portfolios into P martingales.

Theorem 9.31. The risk neutral measure is still given by the formula in Theorem 9.17, and the arbitrage free price
of securities are still obtained by Theorem 9.7. Note however, that in this case the stock price satisfies

dSt = (Rt - At)St dt + atSt dVNV 5 d(DtSt) = —AtDtSt dt + O'tDtSt dW y
where W is a Brownian motion under P.
Proposition 9.32 (Black Scholes Formula with dividends). Suppose Ay = a, Ry = r, and «, 0 are constants. The
arbitrage free price of a European call with strike K is c¢(t,S;) where

)= TN < KNG, sty L () (a2 D)),



9.8. Forwards and Futures.
Definition 9.33. A zero coupon bond pays $1 at time T.

Proposition 9.34. If P is the risk neutral measure, then the arbitrage free price of the bond at time t is

. /Dp
B,y =E (—) .
tT t D,

Remark 9.35. If Ry = r is constant, then B, = e "(T—1),

Definition 9.36. A forward contract is the agreement to buy an asset at price K (called the delivery price) on the
delivery date T'.

Definition 9.37. The forward price at time t is the choice of K for which the forward contract is worth nothing at
time ¢.

Proposition 9.38. The forward price is given by
Sy

t,T

For; =

Remark 9.39. Let X; be the wealth of an investor that buys 1 forward contract at time ¢ (with delivery price
Fory, r). Clearly X;, = 0. However for ¢t > to, X, = S; — Sy, Bi. 7/By,r which need not be 0. To mitigate risk of
default, one can sell the forward contract at time ¢; > ¢, and enter into a new forward contract at time ¢; (with
delivery price For;, 7). One can repeat this again at time ¢ > t1, and so on. Futures are designed to do this
continuously, without requiring the holder to sell/repurchase contracts.

Definition 9.40. A futures contract delivers the asset (or cash equivalent) to the holder at time 7. The holder also
pays payments continuously up to maturity time, according to the following;:

(1) The futures prices Fut, r is chosen so that the contract has 0 value at time ¢. (The holder pays Fut; 7 to
enter into the contract at time ¢.)

(2) The contract is marked to margin: The holder pays Fut;yq v — Fut; p over each infinitesimal time interval
[t,t + dt]. (Note Futytq:,r — Fut, 7 could be positive or negative.)

Proposition 9.41. The futures price Fut,r is a P martingale, and Futy r = Sp. Consequently Fut, r = E,Sy.
Remark 9.42. If the interest rate is not random, then For; 7 = Fut; 7. But this need not be true in general.

9.9. Proof of the Girsanov Theorem.

Lemma 9.43. Let Z, = E,Zr. If X, is F;-measurable, then E X = Z%Es(ZtXt).

Lemma 9.44. M is a martingale under P if and only if ZM is a martingale under P.

Proof of Theorem 9.11.
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