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Corollary 7.6. Suppose the market has a risk neutral measure P̃ . Let VN be a FN -measurable random variable and consider an security
that pays VN at time N . Then Vn = D−1

n Ẽn(DN VN ) is a arbitrage free price at time n � N . (i.e. allowing you to trade this security in
the market with price Vn at time n keeps the market arbitrage free).

Remark 7.7. We do not, however, know that the security can be replicated.







Lemma 7.8. Suppose the market has no arbitrage, and X is the wealth process of a self-financing portfolio. If for any n, Xn = 0 and
Xn+1 � 0, then we must have Xn+1 = 0 almost surely.



Lemma 7.9. Suppose we find an equivalent measure P̃ such that whenever Δn · Sn = 0, we have Ẽn(Δn · Sn+1) = 0, then P̃ is a risk
neutral measure.







Lemma 7.10. Suppose p̃ is a probability mass function such that p̃(ω) = p̃1(ω1)p̃2(ω1, ω2) · · · p̃N (ω1, . . . , ωN ). If Xn+1 is Fn+1-measurable,
then

ẼnXn+1(ω) =
M�

i=1
p̃n+1(ω�, j)Xn+1(ω�, j) , where ω� = (ω1, . . . , ωn) , ω = (ω�, ωn+1, ωn+1, . . . , ωN )



Lemma 7.11. Define Q̄
def= {v ∈ RM | vi � 0 ∀i ∈ {1, . . . , M}}, and Q̊

def= {v ∈ RM | vi > 0 ∀i ∈ {1, . . . , M}}. Let V ⊆ RM be a subspace.
(1) V ∩ Q̄ = {0} if and only if there exists n̂ ∈ Q̊ such that |n̂| = 1 and n̂ ⊥ V .
(2) The unit normal vector n̂ ∈ Q̊ is unique if and only if V ∩ Q̄ = {0} and dim(V ) = M − 1.

Remark 7.12. This can be proved using the Hyperplane separation theorem used in convex analysis.


