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7. Fundamental theorems of Asset Pricing

s T T
7.1. Markets with multiple risky assets.

(1) 9=A1,.. } is a probability space representing N rolls of M-sided dies, and p is a probability mass function on 2.
The die rolls need not be i.i.d. — M

)
) Consider a financialanarket with d + 1 assetS ..., 8% (S* denotes the price of the k-th asset at time n.)
)
)

For i € {1,...,d}('S" s an adapted process (i.e. 5% is ]-' -measurable).
The 0-th asset S0 is-assumed to be a risk risk free ba’k/money market:

(a) Tet 7, 7, be an adapted process specifying the interest rate at time p.

(b) Let‘?g \Qﬂ-and = (1+r,)S). (Note S° is|predictable. \'WJLT

(c) Let D,, = (S9)~' be the discoumt fax be the iscount factor (D,, dollarsét time 0 becomes 1 dolla at tlme n)
54,

(6) Let A, ?A ..., A%) be the position at tlme 7 of an investor in each of the assets (S, ..

(7) The wealth of an investor holding these assets is glven by X,, = A S S Zl_@Al i

i — %WL &{% '( MLML 7\ e \WL I XWL "
i J Lk 3 B

) 4\"\"% W . %M KS’\}\ > X c\wh

(2
(3
(4
(5



Al% ”'\M S — %“\iw éq,\

i . 7
b@M« (lv\" QM - 2 AM Q‘%
— \=D
/)]AAAQ Myl —> QJ%L erq ULW me g% >gw1
/\)W/\T MWL !



5 Oy [ o b o

?AL —> W ij@vw( w,\\k le«: (\$ N m ML& g}w)g I

Lowld)

Ness %okw | 0 | A
201 & )ﬂw U O A“’\h : Doy AW(I
K

Ny edgd QW’% Bl ahell be A s

% ém'gm — Aﬂ\h' QMH



7.2. First fundamental theorem of asset pricing.

Definition 7.2. We say the market is arbitrage free if for any self financing portfolio with wealth process X, we have: Xy = 0 and
Xy > 0 implies Xy = 0 almost surely. I =

—
Definition 7.3. We say P is a risk neutral measure if [P is-equivalent to P |and E (Dn41Si 1) = DyS}, for every i € {0,. .. ,d}.“

_— _—
Theorem 7.4. The market defined in Section 7.1 is|arbitrage fre )zf and only if| there exists a risk neutral measure.
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Lemma 7.5. If ”1~J is a risk neutral measure,\ then the discounted wealth of any self financing portfolio is a P-martingale

Proof that existence of a risk neutral measure implies no-arbitrage.
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