Lecture 36 (12/3). Please enable video if you can
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o Let 7y = min{n > 0[S, = 0}, be the first time S returns to 0.
o Let 72 = min{n > 7 | S, = 0}, be the first time after 7; that S returns to 0.
o Let 741 = min{n > 7, | S, = 0}, be the first time after 75, that S returns to 0.

Lemma 9.5. S is recurrent at 0 if and only if P(tp < 00) =1
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Lemma 9.6. P(rp < o0) =1 if and only if 3_ P(S, = 0) = cc. T
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Consequently, the random walk is recurrent for d<2 and transient for d>3)

heorem 9.7. W
Sw = Q W O\ A)Afvx. 2
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\\f;/emma 9.8 (Sterling’s formula). For large n, we have
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Remark 9.9. Recall the Gambler’s—ruin example (Question 6.50): Let {,, be i.i.d. random variables with mean 0, and let X,, = ST &k

=

We proved earlier EX, = 1 and limy_yoo EX Ay = 0.

Le min{n | X,, = 1}. [Theorem 9.7 proves
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Theorem 9.10. Consider the Gamblers ruin example, with 7 = min{n | X,, = 1}. Then
ET = d P(r=2n=1)= (-1
T =00 an (r=2n=1)=( "

Remark 9.11. Let M, = mln{XTAk |k < n}. Then EM, = —oo. Thus, this strategy will take (on average) an infinite time before you
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win $1. During that time your expected maximum [oss Is —
Lemma 9.12. Let F(x) = Ex". Then)—(x =1(1-V1-2?).
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Proof of Theorem 9.10

() E1t= b
ﬂ@ F(x} IS %fl/ = B——\( IR
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